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§ 1. Introduction. 

Any 4-4 matrices ri which satisfy the relations 

i, j = 1, 2, 3, 4 (1.1) 

for any given fundamental tensor Oi; in. a 4-dimensional Riemannian space 
are given as follows<1>: 

(1.2) 

where S is any 4-4 matrix, f i are any 4-4 matrices satisfying f<ifi>=iJi;l, 
and hf satisfy the following relations : 

(1.3) 

i.e. arbitrary ri. are given by H=\lhi.ill (i indicate the rows and j the 
columns) and a spin matrix S. Now let -µs consider the spacer, consisting 
of all r. ( = hrf r) where fr are fixed and hj may take all the values satisfy
ing relations (1.3). An element r, of r, evidently satisfies (1.1). Further, 
let us consider the spin transformation S of the elements r.'s of r4, such 
that 'ri=S-1riS. 'The set of all such S we write i:0; then, clearly,€, makes 
a group. So for any ri and 'ri satisfying (1.1), there exists S such that 
transitive group leaving I'.i invariant. There now arises the problem of 
determining group e. · · 

If any two elements ri and 'r, of I'.i be_ written as follows: 

r.=hrf; and 'r,=kff r, 

then, from (1.3), we have H*H=K*K=G, where H=!lh}II, K=!lk}II, and 
G = II Oi.i II,. and the asterisk denotes the transposed ~atrix. If we put 
HK-1=A, we have A* A=I, i.e. A is an orthogonal matrix. Then we say 
that ri and 'ri have the same or opposite orientations, according as the 
orthogonal matrix A is proper or improper. Specially, if we take ai; for 
----------

(1) Pauli, Ann. d. Physik. 18 (1933). 
Newman, Jour. London Math. Soc. 7 (1932), p. 93. 
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Yii; then H = II hj II satisfying (1.3) becomes an orthogonal matrix, and then 
the space I'4 of ri can be considered as a vector space whose basis is- {fi}. 
If we say that ri and ri (i ~ j) are perpendicular when, and only when, 
for3)=0, then {ri} forms an orthogonal ennuple in the space I'4• In this 
case the orientation of the system ri is equivalent to the orientation of an 
orthogonal ennuple h}. 

In this paper we assume that A is a real matrix, i. e. the elements of 
A are all real numbers. Now if, for any two elements ri=h{fi; and 'ri= 
kfh of I'4, HK-1 is real, we say that the systems {ri} and {'r;} are 
equivalent; and this equivalence is obviously reflective and transitive. Then 
all the elements of I'.i are classified into certain sets R4, S4, • : • • of· elements 
such that elements of the same set are equivalent to one another. · Thus, 
in this paper, instead of I'4 we shall consider any sub-space of I'4, say R4, 

in which any two elements are related to each other by real orthogonal 
matr~ces. _ By @ we denote the set of S such that 1ri=s-1ris for any two 
elements ri and 'ri of R4. @ is clearly a sub-group of e. . . 

Brauer and Weyt<1> have algebraically classified the spin matrices S of 
. !6; and therefore of @, into two classes ; but in order to determine the 
concrete forms, the infinitesimal method has been adopted there. In this 
paper, however, where consideration is purely abstract, regarding fi as any 
operator satisfying f <if i> = aiil we shall algebraically evaluate S and then 

-classify the elements. of @. That is to say, in § 2-4 we actually evaluate 
S for any given ri and 'r, in a sub-space R4; and as its corollary, we prove 
the existence of operator S such that 'ri=s-1riS for.any given r~ and 'ri 
in _R4<2>. In § 5 we classify the elements of @ into two classes, one pre
serving the _ orientations and the other changing them ; and in § 6 we 
determine the concrete forms of spin operators S of @. In § 7 we describe 
the infinitesimal method ; -and in § 8 we discuss the relations of our method 
to the infinitesimal method, and then obtain the simple relation between 
Cayley's parametrization of an orthogqnal matrix and the spin operator. 
In § 9-§ 11 we extend the result above-obtained for 8-8 matrix, and show 
that the same procedure can be extended to 2n.2n matrix. 

The result of this paper holds good also for the general case in which 
the condition of reality is removed.<3) Therefore we can apply this result · 
to 4-dimensional space-time. Lastly we shall suggest that the case of 8-8 
matrix seems to be applicable to the atomic nucleus. 

(1) R. Brauer and H. Wey!, Amer. Jour. of Math. 57 (1935), pp. 425-449. 
(2) The proof of the existence of operator S for any operator Ti and 'Ti satisfying 

T(iTj)= 1Ta1Tj)=IJijl has been given by Eddington. Our result is a special case of that result. 
Cf. A. S. Edington; Jour. Lond. Math. Soc. 7 (1932), pp. 58-68. 

(3) We shall give the proof in the next paper. 
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· § 2. Detennination of S. 

Take any two elements r,=hrf.,. and 'r.=kffr of I'4 where i,r=l,2,3,4, 
and consider the matrices H=llh}II and K-llk}II; then HK-1 becomes an 
orthogonal matrix. Now we shall determine S satisfying the relation 

If ~e put HK-1=A=llajll, from (2.1) we have 

Expanding S by basic elements, 

S=AI+A'f.+A6fo+Ai5fifo+A.;f.fi, 
where 

and taking into account the relations: 

(i,j ~) -} . 

(i ~3) 

where e•ikZ = 0 when any two of i, j, k, l are equt1.l, 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

= 1 when (i, j, k, l) is an_ even permutation of (1, 2, 3, 4), 

= ..... 1 when (i,j, k, l) is an odd permutation of (1, 2, 3, 4), 

from (2.2) and (2.3) we have 

( i ) (af-~)Ak=O, 
(ii) (a{-~)A+2(af+af)A;f=O, 

(iii) (af+af)A,;6=0, (2.6) 

. (iv) (a{+~)A5=(af-at)AZPe,;i;j, 

(v) (q,f+af)(~Ak-tJk~3)=(~-aDAp6ei;Jk. 

Thus the probl~m of determining S for given H and K becomes that of 
solving A's from (2.6) for given a}. 

§ 3. Determination of S for same orientations. 

In order to solve (2.6), we use the following well-known theorems : 
Lemma 1. If F'_ is a real skew-symmetric matrix ~hose degree is even,· 

say 2n, there exists a real orthogonal matrix P such that 
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p-iFP=F=(· 0 a1)+( 0 l½)+- .... +( 0 an)·. 
-ai O -;-l½ O -a,. O 

Lemma 2. If A is a real proper orthogonal matrix whose d~gree is 
even, say 2n, there exists a real ortlwgonal matrix T such that 

I 

r-1AT=A=( C?S {Ji sin 81)+( C?S02 sin 82)+ .... +( C?S 8,. sin 8n) 
-sm 81 cos 81 -sm 82 cos 82 -sm 8,. cos 8n • 

When II a} II is real and proper, by Lemma 2 we can choose a real ortho-
. gonal matrix T such that · 

I 

T-1AT=A=( c?s8sin8)+( C?sg,siny,) (3_1) 
-sm 8 cos 8 -sm g, cos g, · 

Put T=llt}II and tifr='f,; then 'fa'fi>=l3.il, because T is an orthogonal 
matrix. If we write 'f5 for 'f/fifsf 4, then 'f5=det. I TI · f5 ana det. IT I=+ 1 
or -1, according as the matrix T is proper or improper. If we put 
T-1=!lT}II, then fi=TT'fr. Substituting this into (2.2), we get: 

or 
/0 -s-1~j,o s ri- a. r; , 

where lla}ll=A=T-1AT and 

where 
'A=A, 'A5=EA5; 1Ai=TJAk, I A-l5=ETJA.k5' 

or 
A='A, A5=e'A5 , Ai=tt'Ar, Ai5=ett' Ar5 , 

(3.2) 

'Aii=TiT/Akl, (3.4) . 

A ij = tit{' A kl,, (3.5) 

and E · det. I TI. To simplify description, we write A, A6, •••• etc., and a{, 
instead of 'A,' Ai, .... etc., and at. Then we have, from (3.2), the same 
relation as (2.6), in which 

_ ( cos 8 sin fl) · ( cos g, sin g,) 
A- -sin 8 cos 8 + -sing, cos g, · 

To solve (2.6), we consider the problem in the following cases : 
/ 

\I+Al¾=O, 

\l+A\=O, 

II+Al¾=O, 
ll+Al=O, 

II-Aj¾=O; 
II-Al=\=O; 

II-A\=0; 
[I-A[=O. 

