
(Received Sept. 23, 1930) 

Several attemptslll have been made to obtain the fundamental 
relation between the generalised integrals and their derivatives with 
respect to any set function <p ( E ), which is similar to the relation be
tween the Lebesgue integrals and their derivatives. But all of them 
are only for the special derivatives and not for the general derivatives 
as in the case of the Lebesgue measure. The difficulties besetting such 
attempts arise from the fact that the set function cp(E) in general has 
not the following characteristic properties of the Lebesgue measure : 

1. All the congruent measurable sets have the same Lebesgue 
measure. 

2. The ratio of the Lebesgue ·measures of any two concentric in
tervals whose edges are in a fixed ratio is constant. 

To keep clear of these difficulties, I define the uniform monotonity 
and the poles of <p (E) and I prove that except the set of poles the same 
relations hold as in the case of the Lebesgue measure, using Vitali's 
theorem and net derivatives. And I find that when <p (E) is absolutely 
continuous with respect to the Lebesgue measure, there exists no such 
exception, since the set of poles have the <p-value zero. 

Uniform Monotonity of the Set Function 

1. Let <p ( E) be a completely additive set function defined in a 
closed family of sets containing all the Borel sets in the metric space R 
which is compact in itself. Then we say, with de la Vallee Poussin,<2J 

that a set A of the family is normal (<p) if, for any prescribed positive 
number e, we can find an open set O ~ A and a closed set F C A so 
that 

(1) For the references, cf. A. J. Maria, Annales of Mathematics II, 28 (1927), 
419; and P. J. Daniell, Proc. London Math. Soc., (2), 30 (1929), 187. 

(2) De la Vallee Poussin, Integrales de Lebesgue, (1916), 86. 
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! ,p(A' -A") I< e 

whenever O ::::> A' ~ A"~ F, where the sets A', A" belong to the 
above family. 

If we denote by ~ a closed family of qi-normal sets which contains 
all the Borel sets, then ,p (E) is also completely additive in i, and there 
exist for ,p(E) the total variation cj,(E), the positive variation ,p+(E) 
and the negative variation ,p-(E). These variations are completely ad
ditive in ij and they have the following relations: 

,p(E)=,p+(E)-,p-(E), 

<ii(E)=,p+(E) +cp-(E) • 

Then any set A of ij can be decomposed into two sets A+ and A - of ij 
so that 

and 

A=kr+A-, 

cp+(A+)=q)(A+), 

,p-(A-)=-cp(A-), 

cp-(A+)=O, 

,p+ (A-) =0 . <1> 

I call for brevity A+ and A - , the positive and negative parts of A re
spectively with respects to cp ( E). 

Let .l. be a positive number greater than 1, and a be a point in the 
space R. If there exist positive numbers K (a, .l.) and p,. so that for any 
pssitive number p <r,. 

(1) 

where U(a, p) means a closed neighbourhood of a with radius p, then I 
say that the function cp ( E) is uniformly monotone at the point a. If 

atapointaandavalue p', q;{U(a,p')}=O, then ;p{V(a,p)}=Oforall 

values of p ~ p' • In such a case I say that the point a is a zero ioint 

of q> ( E). At such a point taking p,. = ~, , the condition (1) is always 

satisfied for p < p,.. Therefore, at the zero points cp ( E) is always uni

formly monotone. If the point a is not a zero point, consider the limit 

(1) H. Hahn, Theorie der r2ellen Funktionen, (1921), 404. 
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If l (a, tl) > 0, then <p (E) is uniformly monotone at a, and 1C (a, tl) may 
take any positive value which is less than l (a, tl). If l (a, ,l) =0, <p ( E) 
is not uniformly monotone at a. In this case I say that the point a is a 
pole of <p (E). 

The above definition of the uniform monotonity: of <p ( E) is ir
relevant to the values of ,l; that is, if <p ( E) is uniformly monotone at 
a with respect to a value ,l then it is so also with respect to another 
value tl'. For if ,l' < ,l, we have only to take IC (a, tl') =1C (a, ,l) and 
Pi-' =Pi-. Next if tl' > ,l, then there is a positive integar n so that 

,in> tl'. Let p,.,= -~~1 , then putting ,lip for p in (1), for any p <Pi-' we 
A. 

have following n inequalities 

(i=0, 1, 2, .... , n-1). 

From these inequalities we have by multiplication 

r- } [ ]n {- \ <j, l U(a, p) > 1C(a, ,l) ?p U(a, ,inp) f . 

Since ,in> ,l' , for any p < p,., we have 

Hence take 1C(a, ,l') = [1C(a, ,l)Tthen (1) is valid for ,l', that is, <p(E) is 
uniformly monotone at a with respect to ,l'. 

As to the pole of <p (E ), it is also irrelevant to the values of ,l. For, 
let a point a be a pole of <p ( E) with respect to a value ,l . If <p ( E) is 
uniformly monotone at a with respect to another value ,l', then by 
the above it is so also with respect to ,l . This is absurd. Therefore, 
the point a is also the pole of <p ( E) with respect to tl'. 

