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Cosmology in Terms of Wave Geometry (V)
Universe with Born-Type Electromagnetism.
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§1. Introduction.

In wave geometry it has been shown that the equation of motion
of a particle is given by®
[I] in space with matter only

wr = Qu’ ' (1.1)
where w=PtArii,
and
[IT] in space with Born-type electromagnetism®

uwrauw=2(M 1}';" -+ NI?’;")W' +Quw (1.2)
where Fl'i]- and Fz‘i,- are antisymmetric tensors.

Cosmology in terms of wave geometry has been developed on the
assumption that the assemblage of nebulae is the universe and each
nebula moves along the path determined by (1.1) But if, besides
nebulae, we take radiation as constituent of the universe, the equation
of motion of a particle might be (1.2) instead of (1.1). Hence, for the
further development of wave geometry, it is worth while to investigate
the space in which a free particle moves along the path (1.2).

§ 2. The fundamental equation for .

Wave geometry is based on the vector- and spin parallel displace-

a T Iwatsuki, Y. Mimura, and T. Sibata, this Journal, 8 (1938), 187, (W.G.
No. 27).

(2) In this paper, since we take I}'»ijZA[ij] and Iv?’ijzA[.';;%, the factor 2 appears in
(1.2). The term QuJ disappears when uJ is suitably normalized.

(8) The method of finding the fundamental equation here adopted is closely analo-
gous to T. Sibata’s, this Journal 8 (1938), 199-204, (W.G. No. 29); thus the equations
which are not important are omitted here. The notations used in this paper are the
same as in Sibata’s. ’
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ments which make ds¥=0 invariant. When the vector parallel displace-
ment is taken as Riemannian and the spin parallel displacement as most
general, the fundamental equation for ¥ becomes

M=, (=1,2.39) @l

where I'; and 3; are both 4-4 matrices introduced by the vector- and
spin parallel displacements respectively. > is arbitrary, and I} is
defined by

s = Byt Tiry—7il's - 2.2)
ox
Expanding >7; in sedenion, we have
Su=Aroret At Al st A+ AP, (A7'=—A4")  (23)

assuming that the coefficients of expansion A;%9, A;, A7, A} and A;® are
real, and 7= —1. Then we have

wPuw =847 U+ 240 +2A7M+2AFN )t . (2.4)
From (2.4) and (1.2) we have
- . . - 1 o 2 -, . .
{447 07+ 20A W+ A M+ APN W =20MF7+ NF '+ Quw. (2.5)

If we restrict ourselves to the case in which the fundamental equation
(2.1) is completely integrable, (2.5) must hold good identically for all
values of u* under the restriction u‘w’g;;=>0. Hence we have

A+ A=0, 2.6)
Aap=0a9ii,  AcB=Psi, 2.7
Apn= F. Wy Aui= F. W - (2.8)
From (2.3) and (2.6), we have
A=cuDd . - @9)

Hence (2.1) becomes:
5 i .2
Pb ={eimDe'r'r* + Ai+ Afrstari+ frivs+ Fir’ + Fyr'rsi¥ . (210)

So we have the result: In order that the vector w'=vTA7*{ shall
satisfy the equation of the form (1.2), the fundamental equation for ¥
must be
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. 1 .2
Vil ={eiuDe'rr*+ Ai+ Afrstari+ Brivs+ Fy v’ + For'rsy ¥, (2.10)

so far as we are dealing with the case of complete integrability for .

Naturally, in all the results in this section, if we put F;;=0 (a=1, 2),
we get Sibata’s result.? '

§3. The condition of integrability of the fundamental '
equation.

To obtain the condition of integrability of (2.10), we operate

th?a?x—h—-l"'h on (2.10) and subtract from it the equation obtained by

interchanging the suffixes 2 and ¢; and using the relation (2.2) i.e.
7;r;=0, we have

Vel ¥ =[Pen A Pr* + P A+ P AR rs+ Pua) ra+ PuB)rars
1 R 2 . )
+ P F oy 7 P Foirrs+ { A 778+ A+ AP r s Fari+ Bres s
1 , 2 ,
+ Fri 77+ Frar’rs ) % { Asum7r™+ A+ Al s+ armn+Briats

1 2 .
+Fpurt+ Foar'rsiiv . (3.1
On the other hand, since

Vm7¢3¢=%K;;;mn Yul (3.2)

(3.1) becomes 1
—é‘Ki;:mTl Tm¥ =P} (3.3)

where
Pu={Pindapnr’r* +0mda+ PuASrs+ (Puad) 1o+ (Pub) rars

+ (7 Ehllwﬂi) Y+ [hﬁli) 71} + { A Aifm 'y ™ — daAraru 7t
—4BArnur'rs— 20 A5 15+ 2B A It it Bre e