Case I. 

Case II. 
Case III. 

Case IV. 

In what follows we use the letters of indices as follows : 

i,j, k, l, .... =J., 2, 3, 4 

a, b, .••.••• = 1, 2 

x,y, .•••.•. =3,4 
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Case I. From (2.6) (i) and (iii) we have Ak=A,;6=0, and from (ii), we 

have Aa"'=0 A12=ltan1,_A A34 =ltan!f_A. · From (iv) A5=.tan.!Ltan£A 
I 2 2' 2 2 J 2 2• 

Then (v) becomes an identity. Thus we have 

A" =Ak5=0' A==o' A12 =_!_ tan i__A -A34=l tan l:...A l 
2 2 I 2 ! 2 J (3.6) 

As=tan !_ tan 1:__A and A is arbitrary. 
2 ,2 I 

Case II. From I I+ A I= 0, 8 = rr: or <p = 11: (mod. 2rr). First we assume 
that 8=11: (mod. 2rr) and <p ~ 11: (mod. 2rr). Then a~= -a~. From (i) Ak=0, 
and from (ii) A=0, Aa"'=0, A"'Y=0; from (iii). Aa:5=0, from (iv) A 12 == 
l cot l:_A5, and from (v) A"'5=0. Rewriting (3.6) as follows: 
2 2 

A=2A12 cot.!!__, A12 =_!_ cot <p As A 34 =_!_ tan 1-A 
2 2 2' 2 2' 

and putting {} = rc (mod. 21r), we see that A=0; consequently A 34 =0, and 

A12= _!. cot £A5• Thus, from (3.6), we can obtain the result for when 
2 2 

O=rc (mod. 21r). When 8-rc and <p=rc (mod. 21r), we have again the 
same result. 

Case III. Here O = 0 or <p -0 (mod. 2rr). By the same treatment as 
above we have (3.6), in which 8 or <p is congruent to 0 mod. 2rc. 

Case IV. Here, we can take a~=~ and at= -at. Then we have: 
Ak=Ak5=0, A=A5=Aai=0; and A 34 is arbitrary. · So in the same way as 
in Case II, we have (3.6), in which 8 = 0 and <p = rc (mod. 21r). 

Thus, as the general solution of (3.2) we have · 

A==o A12=l tan .!!_A 
' 2 2 ' 

A5=tan !I- tan .PA. 
2 2 

As is easily seen from this, for given ri and 'ri of R4 Sis determined 
uniquely except for a numerical factor, and A, A5, Aii are real except for 
a common factor. Returning to A, As,.... in (3.5), from these in (3.7) · 
Ak=Ak4=0. Thus S defined by (2.2) for the real proper orthogonal matrix 
A=~ aj \\, i. e. for ri and 'r i of R4 of the same orientations, must be of the 
form ' 

S=Al+Asf5+Aiifdi, 

where~ A, A5, Aii are real function except for a common. factor. 
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§ 4. Determination of S for opposite orientations. 

When ri (=hffr) and 'Ti (=kffr) have opposite orientations, taking 
7\ (=hf fr) of R4 with opposite orientations compared with ri, and consider
ing T such that 

(4.1) 
we. have, from (2.1), 

(4.2) 

If we put T-1s= U, we see from (4.2) that U is a transformation of f. 
into 'ri preserving the orientation; therefore, when the reality RK-1 is 
taken into account, U has the following form : 

(4.3) 

Therefore, if Tis determined by (4.1), Sis determined by S= TU. Specially, 
if we take R = I hj I as follows : 

--1-A- -:1 . ~=- ~ a=l,2,3 
HH = = 1.e. 

· (-l ) ii,. h. · 

. -1i lif=M (=1,2,3,4) 
(4.4) 

T is obtained from (2.6) by putting ai = - ~. al= ai (a= 1, 2, 3, i = 1, 2, 3, 4); 
that is to say, Aa=O (from (i)), A=O (from (ii)), Aii=O and A5=0 
(from (iv)), Ai5=0 (from (v)), i.e. T=).f 4• Therefore S transforming any 
two ~f r/s of opposite orientations is obtained as follows: 

O (Al A5" A••o O) 'A•o 'Ai50 o S=Ar4 + r6+ '3TiTi = 'ri+ TiT5, 

i. e. S has the following form : 

S=Aifi+Awfd5, 

where Ai~ Aw are real except for a common factor. 

§ 5. Classification of ®· 
Putti~g together the results .obtained in § 3 and § .4, we have : 
Theorem 1. For any two given element,s r.=hrfr and 'ri=k'if r of the 

space R4, there emst,s one, and only one, (except for a numerical factor) S 
such th:.at 'ri'=s-1r.S. When ri and 'ri have the same orientations, S has 
the following form : 

S=AI+ A5f5+ Aiifdi; 

a'Y_!d when r i and 'r i have opposite orientations, S' has the following form : 

S=Aifi+Awfd5. 
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And in both cases, the coefficients of I, f5, fi, fofj], fd5, are real except for 
a common factor. 

We denote the operator of the form AI+A5f 5+A•ifd; by S1, and the 
operator of the form A•f .+ Ai5f da by S2, Then, from the identity: 

f5(AI+ Aif i+ A5f5+ Ai6f d6+ Aiif d;)f5 

=AJ-Aifi+A5f5-Awfd5+Aiifdj, 

we know that S1 is characterized by the relation fr,S1f5=S1, and Si, by 
fr,S2f5= -S2, So that r. and 'ri have the same, or opposite, orientations, 
according as S mediating n and 'ri satisfies fr,Sf5=S or fr,Sf5= -s and 
conversely.<1> , . 

Next we consider the case when ri, and consequently S, are 4-4 matrices. 
If we take Dirac's matrices as f i,<2> then 

. 
Next, instead of f i satisfying fof3)=aiil, we take any operator Ti satis-

fying rC::f·;)=gijl, and consider the analogous problem. That is, we consider 

the space I'.i consisting of all 7i ( =hfrr) where r. are fixed and nj may take 
all the values satisfying h}hJYrs = Yii, and we shall investigate the form of 
spin operator S such that 'ri=s-1r.S for any two rd =hfrr) and ri< =ktrr) 
of ~- Here the condition that HK-1 with respect to fi is real becomes 
that flfii(~ifI-i is real where Ti=hffk and H=llk}II. Thus, as in I'4, in l 
we shall restrict ourselves to one of the sub-spaces of t, say R,.<3> Then 
we have the same result as in Theorem 1,<4> fi and f 5 being replaced by 
~ d - 1 - ,-.J. ....,,,..., ri an r5= -/ 0 r[lr2raro, 

v det.!HI 

(1) This is the same result as that obtained by Brauer and Weyl. 
Brauer and Wey!, loc. cit. 

(
2
) 0 -( 

0 I~~) 0 -( 

0 1-i-i) . -( 0 i-1 ~) r1- • ra- , ra- , 1 0 I O O i I O O -11 0 01 i O . 1 0 

r:=(-~ /-t ~) and rs=( ij ~ I O 
) . 

i ~ I O O 1-1 0 0 -i O -1 

(3) The meaning of R4 is analogous· to that of R1 in r,. 
(4) By making use of II, the problem in R, can be reduced to the case of R,. Return

ing to R1, we have the same result as in Theorem 1. 
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§ 6. Determination of ®. 
In this section we shall determine the set e of the operators S which 

' leave the space Rdnvariant, that is s-1R4S=R4. But 'r.=s-11riS, in which 
r i (=Mfr) is any element of the space R4, · and we shall find the condition 
that 'r. can be written as 'r.=kffr, and HK-1 is real where H=llh!II, 

· K=llk}II, and 
(6.1) 

4 

Since, necessarily, 'r<i'T;>=giil, we have ~ kfk';=g.;. By Theorem 1, if r. 
r~l 

and. 'r. have the same orientations, and HK-1 is real, S must be of the 
form: ., · 

S=S1=AI+A6f5+A•ifdi1 (6.2) 

where A, A5, A•i are real except for a common factor; and if they have 
opposite orientations, S must be of the form : 

(6.3) 

~here Ai, Ai5 are real except for a common factor. Thus, in order that 
s-1.1r.S= 'r. may belong to the space R4, S must be either S1 or &,. 