Let A be a set in the space R . Then if there exist positive 
numbers 1C (A, tl) and p,. so that at any point a of A 

q;{U(a, p)} 21C(A, tl)ip{U(a, tl,o)} 



4 F. Maeda. 

for any P<PJ-, then we say that the function <p ( E) is unfformly 
monotone at the set A. As we have seen, when <p ( E) is uniformly 
monotone at A with respect to a value of J, then it is so also for any 
value of 1 which is greater than 1. 

2. Let A be any set belonging to ~. Jf we denote the set of zero 
points of <p ( E) in A by Az , then A., also belongs to ~ and <fa (A.,)= 0 . 

Now for any point z of A., there corresponds an open neighbourhood 
U(z,p) sothat q;{U(z,p)}=O; fromallsuchneighbourhoods, sinceR 
is separable, we can select an infinite sequence 

• • • • • , U(zn , Pn) , ..... , 

so that each point of A., is interior to at least one of them, <1> that is 

A., S U(z1 , Pi) + U(z2 , P2) + ... , . + U(z,,. , Pn) + . • . • • . 

But as it is obvious that all- the points of A { U(zi , Pi) -i- U(z2 , P2) + .... } 
are zero points of <p(E) in A, we have 

A., =A { U(zi, Pi)+ U(z2, Pi)+ .•••• + U(zn, Pn) + ..... } . 
Therefore, A., belongs to~- Moreover cp(A.,)=0, since 

q; { U(z1, Pi)}+ q;{ U(z2, P2)} + .•... + q:,{ U(z,,., Pn)} + ...•. =0. 

The point Junction l (a,.<) is of Baire's class. 

To prove· this, consider g3{ U(a, p)} as a function of the point a, p 

being constant. Let a' be a point so that r (a, a')< o, where o is any 
given positive number. Consider two sets V and V' so that 

U(a, p) =U(a, p)U(a', p)+ V, 

U(a', p)= U(a, p)U(a', p)+ V'; 

then [i7i{ U(a, p) }-g;{ U(a' p) }!=J;p(V)-ir,(V') j < ij:(V) +ip(V'). 

But since U(a, p)CU(a', p+o), 

(1) H. Hahn, Zoe. cit., 91. 



we have 

Since 

we have 

Similarly 

Therefore 
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VCU(a', p+S)-U(a', p) • 

Lim U(a', p+S)=U(a', p), 
o➔O 

Jim g;(V) =0 . 
o➔O 

limip(V')=O. 
o➔U 

Iim[rµ{U(a, p)}-1p{U(a', p)}[=o, 
o➔O 

5 

that is, cp{ U(a, p)} is continuous at the point a. Therefore, iji} U(a, p)} , 
ij,\U(a, J.p)} 

hence also l (a, J.) are Baire's functions. 

A belonging to ij, the set A{l(a, J.)>a} of the points a of A, a 

being a positive number less than 1, belongs also to ij, since this set is a 

product of A and a Borel set. Hence the set A { l (a, J.) > 0} belongs 

also to ij. Therefore, the set AP of the poles in A belongs to ij, since 

3. If the metric space R is an Euclidian space R.,. of n dimensions, 
we may use in the definitions of the uniform monotonity and poles of 
<p ( E), the closed intervals W(a, p) instead of the closed neighbourhoods 
U(a, p), where JV (a, p) means the set of points of coordinates (x1 , xa, 
••••• , x.,.) satisfying 

(i=l, 2, ..... , n), 

and (a1, CZ2, •••• , an) are the coordinates of the point a • 

For, if qi { U(a, p)} 2.1,(a, J.) g;{ U(a, J.p)} 

for any p < p,. , then since 

we have 

W(a, 2p) ~ U(a, p) 2 W (a, 2-f'-) , 
vn 

(1) 



6 F. Maeda. 

for any p < p).. Therefore, we have 

0{ W(a, p)}> ,c'(a, ,<')q;{W(a, A'p)} (2) 

for any p < 2p,, where ;.' = -L- and "' (a, ;.') = "(a, ?.). Similarly 
11 n 

we can deduce (1) from (2). 

General Derivatives in the Metric Space 

4. Under the condition of the uniform monotonity we shall prove 
the following Vitali' s theorem with respect to <p ( E) : 

Let cp (E) be a completely additive, non-negative, function of 
nornial sets, and A be a cp-normal set where cp(A)+o, and <p(E) be 
uniformly monotone at A. If at any point a of A there is a sequence of 
enumerably infinite closed neighbourhoods U(a, p), which converges to 
the point a, then from these we can select an enumerable, or a finite, set 
of neighbourhoods 

U(an, Pn), ..... ' 

so that 

l. any two of these have no common point«, a1:d 

2. if we denote the sum of (1) by S, then 

<p(A-AS)=O and rp(S-AS) <E 
for any given vositive number E • 

(1) 