+ {2aFI'cilzithm +2BI?'EiIllgh3m +Fl'cﬂul}'h1m +1%ci111521h3m}7’u7"”]

+ {4A[h:pzlll’_'i:)qgm+ZFZ'cmuA%ﬁ}Tl‘F {4Ath1p111%’iqum+ oF toin AiS}r'rs
+z{azvg'hi+ﬁﬁ}h+11“m“1?‘wg"l}r5. (3.4)

Frofn the condition that (2.10) is completely integrable, we have

(1) T. Sibata, this Journal 8 (1938), 204, (W.G. No. 29)
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%-K,:;mn Y= Ppi (3.5)

Comparing the coefficients of each base of sedenion, we have the follow-
ing relations, (3.6)-(3.10)

1

%K;};l’” =P AR+ 4 AL AR 9w+ P04 0P+ BPoLO + 20 F 0T
2 1 1 2 2

+2RBEFo+ FRFT + Fi R, (3.6)

_ (coefficients of 7 7m1)

1 1 2

Ot i+ P F i — daArins + 2B A 05+ 4 AP Finp + 2F 5 A5 =0, (3.7

(coefficients of 7;)

ok iaB+p c;j_1 A 4B A — 20 Arohat+ 4A[if’lﬁ2' ilp ™ 21’11 wAS=0, (3.8
. \ - (coefficients of 7;75)
V[};Ag"‘ 2BF',;,+ ZaFM+ ZF[;:BFh33= 0 y (3.9)
(coefficients of 75)
V[hAiJ= 0. (3.10)
(coefficients of I)
These five equations give the conditions of complete integrability of
(2.10). From (8.10) we know that the vector A; is a gradient vector.
Hence, without loss of generality, we can take A;=0.

§4. The reduction of the condition (3.6).

In this section we shall study the condition (3.6) more closely. Sub-
stituting (2.9), namely A;.=e;D¢", into (3.6), we have

Kijim+ 8 €citimte DP 30" + 82 €xittpul €51emo DP9 0° 97 — (o + ) Gritm O

) 1 1 2 2
—8{titm Fiu— FrsinnFivm} — 8{F Ly Fie + Frsim Fiu } =0 4.1)
1 2
where aF,-j+ﬁFi -—':-Fij . (4.2)

From (4.1) and Ky3m=0, we have

%[ZD {€itmi V9" — €itmnVi9*} + 8{€i1pu Ciamo — €itpu Cigmv } D20 0" g™
' 11 1 1 2 2 2 2
- 2gim1;}l + 2gijil - 2(FimF}l - -ijFit + FimFril - F.’imFil)] =0
_ _ (4.3)
where > denotes the summation in cyclic order with respect to 4,7, L

2.0
Subtracting (4.8) from (4.1), we have
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Kijim=4D €im V19" + 16 DP €10 €10mop” 9" 9™ + 8(P+ BPciimiGiu
—49imFsi— 490 Fim 491 Fm — 4(1’}71'1'1%' vt F wI'g'lm) . (4.4)
Multiplying (4.4) by ¢'™ and contracting it by ! and m, we have
2F;;=Dg"™ &;imi V19" . " (4.5)
Next, from (4.4) and the identity Kijim=Kmi;, Wwe have
Déjimi V19" — 9imFs5— gt Fim+ 91 F'im
=D €minVit"* = 9iiF tm— 91 Fmi+ GmiF s - (4.6)

Multiplying (4.6) by g" and contracting it by j and I, we have (4.5).
Also, multiplying (4.6) by %e’"’""’ and contracting it by m and j, we

have *
0P 19 — 017 1pP + 0FV ;07 — 0] Psp® + 29, F'P?

+- lliemm(gszm —Imil1;)=0 N %))
where o — iAF,-,- gire i.e. Fu= Qemab}?"’q . (4.8

2D 2
If we contract (4.7) by ¢ and %, we have

Vlﬂpp=gpl0'—Flp (4.9)

where zr=~£1fl7,§0"’ . (4.10)

From (4.9), we have F,=—pup,; from which it follows that 7,F*=0.

This shows that: 1’:",-,- 18 @ rotation, that is the divergence of Fy; vanishes.
If we substitute (4.9) into (4.5), (4.6), and (4.7), we see that they are
all satisfied identically.

By (4.9), the first term of the right-hand side of (4.4) becomes

4D €;iml00t — F'¥) = 4D €350m— 201, F iy X 657320
=4Ds e;ﬂm +49imFsi—491:F mi— 491;F im .
And thus (4.4) becomes:
Kijim=4Do0 €;j1m+16 D €ispu €1manp™ "9 + 8+ F)Gritm G
—4(1*!’,-,-15’zm+13",-,-13",m). (4.11)
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Putting together the above-obtained results, we have: The equation
(3.6) is reducible to the two equations (4.9) and (4.11).

