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§1. General outline and summary.

General outline: Though several authors® have attempted to explain
the structure of spiral nebulae, no theory yet, so far as we know, is generally
admitted to be satisfactory.

The purpose of this paper is, on a basis of wave geometry, to try to
establish a theory concerning the structure of spiral nebulae in a quite
natural way. The general outline of the research is as follows:

1. From the fact® that cosmology in terms of wave geometry is an
invariant theory characterised by a group of transformations which are
classified in two subgroups; the one (say G.) is composed of transforma-
tions which make a spatial point (it may be any point) invariant, the other
(say Gy) of transformations by which the new origin of coordinates is in a
motion relative to the old system of coordinates such that the motion exactly
satisfies Habble’s velocity-distance relation in terms of wave geometrical
cosmology, if we obtain a wave geometry which is invariant for the sub-
group G4, it may be regarded as representing a certain physical phenomenon
with local irregularity around the fixed point, representing a general stellar

_existence with a centre. ‘

2. In the expression of the stellar existence obtained as above, we put
some restrictions which seem appropriate in characterising spiral nebulae.

3. From the fundamental equation for 4, as above obtained, solving

. the actual value of +, constructing the particle momentum-density vector

u'=YtAry, and regarding this u’' as giving the flux and distribution of
matter constituting a spiral nebula, we show that our theory successfully
explains the actual construction of spiral nebulae.

Summary: In finding the fundamental differential equation for {» which

(1) J.H. Jeans, Monthly Notices, R. A. S., 84 (1923), 60.
E. W. Brown, Astrophys. J., 61 (1925), 97.
E. A. Milne, Proc. Roy. Soc., A 156 (1936), 62 and later papers.
H. Vogt, Astr. Nachr., 241 (1931), 217.
H. Jehle, Z.S.f. Astrophys., 15 (1938), 182 and later papers, etc,
(2) T. Sibata, this Journal, 11 (1941), 21.
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is invariant for the subgroup G;, we see that there are two differential equa-
tions for 4 which are not transformable by spin-transformation (¥'=Sv):

—2—;;— =i+ Al APrir¥

Y= (rt i~ AFTTY
Solving these equations, and evaluating the respective values of particle
momentum-density vectors, we have two flux-systems u’ and u’ then,

superposing these two flux-systems, and normalizing the factor entered in
this procedure so that the new flux-system thus obtained satisfies the con-
dition of continuity, we have a particle momentum density vector #’ which
may be regarded as representing a general local flux of stellar matter with
a centre. Next, to obtain the expression for the construction of spiral
nebulae, in restricting this 4’ by the condition that u® describes a stationary
plane .motion with an axis of axial symmetry, we show that each spatial
curve generated by u’ is a logarithmic spiral with the centre at the origin; -
and from the expression of the invariant density v g;uu’ we conclude that
there are several logarithmic spirals with maximum density-distribution of
the constituting matter among a system of logarithmic spirals showing the
existence of several arms in a spiral nebula. Further, finding the velocity
of the constituting matter, we show the relation existing between the
velocity and the distance from the centre.

§2. Introductory consideration.

In order to establish a theory of spiral nebulae based on the principles
of wave geometry, we shall go. back again to wave-geometrical cosmology
for suggestions.

In wave geometrical cosmology,” taking

w=ytAr,
obtained. from the solution of the fundamental equation for

N () @1)
ox*

as a particle momentum density vector of matter constituting universe, we
fixed the form of >); on the presumption that the particle momentum-
density vector describes a geodesic of space-time. And, from the condition
of integrability of (2.1), we had two kinds of models of universe, the one
being of de Sitter type:

(1) T. Iwatsuki, Y. Mimura, T. Sibata, this Journal 8 (1938), 187.
Y. Mimura, T. Iwatsuki, this Journal 8 (1938), 194, -
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dst=—~ ihz;rz —PdP—rPsin? 0de?+(1—I2P)de2,  (2.2)
the other of Einstein type
 de=— d"; — 12462 — 1 sin? BdgP+ dEE
"

Abandoning the latter type of model as unsuitable for explaining Hubble’s
‘velocity-distance relation and so on, we adopted the former as.the geometry
that might well explain the construction of the actual universe. The funda-
mental equation for 4 was here obtained as follows:

N (r+ By )y (2.3)
ot 2 :

with which solution we could succeed in explaining Hubble’s velocity-distance
relation and so on.

