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J. v. Neumann,<1> in his continuous geometry L, has defined the 
homogeneous basis, as a system of independent elements (a,; i=l, 2, 
.... , m) which are pairwise perspective and 

ltiV(½U .••. Uam=l. (1) 

When L satisfies the chain-condition, we have a homogeneous basis in 
which all the elements a. are . minimal. But when L does not satisfy 
the chain-condition, we cannot have such a homogeneous basis with 
minimal elements. 

Thus we mee~ with a similar situation to that of ring-decomposition 
in algebra. A ring gt, without radical, with minimum-condition for 
right ideals, is a direct sum of simple right ideals, i. e. 

(2) 

But when the ring does not satisfy the minimum-condition, we cannot 
decompose gt in a direct sum of simple right ideals as (2). To in
vestigate the latter case, in a previous papet2> 1 introduced a decom-
position system of right ideal~ {au; U e { U}}, where { U} is a Boolean 
algebra. au satisfies the following conditions : 

(a) 

({1) au=au,+au.+ ····+au,., 

when ( U1, U2, •••• , U,.) are independent and U = U1v U2v · · · · v U,.: 

(r) av=gt' 

(1) J. v. Neumann [3], 30. The numbers in square brackets refer t.o the list given 
at the end of this paper. 

(2) F. Maeda [1]. 
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V being the unit element in the Boolean algebra. 
Since (1) is merely the direct sum decomposition of the unit element, 

we can apply the method given above to the homogeneous basis ; fur
thermore, the homogeneous basis requires pairwise perspectivity. In 
the continuous geometry L the dimension-function D(a) (aeL), when 
it does not satisfy the chain-condition, takes all values in [0, 1] ; and 
pairwise perspectivity means equidimensionality. Hence, for the homo-

geneous basis, it is natural to define a decomposition system {au; U e { U}}, 

where { U} is a system of all measurable sets in [O, l], and it satisfies, 
besides conditions similar to (ri), ({3), and (r), the following equidimen
sional condition 

D(au)=m(U), 

m( U) being the Lebesgue measure of U. If we decompose the inteval 
[O, 1] in a sum of disjoint sets with the same measure 

then (aui; i= 1, 2, .... , m) is a homogeneous basis of L. Hence we have 
different homogeneous bases, according as we decompose [O, 1] in dif
ferent ways. 

In the present paper I show the method of constructing such a 

decomposition system {au; U e { U}}. Following the properties of the 

Lebesgue measure, I define au for U, first for intervals, next for open 
sets, and lastly for measurable sets. 

J. v. Neumann°> has proved that when mis an irreducible, regular, 
complete rank-ring, the system of all principal right ideals is a continuous 
geometry. Hence when we apply the result of the present paper to 

this case, we obtain a decomposition system of right ideals {au; U e { U}} 

and a decomposition system of idempotents { eu; U e { U}} such that 
au=(eu)r and R(eu)=m(U).<2> In a previous paper<3> I investigated only 
the relation between the decomposition system of right ideals and the 
decomposition system of idempotents. From the result of the present 
paper I can give the concrete construction of such systems, and obtain, 

(1) J. v. Neumann [3], 166. 
(2) R(eu) means the rank ·of eu. 
(3) F. Maeda [l], 158-166. 



Homogeneous Basis for Continuous Geometry. 75 

moreover, the homogeneous decomposition systems. 

1. Let L be a c<>ntinuous geometry,<1> that is, .L is a class of 
elements a, b, . • • . which satisfies the following axioms : 

l. a< b is a partial ordering of L, that is : 
l1. Never is a<a. 
l2. a<b, b<c imply a<c. 

II. L is a continuous set, that is : 
111• For every subset SC L, there is an element ~(S) in L, 

which is a least upper bound of S, i.e., 
(a) 2J(S) > a for every a in S, 
(b). x > a for every a in S implies x > 2J(S). 

112• For every subset SC L, there is an element fl(S) in L, which 
is a greatest lower bound of S, i.e., 
(a) ll(S) < a for every a in S, 
(b) x < a for every a in S implies x < IJ(S).<2> 

III. Let SJ be an infinite aleph. 
III1. If a.<µ< Q implies aa > a0, then 

Il(bvaa; a< !J)=bv ll(aa; a< Q). 
Ilh If a<µ< Q implies aa < a0, then 

2J(bnaa; a<!J)=bn~(aa; a<!J). 
IV. L fulfils the modular axiom, that is: 

a<c implies (aub)nc=av(bnc). 