§5. The actual form of the equation (4.11) when the metric
is spherically symmetric.

The most general spherically symmetric line-element with the sig-
nature — — — + is given by®

ds?=— A(r, t)dr®— B(r, t) (d?+sin? 0d¢?) + C(r, t)dt2  (5.1)

where A, B, and C, are any positive functions. The components of the
curvature tensor made from this line-element are given by®

k. —2B'B-B® AB _ AB
1212

4B 4A 4C
K.y, _24C—AC _20"C-C"*  AC'— A
1414 - -
4C 4C 44
. B? B
Kops= —sin?{ B— =2+ —"—
o323 sin’ ( id -+ 4 C)
2BC—BC _BC B |
Koos= — -2 5.2
- 4C 4A 4B o 62)
2B'C—BC’' , BB , AB
Kipy=—
2 i€ T aB Taa
K1313 sin? 01{1212, K3434 sin? 0K2424, 1{],334""81112 0K1224
Koo, Koy, Kz, Kigs are functions of » and ¢
Kopy=f(r, t) sin®0, other K;j,,=0

where accents and dots denote differentiations with respect to r and ¢
respectively. For later convenience, we set down the values of Christof-
fel’'s symbol got from the line-element (5.1).

&)= ,{n} A {12}———{13} =2 A (= {2}

(1) H. Takeno, this Journal, 8 (1938), 272, (W.G. No. 33).
(2) H. Takeno; ibid.,, 277.
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{&}= 5 C {3} =cotd, {f}=—, {&}= -—EZ sin?d, {&}= —sin6 cosd,
{&}= _—? si?g, (3=2 , (3=C, (= o0 other {£}=0.
(5.3)

In the equation (4.11), if we substitute 1, 2, 3, 4, into 4, 7, [, and m,

and use (5.2), we have the following equations :

Kigu=0=4Do — 4(FpFyt+ FiFy) ,
Kipu=0= — 4D — &(FiFy+ FigF0)

K =0=4Do— 4(F1uF+ FiuFn)

K= — 16D — 4(F B+ FipFi) =0
K= — 16 D — A(FyFyt FFo) =0
Kug= — 16 D2Ag® — A(FpFy+ Fig1) =0
Ka= + 16D — 4 e FFy) =0
K= — 16D pg? — A(FigFyu+ FigFi) =0
K= — 16Dt — A(Fip Pt Finli) =0
K= -+ 16 D2l 3gH — A(FigFig+ FipF) =0
K= —16 D' p’g2 — 4(F1'14I}' ut 1?'14;’ ) =0
K= — 16D g™ — A FipFip+ FioFi) =0
K= — 16D g8 — A(FyyFy+ FiaF) =0
K= +16 D% g — A(FygFyy+ FuFy)
Kisu= + 160902 — A(FFy+ FigFy) = sin? 0 Koy

K= 16D{g™( P+ ()} — A+ B gngn— A (B + (Fo)}
Kins=16 D g%+ g7} — e+ P gugsn— 4{(1}*13)2 + uf*m)?}
Kaaw= 1600 P+ 66"} — 4+ P~ 4P+ (o)
Koyou=16D{g" (P 920} — 4+ gt — 4{(&)2 + (FM)Z}
K =16D*{g2(0%)2+ g%3(¢D?} — 4(*+ B gugu—4 {(F 1)+ (F W}
o= 16D g (0 P+ g4(0)7} — A+ g — M (F+ (Fo)®}

|
)
)
)
)
)
)

(5.4a)
(5.4b)
(5.4¢)
(5.4d)
(5.4e)
(5.4f)

(5.5)

(5.6a)

(5.6b)

(5.6¢)

(5.6d)

(5.6e)

(5.61)



202 H. Takeno.

§6. The case when B(r, t)=constant.

In this section we shall first find the tensors gi;, f‘,, (@=1,2), ¢;
a, B, and AP, by solving the equations of conditions of integrability when
the function B(r, t) in (5.1) is constant. Although such a line-element
has never been treated in the theory of relativity, we must study it

carefully, because it appears in the theory of the hydrogen atom in terms
of wave geometry.?’
When B=constant, from (5.2) we see that

Koo = Kig13= Koppi= Kauss = Kooy = Kya =0, (6.1)
In this case, from (5.4), i.e. (5.4a) X gy—(5.4c) X g;;, we have

16 D%6® {guu( 0 — gu(#)2} — gl (Fr?+ (F + Ao { (ot + (B} =0
(6.2)

But since Dg¢* is real, ¢g;,<<0, ¢®<<0, and g4>0, it must be true
that

¢71=904=ﬁ12=1a’-'24=0. (a=1, 2) (6.3)
Similarly, from (5.4b) and (5.4d), we have
Fy=Fy=0. (a=1,2) (6.4)

So, from (5.6a), we have ¢?¢®*=0. Also, from this relation together with
(6.1) and (5.4a,b), we have

a=B=¢*=¢*=0, s0 ¢'=0. (6.5)

Substituting (6.3), (6.4), and (6.5), into (5.4), (5.5), and (5.6), we have
K= ~H{EP+HES, K= —H{EP+E), 66)
0=0=FyFy+ Bk, 6.7

the others being satisfied identically. Moreover we can see that (4.9)
is also satisfied identically, the remaining conditions of integrability being
left the same as (3.7)-(3.9).