Since rp ( E) is uniformly monotone at A, for any point a of A we 
have 

r- 1 r- } cpl U(a, p)f 2tc(A, 3)cpl U(a, 3p) (2) 

for any P<P'. · 

A being normal (cp) and <p (A)> 0, there exists a closed set F' 
contained in A, s:> that <p (F') > 0. Let E' be a positive number smaller 

than either E o~ "J~3ii'__(F'), then we can find an open set 01 and a 

closed set F so that 01 ~:A1 •::::' F and 
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(3) 

. 
Let F1 = F + F'. Then, since 

(0 )- (F) <"(A, 3)q;,(F') < tc(A, 3)q;,(F1) 
<p1<p1 2 = 2 ' 

we have (4) 

For any point a of F 1 , from the sequence of neighbourhoods of a 
we can take one U(a, p) which is contained in 01 and r<r'. Then 
since F is closed, we can select from these a finite number of 
neighbourhoods 

V(a<n, p<1l), V(a<2l, p<2>), ••••• , V(a<d), p<ql) (5) 

so that if we denote by T the sum of (5), then F1 S T.(1) Since all the 
neighbourhoods of (5) are contained in 01 , it is obvious that TC 01 . · 

From the neighbourhoods of (5), first choose one having the great
est p and denote it by U(a1, P1) and cancel from (5) those which have 
any point common with U (a1, Pi). Next choose from the remaining 
neighbourhoods that one which has the greatest p, and denote it by 
U (a2, p,), and so on. After a finite number of such steps we shall 
have a finite number of neighbourhoods 

..... ' (6) 

Since U (a1, p1) is the one which has the greatest p in (5), all the 
neighbourhoods which are canceled by the first step are contained in 
U (a1 , 3 P1) and similarly by the following steps. Therefore 

Hence 

(1) H. Hahn, loc. cit., 89. 
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Then by (2) 

,c(A, 3)q.i(T)_< <p { U(a1, P1)} + ,p { U(a2, P2)} + ..... + q.> ( U(aJ:1 , PP)} ; 

that is, if we denote by S1 the sum of (6), we have 

Therefore, since Fi c;:; T, 

(7) 

From (4) and (7) we have 

cp(01-S1)=<p(01)-,p(S1) < {1+11:(A2-~-,c(A, 3)},p(F1). 

Therefore, if we denote l-,c(1~ 3) by 'YJ, then 'YJ < 1 and 

Since 

we have 

AS01, 

Therefore, by (8) 

,p(A-AS1) < 'YJq.>(A) • 

(8) 

(9) 

S1 being closed, 01-S1 is open ; and since A-AS1 is normal (q.i), 
there exist as in (4) an open set 02 and a closed set F2 so that 

and ( rc(A, 3)) 
11( 02) < 1 + --2- <p(H) . 

Using A-AS1, 02 and F2 instead of A1, 01, and F1 in the above 
process, we shall find a following sequence of neighbourhoods which 
corresponds to (6) 

(10) 



On the General Derivativ€s of the Set Functions. 9 

which are contained in 02, and if we denote the sum of (10) by S2, we 
have as (8) 

A-A(S1+S2)=(A-AS1)-S2(A-AS1) S 02-S2, 

we have by (9) and (11) 

<p [A-A(S1+S2)} <1/<p(A). 

Repeating this process, we have<1l 

Sa , S4 , •.... , Sn , 

where 

etc., 

etc. 

Let S=S1+S2+ ..•.. +Sn+ .•..• , 

then SC 01, 

(11) 

Since lim 7Jn=0, and above inequality holds for any values of n, we 
n➔oo 

have 
<p(A-AS)=0. 

Next by (3), being e' < e, 

<p(O1)-<p(A) < e. 

Q.E.D. 

(1) In some cases A-A(S1+S2+ ...... +S,.) will be empty, then this process 
ceases at this stage. Let S=S1+S2+ ...... +Sn, then since A=S, it is obvious 
that ~(A-AS)=O, ~(S-AS)=O. Q.E.D. 
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Moreover since <p(S) < <p( 01) and <p(A) = <p(AS), 

we have <p(S)-<p(AS) < e, 

that is <p(S-AS) <e. Q.E.D. 

5. Let <P(E) and <p(E). be two completely additive functions of 
normal sets in the metric space R, and let ~ be a closed family of sets 
normal with respect to both <f!(E) and <p(E), which contains all the 
Borel sets in R. <f!(E) may have any sign, but assume first that <p(E) 
is non-negative. 

Now we will define the symmetric derivative as follows: Let a be 
a point which is not the zero point of <p(E). If there exists a sequence 

Pt , P2 , • • • • • • • • , Pn , • • • • • • • • 

converging to zero, so that 

lim <f!{U(a, Pn)} 
rur· )\ n-•00 <p \ 1 a., Pn 1 

exists, then this limit is said to be a symmetric derivative of <P(E), at <t, 
with respect to <p(E), and denoted by ni•>(f). 