When S is of the form S11 if we put R = II A ii II ( i indicates the rows 
and j the columns), from the fact that R*+R=O and Aii are real except 
for a common factor, we know by Lemma 1 that, after a suitable real 
orthogonal transformation T=II tj\l, R is transformed as follows: 

-1 , .( 0 'A12) .' ( 0 'A34) ·T RT= R= -'A12 o + -'A34 o · 

lf we put 'f.=tffr, or f.=T['fr where T-1=IITJII, Scan be written as 
follows: 

(6.4) 
where 

'A=A, 'A5;=eA5 , 'Aii=TtT{Akl=~ TtAk1tJ, e=4et~I Tl (6.4) 
l 

(Cf.· (3.4)). Now, if we assume that there exists s-1 for S of the form 81, 
the conditions that, for S given by (6.4), s-1r.S - 'ri belong to the space 
R4 are, from ~ 3, as follows : 

'A12 = !_tan!}_, A 'A84 =..!. tan !f..., A 'A5 =tan jJ_ tan ~'f_, A. (6.6) 
2 2' 2 2' 2 2 

Eliminating (} and <p above, we obtain the condition : 

(6.7) 

or, in. the original A's, 
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(6.8) 

which is the required condition . 
.When S=.%=Aifi+Ai6fif5, f4S is of the form S1; therefore, putting 

f4S-T, we have s-1riS= T-1 f4fif4T. But if we put f4fd,=ri, then 
Ti=krfr and hf= -M, M=M (a=l, 2, 3); therefore Ti belongs to R,. Thus 
s-1riS= T-1hrf rT='ri; therefore, if we assume that there exists s-1 for s, 
the necessary and sufficient condition for 'ri to belong to the space R4 is 
that the coefficient of expansion of 'T satisfy (6.8). Now T can be written 
as follows: 

where 
'A=A4' 'A5=A45 'Aa4= _l_Aa I Aab=l_Ac5;,·4•ab ( b 1 2 3) . , 2 , 2 c a, , c = , , · , 

and 'A, 1 A5, 'Aii are real except for a common factor, because of the reality , 
of Ai, Ai5. Substituting these 'A,' A",' Aii into (6.8), we have: 

'A'A5 - 1 €0 'AiilAkl - 2 iik.l 

i.e. 

so that (6.9) 

So the condition for S of the form S2 is AiA i5 = 0. 
From the identities : 

(AI+A6 f5+Ai3f.f3)(AI+A5f5-AiJfdil 

= [CA)2+ (A5) 2 +2Aij A,j]I + (2AA5-EijklAii Akl)f5. 
and 

• 
we see that for S of the form S1 satisfying (6.8), or of the form S2 satis-
fying (6.9), there exists s-1 <2> 

Thus we have the following theorem. 

(1) . (6.7) can be written as follows: 

1-;iikl'Aii1AkbeAA5 
2 

i. e. we have (6.8). 

1 ° ,.,,i TjTkT,l A pqArs A AS 2 EUkl.Lp q r BL+ =Ea , 

1 0 • 

i.e. 2 epqr.A pqA r•=AA 5 , 

(2) The trivial case when S:=O is excluded. 



1$0 · , M. Urabe. 

Theorem 2. The set @ of S's which· leave the space R 4 invariant 
consists of two parts e1 and @sz; @51, consists of S's which have the form 
S1=AI+A5f 5+Aiif.f;, A, A5, Aii being real except for a common factor, 
qnd whose coefficients A, A5, and Aii satisfy tlu} following relation 

(6.10) 

@52 consists of S's which have the form Si=Aif.+Ai5f.f5, A•, Ai5 being real 
~pt for a common factor, and whose coejficients ,Ai and Ai5 satisfy the 
following relation 

. (6.11) · 

The element S of @51 reserves the orientation of r.· in R 4, and S of rz 
changes the orientation of r. of R,. 

In the case of R,," if we make use of Fl as in § 5, the problem of 

determining @ can be reduced to the case of R4• Then, returning to R4, 

we have the same result as "in Theorem 2,<1> (6.10) and (6.11) being re
placed by 

1. A~iiA~kl A~A~B -€··kz = 2 ., ' (6.12) 

and (6.13) 

respectively, where A, A", .... etc. are coefficients of expansion of S with 

respect to r., and e.;kz = det. I FI I · e.;kz = ± v' det. I g.; I · e.;kz• 

§ 7. Infinitesimal Description of S . 

. The problems discussed in the previous sections have been, in short, 
to determine S satisfying the relations 

(i,j=l, 2, 8, 4) (7.1) 

for any real orthogonal matrix A=lla}II, where fofo=a.;I, If we denote 
the vector space whose basis is f i by I', the transformations in the space 
I' consist of two kinds, one being a coordinate transformation: 'r.=afrJ, 
and the other a spin transformation: 'r.=s-1r.S. The problem discussed 
in this paper, in other words, is to investigate the relations of these two 

(1) In the case of ii,, the condition of reality of coefficients of S does not hold good, 

but there exists S-1 for S p~vided that S;:\=O, because (.A)+(A51+2AiiAii=(A)Z+(A1)Z+2A•iAii 
,·and A•Ai+A"Al 6=A•A.+A1-s.1.i 1 where Ai,A•, .... are coefficients of expansion of S with 

respect to ri, , , 
(2) The up-and-down of indices is carried on for the tensors witn ripple-marks with 

respect to Ui:i, and for the tensors with no ripple-mark with respect to 6i,i. 



Spin Transformations. I. · 18J 
\ 

transformations. When A is an improper orthogonal matrix, . the corres-
ponding S is obtained as a product of two S's, say Si, S2, iri which Si, 
corresponds to a s~cial improper orthogonal matrix and ~ is any corres
ponding to the general proper orthogonal matrix. Thus the determination 
of S is reduced to the case when A is proper. Now, by Lemma 2, in 
suitably chosen orthogonal coordinates, any real proper orthogonal matrix 
A can be ·reduced to the direct sum of matrices of the form 

( cos O sin 0) 
- sin O cos O • 

But the linear transformation A of the form above in the space I' can be 
regarded as a finite form generated by the infinitesimal transformation of 

type I+ ( _ ~ 5)ao, where O is a parameter. Thus, any real proper ortho

gonal transformation A is an integral of an infinitesimal transformation,<1> 

so that S corresponding to any real proper orthogonal transformation A 
can be regarded as an integral of an infinitesimal S corresponding to a real 
infinitesimal orthogonal transformation. If we put S=l+a (a is infinite
simal), and A;,,I+ .. (, is infinitesimal satisfying .. *+,=O), then, by (7.1), 
we have · 

where llt~;II=,. Expanding a in f/s, from (7.2) we have 

1 "'o o 
a=ll+~t•3r-r· 4 • 3 ' 

so that the infinite form of S can be obtained as follows : 
· 1 • •o o 

,1 -t'3r•r• 
S = e" = e• · e 4 • 1 • 

But by Lemma 1, by chosing suitable orthogonal coordinates 
except t12 and tJ34 can be equated to zero. Put t12=0 and i!'4=<p; 
making use of the formulae: (fdJ2=(f3f4)2= -/, we have 

· loo loo 

S = eAI e 2 or1r2 e 2 g,rar • 

=eu(1 cos .!.+r1f2 sin .!.)(1 cos o.!f_+fsf 4 sin .!f_) 
. .2 2 2 2 

, =a (1+tan : fir2)( I+tan ~ fsf4) 

=a (1+tan .!.fir2+tan .!f_faf4+tan _I} tan ..'f_f5), 
2 2 . 2 2 

(7.2) 

(7.3) 

(7.4) 

in r, tii 
then, by 

(7.5) 

(1) The complex proper orthogonal transform~tion is not necessarily generated by the 
repetition of an infinitesimal' orthogonal transformation. · 

H. Taber, Bull. New York Math. Soc.' 3 (1894), pp. 251-259. or 
H. Taber, Proc. Lond. Math. Soc. 21 (1895), pp. 364-376. 
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where a is an arbitrary numerical factor and f5=fif2fih Since the co
efficient of fofo in (7.5) are the same as those expressed by (6.6), they 
satisfy condition (6.8). Conversely, from the discussion in § 6, in a suitable 
coordinate system in I', S of the form S1 (cf. Theorem 2) satisfying condition 
(6.8) can be written as (7.5), and consequently as (7.4). Therefore condition 
(6.8) is equivalent to the condition that S of the form S1 is generated by the 
repetition of an infinitesimal spin transformation corresponding to an in
finitesimal orthogonal transformation. 