1 2
As is easily seen, Fi;°F,=0. Hence from (8.9) it follows that A
is a gradient vector. Therefore we can take Af=0 without loss of

(1) K. Morinaga, this Journal, 7 (1937), 282, (W.G. No. 22).
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generality.® Further, from (6.5) the equations (3.7) and (3.8) become
4 [hﬁz‘_ll =0, (e=1,2) (6.8)

from which we have thVhl?',-FO, where th denotes the eyelic summation
with respect to %, 7, and I. .Hence, from (6.8), we have

PFu=0. (a=1,2) ©6.9)

Further, in order to obtain the concrete forms of g; and I‘f'z',-,-, asin
the theory of the hydrogen atom,® we shall take the coordinate system
such that A(r, t)=C(r,t). In this case, from (5.8), we have

1_4_1__AL 4=1‘=4=A
=== o4’ {(fy={}={4} o4’
{$}=cotd, {&}=-—sinfcosl, other {%}=0.

Substituting (6.3), (6.4), and (6.10), into (6.9), and after some cal-
culations, we have the following solution :

1$14=3A, Fa'23=‘l;sin0, (a=1,2)

} (6.10)

} (6.11)

T a a
¢ and b are integration constants.

On the other hand, from (6.9) we know that Ig'ij (a=1, 2) are both
rotations, i.e.
OFy 4 OF | OF
duck o on’
Putting together all the results obtained above, we have: When B
18 constant, the spherical symmetry of g;; necessarily vmplies the spherical
symmetry of Fa',,, and then }‘Fz’ij become both rotations.

The remaining conditions to be satisfied by g¢;; and f‘i,- are merely
(6.6) and (6.7). Substituting (5.2) and (6.11) into (6.6) and (6.7), we have

=0. (@=1,2) (6.12)

L ((AA— A% — (A" A— A7)} +4{(F+ (0P} =0,
243 } (6.13)
1 2 T
B=4{(b)*+(b)*},
cb+¢cb=0. (6.14)

(1) T. Sibata, this Journal, 8 (1938), 209, (W.G. No. 29).
(2) H. Takeno, this Journal, 8 (1938), 284, (W.G. No. 33).
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The first equation of (6.13) has already been solved by the present writer. ¥’
If we assume that the metric ds’= — Adr®— B(d6?+sin?0d¢?)+ Ad# is

static, i.e. A(r,t) does not contain ¢, the solution of this equation is
as follows: :

The first case. When (¢f+(cf30.

2
d¢=—C%  (—dr*+dt)— B(dP+sin6d¢?),
4p sinh? %
2
III . .FG:'M:-ZA, : .ﬁ’z}=gSin 0, other ﬁ,’,j_—'o, (a=1, 2)

a a
where a=cer+c¢, and B,c, ¢, p, ¢, and b are real constants
satisfying the equations

1 2 1 2 11 22
B=4{®P+®)?%, p=4{P+()}*}, cb+cb=0.
In the special case in which k=0, k being an arbitrary integration con-

stant,® the line-element becomes

—_,_i_*__ _ 2y _ 21 gin? 6
A= (O + )~ BP-tsintbagh). (615)

1 2
The second case. When c=c=p=0..

{ ds? =" —dr* + dt?) — B(d6*+sin® 8d¢?) ,
Iv a

‘a o 1 2
Fu=bsin0d, other F;=0 (a=1,2), B=4{(})+0)}.

Summarizing the above results, we have: If we assume that B=
constant, then necessarily

a=p=¢;=0,

Fy; then become rotations and are spherically symmetric, and g;; and F;
are given by III or IV.

Observing carefully the calculations in this section, we see that the
equations

Kijim=8(a+ B)riim in (6.16)
and I{ijlm = 16D2 Gijpu elmqv‘)auspvgm (6.17)

(1), 2) H. Takeno, ibid., 285; (in that paper I carelessly omitted the second case
V). '
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neither of them supply as their solutions the spherically symmetrie line
element such that B=constant. Hence: Under the assumption that
the solution g;; should be spherically symmetric in the sense used by
Eliesland,® the equations (6.16) and (6.17) give as their unique solutions
the line element of the de Sitter type and that of the FEinstein type
respectively. In previous papers we have solved (6.16) and (6.17), as-
suming that B is not constant, but now we see that this assumption
was not necessary.

