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1. Maxwell's electromagnetic equation in vacuum is given by 

(1.1) { 
div ,t,=O, div (t=O 

rot (t+-1 a.p =O rot .p-1- a(t =O. 
c at ' c at 

In the theory of Relativity, Maxwell's equation in the form (1.1) is 
generalized in the forru of the following tensor equations<l): 

(1.2) •J a:d ax• { 
F-- = aip, _ a'Pi 

p,;Fii=O (i,j=l, 2, 3, 4), 

where fi'j denotes the Riemannian covariant derivative, and ,p'•=gii,rpi is the 
eontravariant vector of a potential whose .first three· components and fourth 
component coincide with the vector and the scalar potentials, respectively, 
in the Galilean coordinate system. 

On the other hand, Maxwell's equation (1.1) can be written in a com
plex form as follows 

. { div (.p+i(t)=O · 
(1.3) 

. rot (.p+i{t)- :at (.p+i(t)=O 

and G. Rumer<2> has rewritten this equation in the following matrix form: 

(1.4) { .D~=O 
(1.4a) F4=0 

(1.5) Do o• 0 =a•axi ' 

(1) A. S. Eddington, The Mathematical Theory of Relativity, Cambridge. 2nd ed. (1930), 
173. 

(2) G. Rumer, Zs. f. Physik, 65 (1930), 244. 
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where ;,:• are constant matricesm and 

' [ F, I F1=H1+iE1 ~-; F2=H2+iE2 
(1.6) where F3=H3+iE3 

a 
F4= oxi 'Pi 

The purpose of this paper is to obtain Maxwell's equation in Riemannian 
space by generalizing the matrix form (1.4). 

2. In a Riemannian space, if we introduce the constant 4-4 Dirac 
· matrices Ti, the fundamental tensor gii can be expressed as follows:· 

gii I= r<ir') 
(2.1) 

ri=h/f3 , , (f•=fi) 
3 

j . 

where hi and h' are covariant and contravariant vectors respectively such 
j j i aa H 

that hN=o{=h3hk and gi3=2, hih3• In a Galilean system gii=oij we can 
k i a 

i 
take. hi and hj such that 

i 

(2.2) 
j 

h,=h/=~ .. 
3 

Now we shall restrict ourselves to such gij as becomes oii when all the 
comP9nents of the curvature tensor made of gii are set· to vanish by ad
justing certain terms (e.g. parameters) in gii, leaving the coordinates as 

j . 
they are. For such gii we can always take hi so that it comes to ,Ji when 
gii becomes aii by adjustment of terms as above mentioned. 

j 

For such h,, if we put<2> 

(2.3) hi;iH-1=a~0 v , 
j 

1 

(

h1 

H-'= i.. 
and define a differential operator Dcov by 

(2.4) 

i}[ 
4 

}') 
h4 
4 

(1) a•{ 1 _ 1 _J ~-(-1
1

1 
_ 1): ,,_(1 _

1
1 

-1), ~{ 1 1
1

) 

(2) Hfi=(gij), if-IH-1=(gi3)=(gij)-1 

where ii denotes the transposed matrix of H. 
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which operates on a 1~4 matrix (Fi) 'where Fi is a covariant vector, then 

Dcov is a.n invariant operatorm and becomes D when Yi; is set to aii• Hence 
we know that the equation 

(2.5) • 

is invariant under coordinate transformations and also that (2.5) becomes 
coincident with (1.4) in the Galilean system. Hence we may take (2.5) as 
the formal generalization of Maxwell's equation- in the Yii field. 

It is to be noted that since the potentials <pi are considered as the co~
ponents of a vector in the generalization of the type of (1.2), Fi in (1.6) 
cannot be considered as a yector. On the contrary, Fi in (1.6) is taken to 
be a vector in the generalization (2.5) and therefore <pi, which is obtained 
from the relation (1.6) for given F., cannot be a vector. 

Before we proceed to rewrite (2.5) in ordinary tensor equations we shall 
consider some other expressions equivalent to (2.5). . In general, for a vector 
vi we can consider three kinds of components, i.e. contravariant, covariant, 
and invariant components, expressed respectively by 

(2.6) 

Dcov is the generalization of iJ in which the operator D is considered 
as operating on the covariant components of F.. By putting 

(2.7) 

and 

. 
Ifcon-t1~onPi=hi:Jfiri 

j 

(2.8) Dinv=hi:J {ri-(riH-1)H}=hi:J {ri-(rJi)fi-1} ' 
j j 

from the relations 

and 

we have 

(2.9) 

Dcov(J!'p) = hi;,i(hlpiFz) = hi'/i(hzv.Fl) 
j p j . 

riF(m)=r.(hlFz)=hlpiFi+Fzrih1 ' 
m m m 

respectively. Therefore, the generalized Maxwell's equation (2.5) can be-

(1) , qi= fYxi hlJiH-1 (-87;•) = f)lxi l (17;") , .{IF )= fJxm ( a';.) (F ) 
fJxl ; f)xt f)xl a. f)xt,- ' l'il P 0txi 0txt I'm P • 

Therefore we have 1ai111i(1Fp)=oll'z(Fp), 

(2) D's can also be written in the following ma~er 

Dcov=JiH-1P(i), D;nv=,Ji{l'(;,)-(l'(i)H-1)H}, Dcon=J•Hl'(i) 
i 

where l'(i) denotes the invariant differential operator i.e. l'(i)=hjl'i=hil';. 
; 
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written in three ways corresponding to (2.9); 

(2.10) Dcov(Fp)=O, Dinv{F(p))=O, Dcon(FP)=O. 
I , o 

Hence, \f weprovidethatFa=Ha+iEa,,-(a=l,2,3) and F4=----<pi, we can 
. · ax• 

consider (2.10) as the formal generalization of Rumer's form of Maxwell's 
equation in Riemannian space. 

3. Next we shall express 'the equation (2.5) in the ordinary tensor 
fqrm. Substituting the actual values of ai into (2.5), we have 

hi hi hi hi 
1 2 3 4 

-hi, hi hi -hi 
2 1 4 8 

hi h• -hi -hi 
3 4 1 2 

hi -h'' hi -h' hl h2 h3 h4 
4 3 2 1 4 4 4 4 

Calculating this, we have 

(3.1) 

(3.2) 
-

, hih1PciF;J=hihiv'ciFiJ, -hihiflciFn=hihirciFJJ, 
' 1 2 3 4 1 3 2 4 

·From __ (3.2), we have 

(3.3) (v'g =det. of H) 

where 

Thus (3.1) and (3.3) together are the tensor equation for the generalized 
M~well's equation in Riemannian space. Here it is interesting to observe 
th~t equation (3.3) thus obtained is quite similar to Morinaga's equation 
obtained in Wf1,ve Geometry as the condition for integrability of the funda
mental equation for ,ir.m 

Hirosima Rikugun Yonen Gakko, Hirosima. 

(1) K. Morinaga, this Journal, 5 (1935), 170. 
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