Here we have a suggestion for a theory to the construction of spiral
nebulae, with a spiral nebula regarded as an existence of local 1rregular1ty
understood by this cosmological theory.

As shown in the previous paper,” we recognize that the meanmgless
coordinates «, 22, 2?, «* take the meaning of polar-time coordinates r, 6, ¢, t,
when, and only when, we identify

wl=r, x*=0, £L=¢p, a'=t _ (2.4)

in the line element written in the form :

- T@If;()—;); — (@P(da?)— (P sin? o (daP+ (1— @) ('R . (2.5)

That is to say, only when this identification is made can our cosmology
represent the phenomena that are observed with polar coordinates in the
ordinary meaning and the time indicated by a clock in a laboratory. We
have called such a coordinate system, characterised by (2.4) and (2.5), “the
r, 0, ¢, t observation-system in cosmology.”

But, in fact, there are infinitely many transformations which make (2. 5),
invariant, and they form a 10-parameter group—say Gy—, and each .co-
ordinate system connected by Gy is also an 7,6, ¢, t observation-system on
account of relations (2.4) and (2.5). So we know that all the 7,4, ¢, t ob-
servation-systems are connected by transformations of the group Gy which
make

—_— drz — —_ : h2 2 — 12
ds$ g r2d6P— 12 sin? 0d?+ (1 —E*?)dt?

invariant.

(1) T. Sibata, this Journal 11 (1941), 22,
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On the other hand, it is proved® that Gy also makes the fundamental

equation of our cosmology jﬂf__= (I}+-§ri)«lr invariant. This shows that Gy

ox*
is only one transformation group connecting the 7, 6, ¢, ¢ observation-systems,
" by which all the cosmological phenomena are observed as homogeneous.
' Further, as we have seen,”? Gy is decomposed into two subgroups as
follows :

Gu=Gs+G;,

where G5 is composed of all the transformations, each transformation (7,4,
o, t— 1, ¥, ¢, t') making the new origin of coordinates ' =0, with reference
to the old system of coordinates, set in a motion which exactly satisfies
- Hubble’s velocity-distance relation in terms of wave geometry, and G is
composed of all the transformations which make a spatial point (any point)
invariant. So that G is regarded as a group of transformations by which
an observation-system resting on a constituent of our universe is transformed
to that resting on any other constituent preserving the homogeneity of
cosmological construction; but, on the contrary, G, is regarded as a group
by which an observation-system resting on a constituent of universe to any
other observation-system on the same constituent preserving the homogeneity.
Further, as has been proved,”® the equation (2.8) is' the only equation
_ of the form (2.1) which is invariant for G;. This shows that all the pheno-
- mena which are observed as homogeneous by all the observation-systems
belonging to G; are the phenomena which can be described in terms of
wave-geometrical cosmology. Therefore, we can say that all the physical
laws obtained in wave geometrical cosmology are deducible from the theory
‘of group basing on G..
Contrarily, though G, also makes all the cosmological laws invariant,
the wave geometry which is invariant for G, is not the previous cosmology
"in terms of wave geometry, but a wider geometry including that cosmology
as a part. Now a question arises: What are the phenomena which are
observed as homogeneous by G,? They are the phenomena which must be
observed as having homogeneous (by G,) constructions surrounding a material
point under -the control of the law of wave geometrical cosmology. There-
fore, such a phenomenon, we venture to say, might be nothing other than
that ‘of local irregularity with a homogeneous construction surrounding a
point in universe, such as a nebula cluster, a spiral nebula, or the solar
system. :
In the following pages, on a ‘basis of this idea, we shall proceed to
establish our theory concerning the construction of spiral nebulae.

(1) T. Sibata, this Journal 11 (1941), 23.
(2) T. Sibata, this Journal 11 (1941), 23.
(3) T. Sibata, this Journal 11 (1941), 23,
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§ 3. Theory of the structure of spiral nebulae. .