§7. The case where B(r,t) X constant. i. When F;=0.

In sections 7 and 8 we shall solve g; and lg’,-j when B(r,t) in (5.1)
is not constant. In the following, as in the theory of relativity, we
shall consider the problem in the coordinate system in which B(r, t)=7%
because such selection of coordinate system is always possible without
disturbing the spherically symmetric character.

First, we shall consider the case in which

1 2
FianF¢j+BFij=0. (7.1)

[Case a] The case when &>+ 0, i.e. « or B0.
In this case we -assume that 30, since the case in which a0
and =0 can be treated in the same way.

Eliminating Ifz’,-,- from (7.1), (5.1), (5.5), and (5.6), we have

FiaFy=— FuFy=FuFx (7.2)
CRuFy=—AFuFy  (7.83),  1*sin0FpFu= — AFyFy (1.30)
P F= AFpFy (13¢),  CFuFy=1"FyFy (7.3d)
CI}'HI}'B = —12sin? 0111’141}’24 (7.3e), sin? 01}'121%‘24 = I:‘l;»,lfl"a (7.31)

Using these equations we can prove that
Fu=Fy=Fu=Fy=0, (a=1,2) (7.4)

1
Proof. If we assume that Fi30, from (7.2) and (7.3b), eliminat-
1 1
ing Fi; ahd Fy, we have

1 1
A(F34)2+7'2 Sin2 0(F14)2=0 .

(1) . H. Takeno, ibid., 272.
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1 1 1 1 1
Since A>0, we have FyuFi,=0, so that from (7.8), Fu=Fg=F;=0.
Therefore, from (7.1), (5.5), and (5.6), we have

34—

o=grp*= Pyt =Pl = plpP=¢1? =0, (7.5)

From this we can show that ¢*=0; for if ¢’ 0, we must have ¢'=¢?
=¢*=0; but on the other hand, from (4.9) and (7.1) we have

V_ifpj =0 ’ (7.6)

and if we put (3,7)=(3,3) in this equation, we obtain {&}=0, which
contradicts (5.3) ; hence we must have ¢?=0.
Similarly, by putting (7, 7)=(8, 2) in (7.6), we can show that ¢*=0.
Therefore, if we substitute ¢*=¢*=0 and (5.4) into (5.2), i.e.

sin® 0K22= Kz (7.7

we can easily see that Fm—O (a 1, 2), whlch contradicts the assumption
FE#O Hence we must have Fm 0; so Flz—O In the same way we

can show that F13=F24=F34=0 (a=1, 2). Q. E.D.

From (7.4), we see at once that oc=¢?=¢*=0; again, from (4.9) we
have P0,=0 and P,p;=0; therefore we get ¢;=0 and ¢,C' =0, respec-
tively. Hence, if 9,0, from (5.2) we have Kyp,=0, which, from (5.4),
is inconsistent with the assumption « or 230. So that we have

¢*'=0. (7.8)

Next we shall prove that i’l.,:O. Proof. Let us assume that
1 a
Fi*0. From (7.2) and (7.1), we have Fiz=0 (a=1, 2); and from (5.2)
and Kiz=0, which is obtained from (5.6f), we have A=0, i.e. A=A(7).

So, from (5.4f) and (5.2), we have A——1 oy where we have put
"'}l

w=x(r)=4(c*+ ). Substituting this into (5.4a), we have »=constant.
On the other hand, from (5.4a,b) we have C=1(t)(1—»"). Substitut-
ing these results into (5.4e), we have

(1%714)2 + (1?'14)2 =0
which is inconsistent with the assumption 171‘145;0. So that we have
Fiy=0. Q.E.D.
Next, we shall show that i‘z;=0 (a=1,2). Proof. If we substitute
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1,1,2), 2,1,2), (1,1,3), and (1,1,4), into (,7,h) in (8.7) in turns,
and use (5.3), we can easily obtain
ria=2BA7. Similarly, from (3.8), r8=—2a45 (7.9)

from which we have 7, A5=0. Therefore, substituting this equation and
(7.4) into (8.9), we have

1 2 .
pFy;—aFy=0, (7.10)
from which, and (7.1), we have 1‘71’,-,-=0. Q.E.D.

From the investigations given above we arrive at the result: If

R+FA0, it must be true that ¢'=Fy;=0. The equation (4.11) is then
reduced to (6.16), which supplies de Sitter type space, as seen in the
preceding section.