Thus S can be determined also by the infinitesimal metbod. But the 
method used in § 2-§ 6 is purely algebraic, whereas the ihfinitesimal method 
is analytic. In both methodes, however, fi are taken as mere operators; 
therefore in this sense both methods are abstract. 

§ 8. The relation between Cayley's parametrization of an 
orthogonal matrix and the spin matrix. 

If an orthogonal matrix A is given, provided that det. j l+A I=\= o,' 
we can construct a matrix T such that T=(l-A)(l+A)-1• Here T be
comes skew-symmetric. This construction of T from A is called Cayley's. 
parametrization, and the orthogonal matrix A in which det. I I+ A I ¥ 0. is 
called non-exceptional, and A in which det. j J + A I= 0 is called exceptional. 

The spin matrix S leaving the space I'4 invariant and reserving the 
orientation of ri is solved for a proper orthogonal matrix A= II a} II in (2.6). 
(ii), (iv) in (2.6) can be rewritten in matrix form as follows: 

(A - I)A = 2R(A + I) 

(A+I)A5=R'(A-l) 

(8.1) 

(8.2) 

where R=IIAiill, R'=\IA1v€3i;ill (i denotes the rows and j the columns). 

Therefore, when A is non-exceptional, R= A (l-A)(I+At1 ; this shows 
2 . 

that R = -1 T, where T is a Cayley's skew-symmetric matrix of A. 

Likewise, when det.11- A I =\= 0, from (8.2) we can determine R', and 
consequently R, in matrix form. Therefore, except when det. I I+A I.= 
det. I 1-A I= 0, R is determined in matrix form from (8.1) or (8.2) without 
our ~ssuming the reality of A. The result of § 3 shows that, for this last 
exceptional case also, where exists R, provided that A is real. <1> 

Now, an infinitesimal real orthogonal transformation A can be written 
as A=l+r, where infinitesimal matrix , is real and skew-symmetric. 

Therefore A=(l+ ! ,)(1- ! ,)-~~(1-(- ~ ,))(1+(--},))-1
• Compar-

(1) In the next paper we shall show that R or R' always exists without the assump
tion of reality of A,' and then determine condition (6.10) for complex A. 
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ing this with Cayley's parametrization A=(l-T)(I+Tt1, we have T=l-r. · 
- ,2 

So that, from (7.3), R= 1
1
11-tii.lf =1._-r~ _1._T, i.e. A=(I+2R)(l-2Rt1 i.e. 
4 , . 4 2 

(A-:-l)=2R(A+J). This is simply (8.1). Thus relation (8.1), i.e. the're
lation between Cayley•s· parametrization and the spin matrix S, is the finite 
algebraic form of the relation between the infinitesimal rotation and the 
corresponding S. 

§ 9. Extension of the problem to 8-8 matrices. 

We $hall extend the problem discussed above to 8-8 matrices. The 
actual form of 8-8 matrices EA satisfying E0 Eµ)=oAµl has been given by 
Newman<l> as follows: 

(). = 1, 2, .... , 7) (9.1) 
where 

. -A. ( if a) .,o, ( J) o (J ) l!J~= -ifa , (a=~, 2,. •. • '5) l!Js= I ' E1= -I , (9.2) 

and f<af0>=oa0I (a, {J=l, 2, .... , 5). Since f5=efif2faf4 (e= ±1), EA given 
by (9.1) satisfies the following relations : 

(9.3) 

But if we are to aim at application to physics, it is desirable that Ea 

(a= 1, 2, . · ... , 5) should have the form Ea= ( 1a 1) where Aa and Ba are 

4-4 matrices. To find such Ea, from E<aE0>=oa0I, A<aAa>=B<aB0)·=iJa0I, 
so that of necessity Aa=fa and Ba=fa.(2} If we put 

(i) faXA+Xda=O, 
- -

(ii) faUA+ UAfa=O, 

(iii) fAYA+ YAfa=O, 
(9.4) 

(iv) faZA+ZAf a=O • 

From (i) and (ii) we have XA = UA = 0 ; and since fa can always be written 
as follows : • 

(1) M~ H. A. Newman: loc. cit. 

(2) fa does not mean conjugate imaginary of ra, but another matrix satisfying, 

fcaif!)=6af!l. 
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-:; -T-lhr• T Ti- iTr , 4 
(~ hrh''j=i3ii, i,j, r=1, 2, .... , 4) r~l 

from (iii), 

fiY;+ Y;T-1hrfkT=O, i.e. Ti= -Y;T~1hft~TY-;:1, 

f5Y;+ YAT-1f5T=O, i.e. f5= - Y1T- 1 f5TY-;:1. 

(det. I EA I ¾: 0, . ·• det.1 YA I, det. I ~A I ¾: O). Then, by Theorem 1, TYi1 must 
have the form S2 ; therefore the matrix II h} II must be improper ; so· that f i 
and f i are of opposite orientations. Then it is possible to find a 4-4 matrix 
V such that 

(i) 

(ii) 

-;;-_T-1hr"T--v-1·v} Ti- iTr - r. , 
-;;- T-1 • T v-1 • V T5= T6 = - T5 , 

(9.5) 

For, VT-1hrf.-TV-1= -Ti can always be solved with respect to TV-1 for 
given hj and Ti• And we see that the solution Tv-1 satisfies (ii) of (9.5), 
because det. I hj I= -1. When Tv-1 is found, V is determined, i.e. there 
exist.s V satisfying (9.5); Then (iii) and (iv) of (9.4) become: 

(i) faY;-YA·V- 1 Ta V=O' . i.e. 
(ii) -V-1 faVZ;+Zda=O, i.e. 

Therefore 
VZA=bAI, 

E-( a;V) 
;- b; v-1 ' 

and from i!:/!:;=l, a;b;=l, and from E;Eµ+EµE;=O (l \=µ), a;bµ+bµa;=O, 

i.e. b;=_l and a1+a~=O. Thus we have: 
a; 

E;=(~-V-lfaV), Ea=(1-vav), E1=(=ri_v ±iaV). (9.7) 
a a , 

Specially, if we put V=f4 and a=l, we have 

i!:. +(fa ) i!:. =(f4 ) E =(f5 ) E =( f4) a oJ 4 o1 6 0 1 6 0 , 

~ -~ . ~ ~ 

(9.8) 
If we take f5 such that fr=~fddsf4, we have E1E2 .... E6=iE1; and (9.7) 
and (9.8) are the required form of E;. 

Next we shall consider the general case when EcaEp)=Yapl (a, {3= 
1, 2, ... .- , 6). This exists then h~, such that 
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6 

~~%=~. ~9) 
r=l 

Any matrices Ea satisfying E<aEfJ>=YafJI are given by Ea=hfEfJ, where E'a 
are suitable 8-8 matrices satisfying E<aEfJ,=l3ar,l. Then, by (9.1), the general 
forms of Ea are given as follows : 

(9.10) 

Likewise, if we consider Ei such that Ea.E:l>=giil (i,j=l, 2, 3, 4) the general 
forms of Ei are given as follows : 

E-=s-1hiE-S i i 3 , (9.11) 

where ± hrhr = gij and Ei are any '8-8 matrices satisfying E,iEj) = aiil. 
r=l 

In 4-4 matrix, I, rs, fi, fif5 and fcifJJ from a basis, provided that 

f5= ± v d 1
1 

·· I rcir2rsrc, where rc.ri>=g.;l. Likewise we know that, if 
et. g,3 

gafi is given,· the bl;l,sis of 8-8 · matrix is obtained as follows : 

where Ea are determined by (9.10) and E 0= ± v i I E[lE2··EfiJ. But 
det. Ya0 I 

if Yii is given, Ei are given by (9.11), and there more Es, Es, E1 are 
added in the forms s-1EsS, s-1Er,S, s-1E 7S respectively, Thus two cases 
occur : (1) when the fundamental tensor of 6-dimensiqnal Riemannian space 
is given, (2) when the fundamental tensor of 4-dimensional Riemmannian 
space is given. But case (1) looks, at present, physically meaningless, there
fore we shall describe only the result. 