The constituent matter, the stars, of a spiral nebula are in reality
dlstrlbuted not continuously but discretely; mathematically, however, we
may regard the constituents of a spiral nebula as a continuous assemblage
of geometrical points in a hydrodynamical motion. So that, wave-geometric- -
ally, the existence of the constituent matter of a spiral nebula can be
regarded as given by a 1-4 matrix ¥, each element being a contmuous
function of «,2? o% «*, satisfying a general fundamental equatlon of the
form:

N (s, (3.1)
ox* . o
where I is a 4-4 matrix given by the identity :
= (it Liry— (3.2)

and >); is, at present, any 4-4 matrix, the elements being functions of «',
22, o, a, , '
Here, since we are going to deal only with the invariant theory by the
group G, of Gy based on (2.5), the space-time line element must be of de
Sitter form: '

N 22 _
ds? T r?d62 — 12 sin? 0d?+ (1 — K*r?)d . (8.3)

If we expand >); in sedenion, we have
Sh= AP r o (Ad+ A +(Afri+ APrirs) . (3.4)

The first term of this equation can be transferred into -the coefficient
of connection of vector parallelism® in the form {%}+4A4;, so that we
disregard this term, provided that the coefficient of connection of vector
parallelism is Riemannian from the beginning. As for the second term of
(3.4), we do not yet know, in general, its definite physical meaning, but
geometrically it might be called the term of gauge parallel displacement of
¥ corresponding to the gauge transformation® of Y and has geometrical,
behaviour utterly different® from those of the first and third terms. So

(1,) The term A,?"T is transferred into the term due to the vector parallellsm by
taking I’} in place of I'; obtamed from the equation:
3{;1.—=rgfirk+rirj-rjr§ ,
provided that rk={%}+44:"%.
(2) K. Morinaga, this Journal, 5 (1935), 156.
(3) When A; and A5 are gradients, the second term can be taken away by a gauge
transformation.
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-that, at the first step of our consideration, we shall disregard this term.
As for the third term of (8.4), judging from all the results?”’ hitherto
obtained in wave geometry, the antisymmetric parts of A; and A% may
be interpreted to express electromagnetic fields of force, and the symmetyic
parts to express something like fields of disturbance. In considering the
structure of spiral nebulae, therefore, we shall preserve this term, consider-
ing that there would exist a field of disturbance-like force due to the pre-
sence of the constituent matter hydrodynamically distributed.
Thus we realize that the theory concerning the structure of a spiral
nebula would be obtained on the following assumptions :
- Assumption I - The space-time line element is of de Sitter form, lLe.

de=——I" a2 sin 0dg*+ (- )AL (3.5)

11—k ,
“Assun\nption II. The fundamental equation for 4 is of the form:
g“f = (Iy+ Alr;+ Ay (3.6)

Assumption III. (3.6) is completely integrable.
Assumption IV. (8.6) is invariant in all transformations belonging to G..
But, for (3.5), there are infinity of sets of r; for which

raitrri=20sl,  rostree=0,  ros=—1; 3.7

and it is proved® that -all the sets of 7; are classified into two classes; all
belonging to a class are equivalent to one another in spin-transformations,
and sets belonging to different classes are not equivalent in any spin-
transformation. More precisely, if a set of solutions of (3.7) is It all the
gets of the same class are expressed in the form':

S:]nS“l, SgsS“, S being any 4-4 matrix, and all the sets belonging to
the other class are

l —'Sr«g, 1 ’ —ng)SMl .

_ Further, we see that the condition of integrability of (8.6) 'is the same
*for all 7, satisfying (8.7); for the condition of integrability is® -

Kin+8(AGAM+ AL AL =0,
PemdAh=0, = VmAB=0, . (3.8
AEl'I.SA’;'ﬁgm=0 (iy j; l; m= 1’ 2’ 3’ 4) ’

(1) T. Iwatsuki, Y. Mimura, K. Morinaga, this Journal, 7 (1937), 255.
K. Morinaga, this Journal, 7 (1937), 261.
(2) Note I, p. 64.
. (3) Note II, p. 65, equations (4)—(7), (4;=A=0).
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which is independent of choice of r; and its class. So that when g;; and
A% AP are determined from the equations (3.8), there must be two funda-
mental equations to be considered, which are not transformable by spin-
transformations :

%:(ri+Agifj+Aéﬁrjrs)¢, | (39)
—Z;P—i =(Ii+ Alyi— APrird¥ . (3.10)

Thus, in the theory of spiral nebulae, as the fundamental equation for
Y we have to consider the two equations (8.9) and (3.10) together; other-
wise, the theory would be imperfect.® So that we come to the conclusion
that the existence of matter constituting a spiral nebula is represented by
two wlf’S--\!r and gr—’deﬁned by the equations