[Caes b] When a4+ F£=0, i.e. a=p=0.
First we shall prove the following :

Lemma 1. If ¢;=0, then I;z‘,-,-=0 (a=1,2), and the space becomes
euclidean. )
Proof. From (5.2), (5.4), (5.6), and ¢;=0, we have

1 2 1 2
{(Fl+ (F)?} sin® 0= (Fi)*+ (Fi), {(F 24)2+ (F: 24)2} sin® 6= (F )+ (F )%
. \ (7.11)
Then Fy=0; for, if Fy or Fi330, then Fm or Fm-‘f—O, so that, from
1 2 2 1
(5.6a,d), we have Fi3F— Fi3sFin=0, and, from this and (5.6e), we have

ﬁ'z,_o hence, from (5.4f), we have A=1; hence again, in consequence
of (5. 2), we have Km—O which contradicts (5.4a) ; so 1t must be true

From thls result we have also F13 0.

Next, lowering the suffix ! in (3.7) and (3.8), taking the summation
cyclically with respect to (, 7, k), and subtracting the original from the
resulting equations, we have

PFu+2Fadf=0  and  PF,—2F,48=0 (1.12)
respectively. If we put (I, h,7)=(4,1,2) in (7.12), we have
FoC'=0.
From this, (5.4¢), (5.2), and (7.11), we have I?'u=C’=i'a4=0. On the
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other hand, from (5.6f), A=0; therefore Ki4,=0 and f'14=0. Lastly,

putting (I, k,7)=(3,1, 2) in (7.12), we have at once i‘z;=0. Q. E.D.
Lemma 2. There is no solution g;; such that A involves t.
Proof. By the above lemma and (4.9), we have

Vel 1300 = 9priVmao » (7.13)
or %szpaips =gpriVmio .

From this and (5.2), we have

K’ =Ko = Ki*o1= — 01, Kii?p:=KiPp=KiPpp=— 2, .
KiBpy= K5203= Ki#ps= — 03, Kios=K?ps=KiPos= —0aq, (7.14)
K1224~7l’2 = Kisup®=0.

When A(r,t) is non-static, from (5.2), we have Kin30; so that
P=¢*=0=0,=03. Hence, if we assume that ¢;3c0, then, since Ki*=
K, from (5.4) we have

FIL6 D A{(Fol -+ (Fo)}]= — 4g{ (Bl -+ (B} :

but as D¢® is real, ¢, 95<<0, and ¢,>0, we have go“=1?‘,2=F14=0,
which contradicts Kim3¢0. Hence it must be true that ¢,=0.

1 .2
Further, since Ki» 0, from (5.6f), we have (Fy)’+(Fi)’0 and
1 2
(Fo)?+ (F)? X0, i. e. Kup>0; and as seen in lemma 1, from (5,6), we

have f'14=0; so Kiuuu=0. Therefore, by (7.14), ¢,=0; so that ¢*=0.
Hence, using lemma 1, the present lemma is evident. Q. E.D.
Using lemmas 1 and 2, we can prove the following

Theorem. If a=p=0, we must have i’ij=0, and then the equation
(4.11) is reduced to (6.17), which, as seen in the preceding section,
supplies the Einstein type space in our cosmology.

Proof. By the two lemmas above, we know that it is enough to
study only the case where ¢*30 and A=A(r). If we assume that
¢3¢0, then, from (7.14), we have K32=Ki®=K;*. Substituting (5.2)
into this, we can easily find®

A= 1 , C=1t)(1+pr®, (p being integration constant).
14 pr?

(1) In this calculation we have used the relation A=1. When A=1, as K,3;;=0
=Kz, we have C’=1, so K;;;;=0; and then, from (5.4e), we have ¢,=0.
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So that, from (5.2), Ki¥=K3%=p; and, froﬁ (5.4), we have
16D g2+ g% — g g {0+ () -
=16D%{g(p P+ () — g P {(F+ ()
from which we have. goz=i’14=go4=Fa'12=0; but this contradicts ¢,3:0.

Hence we must have ¢.=0, and similarly ¢;=0.
Next, if we assume that ¢3¢0, then, as in lemma 2, we have

Q4= 1(71'12= ;1'14 =0; so that, from (5.5) and (4.9), we have
=0, Pape=0,

which is absurd qn account of V2¢2=‘§§1‘9"1£F0. Hence it follows that
¢1=0 and ¢,0.

And then I?'u must vanish ; for, if I:"m or 1?‘12#0, as in lemma 1
and 2 we have Fi=Fyy=0=Ki*=K;¥; so, from (5.4), ﬁu_ﬁ%_ﬁu_o
(a=1, 2); hence, puttmg I, h,7)=(2,2,3) in (7.12), we have FB—O S0
that from (7.11),® FH—O but this contradicts the assumption Fm or
FuﬂFO. Hence, necessarily, Fn=0. In the same way we can easily
obtain f‘m=f'24=;7'34=0. Hence, from this result, together with (5.4),
and Kopi=Kzu=0, as in lemma 1, we have i‘;,-=0. Q. E.D.

§8. The case in which B(r,t) 3X-constant. ii. When F;; 0.

