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In a previous paper,m one of the authors investigated the represen
tatives of linear operators. Let .p be a complete linear vector space, 
where the inner product is defined, and let q( U) be a completely addi
tive vector valued differential set function, such that { q( U)} . is complete 
in Sj. Taking q( U) as the basic of representation, we can represent .p 
by the space of differential set functions 2i11), where 11(U) = II q(U) 11 2• 

Let T be a linear operator in .p which transforms f to g. That is 

g = Tf. 

Corresponding to this operator, we have an operator in ~(a), which 
transforms the representative ~( U) of f to the representative 17( U) of 
g. We may denote it by the same symbol T so that 

17(U) = T~(U). 

On the other hand, let ~(U, U1) = (Tq(U'), q(U)) be the representa

tive of T. Then we have 

n(U) = [ _~(U, dU1H(dU1) 

., JV 11(dU1 ) • 

But the last integral is an integral operator in 22(11), which we denote 
by T t1:, so that 

Thus we have the relation : 

(1) F. Maeda, "Representations of Linear Operators by Differential Set Functions," 
this journal, 6 (1936), 115-137. 

(2) This means that T~ is an extension of T. 



2 F. Maeda and T. Ogasawara. 

Now there is a problem concerning what case the equality T = Tse 
holds. Of course, when Tis a bounded linear operator with domain 
~. then this equality holds. The same problem occurs, when the basic 
of representation is composed of more than one completely additive 
vector valued set function. When ~ is non-separable, it may occur that 
the basic of representation { qa( U)} is a non-enumerable system. In 
the preceding paper, this case was not considered. Hence, in this 
paper, we discuss the representation theory in this case in detail. And 
next, we prove that there exists a basic system such that 

is represented in a diagonal form, and show that in this representation, 

holds.m 

Representations of Operators. 

1. Let ~ be a space of vectors, which satisfies the following 
axioms: 

( i ) ~ is a linear space. 
( ii ) In ~ an inner product is defined. 
(iii) ~ is complete. 

Let 9c be a multiplicative system of sets in an abstraet space V, which 
contains V itself. And let q(U) be a completely additive differential 
set function defined for all sets of a differential set system 91~ V, 
whose functional values are vectors in ~- And put a( U) = 11 q( U) I 12• <2> 

Denote by 9J'c'(q) the linear manifold determined by the system {q(U)}, 
U being any set in 91~ V. 

We first consider the case where {q(U)} is complete in ~. that is 
9J'c'(q) is dense in ~- In this case any vector f in-~) is represented by 
a completely additive differential set function ~( U) in ~(a), where 

~(U) = (f,q(U)). And conversely, to any set function E(U) in 22(a), 

(1) This result can also be applied in the problem discussed in the paper, F. 
Maeda, " Kernels of Transformations in the Space of Set Functions," this journal, 5 
(1935), 107-116. 

(2) Cf. F. Maeda, " Space of Differential Set Functions," this journal, 6 (1936), 33. 
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there corresponds an element f in S;,,, such that f = J J_(~Ud)qfd) U) . 
V a( U 

And ~(11) is isomorph to ~.m 
Let st( U, U') be a differential set function defined for all U and 

U' in 9':!lV, which belongs to .22(o-, a).<2> Then, since st(U, U') belongs 
to ~(a) as a function of set U', 

f st(U, dU'H(dU') 
J v 11(dU1) 

(1.1) 

is finite for any F;(U) E .22(11). For simplicity's sake, we denote this 
integral by st~(U). Denote by :!)~ the aggregate of all set functions 
~(U) in .2ia), so that st~(U) b~longs to .22(11). Then (1.1) expresses a 
linear operator with domain :!l~. We denote this linear operator by T st• 

Let T be an operator in ,~ with domain :!l. And let 

g = Tf ·where 

Let ~(U) and r;(U) be the representatives of f and g respectively. 
Then by this correspondence between ,~ and .22(11), we have an operator 
which transforms ~(U) to r;(U). We denote this operator by the same 
symbol T, so that 

r;(U) = TE(U). 