O p= (It Alrs+ APriry . (3.11)
oxt 1 1
D= (I Adr— AT (3.12)
oxt 2 2

Here if we construct the vectors '111,’, 'g,’, which are
w=a Pt Ay, w=art Ay,
1 1 1 2 2 2

where A is a 4-4 hermitian matrix which makes Ar’ also hermitian and
oy, az are any real factors, then each zlcl, zZL’ can be interpreted® as a

particle momentum-density vector of a certain flux of matter. So it would
be quite natural to consider that these two vectors 'blbl, vg‘ together make a

particle momentum density vector %' of the flux of matter constituting a
spiral nebula. So we make an assumption :

Assumption V. The farticle momentum density vector of the matter
constituting a spiral nebula is simply made by the two vectors ’Iibl and 12#,

without depending on the other physical quantities (tensors or vectors other
than 1{,’, 121,’).

From this assumption, 4! is obtained® as a linear homogeneous func-
tion of ¥ and ¥}, i.e. :
1 2

(1) In the researches hitherto done in wave geometry, we should have taken into
account of the two kinds of equations for ¥, when g;; is solved from the condition of inte-
grability and then 7; are obtained from the relation (3.7).

(2) K. Sakuma, this Journal, 11 (1941), 15.

(3) Note V, p. 84
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w'=au'+aut, (3.13)

) 11 22
. 4
where ci, and a are, at present, any real scalars.
2

But all the curves generated by #' thus obtained do not exactly cover the
trajectories of the constituent matters of a spiral nebula, but are very super-
fluous, because such ' is obtained only under the restriction that the funda-
mental equation for ¥ is invariant by G4; therefore ' is regarded as giving
the motion of particle or matter copstituting a general stellar existence
with a centre at the origin of coordinates.

Accordingly, in order that %' may be regarded as expressing the motion
of particles or matter in a spiral nebula, we have to expect some additional
restrictions, '

For this purpose, we make the following assumptions :

Assumption In. %' gives a plane motion in each plane (z=const.)

perpendicular to an axis (axis of z). .

Assumption IIn. A system of trajectories (3 dimensional) generated

by ! is axial symmetric with respect to the axis.

Assumption IIlx. The trajectories generated by ' are stationary.

Assumption IVy. The distribution of particles or matter is steady.

Assumption Vn. The particle momentum-density vector ' satisfies

the equation of continuity :

Pawi=0. - (3.14)

Remarks: (i) In IIly, the term “ stationary” means that the curves
(3 dimensional) described by %' are independent of time.

(ii) In IVy, the term “steady” means that the distribution of matter
is independent of time. :

(iii) In the actual spiral nebulae, the path-curves and distribuation of
flux of stars will change with time, though slightly; but we believe it
would be the closest approximation to the truth if we make Assumptions
IIIx and IVy.

(iv) As for Vy, it is quite natural to consider that the matter con-
stituting a spiral nebula satisfies the condition of continuity, since annihila-
tion and creation of the matter in a spiral nebula are considered negligi-
bly small.

‘§4. General form of u! and distribution of matter in a stellar
existence with a centre of spherical symmetricity. '

According to the theoretical consideration advanced in §3, we shall
find the actual value of the particle momentum-density vector u’.
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The proup G, is obtained in the form of infinitesinal transformation -

as follows®: '
0 . 2

—cos ¢ ——+cot 0 sin p— ,
i o0 i op

. 0 0
sin ¢ —+cot f cos p — ,
i of i op

0 0

¢ ’ ot
Finding the fundamental equations for +’s of the form (38.11) and (8.12)
under the condition that they are invariant for G4 and are completely inte-
grable, we have®
o)
oxt

O p=(Iit Alys— APriro ¥
. ot 2 2

V=(li+ A+ Arir)y
. 4.1)

where
k ik L . .
Ai=" cos Coi—= — = sin C 6§%
g % 2 Vil

4.2)
k L

o i s C

Ag:5=§ sin C di+

L and C being any constants.
Solving \llr from (4.1), we have®

= e 2* cos —g—+ Be?’sin % (cos w+1 sin w)

Yo=— [V 1=k p+krg] ¢ cos %

[V T=TE a+kra’le *sin % (cos w+isinw)
Ys=de 2" cos % + B’e%w sin % (cosw—isinw)
1
\{"4 =[iV'1—1% B +krf] e%" cos %

