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In a previous paper,® one of the authors investigated the represen-
tatives of linear operators. Let © be a complete linear vector space,
where the inner product is defined, and let q(U) be a completely addi-
tive vector valued differential set function, such that {q(U)}.is complete
in . Taking q(U) as the basic of representation, we can represent 9
by the space of differential set functions x(s), where o(U) = || q(U) ||%
Let T be a linear operator in § which transforms f to g. That is

a=Tf.

Corresponding to this operator, we have an operator in £(s), which
transforms the representative &(U) of f to the representative 7(U) of
g. We may denote it by the same symbol T so that

7(0) = TE(U) .

On the other hand, let (U, U") = (Ta(U"), o(U)) be the representa-
tive of T. Then we have

_ { KU, dU)EQU")
7(U) SV AU

But the last integral is an integral operator in £x(s), which we denote

7(U) = Te&(U) .
Thus we have the relation:

TS Ty @

(1) F. Maeda, “ Representations of Linear Operators by Differential Set Functions,”
this journal, 6 (1936), 115-137.
(2) This means that T¢ is an extension of 7.
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Now there is a problem concerning what case the equality T = Ty
holds. Of course, when T is a bounded linear operator with domain
D, then this equality holds. The same problem occurs, when the basic
of representation is composed of more than one completely additive
vector valued set function. When $ is non-separable, it may occur that
the basic of representation {q,(U)} is a non-enumerable system. In
the preceding paper, this case was not considered. Hence, in this
paper, we discuss the representation theory in this case in detail. And
next, we prove that there exists a basic system such that

7§ = |_r0)EQD)

is represented in a diagonal form, and show that in this representation,

Tf = T‘Q
holds.®

Representations of Operators.

1. Let © be a space of vectors, which satisfies the following
axioms :
(i) 9 is a linear space.
(ii) In $ an inner product is defined.
(iii) $ is complete.
Let M be a multiplicative system of sets in an abstraet space V, which
contains V itself. And let q(U) be a completely additive differential
set function defined for all sets of a differential set system NDV,
whose functional values are vectors in . And put o(U) = || q(U) |R?
Denote by M'(q) the linear manifold determined by the system {q(U)},
U being any set in NDV.
We first consider the case where {q(U)} is complete in §, that is
M(q) is dense in . In this case any vector f in.9 is represented by
a completely additive differential set function &U) in 2(s), where

EU) = (f, q(U)). And conversely, to any set function &(U) in (o),

(1) This result can also be applied in the problem discussed in the paper, F.
Maeda, “ Kernels of Transformations in the Space of Set Functions,” this journal, 5
(1935), 107-116.

(2) Cf. F. Maeda, “Space of Differential Set Functions,” this journal, 6 (1936), 33.
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there corresponds an element f in $, such that f=S _E@U)_q_(d@ .

v odl)
And (o) is isomorph to H.®
Let &U, U’) be a differential set function deﬁned for all U and
U in RDV, which belongs to Lo, ¢).? Then, since KU, U’) belongs
to £(0) as a function of set U,

S U, dU)EEU)
174 d(dU/)

(1.1)

is finite for any &(U)e 8(s). For simplicity’s sake, we denote this

integral by Q&(U). Denote by D, the aggregate of all set functions

E(U) in (o), so that KE(U) belongs to L(s). Then (1.1) expresses a

linear operator with domain ®g. We denote this linear operator by Tﬁ
Let T be an operator in $ with domain D. And let

g=Tf where fed

Let &U) and 7(U) be the representatives of f and g respectively.
Then by this correspondence between $ and 2:(0), we have an operator
which transforms £(U) to 7(U). We denote this operator by the same
symbol T, so that

7"0) = TEO).

When T has its adjoint 7%, and their domains ©® and ®* contain
IM/(q), we-have already seen® that

KU, U) = (To(U), o(D)) and  &*(U, U) = (T*q(U), (1))

are the representatives of 7 and T* respectively. That is, when £(0)
and 7(U) are the representatives of f(e¢ D) and T'f respectively,

72(U) = K&(U).
This means that T ST,. (1.2)
Similarly T* S Tex.

(1) Cf. F. Maeda, this journal, 4 (1934), 69-75; 6 (1936), 85.

(2) That is, &(U, U’) belongs to 2,(s) as a function of set U and as a function
of set U”.