When T has its adjoint T*, and their domains :!) and :!) * contain 
illc'(q), we-have already seen<3) that 

st(U, U') = (Tq(U'), q(U)) and ~*(U, U') = (T*q(U'),q(U)) 

are the representatives of T and T* respectively. That is, when F;(U) 
and r;( U) are the representatives of f ( E :!) ) and T f respectiyely, 

This means that 

Similarly 

r;(U) = ~~(U). 

T c Tse. 

T* C Tft*. 

(1) Cf. F. Maeda, this journal, 4 (1934), 69-75 ; 6 (1936), 35. 

(1.2) 

(2) That is, st(U, U') belongs to 22(11) as a function of set U and as a function 
of set U'. 

(3) F. Maeda, this journal, 6 (1936), 119-120. 
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2. The representation that we have used in the 1)1'.eceding section, 
is the simple case, namely, when the basic of the representation is 
composed with one completely additive vector valued differential set 
function. In the general case, let { qa( U)} (for all a E SZ!), a being the 
parameter, be a finite or enumerably infinite or non-enumerably infinite 
system of completely additive vector valued differential set functions 
defined in 91::ri V, where szt: is the aggregate of the suffices a. Let 
Wc(qa) be the closed linear manifold determined by the system {qa(U)} 
(for all U E 91::r, V), U being the parameter. When for any different 
indices a and a', Wc(qa) and Wc(qa,) are orthogonal, then we say that 
{ qa( U)} (for all a E SZ!) is an orthogonal system. If there exists no 
element in .p, except a null element, orthogonal to all the closed linear 
manifolds Wc(qa), then we say that the orthogonal system {qa(U)} is 
complete in .p.<n In this case we can take {qa(U)} as the basic of the 
representation. In the preceding paper,<2> we investigated only the case 
where {qa(U)} is a finite or enumerably infinite system. Hence here we 
discuss the case where {qa(U)} is a non-enumerably infinite system in 
detail. 

Let f be any element in .p, and denote by fa its component in Wc(qa). 

Then fa= Jv ~a(dajdiUl_ where ~a(U) = (f, qa(U)).<3> ~a(U) be-

longs to B(aa), and II fa II = II ~a If. Let ar, a2, •••• , rln, .. •. be any enu
merably infinite sequence of suffices a (s ?Z(). Then we have 

~ II ~an 112 < II f 11 2• 
n 

Hence II ~a 11 = 0 that is ~a(U) = 0 except at most enumerably in
finite system of { ~a( U)}. Hence we may write 

(1) The existence of the orthogonal system { qa( UJ} which is complete in the non
separable space ©, can be proved as 0. Teichmiiller did. (Cf. Journal fiir die reine u. 
angew. Math., 174 (1935), 78.) But in this paper, in sec. 4, we prove the existence of 

{ qa( U)} which satisfies certain conditions. 
(2) F. Maeda, this journal, 6 (1936), 123-127. 
(3) F. Maeda, this journal, 4 (1934), 73. 
( 4) Here the summation takes place for all a such that ~a( U) =\= O. [ =] means 

the strong convergence of the series. 
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Thus to any element f in S;, there corresponds a system of set functions 
{t;,.(U)}, such that 

for all a E W, 

and II ~a II = 0 except at most enumerably infinite system of ~a(U), and 
S II fa 11 2 converges to a finite value. Now for simplicity's sake, de-

ae SJ( 

note such a system of set functions { t;a( U)} which satisfy above con
ditions, by t;, and the aggregate of them by £2(n). And in £2(n), define 
the sum and the inner product as follows : 

and 

where r; = {r;,x(U)}. 

Next, take any element {~a(U)} in iMn). And put fa= 

f Ea(dU)dq~dU) . Then, since (fa, fr,) = O when a ~ /3, and ~ 11 fa !l2 

JV na{ ae'lC 
= S II ~a 11 2 converges, S fa expresses an element in S:,,. 

aE'lt ae'l! 
Thus, there exists a one-to-one correspondence between S;, and £2(n). 