As in §2, we can prove that <p{U(a, p,,,)} and (f}{U(a, Pn)}, con

sidered as functions of the point a, are continuous functions. There
fore, the symetric derivatives D~>(J) are Baire's functions. Hence when 
A is a set which belongs to~. Dt(J) are measurable on A with respect 
to the family ~. that is the set of points a of A at which D~><f!>a, 
belongs to the family ~ for any values of a. 

Now assume that <f!(E) is absolutely continuous with respect to 
<p(E),<1> and let A be a set which belongs to the family ~- Denote by 
An the set of points a of A at which _!_1> l(a, ,0 > _ _!__ Then 2n- - 2n 

A =Ap+Az+A1+A2+ •••,•+An+••••• , 

Since l(a, A) is a Baire's function, all the sets An belong to the family 
~. and Av, Az are the same as stated in §2. 

Since at An <p(E) is uniformly monotone, we can apply Vitali's 
theorem. Hence as in the Caratheodory's treatise,<2> for any symmetric 
derivative D~•> (f) we have 

(1) that is, <I> (A) 0=0 for any set A when ~(A)=O. 
(2) Caratheodory, Vorlesungen iiber reelle Funktio-nen, zweite Aufl. (1927), 484-

490. 
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By the additivity of (f}(E), 

(f}(A) = (f}(Ap) + (f}(Az) + L-,1~~z(f}dcp. 

But as ,ve have seen in §2 ,p(Az)=O, and hence <P(Az)=O, we have 

(f}(A)=(f}(Ap)+ f D~sl(f)dcp. 
A-Ap 

11 

Accordingly (f}(E) has a unique finite symmetric derivative D~'>(/) al
most everywhere (cp) in A-AP. 

If a sequence of the sets belonging to the family ~ 

M1 , JJ/2 , ..••. , Mn , 

satisfies the following inequalities 

_ __;f:(M;~) -2 lY(a)>O 
cp(U(a, Pi)} -

(1) 

(i=l, 2, .... , n, .... ), 

where U(a,, p.z) is a closed neighbourhood of the point a which contains 
Mi for ~im Pi=O, then (1) is called the cp-regular sequence of point sets 

i-co 

which converges to the point a. 
If the cp-regular sequence of point sets (1) be such that 

lim <P(Mn) 
n-00 cp(Mn) 

has a limit, then this limit is said to be the general derivative of ([l(E) 
with respect to cp(E) at the point a, and denoted by D'P<P. Therefore, 
the values of the general derivatives depend on the <p-regular sequence 
of point sets. But as in the Caratheodory's treatise, <2> we can prove that 
when <P(E) is absolutely continuous with respect to cp(E), ([l(E) has a 
unique finite general derivative D'P<P almost everywhere (cp) in A-AP, 
and 

(1) For the integral of a point function with respect to a set function in a metric 
space, cf. Frech et, Bull. de la Soc. Math. de France, 43 (1915), 248-265. 

(2) Loe. cit., 493-496. 
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for any set A of~-

6. To investigate the case where <P(E) is not absolutely conti
nuous with respect to <p(E), we have first to prove the following 
theorem: 

When <P(E) has any sign and vanishes for all parts B of A, which 
belong to ~. then all the general derivatives D~ (/) are zero almost every
where (<p) in A-AP. 

Consider first the positive variation <fJ+(E) of <P(E), then <p+(B)=O 
for all parts B of A. Let 

M1, M 2, ••••• , Mn , 

be a <p-regular sequence of sets, so that 

Then 

<p(Mn) 2 l?(a) > 0 . 
<p ( U(a, Pn)} -

(/)+(Mn) <cp{U(a, p,,)} (f)+(i.J(a,_pn)} <- 1 <P"(U(a, p,,)) 
<p(Mn) = <p(Mn) <p{U(a, Pn)} = 19-(a) cp(U(a, Pn)} 

Therefore, if all the symmetric derivatives D~•>(f)+ vanish at a, then 
the general derivatives D9 <J)+ vanish also. Therefore, it is sufficient to 
prove this theorem for the symmetric derivatives D~•>rfJ+. 

Assume that the symmetric derivatives D~•> (f)+ are not zero almost 
everywhere (<p) in A-AP, then there exists a part B of A, so that 
<p(E) is uniformly monotone at B, ip(B) > 0, and L~•l<JJ+> a at any 
point of B, where a is a positive number sufficiently small. Then at 
any point b of B, there exists a sequence of neighbourhoods 

U(b, p(I)), U(b, p(2) ), •••. , , U(b, p(n) ), ... , , 

so that 

where € is a given positive number less than a. Let O be any open 
set containing B; then by Vitali's theorem there exists a sum of 
neighbourhoods 
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S = U(b1 , Pi) + U(b2 , Pi) + ..... + U(bn , p.,) + ..... 

such that 

and 

But by (1) 

Hence by (2) 

sco, 
cp(B-BS)=O. 