In the previous sections we saw that the spherical symmetry of g;;

implies that of I‘f'l’,-j, but in the present case it is not easy to get the
same result, though I think that it may be possible. Therefore at
present we make the assumption :

a
Assumption. F); are spherically symmetrie,? that is,

Fu=Fyr, 1), f’za=f(r, t)sind  (a=1,2) }
(8.1)

other i‘ij =0

(1) (7.10) holds good when ¢'=0 too.
(2) H. Takeno, this Journal, 8 (1938), 276, (W.G. No. 33).
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Under this assumption as in section 7 we consider the problem in the
coordinate system in which B=7%
Then, from (5.5) and (5.6), we have

1 1 2 2
0=0=FyFn+FyuFy, (8.2)
PP =9l =P’ = P! = p=0, } 8.3)
Ky =16 DPplptg® )
On the other hand, from (8.1) and (4.8), we have
F12=F13=F24=F34=F12=1?'13=i'24=ﬁ'34=0- (8.4)

If we assume that ¢,2¢0, from (8.3) we have ¢,=¢;=¢,=0, and
by (4.9) we have ’

1
Pypr=——,=0,
r

which is contradictory. Hence it must be true that ¢,=0; and moreover
we can prove that ¢;=0 in a similar way.
Therefore, from (4.9),

Vz¢2=7:“¢1=0, Vape=0=—Fpy,
so0 we have ¢1=1§'23= 0. Hence, from (8.3) and (4.8), we have’

. 1 2
A=0 1i.e. A=A(’r) N and F14EaF14+BF14=0 (8.5)

respectively. The remaihing conditions of (4.9). become

2 or® oxt 2C at 2C' " 2C

from which we have

oi=oir, )=CI=Cit), so  C=A®u(r). ©7)

i?&: 6504= a¢4— c \,')4=0, ;'F14=3€4"—'Q‘?74= ¢ (Z%) (8-6)

And by a suitable transformation of ¢ we can take C=C(r). In such
a coordinate system we have

C=0 = Cgo‘, (¢4=const_) *14= ___C_/SDA :
= L2 188)

A=0 other F;;=0

and all the other equations except (8.7) hold good as they are.

other ¢;=0
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In this case, further, we investigate precisely conditions (3.7), (8.8),
and (3.9). Lowering the suffix /, and substituting 1,....,4 into %, h
and [/, and using (5.3), we have, after some calculations, the systems
of equations:

(a) : (b)
Paa—2B8A5=0 PaB+2aAF=0
(8.9)
Psa—2BA8=0 PaB+2aA¥=0
. 2 1
Poa—2BAF+2F 5 A¥=0 } Pof+2a A —2FpA®=0 }( |
2 ‘ 1 8.10

Psa—28A—2FpA%=0 VsB+2a A5+ 2FxA%=0

2 1
FyA$=0 FLAF=0

2 1 (8.11)
FuA$=0 FyA$=0

1 2
Pa—2BAP— 4D F2=0 } 718+ 20 A — 4D FE=0
1 2 2

- g«(Vla - 2,3Ai5) + 34F14 - 2F14A;5 = 0 - g“(Vlﬁ + 2aA15) + 84F,4 }(8.12)

1
+ 2F 14A;5 =0

1 2 2
on(Pua—2BAPf)+rFy—2A7F,=0 Iu(PaB+20AL)+ P Fy

1
- aa 1 B oo oy,
92(Pf+22AF) + %F 1

=0
12 1.2 )
L Fut 4aDy=0 LiatapDp=0 |

1 2
%I’!’z;'——%g?i—SGD§04+2Aisﬁ'z;=O _}:1?*%- s _gipys
1 1 2 . (8.14)
3%+4D¢4F;1—2FBA;5=0 | T2ATFE=0
i e +4DF}
1
+2FpAf=0

From (8.9), (8.10), and (8.11), we have
AF=AF=0, a=alr,t), B=pa(r, t); (8.15)
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otherwise we have i‘u:—-f‘%:O (a=1,2); thus we arrive at a trivial
From (8.5), (8.12), (8.13) and (8.14), we have

74(a2+ ,82) = 0 1 2
P+ ) =8D¢*(a B+ BF?) =382(*+ A ACK(¢') .

But, from (5.4)

} (8.16)

K2 - K;*=16(p"C,

and, substituting this into (5.2), we have

e ;7 A 04
W=~ dcr ( A ¢ ) (8.17)

From (5.2) and (5.4c), it follows that
C/
8ACr

Substituting (8.17) and (8.18) into the second-equation of (8.16), we can
easily find that

Et+F=— (C'<0) (8.18)

C(r)=a—k2r2. (o and k are both real constants) (8.19)
But if we substitute (5.2), (8.14), (8.17), and (8.18), into (5.4f), we have

1_rd _#C (A C
1-2 =18 T &),
A 24 4AC ( a'c )

Here if we put A=ﬂgl and use (8.19), we have

’ ar
—af=-"— ,
fi—af 5

which is a Riecati’s equation whose special solution is given by f=a;
hence the general solution is easily obtained as follows :

f=—2 . %0 A= a (8.20)

—-ng' (a——k"’r'")(l—-}%) ,

where R? is a positive integration constant. So we have
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= — adr® — 16— sin? d g+ (a — Kr?) 2

(a-—kza»%)(1——g?)