V. L is complemented, that is : 
For every a E L there exists an inverse x of a, which satisfies 

aux=l, anx=O _<3> 

VI. L is irreducible, that is: 
If a has a unique inverse, then a is either O or 1. 

When two elements a, b have a common inverse, then a is said to 
be perspective to b, and we write a~ b. J. v. Neumann<4> has used 
this releation :--,: as equidimensionality, and has obtained a dimension 

(1) Cf. J. v. Neumann [l), 94-96; [2], 1-3. 
(2) When S has only two elements a, b, we write ~(S)=a vb, II(S)=a "b. 
(3) 0, 1 are respectively the zero and the unit elements in L, that is O=II(L), 

l=~(L). 
(4) J. v. Neumann [1], [2]. 
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function D(a) defined for all aEL. D(a) has the following properties: 
(1°) O<D(a)<l, D(O)=O, D(l)=l. 
(2°) D(avb)+D(ar"\b)=D(a)+D(b). 
(3°) D(a)=D(b) when, and only when, a--b. 
(4°) a>o implies D(a)>D(b). 
(5°) If a1 < aa < .... <an< .... , then DC~::an) = lim D(an) , 

n n➔oo 

and if a1 > aa > .... >an> .... , then D(llan) = lim D(an) • 
n n~ 

And the range .:J of D(a) is one of the following two cases, according as 
L satisfies the chain condition or not : 

Case N = 1, 2, •... : The set .:JN consists of all real numbers 

n=0,1, .... ,N. 

Case co : The set d"" consists of all real numbers x, 0 < x < 1. 

2. J. v. Neumann has defined the homogeneOU8 basis of L as 
follows :<1> It is a system (ai; i= 1, 2, .... , m) of elements of L such that 

(ai; i= 1, 2, .... , m) J_ ,<2> 

and (i,j=l, 2, .... , m). 

The number m is called the order of the basis. 
When the range of D(a) is dN, we have a homogeneous basis of 

greatest order. That is 

(b~; v=l,2, .... ,N) 

and (v=l, 2, .... , N). 

Denote the set of N integers (1, 2, .... , N) by V, the subset of V by 
U, and the system of all subsets of V by { U}. When the elements 
of U are (n1, n2, •••• , np), put 

(1) J. v. Neumann [3], 30. 
(2) This means the independence of the .system (ai; i=l, 2, .... , m), that is 

L(a,,; aeJ)AL(a,,; ae.K)=O for every pair of non-intersecting subsets J, K of the 
set of m integers (1, 2, .... , m). 
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Then we have a decomposition system {au; U e { U}} which satisfies 
the following conditions: 

(a) au, r"I au,= au,u2 ; 

(fl) au1 uau.=au,+u.; 
(r) av=l. 

If we decompose V in a sum of disjoint sets with the .§illlliLUUJl!ber of 
elements 

then (aui; i= 1, 2, .... , m) is a homogeneous basis of L. In this way, 

from the decomposition system { au ; U e { U}}, we can obtain homo
geneous bases of all kinds of different orders. 

But when the range of D(a) is doo, we cannot have the homo
geneous basis of minimal elements. Hence the decomposition system 

{au; U e { U}} cannot be obtained easily as in the case of dN, 

In what follows, I construct a decomposition system {au; Ue {U}}, 
where { U} is the a-field of all measurable sets in [O, 1], and 

D(au)=m(U) for all U. 

For this purpose we give a lemma : 
LEMMA 2· l. Let a be any element in L ; then there exists an element 

b such that b < a, and D(b) = ! D(a). If b' be an inverse of b in a, 

then D(b') =.1-_D(a). 
2 

PROOF. Since the range d"" consists of all numbers x, 0 < x < 1, 

there exists an element c such that D(c)=l_D(a). By the property of 
2 • 

perspectivity,<1> between a and c, the following two cases occur: 
( i) there exists b such that c -b <a, or 
(ii) there exists d such that a ,....,, d < c. 

But case (ii) is absurd, since D(d)=D(a)=2D(c). Hence the first part 
of this ~ thorem is proved. 

Next let b' be an inverse of b in a, that is, 

bub'=a, br"I b' = 0. 

(1) J. v. Neumann [2], 49, Theorem 5·15. 



78 F. Maeda. 

Then, by properties (1 °) and (2°) of D(a), 

D(a)=D(b)+D(b'). 