(/J'"(S) > (a-:-e)cp(S) . 

,p+(S) > (a-e)<p(B) . 

(2) 

(3) 

13. 

But since (f)+(B)=O, and the {/}-normal set is also ,p+_normal, we may 
take O so that ,p+(O) is less than any positive number. On the other 
hand since (f)+(S) < ,p+(O), by the inequality (3) we conclude that 
rp(B)=O. This is absurd. Therefore, D~•>,p+=O almost everywhere (rp) 
in A-AP. Hence by the above we may conclude that D, (f)+ = 0 
almost everywhere (rp) in A-AP; the same thing holds true for 
D? ,p-. Therefore, D, fP=O almost everywhere (<p) in A-AP. 

Now as the set function (f)(E) is not absolutely continuous with 
respect to rp(E), we can decompose any set A of ~ into its regular
part Ax and singular-part A xx, both belonging to ~. so that 

A=Ax+Axx, 

and that denoting 

we have 

,px(A)=d>(Ax) and ,pxx(A)=(f)(Axx), 

,P(A)=(f)X(A)+fPXX(A)' 

where ,px(A) and (f)xx(A) are the functions of regularity and of sin
gularity of (f)(A) respectively.m 

Now (f)xx(B)=O for all parts B of Ax, therefore, by the above 
theorem the general derivatives D 9 (/)xx are zero almost everywhere 
(cp) in Ax-A;.l2> Hence they are zero almost everywhere (rp) in 
A - A;, since rp(A xx)= 0. <3> 

Since the function ,px(E) is absolutely continuous with respect to 
rp(E), by § 5 ,px(E) has a unique finite general derivative D 9 (f)x with 
respect to rp(E) almost everywhere (rp) in A-AP, that is, in A-A; 
and 

(1) H. Hahn, loc. cit., 419-421. 
(2) A; means the set of poles in Ax. 
(3) This can be proved directly from the definition of Axx. 
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{f)x(A) = (/)x (Ap) + J D?{f)xd<p • 
A-A;; 

But since 

combining it with the above result, we have the following theorem: 
When fP(E) is not absolutely continuous with respect to <p(E), fP(E) 

has a unique finite general derivative D 9 (f} almost everywhere (,p) in 
A-A;;, and 

fP(A) = <P(A XX)+ <P(A;) + J D::_fPcl,p' 
A-Ap 

for any set A of~-

7. When the fnnction <p(E) has any sign, the definition of the 
general derivatives D~ (/) of fP(E) with respect to ,p(E) is the same as 
in § 5. But for the <p-regu]ar sequence we use the condition 

When A is a set of the family~. we decompose A into its positive 
part A+ and negative part A - , and consider a point function h(a) 
so that 

h(a)=l when a is a point of A+, 

=-1 
" " " 

then h(a) is summable (g'J) and 

Therefore, we have 

ff (a)dp=<p(A). 

Then from § 5 D7p <p is equivalent (q;)(l' to h(a) in A -AP. 

Let 1vl1 , M2, ..... , Mn, ..... be a <p-regular sequence. Since 

(1) When r;, (E) has any sign, equivalent(?) means equivalent (q:). 
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p(M,,,,) =l== 0 and ip(Mn) =l== 0, we have 

<P(Mn) 
<P (Mn)_ q, (Mn) 

· · p(Mn) <p (Mn) 
<p (21!n) 

15 

As n becomes infinite, ;i:.:~ has a finite limit D7p (f) almost every

where (q;) in A-A;, and :~~~ has a limit h(a) almost everywhere 

(q;) in A-AP, that is, in A-A;. Therefore, :~::~ has a limit 

~(; almost everywhere (q;) in A-A;, that is, D,, (/) is equivalent (q;) 

to D,;;<P in A+-A+A; and to -D9 <P in A--A-A;. Adding to it, 
~~w . 

<P(A)-<P(AXX)-<P(A;>=J ~ip<Pdcp 
A-Ap 

Now we have the following conclusion: 
When <P(E) and p(E) have any sign, <P(E) has a unique finite 

general derivative D,, <P almost cverywhere (q;) in A - A;, which is 
equivalent (p) to D9 (f) in A+-A+A;, and to -D9 <P in A--A-A;, 
and 

<P(A) = <P(A XX)+ <P(A;) + L.-~E<Pcl<p' 

for any wt A of g;. 

Moreover 

(1) This corresponds to the property of the Stieltjes integral with respect to a 
point function. Cf. Lebesgue, Let;ons sur l'integration, (1928), 260. 
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where h(a) is equivalent (cp) to 1 in A+-A+A; and to -1 in 
A--A-A;. 

General Derivatives in the Euclidian Space 

8. In the Euclidian space Rn of n dimensions, we can use de la 
Vallee Poussin's conjugate system& of nets, and we obtain the above 
results of § 6 where <p ( E) is non-negative, more easily. 