In case (1) we consider the space I' constituted by all Ea ( =hfE0) 

(a~{)= 1, 2, .... , 6) where Ea are fixed and hi, may take all the values 
6 

satisbing ~ h~h~=Yafi• As in r4, F8 splits into certain sub-spaces Rs, Ss, .... 
r=l . 

such that elements of the same sub-space are related to one another by real 
orthogonal transformations. Then the set @ of operators S which leave 
any sub-space, say R8 invariant, i.e. s-1R8S=R8, consists of two parts '61 
and '62.<1> '61 consists of S's which have the form Al+A7E7+A-1µEAEµ+ 
AMJtEµE7= S1, and whose coefficients A, A7, AAµ, and AAµ? satisfying the 
following r~lations : 

(A\2A7_j€ AAµAwv APd=O I 6 Aµwvpd , 

(1) The trivial one S=O is excluded. 
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where eAµrovpa=O when any two of ().µawpa) are equal, 

= 1 when ()..µ(~IJpa) is an even permutation of (12 .... 6), 

= -1 when ().pawpa) is an odd permutation of (12 .... 6); 

S2 consists of S's which have the form AAE;+A).7E;E7+AAµvE;.Eji:v=Sz, 
and whose coefficients A\ A A7, and A Aµv satisfy the following relations : 

A;A;.1=0, 

AAAµ1-~ieµ A<(JJV AApa= 0 
2. •rrovN • (). ~ µ) 

In the equation above A, iA7, AAµ, iAM; or AA, iAA7, AAµv, are real except 
for a common factor. The elements S of S1 reserves the orientation of 
E; of R8, and S of ®2 changes the orientation of, E; of R8• 

As in 4-4 matrix, if we consider the space Rs constituted by Ea ( =h,fEp) 
where ita are fixed and h~hiYra = Yar,, the same result is obtained, A, A;, .••. 

and €).µroypa being replaced by .X, AA, ... : and €AJ1.(JJvpa= ±,I det.1 Yar, I· €).µrovpa 
respectively, where A, AA, .... are the coefficients of expansion of S with 

respect to E;. The only difference is that 

(a~ (3) 

6 

ita=MEp, Li h~hi=ga11 , and E<aE0>=aa0I. 
A-1 

These theorems can be extended to 2n-2n matrix or to corresponding 
operator (n: positive integer) when the metric YAµ of 2n-dimensional Rieman
:nia~ space is given.<D If the metric g,µ of (2n+l)-dimensional Riemannian 
space is given, r 1, T2. •••• , r 2n and inr 1 r 2 •••• r !In, = r 2n+1 play the roles of 
Ti, r2, T3, and r4 in 4-4 matrix, and consequently the problem is reduced to 
the case when the metric of even-number-dimensional Riemannian- space is 
given.<2> 

Case (2) is treated in the next section. 

§ 10. Classification of 8-8 matrix S by the orientations 
of 4-dimensional vector space. 

In § 9 we have seen, t hat any 8-8 matrices Ei satisfying EciEi>= Yiil 
are given by 
----~-·----------~ 

(1) The general question for 2n-2n matrix is treated directly in the last section. 
(2) Braner and Weyl, loc. cit. 
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Ec=S-1hfEjS · (i,j=l, 2,, ... , 4), 

'187 

(l0.1) 
4 .,., o I. 

where ~ h"i,h"j=gii and· .l'J(iEj)=i3ul. In the following seciion we use the 
r-1 

letters of indices as follows : 

i, j, .... , r., s, .... = 1, 2, 3, 4, 

x, Y, • •.•••....••• = 5, 6, 

a, (3, •••• , )., µ, .•.• = 1, 2, .... , 6. 

As in the case of 4-4 matrices, we consider the space r; constituted by all 
Ei ( = h'i,Er) where E, are fixed and h} may take all the values satisfying 

4 

the relations ~ hih'j=gij, aQd we investigate, the properties of S such that 
r-1 

'Ei=S-1EiS for any given Ei and 'Ei where Ei=h{E3 and 'Ei=k{'Ei- If 
we put H=llh}II and K=llk}II, then H*H=K*K=G (=llgijll), and 
HK-1 - A (=llai3 II) becomes an orthogonal matrix. Here we assume tµat 
A is real, i.e. as in the case of 4-4 matrices we consider any one sub-space, 
say R~. We say that Ei and 'Ei have the same, or opposite, orientations 
according as A is proper or improper. From 'E.=W.lt=s-1EiS=S-1h{E3S, 
we have 

(10.2) 

If we take E;. (),. = 1, 2, .... ,-6) and iE1 = Eiil:2 .. .. E6, and expand S as 
follows: 

S=AJ + A ,JJ:,+ A7E1+ Aµ). EµEv+ A).7E;.E1+ A).µv E,EµE11 + A ME;.EµlE7, 

(10.3) 
where AAµ=-Aµ', A'µ7=-AµA7 and AAµ"=ACAµvJ; then, substituting (10.3) 
into (10.2), and making use of the identities : 

we have: 

.,0, .,0, .,0, .,0, - '!, o ••• pqr .,0, .,0, Eo 
.l'J;,.l'Jµ.l'Jµl!.t7--E;.µµ l!.tpl!.t,, r, 

6 

(A, µ, v, (1) =\= > 

U, µ, v :\=) 

( i ) (at-at)Ak=O, 

(ii) (at-aDA+2(a}+af)A;,/=O, 
(iii) 

(iv) 

( V) 

(vi) 

(vii) 

(at+a})Ai}=O, 

(a~A+~A)AµJ+3(af-ijf)Aic,µ=O, 

. (af+af)A1+2(a}-af)Aic'7=0, 

(a~A-~•)AµvJ+ ! (a}+df)AMeic$/µ"=O, 

(aC• - ~A)AµJ7 - j_(alf + olf)A~fHle" · · · · ,µ = 0 . • • 2 • • MP" , 

(10.4) 
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where a1=0. 
When A= II a} II is proper, since A is a real matrix, by Lemma 2 there 

exists a real orthogonal matrix T = II t} II such that 

1 ~ ( cos 8 sin 8) • ( cos So sin So) T-AT=A= + . 
, -sin 8 cos ,o · -sin rp cos <p 

Put A=llaj\l and tfE1='Ei1 ; then 'E(iE1)=:ai1I. Substituting this into (10.2). 
we have 

(10.5) 

If we put i' E7='E{E2 •••• 'E6 then 'E7 =EE7 where E=det. I Tj. Therefore 
1 Ea and 'E7 can be regarded as the basis, and S can be expanded in 'E/s. 
We shall use the letters of indices as follows : 

i, j, .... , r, s, .... = 1, 2, 3, 4, · 

a, b, . =1, 2, 

p,q, 

x,y, 

=3,4, 

=5,6. 

In what follows for simplicity dropping ripples ~nd dashes, we write a} 
and A, A A • • • • instead of a} and 'A, 'A\ . . . . etc. (' A, 'A', . . . . a.,:-e the 
coefficients of expansion of S with respect to 'E'/s). Then, as with 4-4 
matrices, as the general solutions of (10.5) we have: · 

A: arbitrary, 

Ai=O; A"', A7 : arbitrary, 

Ai"'=Ai7=0 ·, Aav=o, A 12=_!_ tan -°-A 
2 2 ' 

A 34 = 1 tan _£_A 
2 2 ' 

Ai.ik='AixY=Aix7=0; Aap"'=Aap7=0 ,. 