(8) F. Maeda, this journal, 6 (1936), 119-120.
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2. The representation that we have used in the preceding section,
is the simple case, namely, when the basic of the representation is
composed with one completely additive vector valued differential set
function. In the general case, let {q,(U)} (for all ae A), a being the
parameter, be a finite or enumerably infinite or non-enumerably infinite
system of completely additive vector valued differential set functions
defined in NDV, where A is the aggregate of the suffices a. Let
M(q.) be the closed linear manifold determined by the system {q,(U)}
(for all UeNDV), U being the parameter. When for any different
indices « and o, M(q,) and M(q,;) are orthogonal, then we say that
{9.0)} (for all aeA) is an orthogonal system. If there exists no
element in 9, except a null element, orthogonal to all the closed linear
manifolds M(q,), then we say that the orthogonal system {q.(U)} is
complete in . 1In this case we can take {q,(U)} as the basic of the
representation. In the preceding paper,® we investigated only the case
where {q,(U)} is a finite or enumerably infinite system. Hence here we

discuss the case where {q,(U)} is a non-enumerably infinite system in
detail.

Let f be any element in 9, and denote by f, its component in M(q,).

Then f.= | SOORSD where e(0) = (7, 00)© D) be-

longs to 2(s,), and || .|l = || €.|l. Let ay ag...., an,.... be any enu-
merably infinite sequence of suffices a (¢ ). Then we have

Sli&, < F

Hence ||&,||=0 thatis £,(U) =0 except at most enumerably in-
finite system of {£,(U)}. Hence we may write

= £d0)6,dU) «
= B

(1) The existence of the orthogonal system {qa(U )} which is complete in the non-
separable space $, can be proved as O. Teichmiiller did. (Cf. Journal fiir die reine u.
angew. Math., 174 (1935), 78.) But in this paper, in sec. 4, we prove the existence of
{aa(U)} which satisfies certain conditions.

(2) F. Maeda, this journal, 6 (1936), 123-127.

(8) F. Maeda, this journal, 4 (1934), 73.

(4) Here the summation takes place for all a« such that £,(U)=%0. [=] means
the strong convergence of the series.
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Thus to any element { in £ there corresponds a system of set functions
{£.(0)}, such that

£,(U) € &(a,) for all ae ¥,

and || &,|] = 0 except at most enumerably infinite system of £,(U), and
Ewll €, |[* converges to a finite value. Now for simplicity’s sake, de-

note such a system of set functions {£,(U)} which satisfy above econ-
ditions, by &, and the aggregate of them by L£(s). And in £(0), define
the sum and the inner product as follows :

at+by = {a8(D)+07,(U)}  and  (57) = 3 (507
where E= (0},  7={O).
Next, take any element {£(U)} in 2(s). And put f,=
L&M&, Then, since (, f) =0 when « > f, and 33|/ |?

o,(dU)
= ZQ}LH £, 11?2 converges, %fa expresses an element in 9.

Thus, there exists a one-to-one correspondence between $ and (o).

And since (f, 9 = [%I(Em 7 = (£,7)

where  f(=133[ S@DLLD), - gr=153] e S
aelly 0 acllly o

this correspondence is isomorph. Therefore we can say that & = {£,(U)}
is the representative of f.

Let T be a linear operator in © which has its adjoint T, and
their domains ® and D* contain W(q,) for all xeA. Put

KU, U) = (TagU), 0T)), KU, U) = (T*q,(U"), a1)) .

Since {R,5(U, U’)} (ae W) is the representative of Tqx(U"), &,4(U, U")
vanishes except at most enumerably infinite system of «. Similarly for
B. Let {£,U)} and {7.U)} be the representatives of f(¢ D) and Tf
respectively. Then

20 = (Th00) = (i 7o) = 53] SHOUIGAV.0),
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since {R;.(U’, U)} (Be¥A) is the representative of T*q,(U). Thus
we have

740) = 2 K485(U) . 2.1)
BeA

Hence we may call {®,(U, U’)} the representative of 7.

Let &€ = {£,(U)} be an element in L(s) such that {7,(U)}, obtained
by (2.1), belongs to 2fs). Then (2.1) expresses an operator in (o)
which transforms & = {£,(U)} to 7 = {7,.U)}. We denote this operator
by Tg, its domain by Dg, such that

7= T@& (E € @@) .
Then the fact thafc {K.5(U, U")} is the representative of T means that
T &T,. (2.2)

Similarly we have ' T"S Tox.

Domains of Diagonal Representatives.

3. Let M be a closed family (o-Korper) of sets in an abstract
space V, which contains V itself. Let E(U) be a resolution of identity
which is defined for all sets in N.®

Let (1) be a complex valued point function defined in V, which
is measurable (N). Define a linear operator in $ by

1§ = [_fOEQYT.