Let 

w~ ~ w~ ::> •..•. ~ w~ ::::• ..... 

be a sequence of meshes of a system of nets which contain the point a, 

then the upper limit and the lower limit of :~:2 , as n becomes in

finite, are called respectively the upper and lower net derivative of <P(E) 
with respect to <p (E) at a on the given systems of nets, and we denote 
these by the symbols IJ~n>rp and l)~n>rp; when 'jj~n>fP=l)~n>rp, we denote 
this by D~n><J). It is obvious that fJ~nlrp and l}~n>(j) are measurable (B).<ll 

The symmetric derivative D~>(}) and the general derivative D, <f) 

may be also defined similarly as in § 5, using the closed intervals 
JV (a, p) instead of the closed neighbourhoods U (a, p). 

At the zero points of A with respect to <p ( E), the above defini
tions of net derivatives are meaningless. But in the following, it is 
convenient to assign to them certain values. For this purpose, we 
decompose the set Az into two sets A; and A; x, where A; is the set of 
the points which are also the zero points of <P ( E), and A; x is the set 
of the points which are not the zero points of <P ( E ). Then assign to 
the net derivatives the value O for the points of A; , and infinity for 
the points of A; x, the sign of infinity being positive at the positive 
part of A; x, and negative at the negative part of Azx x with respect to 
<P(E). By §2, cp(Az)=O and rfl(A;)=O. 

9. We shall prove the fundamental lemma : 
If at any point of a set A of ~. the net derivative, for example 

'jj~n>rp is such that 

a< 'jj~n>rp </3, 

(1) De Ia Vallee Poussin, loc. cit., 63. 
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then aip(A) :s;_ (l)(A) < ,Bq.,(A) . 

Since A is normal with respect to (I) ( E) and q., ( E ), we can find 
an open set O and a closed set F so that FSA SO and for any given 
positive number e 

cp(O)-q.,(F) < e , 

and I (/)(A)- <P(S) I < € , 

where S is any set of l5 satisfying the condition F S S S O . 
For any point a of A there exists a sequence of meshes 

Wi'(a) :::> Wl(a) :::.:i ....• :::::, W/(a):::::, •.... 

which contain the point a, and 

_ < tP!W/(a)} <.S+ 
a e ' e • cp(W;(a)} · 

(1) 

From these we can find an enumerably infinite number of meshes 

W'(a1), W'(a2), ..... , W'(an), ..... (2) 

which have no common points, and if we denote the sum of (2) by S, 
i.e. 

S= W'(a1) + W'(a2) + ..... + W'(a.,,) + ..... , 

then FSS~,_;; 0. 

Hence by (1) (a- e )q.,(S) <fl(S) < (,8 + e )q.,(S) , 

where j <fl(A)-(l)(S) I< e, 

and I <p(A)-,p(S) : < € • 

Let e converge to zero, then we have 

acp(A) < (/)(A) < ,Bcp(A) . 

The above proof also holds good for the net derivatives at the zero 
points of q1 ( E) by a slight modification. 
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From this, as Schlesinger and Plessner did, <1> we have the follow
ing theorem : 

<J) (E) has a unique finite net derivative D~nl <J) almost everywhere 
(qi) in A, and 

<P(A) = <P(A XX)+ J A n~n) <J)drp • 

Axx is the so-called singular-part of A and Ax=A-Axx is the 
regular-part of A for (J) ( E) with respect to qi ( E ). 

1 o. To investigate the properties of the general derivatives we 
must first prove the following lemma: 

Let <J) ( E) be non-negative, and if all the net derivatives D~nl <J) on 
the conjugate systems<2> are zero at a point a which is not a pole of 
qi ( E) , then all the general derivatives D, <J) are zero at that point. 

To prove this, let M be a set which b3longs to the qi-regular 
sequence of point sets at a, so that 

qi(M) > &(a) ' O 
qi{ W(a, p)} = ,,> ' 

then there exists a mesh W' with its sides equal to u and belonging to 
one of the conjugate systems, so that 2 p < u .s. 6 p, and 

W(a, p)C W'C w(a, :u). 

But since -( 3) -W a, 2 u ~ W(a, 9p) , 

we have W (a, p) C W' C W (a, 9p) . 

Therefore, we have 

<J)(M) <-1- <P{ W(a, p)} <-1- qi( W(a, 9p)} <J)(W') 
qi(M) =a(a) qi{ W(a, p)} =a(a) qi{ W(a, p)} rp(W') 

since qi( W(a, p)} > «(a, 9)qi{ W(a, 9p)}, 

(1) Lebesgueshe Integrale und Fouriersche Reihen, (1926), 158-160. 
(2) De la Vallee Poussin, loc. cit., 64. 
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(f)(M) <- _l __ ~(W') 
<p(M) = rJ(a),c(a, 9) <p(W ') • 
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Since lim (/)gr~ . is a net derivative at a and zero by hypothesis, we 
a-,o <p 

conclude that the general derivative Iim (/)~:~ at a is zero. 
[HO <p 

.Consequently we have the following theorem: 
When (/) (E) has any sign and 'i:anishes for all parts B of A which 

belong to ~, then the general derivatives D, rJJ are zero almost m;ery
where (<p) in A-AP. 