A125 = _ _!_ cot i_A5 • A345= _ _!_ cot v'A5 

6 2 ' 6 2 ' 

A 126= _ _!_ cot 1-A6 • A346 = _ _!_ cot v? A 6 

6 2 ' 6 2 ' 

A127 = _ _!_ cot 1-A7 • A847 = _ _!_ cot 1:_A7 

2 2 ' 2 2 ' 
. 8 

A457 = - .!._tan·~ tan _£_A. 
2 2 2 

(Calculations are found in Note.) 
So that S is given as follows : 

(10.6) 
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where 
(10.8) 

Here So1EiS0 ;,::E.,, provided that there exists S0\ and conversely, by putting , 
l:l=f=O in (10.6),m So such as So1E,S0=:& is obtained in the form (10.8). 
But, to avoid the indefiniteness of 

I+ tan fJ___ E1E2 + tan !f___ lJaJt - i tan !! tan <[!___ E5EsE:1 
2 2 · 2 2 

when O or \0 - rr (mod. 2rr), we rewrite (10. 7) as follows : 

S=Sa· a(l+tan _fj__E1E2+tan .!P_iJ:aEc~i tan _fJ__ tan -~-E5E6E1) 
2 2 2 2 

=So()..l + 2J.12E'1E2+ 2X34EaE,+ J.fiYI Er$.sEs)<2> (10.9) 

where A. =a J.12=~ tan _fJ__ A.34 = 11__ tan .!P_ J.567 = -ia tan _fJ__ tan Jll. Thus for 
' 2 ·2' 2 2' 2 2 

any given Ei and 'Ei of 'R4, S such as 'Ei=s-1E.S is determined uniquely 
except for an element 8 0• But .A, A\ .... , l, .l12, ••••. etc. here evaluated 
are in the dash-system; therefore, returning to the undashed system, we 
have: 

S = SoOl f- lii EiEi + l 007 E5EsE1) (10.10) 
·, 

where S0=Al+2A00E5b~+AmJl:5E1+A67E6E7, and J.,Jii,iJ.ffJ7 are real except 
for a common factor. In the dash-system, eliminating 8, \0, we have 
'J.'J.667 +4i'.l12 'J.34 =0; therefore in the undashed system we have 

A.A 667 + _i Eijkl). ii A. kl = 0 . 
2 

(10.11) 

As with 4-4 matrices, any_ S which transforms Ei to E~ (e _m) or the op
posite orientation is expressed as a product a special S which interchanges 
the orientations, and general S which preserves the orientations; thus, for 
example, S is expressed as S == S 'E4 where S' mediates E/s of the same 
orientations. · Thus any S which changes the orientations has the following 
form: 

and Ai, Aiik are real except for a common fa~tor. Now, 

A•E.+ Ai.ik_ EiEjEk= (A4+ AaiJ:aE,+3A4abJl:aEb-6iA122,E5Ei$1)E4. 

(1) Cf. Note (N. 4). 
(2) , The fact that (10.6) is a general solution is destroyed when Sis factorized as (10.7); 

but if we factorize S as (10.9), the generality of solution (10.6) is not destroyed. Cf. § 3. 
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Therefore, the eondition<u for' S of the form S2=A•E,+Aii~Eit;Ek to 
mediates E/s of ~ is obtained by substituting the equation above into 
(10.11) as follows: 

EijklA•Aikl=O. (10.13) 

. Next, to find the condition for the existence of the inverse of S of the 
form (10.10) or (10.12), put 

then 

S0 = Al+AZ'//Ea:E'II, (x, y=5, 6, 7) 

S1 = U + A.ii E,;,E;+ A rm Er,Er,E7 , 

Sa=A•E.+A•ik£.E;Ek; 

So(AJ-A:tt1 Ea:E11) = { (A)2+ 2A "'11} I, 

S1(H-liiE.E;+ X•RIEr,E$7) = { (l)2 - (A."67) 2 +2liil;,;AZ'//}J 

(10:14) 

{2 567 • • • • • kl} .,o, .,o, +., (10 15) + ,U +ieiihlJ,i.1A, I!J5.t!.i&l!.i7 • 

S2(A•~.-AiikE .. E;Ek) = {A·A.+6Aiik A.;k}l+2ieijklA•AklE5E6E7, (10.16) , 
From (10.14) for S0 such that (A)2+2Az11AZ'/l=O, we have S01= 
(A)2+:A~A:tt1 x (AJ-AZ11E,,.E11),. The inverse Qf S1 which satisfies relation 

(10.11) and whose coefficients l, l'3, ilrm are real except for a common factor, 
• . I 

from (10.15) is obtained as S11= 2 rm~ .. · [l] +irmE5E6E7-l•3J!:J£;], 
A -(l ) +2l.,l;;; · . 

S=O being excluded. Next, for S2 which satisfies the relation (10.12), and 
whose coefficients Ai, Aiik are real except ior a common factor, from (10.15) 

we have S21·= A•A 1Ai:ik A (A•I!:.-Ai:ikE/E;Ek), S=-0 being excluded . 
• +6 ijk 

And (SoS1)-l or (S~)-l is equal to S11Si1 or S21So1. res'pectively, i.e. the 
. ' ' 

condition that there exists the' inverse of S0S1 or SoS2 is that there exist 
the inverses of both S0 and S1 or both S0 and S2, 

Thus we have the following theorem~ 
Theorem 3. The set @ of operators S which leave the space R~ in

variant consists of two parts . el and e2, el consists of operators 8 which 
have th.e form SoS1 . and consists of operators S which have the form S0Si, 
wher,e 

So=A_l+AZ11Ea:E11 (x,y=5, 6, 7), (A)2+2Az'I/Aa:11 ¥0; 

Si=H+liiE.E;+imE5E6E7 , l, i•i, irm are real except for. a 
common factor; 

S2=A•E.+AiikE.E.Ek, A•, A•ik are real except for a 
common factor ; 

and their coefficients sa~isfy the following relations : 

ll) Not the saffieient condition, bat the necessary condition. Provided that the inverse 
of S exists, it is the necessary and sufficient condition. 
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(S1 = 0 is excl-u,ded) 

(Si= 6 is excluded) 

19J .· . 

Here E(iEx>=O, E<.,Ev>l, and iE1=E1E2 .... E'5. So is an identical trans
formation in Ff. The operator S of ®1 reserves· the orientation of an· 
element of R~, and S of ®2 changes the orientation of an element of R~ . . 
For any two given elements Ei and 'Ei of R~, S such that s-1EiS='E. is 
determined uniquely except for S0• , 

. With respect to EA given by (9.8) in which, as f A U = 1, 2, .... , 5 ), we 
take Dirac's matrices, the . forms of S0, Si, S2 are given as follows : 

al _Q_l2<_ 

x IO ' (10.17) 

S1 =(-~-~o), S2=(*l 0:). 
·. O Olx O xlO 

Here Ei=MiA=(7\.J. where ri=hffk, j\=kffk and 

k't=M, M=-ht. a=l,2,3 and i=l,2,3,4. 

Provided that the factor S0 is excluded, the relation between Cayley's 
parametrization of an orthogonal matrix and the spin-operator s,m and the 
meaning of condition (10.11) are quite the same as for 4-4 matrices. The 
set @ of S's. obviously forms a group, and @ is homomorphic to the real 
orthOgonal group @ as seen from (10.2). Then the quotient group ®' =®/®o , 
is isomorphic to @, where ®0 is the set of S0's corresponding to the unit 
element of @ •. Now @ decomposes as @=.sj+,.sj, where .sj is a proper 
orthogonal group; consequently its faithful representation ®' also decomposes 
as ®' = 1: + m. Comparing this with the result of Theorem 2, we see that 
'.:!: consists of S of the form · S1, and U:l consists of S . of the form S2.<2> 

(1) This is easily seen from (ii) and (vi) of (10.4). 
(2) In the case of 4-4 matrices, '60 consists of unit matrix with numerical multiple, 

and the representation '6/ is irreducible. (Brauer and Weyl, loc. cit.) Then as Weyl shows 
(Weyl, The Cl~ical Groups, p. 161), t the representation of ~. is irrepucible, or breaks 
up into two irreducible parts of equal degree. When t breaks up into two parts, by taking 

a,suitablt co)-Mlinare system X ean be ..,;,ten u >--( : : : )• and fuen U boa the form 

u-(: I : . Then, by Theorem 1, we ""' that X ,, reducible, and the form of X Md U 

is obtained by taking Dirac's matrices as Ti• 
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If we consider the space R~ constituted by · Ei ( = 'h{Ej), where Ei are 
fixed and 1,,(fi'Jgrs=gii, we see that exactly the same theorem as in R~ holds 
good, EA and EiJkl being.replaced by EA and e;,;kz=det. j HI• EiJkl respectively.m 

§ 11. Phy~ical Meaning of (10.17). 