And since (f, g) = ~ (Ea, '1/a) = (.;, r;) 
aE'l! 

where f[=]S f EaCdU)qa(dU) 
a,~cJV na{dU) 

g [=]SJ 17a(dU)qa(dU)_, 
ae'l! v na{dU) 

this correspondence is isomorph. Therefore we can say that ~ = {~a(U)} 
is the representative of f. 

Let T be a linear operator in S:,, which has its adjoint T*, and 
their domains ~ and ~* contain lln'(qa) for all a E W. Put 

Sfaa(U, U') = (Tqa(U'), qa(U)), 

Since {Sfaa(U, U1)} (a E W) is the representative of Tqa(U'), Sfaa(U, U') 
vanishes except at most enumerably infinite system of a. Similarly for 
fl. Let {c;a(U)} and {JJa(U)} be the representatives of f (e ~) and Tf 
respectively. Then 
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since {~ta(U', U)} (/1 e 21) is the representative of T*qa(U). Thus 
we have 

(2.1) 

Hence we may call { ~a0( U, U')} the representative of T. 
Let ~ = {~a(U)} be an element in 2ia) such that {,-;a(U)}, obtained 

by (2.1), belongs to B.,.(11). Then (2.1) expresses an operator in 22(11) 
which transforms ~ = {~a( U)} to 7J = { 7J a( U)}. We denote this operator 
by Tit, its domain by ~St, such that 

Then the fact that {~aiU, U')} is the representative of T means that 

(2.2) 

Similarly we have T* C Ttt*. 

Domains of Diagonal Representatives. 

3. Let 91 be a closed family (11-Korper) of sets in an abstract 
space V, which contains V itself. Let E(U) be a resolution of identity 
which is defined for all sets in m.m 

Let f().) be a complex valued point function defined in V, which 
is measurable (91).<2) Define a linear operator in ~ by 

Trf = f vf(A)E(dU) f. 

The domain ~(f) of Tf is the set of elements f in ~ such that 

J v If().) l2 I] E(dU)f 11 2 is finite. ~(f) is a linear manifold which is 

(1) Cf. F. Maeda, this journal, 6 (1936), 38, where 91 is a multiplicative system. 
But here 91 is restricted to be a closed family. Hence we can use the results in the 
paper ; F. Maeda, this journal, 4 (1934), 85-86. 

(2) A real valued point function f(A) is said to be measurable on), when 
V(f(A) > r] belongs to 91 for any r. A complex valued point function is measurable 
(91) when its real parts and imaginary part are measurable (91). 
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dense in ~-<1> We define also T1 by 

T1f = JvJO)E(dU)f. 

Then the domain <1:J(f) of T1 is identical to <1:J(f ). 
We have the relation 

T/ = T1,<2> (3.1) 

and Tf is a normal operator.<3> From (3.1), T1 is closed. 

It is already known that Tf and E(U) are permutable. That is 

Now we have the following theorem: 
Let T be an operator such that 

TfCT. 

If E(U)TC TE(U), 

then 

(1) F. Maeda, this journal, 4 (1934), 86. 

(3.2) 

(3.3) 

7 

(2) Cf. M. H. Stone, Linear Transformations in Hilbert Space, (1932), 229. Since 
E(U) is defined for all sets U in 91, we can prove this relation by the following 

simple method: Denote by '.!> * the domain of T}. When g e ~(.!), then 

(Tfi, g) = f vfO)(E(dU)!, g) = (f, T.fg) for all i e '.!>(/). 

Hence TJ ~ TJ. Of course T.f = TJ when 1/(,l) I is bounded. Next put VN = 

V[!/(,i) I< NJ. Since TfE(VNH = ~ vN f(}.)E(dU)I, we have [TfE(VN)]* i = 

f vN f(J.)E(dU)i. But E(VN)T} ~[TfE(VN)]*. Hence we have 

Et VN)TJ i = ~ vN f(J.)E(dU)i when f e '.!>*. 