In this case the positive variation (f)+(E) of (f)(E) vanishes for 
all parts B of A. Hence all the net derivatives of (f)+( E) on the con
jugate systems are zero almost everywhere (<p) in A. For if otherwise, 
there would exist a part Bat which a net derivative D~">(f)+ > a where 
a is a positive number sufficiently small, and <p(B) > 0. Then by§ 9, 

(f)+ (B) >- arp(B) > 0 . 

This is absurd. Hence by the above lemma, D 9 <JJ+ are zero almost 
everywhere (rp) in A-AP. 

Similarly for D~(f)- , therefore, the general derivatives D, <P are 
zero almost everywhere (<p) in A-Av. 

11. From the theorem of § 9, the functions of singularity <IP x(E) 
and of regularity (f)x(E) of (f} (E) are represented as follows: 

(/)XX(A)=(f}(A XX)' 

(f)X(A) = Ln~n)(f)d<p. 

First consider the function of singularity (f)x x ( E ). Since 
</Jxx(B) =0 for all parts B of Ax, by ~ 10 the general derivatives D'P </Jxx 
vanish almost everywhere (<p) in Ax-A;. 

Next for the function of regularity 

by the method of de Ia Vallee Possin,(1) we can prove that all the 
general derivatives D,; (f}x are equivalent (<p) to D~•> <P in A-Av. 

(1) Loe. cit., 71-72. 
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Therefore, we have 

(J)X(A) = (f)X(Ap) + J D?(J)Xd<p . 
A-Ap 

Since D 1 <P=D9 (J)xx+D 9 (J)x and <p(Axx)=O, <P(E) has a unique 
general derivative D 9 (J) almost everywhere (<p) in A-At. And since 
D 1 (f) is equivalent (<p) to D 1 (J)x in A-A; and (f)x(Av)= <P(A;), we 
have 

(f)(A) = (f)XX(A) + IPX(A) = <P(A XX)+ (f)(A;) + J D?<fd<p. 
A-Ap 

Therefore, we have the theorem of § 6. 
Thus in the Euclidian space we have the same conclusion as in 

the metric space using different methods of proof. 

12. In the Euclidian space we can investigate the properties of 
the general derivatives at the points of A; more in detail. For this 
purpose suppose first that (J) ( E) and <p ( E) are both non-negative. 

If at a point a of A; there exists a unique symmetric derivative 
D~s)(f) neither zero nor infinity, then 

IP( W (a, p)} 

lLn <p( W (a, p)} 
1 ! 

P·•O (f)'i W(a, 1.p)) 
<p( W(a, 1.p)) 

(f} { ft' ( a_,_pJ} 

that is lim (fl( W(a, 1.p)) 
=1. 

P ~o <p( W(a, p)} 

<p( W(a, 1.p)} 

Therefore, we must have 

I. {J}{W(a,p)} 1. <p(W(a,p)) Im _ - Im ~---· 
r,-,o <P(W(a, 1.p)} H <p(JY(a, 1.p)} 

But since a is the pole of <p ( E), we have 

lim 'P {!(a, p)} ·o; 
H <p( W(a, ).p)) 

therefore, lim ~(_!(ci_,_,vl_=O; 
-i~o- (/) ( W (a, 1.p)} 
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that is, a is the pole of (J) (E). Therefore, except in the case of zero 
or infinity, (J) (E) can not have a unique symmetric derivative in 
A;-A;Al'P>, where Al'P> means the set of poles of (J) (E) in Ax . 

Denote the regular and singular-parts of A for <p ( E) with respect 
to (J)(E) by A(x) and A<xxJ respectively, then (J)(A<xx>)=0. In the 
conclusion of § 11, if we interchange <p ( E) with (J) ( E), then <p ( E) 
has a unique finite symmetric derivative D<s}cp in A <x>-A!;/, except 
the set H for which <P(H)=0. Since H is contained in the regular
part A (x) of A, <p (H)=0; therefore, <p (E) has a unique finite sym
metric derivative D<s}cp almost everywhere (cp) in A(x)-A!;/. But 
since the set of points at which n<~<p is zero, has the cp-value zero, 
<p (E) has a unique finite, non-zero, symmetric derivative D<s}cp almost 

everywhere (cp) in A(x)-A!;/. Since n<;><P=-<1> , rfl(E) has a unique 
Dtcp 

finite, non-zero, symmetric derivative D~>rp almost everywhere (cp) in 
A (X)-A!;/. But as we have seen, in 

A;-A;A(p) = (A;-A;A&,J)A (xx)+ (A;-A;A&,J)A (x) 

= (A;-A;A~))A (xx)+ A;(A (x) _ Afl) 

<P(E) can not have a unique symmetric derivative D~>(J) except in the 

case of z~ro or infinity. Therefore, it must be cp{ A; (A <x>-A);/)} =0. 
But since cp(A;x)=0, we have 