In this section we shall consider the physical meaning of (10.17). Let 
us ~onsider a physical -system P composed of two particles A and B, each 
of which induces its field, and as a whole the system P also tnduces a field 

· in the form of one particle. Now, according to the idea of wave geometry, 
if we regard the field ind6.ced -by A, B, and P as being represented by 
matrix fields, i.e. r,, r., and E.; then from the fundamental principle of wave 
geometry, these fields r., r. and Ei determine the metrics of 4-dimensional 
space-time gi;, ?hi, and g~i• such that T<.Ti>=gijl, 7'<i7'i>=Yiil, and E<iE;)= 
g;iI. From the construction of the system· P, it is natural to consider that, 
in the form of g;Js, the fields induced by A and B are the same and also 
coincide with the field g;,; induced by P, while they .. differ in the. form of 
matrix. 

Mathematically we might set down the statements above as follows : 

for each particle, A and B 

for the system P. 

Then it follows that E<iEi>=gi;I. H_ere if we express Ei in the form 

E.=h':iEr where Ec.E;)=i3.jl, it must follow that Ei=(fi,o .) and f .. =h'irr, . r, 
f'i=hr'fr, where f., 'fi satisfy the relations T<iTi>='fo'fo=oiil and have 
opposite orientations.c2) So that r1 and r. have opposite orientations. Then 
A and B can be regarded as patticles that induce fields of opposite orien
tations.; in other words A and B are in the states of opposite signs such 
that the field induced by particles with positive or negative charge. 

Now, the general solution EA satisfying E0 Eµ>=i3AJJI is given by (9.7), 
but, for simplicity, we take the form (9.8), i.e. 

U.1.1) 

Next we shall consider the problem: What changes of inner construc
tion or inner states of P can be allowed, provided that the field by P is 
unchanged? 

(1) Ei=hiEi, E<iEi)=bijl and . .H=llh}ll. 

(2) Here we assume that E 5=(r\J Then from the discussion in §9, ri and 'ri must . 
be of opposite orientations. 
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Now, there are two kinds of tr~nsformations of E,, one being the co-. 
ordinate trapsf<;>rmation, the other the spin transformation. But so far as 
we are concerned _with the orthogonal· coordinate transformations with 
respect to Yii, . the coordinate· transformations are re4ucible to spin trans
formations. m Therefore t'he action by which the inner construction of P is 
changed must be regarded as representable by a spin transformation of Ei. 
Thus we may set down the condition answering our problem in the follow
ing equation : 

By (10.17), S satisfying (11.2) can be obtained as follows: 

( 
al _Ix) 

S=So= xi =U+V, . _Ix_ bl 
XI 

where U=(a\1) and V=(J Jxl By U, the positions as well as the 

orientations of A and B remain unchangeable, but by V the ~sitions and 
the orientations of A and B interchanged. 

Next, by means of the spin transformation of Ei, we can also consider 
the transformation of orientation of P as a whole. That is to say, if we 
solve the equation s-1EiS=E~, we have, excluding S0 which satisfies 
So1EiSo=Ei, 

The transformation S1 leaves the orientation of P, the position and 
I 

orientations of A and B, unchanged; and S2 changes the orientations of P, 
while it leaves the positions of A and B but changes their orientations. 

As the actual model represented by such P as stated above we TI_light 
mention a deuteron consisting of one proton and one neutron. 

, 

§ 12. Remarks. 

The discussion above concerning the transformation: 'r.=S-1riS can 
be extended to the case of matrix of degree 2n by the analogous method. 

(1) Cf. § 9. 
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But in the calculation of S for given r. and 'r,, i.e. for given orthogonal 
matrix II a} 11, the properties of spinors have not been used explicity. If we 

' avail ourselves of the properties of spinors, the calculation for S becomes 
very simple ; moreover, the general case of matrix of degree 2n can be 
easily treated. We explain them in the following paragraphs. 

We ·consider the operators ft (i= 1, 2, ...• , n) satisfying 

(12.1) 

where I denotes the unit operator. The problem, in general form, becomes 
to determine S such that 

(p, q=l, 2, .... r, r: even) (12.2) 

for any real proper orthogonal matrices transformation (a~). We consider 
such a set of S as an algebla II consisting of all line~r combinations of the 
2n units 

(a1, a2, •••. ' an integers mod. 2). 

If we take any orthogonal matrix T= II t} II, then 

1Ti=tiTi, (i,.j=l,2, .... ,n) 

also satisfy the· same relation (12.1), and belong to the algebra II; also, the 
units of II can be constructed from 'Ti• Therefore we can make the reduc
tion as in § 10. 

First we shall find an element S of II such that 

T.,=ST.,S-1 (x=s+l, s+2, .... , n); (12.3) 

s is arbitrary integer such that O <s<n. Then TxST.,=S. Expanding 
Sin the bases: S=JJ+i'f;.+).i'i"Ti,Ti,+ · · · · +ii,i, .... inTi,Ti2 •••• Ti where 

. n 
1i,i2=J.Ci,iiJ, .... , li, .. .,i,.=J.Ci,., .... inJ, and making use of the relations: if p 

1 is even and i1, i2, , . , , , ip =\=, • 

when Ti, .... Ti does not contain p 

T., as factor, 

when h .... Tip contains T., as 
factor; 

if p is odd,, the result is the reverse, we see that S contains only the terms 
of the product of even number of Ti not containing Tx, and the terms of 
the product of odd number- of Ti containing all Tx• And conversely, if Sis 
so, if satisfies the relations (12.3) provided that the inverse of S exists. 

Next, to solve equation (12.2), we make the reduction as in § 10, by 
which A= II ai II can be set in the form ; 
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A -( cos' 81 sin 81) • ( cos 82 sin 82) .. - + + .... 
- sin 81 cos 81 - sin 82 cos 82 · 

(12.4) 

Here if we put 

A (
1 cos 81 sin 81) .. (1 0) • (1 0) .· . 1 

1'== + + + · · · · -lla~II - sin 81 cos 81 0 1 0 1 

( 1 0) . ( cos.82 sin 82) . (1 .. 0) . 2 
A2 = + . . + · + · · · · = I! af II , 

0 1 - sm 02 cos 82 0 1 

then A= A1A2 . • . . Now a special solution of (12.2) for II af II given by (12.4) 
is given by S=S1~ ..•. , where SA are the solutions of 

(0=1,2, .... , ;). (12.5) 

· In actual the equation (12.5) becomes as follows : 

(p, q=2).-1, 2J.) 

(x=l,2, .... 2J.-2,2J.+1, .... ,r). (12.6) 

But, since SA satisfying (ii) of (12.6) can be put in the form S=al+bf2r-tr2A• 
(not the necessary form), by substituting this into (i) of (12.6) we have 

(12.7) 

so that (12.7) is a special solution of (12.5). Therefore, as a special solution 
of (12.2), we have 

U=a(I+tan ~ fir2)(I+tan i faf4)( .... ) .... ( .... ) . (12.8) 

Next, to find the general solution S of (12.2), from aif q=Sf Ps-1=UfpU-1• 

if we put s0 - u-1s, we have S0 fpS01=fp• Therefore the general form of 
S0 is obtained as the sum of the terms of the product of even number of 
f;, not containing fp, and. the terms of the product of odd number of f, · 
containing all f P• Thus the general solution S of (12.2) is given by 

S=So(I+tan-;-rir2)(I+tan i far4) .... , (12.9) 

using the commutativity of So and_ U. 
If r = n, So= al. Therefore, · when n = r = 4, we obtain the result of § 3,. · 

and when n=r=6, we obtain the result of § 9. When n=6, and r=4. 
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S [+ ()••+· 0 -~+·s,• 00 o=a t-T5T6 TTl••••T4T5 uTi••·•T4T6. 

which can be written in the form: 

(x, y=5, 6, 7), 

where f7= ±ifif2 .... fG, That is to say, we obtain the result of § 10. 
This method of finding S for given A= II a: II is a finite formulation of 

the infinitesimal method used by Cartan, etc.<0 In other word, if we take 

{Ji, 82,.... as infinitesimal, we have A=l+r, where ,=(-~ ~)01+ 
( _,. ~ ~)02+ · · · ·; and corresponding_ to this, from (12.9) we have: S= 

1 1 

SJ.I+J,iifdJ), where ,,.-111i.ill==( ·~ -04 )8i+( ·~_ 0)02+···•= 4
1,, which is 

- 4 - 4 

the form of infinitesimal spin-transformation corresponding to an infinitesimal 
rotation obtained by Cartan and others. If we take into account that the 
finite formulation of A= I +r may be regarded as Cayley's parametrization 
of the form A=(I-T)(I+T)-1, the relation between S expressed by (12.9) 

and Cayley's parametrization T corresponding to the relation a=_!_., in the 
4 

infinitesimal case is obtainable. In actuality since 

( cos Bi sin 81)' • ( · cos 82 sin 82) • · 
A= . + +···· 

- sin {Ji cos 81 - sin 82 cos 82 ' 