The domain D(f) of T is the set of elements { in H such that
SV| SO PRI E@U)f|? is finite. D(f) is a linear manifold which is

(1) Cf. F. Maeda, this journal, 6 (1936), 38, where R is a multiplicative system.
Buat here % is restricted to be a closed family. Hence we can use the results in the
paper ; F. Maeda, this journal, 4 (1934), 85-86.

(2) A real valued point function f(A) is said to be measurable (R), when
VEf() > r] belongs to % for any . A complex valued point function is measurable
(M) when its real parts and imaginary part are measurable (%). ‘
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dense in H.Y We define also Tr by

T;f = | FOE@V.

Then the domain D(f) of T7 is identical to D(f).
We have the relation

T =1;,% (8.1)
and T is a normal operator.® From (8.1), T is closed. |
It is already known that Ty and E(U) are permutable. That is
EUT, S TEU).®

Now we have the following theorem :
Let T be an operator such that

T, &T. » (3.2)
If EWU)TS TE(D), (3.3)
then T=1T.

(1) F. Maeda, this journal, 4 (1934), 86.
(2) Cf. M. H. Stone, Linear Transformations in Hilbert Space, (1932), 229. Since
E(U) is defined for all sets U in M, we can prove this relation by the following

simple method: Denote by ©* the domain of TF. When geD(f), then
T o = [, FO(E@D),s) = (,Trg)  for all fe D).

Hence Tr S Tf. Of course Tr = T}" when |[f(2)| is bounded. Next put V=
VIFWI<NL Since TE(VN)i={, FWE@U), we bave [TrE(VN)*i=

SVN FQ)E@U)i. But E(VN)TF S[TrE(VN)]*. Hence we have
E(VNTfi= SV FQRQE@U)! when fed*.

Let N— o, then we have T# < Tr. Consequently T/ = TF.
(8) Cf. M. H. Stone, ibid., 312. Conversely, any normal operator 7 is expressed as

follows: Tf= SR zE(dU)f, where E(U) is the resolution of identity defined in the
2

space B, of complex numbers. Cf. F. Maeda, this journal, 4 (1934), 91.
(4) F. Maeda, this journal, 4 (1934), 88.
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For the proof, put V[|f(1)|<N]l= Vy,N being any positive
integer. Let f be any element in the domain of T. Then, since

J, 170 I EQUEWTiE= [ 1£0) F| BQUTES N 117

we have E(Vy)feD(f). Then from (8.3)
E(Vy)Ti = TE(Vy)f = TE(VN) .

Sice  [m]E(Vy)Ti=1T12  [im] E(Va)f =,

and Ty is closed, we have feD(f) and TS T, Hence from (3.2)
T= Tf.

4. Now we find the basis of the representation which is contained
in D(f). For this purpose we prove the following theorem :
We can find an aggregate B of elements in D(f), such that

{a()}  (beP)
is an orthogonal system which is complete in O, where
qs(U) = E(U)b.

Give to D(f) a normal order-type (Wohlordnung). We find the
elements of P by transfinite induction as follows: b belongs to P when
and only when ||b|| >0 and b is orthogonal to M(q.) for all a (¢ P)
which have lower ranks than b in the normal order-type. Since

(E(U)a, E(U)b) = (E(UU)a,b) =0,

it is evident that {qs(U)} is an orthogonal system.
Let f be any element in D(f). And denote by f; the component
of f in M(qs) and by f the component of § orthogonal to M(q;). Then

E()i = EO)f+EW)Y.

(1) [lim] means the strong convergence.
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Since E(U)f; belongs to M(qy), >
(E() s, E(QU)F) = (E(U)F, ) =0
for all U. Hence
| EQU)f |t = | EDF, B+ EQU)T |1

But L,if(l) |2HE(dU)fH2 is finite, therefore Svlf(l) 2| E@U)fy |2 is

finite. That is f, belongs to D(f).
For feD(f), there exists at most enumerably infinite system of b
in P such that f; are non-null. Let us denote them by fg, s, ... .,

fo;p- ... Since

S B IF < 1| EQO)TIE,
S rw el < 150 e BT

Hence _Zi}l SV fQ)E@U)fs, = Tr Zylfﬁi converges strongly when »—> 0 @

Then, since 7T is closed, ilfbi belongs to D(f). Hence if we put

= B

then {” belongs to D(f), and f’ is orthogonal to all M(qs) (beP),
which is absurd unless f/ = 0. Consequently

=135, @

for any fe D(f).