<p r A (A (x)_A (X))\ =0 
l P <P> J • (1) 

The above consideration also holds for the Lebesgue measure m(E) 
instead of (fl (E). It is obvious that m (E) has no poles. If we denote 
the regular and singular-parts of A for <p (E) with respect tom (E) by 
A «x>> and A «xx)) respectively, then by (1) we have 

(2) 

Now lE:t <p (E) have any sign. When <p (E) is absolutely conti
nuous with respect to m ( E) , then qi ( E) is so also, and the poles of 
<p ( E) are, by the definition, the poles of <p (E). Therefore, by (2) we 
have the following theorem: 

When <p (E) ha8 any si,gn, and is absolutely continuous with respect 
to m (E), then 
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for any set A of~ . 

Consequently the theorem of § 7 may be stated as follows : 
When <J) ( E) and <p ( E) have any sign, and if <p ( E) is absolute

ly continuous with with respect to m ( E), then <J) ( E) has a unique 
finite general derivative D, <J) almost everywhere (<p) in A, <1> and 

<J)(A)=<J)(AXX) + JAD\'<J)d<p 

for any set A of~-

13. Now we prove the following lemma which is similar to that 
of § 10. 

Let <J)(E) and <p(E) be non-negative, and if all the net derivatives 
D~nl<J) on the conjugate systems are zero at a point a not a pole of <J)(E), 
then all the general derivatives D, <J) are zero at that point. 

Let M be a set belonging to the <p-regular sequence of point sets, 
so that 

'!)~M) >&(a)> O , 
<p{ W(a, p)} -

then there exists a mesh W' with its sides equal to u , and belonging 

to one of the conjugate systems, where ! p ~ u < : p , so that 

W ( a, ; ) C W' C W (a, p) • 

(1) This can be proved directly, since 
UJ(Mn) 

f!j(Mn) m(Mn) 
'P (Mn) q,(Mn) ' 

m(Mn) 
and cp-regular sequence of point sets is m-regular almost everywhere('!') in A; for, if 

otherwise, there exists a partial saquence so that : ((::; ?c {) and :~::; < "Ii , 
q,(Mi) 

where {) is constant and ~im "Ii= 0, and then ~<:: ~; > !.__ Therefore, at such points 
,➔co _'l' __ , 'l 

m(Wi) 
there is no unique general derivative Dmct except in the case of zero or infinity; that 
is, the Eet of such points in A has <,-value zero. 



On the General Derivatives of the Set Functions. 

But since 

we have w(a, ~)c W'C(a, p). 

Therefore, we have 

But 

_<P_(M_L <-1- _<P_{_W_(~a•~P~) }_<_1 _ _ <P_{_W_(_a~, p_)_} <P(W') 
cp(M) =l?(a) cp{W (a, p)} =l?(a) <P{w(a,; )} cp(W') 

<P { w( a, ; ) > ,c'(a, 9) <P{ W (a, p)} , 

therefore <P(M) < 1 <P( W ') 
cp(M) = l?(a),c'(a, 9) cp( W') • 

23 

Since lim <P(W') is the net derivative at a and it is zero, the general 
O➔O cp(W') 

d . t· 1· <P(M) t · eriva 1ve 1m ~--- - a a 1s zero. 
r➔o cp(M) 

Consequently as in § 10, we have the following theorem: 
When <P(E) vanishes for all parts B of A, which belongs to ~. 

then the general derivatives D,, (J) are zero almost everywhere (cp) in 
A-Acp>• 

Now since the non-negative function <P(E) vanishes for all parts B 
of A;A ex x>, the general derivatives D,;<P are zero almost everywhere 
(cp) in (A;-A;Ai'Pi)A cxxJ. But from (1) in§ 12 cp{A;(A Cxl_A!;l)} =0, 
that is, cp{(A;-A;AG,>)A<x>) =0, we can say that the general deriva
tives D"<P are zero almost everywhere (cp) in A;-A;A<P> and 

From cp{(A;-A;A<P>)A(X)} =0, we have <P{(A;-A;AG,i)A(X)}=O. 
But <P(A<xx>)=O; therefore, <P(A;-A;AG,i)=0; that is, <P(A;)= 
<P(A;A<P>). From (2) in §12, we have cp(A;A<(X)>)=0 and <P(A;A<(X)>) 
=0. 
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Combining these results with that of § 11, we have the following 
.conclusion : 

When </J(E) and cp(E) are both non-negative, and if cp(E) is not 
aosolutely continuous with respect to m(E), </J(E) have a unique finite 
general derivative D~ </J_ almost everywhere (cp) in A except A:AtvJA ((xx)), 

of Lebesgue measure zero, and we have 

</J(A) = </J(AXX) + <l>(A;Arp) A ((xx)))+ f D~(f}dcp ' 
A.-A;A0,) A((x x)) 

for any set A belonging to ~. 
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