When £—0 and "11§ ->( in the above, the space tends to an euclidean,

hence it is natural to choose constant a so that the line-element may
tend to the ordinary euclidean form : ds&*= —dr*—r*d6*—r*sin? 0d¢*+ di2
For this, we have a=1.

Substituting' 4 and C into (8.17) and (8.18), we get

i 17 _ _r _
P=yg CHE= 4<1 Rz) (=11 (8.21)

Next, in order to obtain f’u, if we substitute (5.2), (8.19), (8.20),
and (8.21), into (5.4e), and use (8.5), we have®

1 2
_Fu_ Py _ ’/‘17”72 . (p=+1) (8.22)
S
R

And substituting (8.21) into the first equation of (8.14), we obtain

— 5 ! .
a ﬁ R/\/l R‘Z

here taking the sign of the determinant of i;,- as negative, i.e.

D= , sinf (8.24)

“hr

Substituting the above results into (8.12) and (8.13), we have

~l(oa, e \__ 1.8, fr )
4 213< +R2< ;2)) Za(ar+R2<1 ;))

44 __2[?{_?’1 + £ B (1—F2r 2)}__ _%{ at '1771 (- k27'2)}

(8.25)

(1) Since F%;*0, a or B is not zero.
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And by direct caleulation we can easily show that (8.22), (8.23), and
(8.25), satisfy (3.10), i.e.

1 2
V[hA;§+ZﬂFih+2thi=0 . (8.26)
No&, if we assume that « and 8 are any functions of » and ¢

satisfying (8.21), then g;;, ﬁ’,-,—, and A%, are completely determined by
(8.19), (8.20), (8.21), (8.22), (8.23), and (8.25), and by direct calculation
it is easily shown that these tensors satisfy all the remaining equations
(8.2), (8.9),....,(8.14).

So we have the result: In the case where B >cconstant and F; %0,

of we assume the spherical symmetry of g; and Fy we have

¢ dst= — dE‘z 5 > — P2 — 1 sin? B+ (1 — KD de
Q-kr)(1--L
1 2 R2 1 2
_Fu_Fu__  mr  Fn_Fy__ 7a'sind
B a _ 7P\ a B _r’
- R 7) BV1- 5
other Fy=0 (a=1,2) (8.27)
4=% ":= 2 =£2 1—-12—
¢ iR other ¢'=0, o+ 4< R2> (8.29)

\ AP, AF  given by (8.25), other AF=0

where k and R are any constants, a and B are any functions of r and
t satisfying (8.28), and B=73=1.

§9. Summary.

Summarizing the results obtained above we have: In order that
the vector W=V Ariv may satisfy the equation of the form (1.2), the
Sfundamental equation for 4 must be (2.10), whose conditions of in-
tegrability supply the following five kinds of metric:

dr*  _ 22 _
I 1— 12 r2d6%—7* sin® 0d¢*+ (1 — Er?)d e




Cosmology in Terms of Wave Geometry (V). 215

!dsz=— A A - sin? 0P+
11

72
1—1
R

\ F;;=0

d=—% (—di*+df)— B(dfP+sin® dg?)
111 4p sinh? —g—

\ where a=cr-+c¢; and f’i,-ﬂFO

{ ds?= e —dr*+dt?) — B(d#?+sin? d¢%)
v a
where a=cr-+c¢; and Fy;30
=— dr’ = sin? B+ (L~
v {  a-e1 —ﬁ)

Fiy30

In the case V, if 712- -0, we have

a

ds? > de Sitter type d&® (Case I)
’12+.82_)§’ 901:'_)0, Fij_)oy

from which we see that if %—» 0, then V becomes I, and also if

k— 0, we have o+ -0, and accordingly
ds$® - Einstein type ds®> (Case II) }
a—>0 ’ .8 -0 ’
which shows that if -0, then V becomes II. From this consideration

we see that the space whose line-element is given by V is intermediate
between that of the de Sitter and the Einstein type. Further, because

of ﬁ',-jaFO in case V, we can say that the universe in which matter and
radiation coexist might be the one characterized by V.
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This problem was discussed at a special Seminar of Geometry and
Theoretical Physics of the Hirosima University.
In conclusion, I wish to express my thanks to the Hattori-Hoko-
Kwai for financial support. '

Hirosima Rikugun Yoénen Gakko, Hirosimé.
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