Now {q,(U)} is complete in H. If not, there exists a non-null
element g which is orthogonal to all M(qe) (beP). From (4.1) g must
be orthogonal to all fe D(f), which is absurd since D(f) is dense in .

&5(U) ap(U)

(1) For E(U)Ty,zSU D)

this journal, 4 (1934), 71).
@ Since | SOE@UMyeM@m) G=12...)

, where ¢y(U)= (f, %(U)>. (Cf. F. Maeda,
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Thus we have proved this theorem.

Now label all the elements of P by (finite or transfinite) ordinal
numbers a, so that any element of P is expressed by f, (a e A), where
A is the aggregate of the suffices. Since f, belongs to D(f),
q.(0) = E(U)f, belongs to D(f) for all U. For

|, lr@EI E@wDE = | 170 E I EGD P

is finite. Therefore D(f) contains all M'(qs) (2€A). Since, from (3.1)

TF = Tr, and D(f) = D(f), the domain of T/ contains also all D'(q,)
(e e A). Hence we can use {q,(U)} as the basis of the representation
of T;.

5. In the diagonal representative of Ty, we have
E(U)Te S TeE(U).

First consider the case where {q,(U)} obtained in the preceding
section, is composed of only one completely additive vector valued
differential set function q(U). And use q(U) as the basis of the re-
presentation. Then by sec. 1, § is represented by 2:(s), and since the
domains of 77y and 77 contain 9'(q), the representatives of 7T, and
T/ are

R, ) = (TaE),aB) = | f@),  G1)

(8, B) = (T/a®), o) = (T;aE), o) = |__7@Doav)

respectively. Thus we have diagonal representatives.
Let ©y(E, E’) be the representative of E(U). That is

Su(E, E) = (E(U)o(E), aB)) = (a(E'V), q(B)) = «EE'T). (5.2)
Of course E(U) = Tg,.
When E(E') € Dg, we have by (5.2)
T@UT@E(E) = T@URE(E) = KE(EU). (5.3)
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Ad TaTe,i(E) = TED) = | & dﬁ’c)zggE’- )
14

— j K&, dE - U)E(dE')
v o(dE")

‘But by (5.1) R(E, B'U) = QEU, E).

Hence  TyTe,f(E) = @(EU;ZZ, VB = g:@u) .
v

Therefore, we have by (5.3)
E(U)TE(E) = TeE(U)E(E)
for all £(F) e Dg. Hence
E(U)Te & ToE(U).

Next consider the case where {q,(U)} is ecomposed of more than
one completely additive vector valued differential set funetions. Then
by sec. 2, any element f in O is represented by & = {£,(U)} in Lu(0),
and the representatives of Ty and T/ are {&,(E, E')} and {K(F, E')}
respectively, where

S4B, B) = (TosE), 0 E)) = jvf(x)(qp(E'd U), 0.(E))

{j FWodU)  when a =g
W (5.4)

0 when a 35,
SE, B) = (T7 0B, 0uE)) = (Tr0s(), 0u(E))

{f FModdU)  when a =8
= EE’ ‘
0 when « 3¢ .

Thus we have diagonal representatives.
Let {Sv,.5(E, E')} be the representative of E(U). That is
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Su.ulE, E') = (E(U) q4(E), 0(E)) = (a(E'D), 0.(B))

o{(EE'U) when a = g

| -
0 when a =¢ .

Of,;:ourse E(U) = Te,.
When £ € Dy, since by (5.4)
TGZQIS%,,,&,(E) = RE4(E),
we have by (5.5)
%@U,aﬁ {3 St B)} =B%:I@U. st E) = RuEAEU).  (5.6)
And since by (5.5)
3380.5(E) = §(EV),
we have by (5.4)

= [ SulB dE)E(AE")
%‘Qaﬁ {”Z% 6U. BTET(E)} = jU — ";Kd‘b:,)ﬂ' —

, AD
— S ) .@aa(EU;d(ggvi;a(dE ) R.E(EU). | 5.7)

Hence we have from (5.6) and (5.7)

E(U)Tst = ToE(U)¢
for all £eDg. That is_

E(U)Te & ToE(U).

6. Now we have the conclusion :
In the diagonal representative of T, we have

T = Tg} and T; = TQ* .

(1) For from (5.4) Su(EU, E’) = 8:(E, EU").
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From (1.2) and (2.2) we have Ty < Tg. Hence from the theorems
of sec. 3 and 5, we have - :

Tf = T@ .
Similarly we have Tr = Tg+. But T7 = Tr. Hence we have

" TF = Tex.
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