( 0 -tan _!t_) · ( 0 -tan ~•) · · . . 
T = tan _!t_ 0 2 + tan ~ 0 + · · · · 1s obtamed from A= (I - T) 

2 2 

(J+T)-1 ; and if we compare this Twith S~So(l+)..iifd;+ ··'") expressed 

by (12.9), we have the relation: R=ll ;_ii[I= -lr. This is no other than 
2 

the finite formulation of the I relation ,,-=l,.<2> Furthermore, we can see 
4 

that the relation R= _1.r .holds good in general coordinates, though it 
. , 2 
has been obtained in a special coordinate. <3> 

(1) Cartan, Bull. Soc.· Math. d. France, 41 (1913); Pauli, ibid.; Brauer & Weyl, loc. cit. 
(2) If we choose Cayley's parametrization such that it coincides with -r when A is 

infinitesimal rotation, A is written as A= ( 1 + ; ) ( 1- ; ) -l, so that the relation R= -½T 

is replaced by R=II Aiil!= ! T. 

(3) Reversing the reduction of A into the form expressed by (12.4), we can prove that 

the relation R= -{-T holds good in special coordinates. 
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Note. 

We consider the problem in toe following cases : 

Case I. \A+l\=\=0, and IA-1\:\=0, 

Case II. I A+I\ = o, and \A-1\:\=0, 

Case III. \A+I\=\='O, and IA~Jl=O, 

Case IV, \A+l\=O, and \A-1\=0, 

Case I. I A+I\ =\= o, I A - I I :\= o, i. e. 0, <p ~ 0, 1r: (mod. 21r:). 

From (i) Ak = 0 ; from (iii) A;}~ o. 
In (ii), by putting l=x, Ai."'=0, and by putting i=a, l=p, A~P=O, 

and by putti~g i = a, l = b, A 12 = l_ tan iL A. Likewise, A 84 =} tan £_ A. 
2 2 2 2 

In (iv) by putting A=x, µ=y, A;."'Y=O, and by putting l=j, p.=k, 
Aik=O, (iv) can be written as follows: 

· (a{+~)V""+6(af~of)A;.i"'=O, 

By putting i=a, j=p, A~P"'=O, and by putting i=a,°i=b, A.12"'=:= - ! cot{Ax. 

In like manner A 84"' = - _1._ cot i:_A "'. 
' 6 2 

In (v), by putting l=x, Aix7=0, and by putting i=a, A=p, AaP7 =0, 

and by putting i=a, l=b, Arn7= -1-cot!LA7• Similarly A847 = -1-coti:_A7• 
. 2 2 , 2 2 

In (vi), by putting i=a, l=b, µ=x, v=y, we have Ali6=icot: A847 ~ 

. 0 
- ; cot 2 cot ; A7 ; and by putting i=a, l=b, p.=p, v=q, A 567 = 

- _i__ tan i_ tarr !!!... A. 
2 2 2 

In (vii),. b"1 putting i=a l=b µ=x we have A57 =icotiLcot!f!...A6 
'J ' ' . ' . 2 2· ' 

and A67 = -i cot !L cot !f!._A5• In the other cases we have identities. Thus 
2 2 

we have established (10.6). 

Case II. I A+ I I = 0, I A - I\ =\= 0. 
Here O = 1r: or <p = 1r: (mod. 21r:). First we assume O = 1r: (mod. 21r:) and 

<p ~ n: (mod. 2rr). Then,. from \ A-1\ =\= 0, <p :¥ 0 (mod. 21r:). Therefore 
a~= -a~, and I a&±a& I:\= 0. From (i) Ak=O; therefore from (iv) Ai"'Y=O, 

Aiik=O, A~P"'=O, A12"'=0, and A 84"'= - ! cot ; A"'. fo (ii), by putting i=a, . 

A=O, and therefore A~;=O, i.e. Aap=Apq=AP"'=O. From (iii). A~7=0. 
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In (v), by putting i=a, A~A7==0, i.e . .A_aM=AaP7=A=7=0, and by putting 

1=x, Aix7=0, and by putting i=p, A~7= ~ ! cot; A7• In (vi), by.putting 

i=a, HlAµ"]=O, i._e. A"'• =O, i.e. Aix=A"'11=0, and by putting i=p, A667 = 

. -i tan ; A12• In (vii), by putting i=a, An=o, and therefore A•µ" except 

Apq, are zero. In the other cases we have identities. Thus we have: 

A=O 
Ai=O; A"', A7 are arbitrary, 
A"'A=APA=O; AA7=0; A 12 is arbitrary, 
Aijk=Aixy=Aix7=0; Aapx=AaA7=0; A12x=O, 

A34x= -1-cot.i'__Ax · 
6 2 ' 

A007 = -i tan j?__A12 
2 . 

A347 = -lcot£A7 · 
2 2 ' 

(N.1) 

This is the same as (10.6) in which O=rr (mod. 2rr) in the same sense as 
in § 3. 

If <p is also congruent 11: mod. 11:2, i. e. af = - of, then we have : 

A=O 
A•=O; A"',A7 are arbitrary, } (N. 2) 
AAµ=O; AA7=0' 
AAµv=AiA7=Q, Ali67 is arbitrary. 

This is the same as (N. 1) in which <p = 11: (mod. 211:), i.e. the same as (10.6} 
in which 0, <p - rr (mod. 211:). 

Case III. I A+II =\= 0, I A-II =O. 

Here (} = 0 or <p = 0 (mod. 211:). First we assume that (} - 0 (mod. 2rr} 
and <p ~ 0 (mod. 211:). Therefore a~=~, I a~±~ I::\= 0. From (i) Ap=O, 

and from (ii) Aa•=O, AP"'=O, and A34 =ltanj?__A. From (iii) A•'7=0.- In 
. 2 2 

(iv), by putting i=a, A•=O, and by putting i=p, AP•µ=O. In (v), by put
ting i=a, A7=0; therefore AP17=0. In (vi), by putting i=a, AMe~;Aµv=o,. 
so that AfP7 except A127 are zero; and by putting i=p, ). =x, µ=y, v=q, 

we have A127 =-itan£A56• In(vii), by putting i=a, AfP"'e;j~;•µ=O, there-
. 2 

fore A~Pd except Aabx are zero, because AP•µ=O. Putting i=p, ).=q, p=x, 

we have A126 =i.tan£A57 A125 = _i_ tan£A67• In the other cases we 
6 2 ' 6 2 

have identities. Thus we have: 



A is arbitrary, 

A'=0; A7=0, 
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Aa'=AP'"=0; Ai7=0; A 34= ! tan ;A, Ali6,A57,A67 arbitrary, 

A 125 = ,.... _L tan !£._ A 67 · 
6 2 ' 

L tan!f_A57 

6 2 ' 

A 127= - i tan £Ali6 . 2 , 

. 199 

(N. 3) 

This result is the same as (10.6) in which fJ - 0 (mod. 21r). If rp is also 
congruent O mod. 21r, i. e. a}= aj, we have: 

A : arbitrary, 

A'=A1=0, 
(N. 4) 

A 56, A57, A67 : arbitrary, 

This result is the same as (N. 3) in which <p- 0 (mod. 2n), i.e. (10.6) in 
which fJ, <p = 0 (mod. 21r). 

Case IV. IA+Il=0, IA-Il=0. 

He we can assume, without loss of generality, that fJ = 0 (mod. 21r) 
and rp = 1r (mod. 2n ), i. e. a~= a! and a!= -a!. Then we have : 

A=0 

AA=0 ;· A7=0' 
(N. 5) 

A,7=0, A34 : arbitrary, 

This result is the same as (N. 3) in which rp = 1r, i.e. the same as (10.6) in 
which fJ - 0, rp- 1r (mod. 21r). 

This problem was discussed at a special Seminar of Geometry and 
Theoretical Physics in the Hirosima University, and research into it has been 
carried on under the Scientific-Research Expenditure of the Department of 
Education. 

Mathematical, Institute, Hirosima University. 
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