Hence D(b')=_!__D(a). 
2 

3. Let a(o.il0 be an element of L such that D(a(o,½J)={-. And 

let a0,11 be an inverse of a(o,U• Then, since 

we have 

D(a(o, ½]) + D(a(~. 1]) = 1 , 

1 
D(a(¼.1])=2. 

Applying Lemma 2·1 to a(o.U, we have two elements a(o.¼]• a(H]• 

which are mutually inverses in a(o.n .and D(a(o,¾J)=D(au,u>= ! . Simi

larly we have a(H]• a(¾,i]• which are mutually inverse in a(!,i]• and 
1 

D(a(i·U)=D(a(¾,1])=4. 

Thus we have a homogeneous basis of the 4th order 

(2) 
a(¾,1]. 

Proceeding in this way we have homogeneous bases of the 2vth 
order 

a(o _!__]' 
• 2P 

for p=l, 2, .... 

When J.=__!!!_ JJ=_!!-_(m<n) we define 
2P' 2P ' 

Then, for any dyadic numbers ;., µ, JJ, 17(J. < p <I)< 17) in (0, 1], we can 
easily prove that 

(1) (a, {,J] means a semi-closed interval a< x ;5 {,J. 

(2) Independence follows from the properties of the dimension function. 
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a0 . yJ v a<µ, 11J = ao.11J , 

Next, let [A, v] be any closed interval contained in (0, 1]. Then 
there exist two monotone sequences 

A1<A2< · · · · <Ap< • • • • and v1>v2> · · · · >vp> · · · · 

such that Ap and vp are dyadic numbers of the form _i__ for all p, 2P 

and lim Ap=A, lim vp= v. 
p-+oo p-+oo 

Since a< J>a<, J>····>a<, J>···· ..l1,V1 = 112,.V.;,. = = Ap,Vp = 1 

if we put <Lr:.A,YJ=fl(ao.p,YpJ; p=l, 2, .... ), 

then, by property (5°) of the dimension function D(a), 

D(a[A,µJ) = lim D(a0 p,YpJ) = lim (vp- Ap) = v-A • 
p➔oo p➔co 

From this definition it is evident that[)., v] C [).', v'] implies <Lr:.A,YJ < U-i.A',y'J. 

Next let ()., v) be any open interval contained in (O, 1]; there exist 
two monotone sequences 

where Ai, vi are real numbers such that Ai< vi and lim Ai= A, lim vi= v. 
i➔oo i➔oo 

Then 

Since ()., v) = Lim [?.;, vi], it is natural to define 
i➔oo 

aa,Y>=~(<Lr:.Ai,YiJ; i=l, 2, .... ) . 

But a<A. y) < <Lr.A. yJ , 

and D(au.. y)) = l_im D(acAi, YJ = 1~m ().Ji - Ai)= v - A= D(au. yJ) . 
1,----),00 i➔oo 

Hence a<A.Y>=au,yJ. 

Therefore we define 

for all 

(3) a(µ, µJ means 0. 



80 F. Maeda. 

Then, for any real numbers l, µ, v, 17(1 <µ< v< 17) in [O, 1], we 
can easily prove that 

4. Next, let O be any open set in [O, 1]. m Then O is a sum of 
finite or denumerably infinite, non-overlapping open intervals 

Define ao=~(aii; i= 1, 2, .... ). 

Since (aii; i=l, 2,., .. ).1., we have D(ao)=~D(aii)=~m(Ii)=m(0). 
• • 

LEMMA 4·1. When 01, 02 are any open sets in [O, 1], then 

(1) 

(2) 

PROOF. 01, 0 2 are sums of finite or denumerably infinite, non-over
lapping open intervals 

01 =1{0 + 1&1>+ .... + Iil)+ .... ' 

02=Ii2>+n2>+ · · · · +1~2>+ · · · ·. 

Put J~n = Jf1> + 1~0 + · · · · + I~1>, 

then ~(aJ<t>; i=l, 2, .... )=ao,, 
• 

J)2>=Ji2>+J~2>+ .... +1;2>, 

~(a J<2>; j = 1, 2, .... ) = ao2 • 
1 

And a0 ,r.a (2)=~(aJ<n; i=l, 2, .... )r-.aJ<2> 
J; • 3 

(1) In what follows, "open" means " open relative to [0, 1] ". 
(2) By Axiotn Ill1• 

(3) Since aJ{l)J(2>;;;;;aO J(2> and ~imD(aJ(l>J(2))=D(aO,JfZ>). 
1, 3 l 3 1,~00 1 3 :, 
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-Hence we have (2). 
Next we shall prove (1). It is evident that 

But 

Hence we have 

= m( 01) + m( 02)-m( 0102) 

= m( 01 + 02) = D(ao, +o2). 