Let N ➔ oo, then we have TJ ~ TJ. Consequently TJ = Tj. 
(3) Cf. M. H. Stone, ibid., 312. Conversely, any normal operator T is expressed as 

follows: Tf = f zE(dU)r, where E(U) is the resolution of identity defined in the 
.)R, 

space R2 of complex numbers. Cf. F. Maeda, this journal, 4 (1934), 91. 
(4) F. Maeda, this journal, 4 (1934), 88. 
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For the proof, put V[IJO) I< NJ= VN, N being any positive 
integer. Let f be any element in the domain of T. Then, since 

)v lf(l) 12 II E(dU)E(VN)f 11 2 = J vN If(}.) 12 II E(dU)f 112 < N2 II f 11 2, 

we have E(VN)f E ;!,(f). Then from (3.3) 

Since llim]E(VN)Tf = Tf ,m 
N--► oo 

[lim] E(VN)f = f, 
N➔ oo 

and Tf is closed, we have f E ;!,(f) and Tc Tf. Hence from (3.2) 
T= T,. 

4. Now we find the basis of the representation which is contained 
in ;!,(f). For this purpose we prove the following theorem : 

We can find an aggregate ~ of elements in ;!,(f), such that 

(b E ~) 

is an orthogonai system which is complete in ,P, where 

Give to ;!,(f) a normal order-type (Wohlordnung). We find the 
elements of ~ by transfinite induction as follows : b belongs to ~ when 
and only when II b II> 0 and b is orthogonal to IJJ1(qu) for all a (E ~) 
which have lower ranks than b in the normal order-type. Since 

(E(U')a,E(U)b) = (E(UU')a,b) = 0, 

it is evident that {qb(U)} is an orthogonal system. 
Let f be any element in ;!,(f). And denote by fb the component 

of f in IJJ1(q0) and by f' the component of f orthogonal to IJJ1(qb). Then 

E(U)f = E(U)fb+E(U)f'. 

(1) [Jim] means the strong convergence. 
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Since E(U) h belongs to Wc(qb),(l) 

(E(U)fb, E(U)f') = (E(U)fb, f') = 0 

for all U. Hence 

II E(U)f 11 2 = II E(U)h 112+ II E(U)f' 11 2• 

But ))!U)\2 IIE(dU)fll2 is finite, therefore ))!U)l2 IIE(dU)fbll2 is 

finite. That is fb belongs to '1J(f). 
For f E '1J(f), there exists at most enumerably infinite system of o 

in ~ such that fb are non-null. Let us denote them by h1, h2, •••• , 

h-,.... Since • 
V 

2J II E(U)fr,. l\2 < II E(U)f 112, 
i ~1 • 

Hence _:t1 Iv f(A)E(dU)hi = Tr t1 fr,i converges strongly when v-Ho .<2> 
00 

Then, since Tf is closed, 2J h. belongs to '1J(/). Hence if we put 
i~l • 

00 

f = 2J h.+f", 
. i ~1 • 

then f" belongs to '1J(f), and f" is orthogonal to all Wc(q0) (6 E ~), 
which is absurd unless f" = 0. Consequently 

(4.1) 

for any f E '1J(f). 
Now {qu(U)} is complete in Sj. If not, there exists a non-null 

element g which is orthogonal to all Wc(qr,) (6 E ~). From (4.1) g must 
be orthogonal to all f E '1J(f), which is absurd since '1J(f) is dense in Sj. 

(1) For E(U)ir, = ~u ~r,(~~~~U) , where ~r,(U) = (r, qr,(U)). (Cf. F. Maeda, 

this journal, 4 ( 1934), 71 ). 

(2) Since I f(A)E(dU)/r,.eIDl(qr,.) (i=l,2, .... ). 
) V • • 
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Thus we have proved this theorem. 