81 

by (2) 

5. Next, let U be any measurable set in [O, 1]. Then there 
exists a sequence of open sets 

such that 

Then 

01::::, .... ::::, o .. ::::, .... ::::, u 
limm(O,.)=m(U). 
n➔oo 

ao, > .... > ao,. > ..... 

Hence, if we define au by 

au=Il(ao,.; n=l,2, .... ), 

then D(au) = lim D(a0 ,.) = lim m( 0,.) = m( U) . 
n~ n➔oo 

(1) 

au is uniquely determined independently of sequence (1). For let 

of::,•••. ::::,o~::::, • •. •::::, u 
be another sequence such that 

lim m(O~) =m(U), 
n➔oo 

and define a'u=II(a0 ,; n=1, 2, · · · ·); then D(a'u)=m(U). 
n 

Now, 

and lim m( 0,.0~) = m( U) . 
n➔oo 
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Put a'6=ll(a0 o' ; n=l, 2, .... ); then D(a'6)=m(ln. n n 

Since 

we have 

But 

so we have 

Similarly 

Consequently 

au= ll(aon; n= 1, 2, . ... ) >a'6. 

D(au)=D(a'6)=m(U), 

au=a'6. 

au=a'6. 

Let { U} be the a-field of measurable sets in {O, 1]. Then we have 
a system {au; U e { U} }. To investigate the properties of this system, 
we first prove the following lemmas. 

LEMMA 5·1. When U1 ~ • • • • ~ U.~ · · • · (or U1C • • • · C Ui 
C · · • · ) is a sequence of measuraole sets in [O, 1], then 

ll(au.; i=l, 2, ····)=au (or :;s(au.; i=l, 2, •.•• )=au) 

where U = Lim Ui. 
i~ 

PROOF. Since ll(au.; i=l,2, •... )>au, . -
and m(ll(au.; i= 1, 2, ..•. )) =lim D(au.)=limm(U,)=m(U)=D(au), . .~ . ,~ 
we have ll(au.; i=l, 2, •••• )=au, • 

LEMMA 5·2. When Ui, U2 are any meamr,raole sets in [O, 1], then 

PROOF. There exist two sequences of open sets 

op>~ • • • • ~ op>~ • • • • ~ U1, 

012>~ · • • • ~0~2>~ • • • • ~ U2, 

such that 

and au1 = ll(a0 ~0 ; i= 1, 2, .... ), 
• 

au2 =ll(ao<.2>; i=l, 2, ~ ... ) . 
• 

By Axiom !Iii, we have 
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ll(Il(ao<nva0 <2>; i=l, 2, .... ); j=l, 2, .... ) 
• 3 

=ll(au, vao<.2>; j=l, 2, .... )=au, vau2 • 

1 

On the other hand, 

n(n<ao<l>vao<2>; i=l, 2, .... ); j=l, 2, .... ) 
• 3 

=ll(ll(a0<u:w<Z>; i=l, 2, .... ); j=l, 2, .... ) 
• 3 

83 

=ll(au,+o~2>; j=l, 2, .... )=au,+u2 , 
3 

as Lemma 5· l. 

Hence we have 

Similarly we can prove that 

THEOREM. The system {au; U E { U}} has the follwing properties: 

( i) D(au)=m(U) for all U. 
(ii) (au.; i=l,2, .... ) i,s independent, when (Ui; i=l,2, .... ) • 

is a system of mutually di,sj<Yint sets. 
(iii) au= au, u au2 u · · · · v au, u · · · · 

when U= U1+ Uz+ · · · · + U,+ · · · ·. 
(iv) au= au, 0 au2 0 · · · · 0 au," · · · · when U = U1 U2 · · · · U. · · · · . 

PROOF. (i) is evident by the definition of au. (ii) follows from 
(iii) and Lemma 5·2. To prove (iii), put 

U(i)=U1+U2+ · · · · +U,; 

then, by Lemma 5·2, au<i> = au, u au2 v · · · · u au;, . 
Hence, by Lemma 5·1, we have (iii). Similarly we can prove (iv). 
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