Now label all the elements of 1.13 by (finite or transfinite) ordinal 
numbers a, so that any element of 1.13 is expressed by fa (a E W), where 
W is the aggregate of the suffices. Since fa belongs to :SJ(f), 
qa(U) = E(U)fa belongs to :SJ(f) for all U. For 

j V If(}.) 12 II E(dU) qa(U) 112 = JU lf(J.) 12 II E(dU)fa 112 

is finite. Therefore :SJ(f) contains all fili'(qa) (11 E W). Since, from (3.1) 

T/ = T1, and :fJ(/) = :SJ(/), the domain of T/ contains also all IDl'(qa) 
(a e W). Hence we can use {qa(U)} as the basis of the representation 
of Tf, 

5. In the diagonal representative of Th we have 

E(U) Tse c. TseE(U). 

First consider the case where { qa( U)} obtained in the preceding 
section, is GOmposed of only one completely additive vector valued 
differential set function q(U). And use q(U) as the basis of the re
presentation. Then by sec. 1, ~ is represented by 2ia), and since the 
domains of Tf and T/ contain Wc'(q), the representatives of Tf and 
T/ are 

Sf:(E, E') = ( Tfq(E'), q(E)) = tEJ(A)a(dU), (5.1) 

~*(E,E') = (T/q(E'),q(E)) = (T1q(E1),q(E)) = tE,f(J.)a(dU) 

respectively. Thus we have diagonal representatives. 
Let 6u(E, E') be the representative of E( U). That is 

6 0 (E,E') = (E(U)q(E'),q(E)) = (q(E'U),q(E)) = a(EE'U). (5.2). 

Of course 

When E:(E) e :SJsr, we have by (5.2) 
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And T T, F;(E) = T F;(EU) = f ~(E, dE') F;(dE' · U) 
se Su se J v a(dE') 

_ [ ~(E, dE' • U)F;(d!E') 
Jv a(dE') · 

But by (5.1) ~(E, E' U) = ~(EU, E') . 

Hence Tse T,., F;(E) = f _~(EU, dE') EJ_dE') = ~E(EU) 
'-'U J v a(dE') • 

Therefore, we have by (5.3) 

E(U)T51E(E) = TseE(U)E(E) 

for all F;(E) e ~ff• Hence 

E( U) Tse c: T,rE( U) . 

11 

Next consider the case where {qa(U)} is composed of more than 
one completely additive vector valued differential set functions. Then 
by sec. 2, any element f in ~ is represented by F; = {F;a(U)} in £2(a), 
and the representatives of T1 and T/ are { ~a,9(E, E')} and { ~;,9(E, E')} 
respectively, where 

~a0(E, E') = ( ½QriE'), qa(E)) = j vf(A) ( qlE' d U), qa(E)) 

= {LE,fO)aa(dU) 

0 

when a= f3 

when a~ {3, 

Sf;{J(E, E') = ( T/ q,9(E1), qa(E)) = ( T1 q0(E'), qa(E)) 

= {JEE,f(A)aa(dU) 

0 

when a= fJ 

when a~ fJ. 

Thus we have diagonal representatives. 

(5.4) 

Let {!0u,aiE, E')} be the representative of E(U). That is 
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= ca(EE'U) 

Of.course E(U) = Trsu• 

When e E :!ish since by (5.4) 

we have by (5.5) 

And since by (5.5) 

we have by (5.4) 

when a= (3 

when a~ (3, 

2J ~ai, { S eu.i,r~rCE)} = f ~aaCE,_i!,_E'_)e,JdE') 
fJelJ! re& Ju aa(dE') 

(5.5) 

= J ~aaCEU, dE')ea(dE')°~ ~ e (EU) (5_7) 
V aa{dE') aa a ' 

Hence we have from (5.6) and (5.7) 

for all e e :!ise, That is 

E(U) Tse c. TseE(U). 

6. Now we have the conclusion : 
In the diagonal representative of Tf, we have 

and 

(1) For from (6.4) !laa(EU, E') = S'taa(E, EU'). 
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From (1.2) and (2.2) we have T1 c Tse. Hence from the theorems 
of sec. 3 and 5, we have 

T1 =Tse. 

Similarly we have T1 = Tse*• But Tj = Tr. Hence we have 

Tl= Tse*. 
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