—[V' 1= o +krd] e"%wsin —g— (cos w—isin o),

(1) T. Sibata, this Journal, 11 (1940), 22.
(2) Note II, p. 70, equations (A) and (B).
(3) Note III, 75, equations (45)—(52).
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Where ‘ . w= <

and ) o «
a =a[V 1=+ ikr] +b [V 1= 22 +ikr]?
d=a[vVI=P+ikr? —b [V 1— P +ikr] }
B =c[VI1=lr+ikrl +d[vV 1=Fr+ikr]?

| | B =c[vV1-IrP+ikrl —dlv1-Fr+ikr] ?,
where

a= pe%"/l+L2t+ qe—%‘/ﬁﬁt
I, ko — ko
b=—i(V 1+ L3+ L)pe? "l 4i(y/14 [ — L)ge™ 2 "1+ L%
c= le%w% me_%'/W‘
. PRy . ko
= —{(V 1+ L2+ L)le? L% 4 j(v' 1+ L2— Lyme™ 2 7%

P, ¢, I, m being 1ntegrat10n constants of .
The solution 'qr is obtained by putting —eo and L instead of w and

L respectively in the solution of 1]/‘ Using the values of \lr, #r, we have?,
as the -, 0-, ¢-, t- components of '?‘TAr‘\f and ;lr’rAr’gr, (A n),
?ZEYTArlwllr=cosh 7 -11;‘~'£ sinh 7 -??5 ,

zéfzwg’rAr‘wlzr =cosh 7 -;;‘H sinh 7 -72;55 ,
" where .
'11: =—krV 11— Ty+ (1 -k cos 8- Ti— (1) sin G cos ¢ Ty

+(1—k*?) sinfsin¢-Ts,

'v"=——1—cos0cbs ;p-T2+i cos g sin ga~T3—-l sind-T,,
1 r r T

Y= (cos¢ Ts+sin - Ty,
1 'r'smﬁ

g 1

1 V1-F szrz

'ig)75=[cos 0-S,+sin 0 cos ¢ - Sy+sin 0 sin ¢S]V 1—k2

(1) Note IV, p. 75, equations (53), (55), and (57).
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'& b= —kcos¢-S;+ksin ¢S,
1/1— kzrz ~—(cos 0 cos ¢ - S;+cos 0 sin ¢ - S;—sin 6-.5y)
R T . -
211;.5—- e ——(cos ¢+ S;—sin ¢- S +k cot 6 (cos ¢ - S,+sin ¢+ Sp) + kS5
ivlzf5=—-S6 {/Tlgkzﬁ (cos 0-S;+sin 0 cos ¢+ Sg—sin fsin ¢+ Sy) ,
To....,Tyand Sy, ...., S, being given in Note IV® 121’ and 12)55 are given

by putting —L, ?, ¢, ', m" instead of L, p, q,l, m in Ty,...., S
And, from (3.13), we have

w=aul+au’. 4.3)

11 22

But since a and ¢ may be, at present, any real scalars, without loss. of
generahty, we can normalize oy, az, such that
Vlu =0, v; u‘—O

After this normalization of o, s, u' is obtained so as to satisfy the
condition (3.14): )
r;u*=0,
This % is the general form of the particle momentum-density vector
which is not yet restricted by the assumptions In—IVy.
Next, if we put

! : S
ut= D%“L ,  where D=v g ,
S .

and solve the differential equation

we have the motion of matter constituting general stellar existence with a
centre of spherical symmetricity such as nebular cluster, spiral nebulae, the
solar system, and so on. And D gives the invariant particle density, by
which we can learn the distribution of matter in stellar existence.

§5. Motion and distribution of matter in a spiral nebula.

In the previous section we have seen that the particle momentum densipy
vector is given by u’.

Using the assumptions In—Vx in §4, we have,? in ecylindrical co-
ordinates (p=r5&in 8, z=rcosf, ¢, t),

(1) Note IV, p. 82, equetions (56) and (58)
(2) Note VI, p. 87, equations (7) and (8).
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. “uf=0, ' _
w'=F-p2-kp(G+0), w=F-p2-kp(l—03); (5.1)
w=F-p¥1+s5—pi(G—0o}, (neglecting k%)

~ where F is an arbitrary function of z and pe_ﬁ%ﬁ“"’, s is any complex
number, and ¢ any real constant satisfying |x#|<1; this ' is the particle
momentum density vector of matter constituting a spiral nebula.

The motion of the matter is then obtained from the equation :

dz _dp _ (G+ode __ (G+olkdt
0 p w#l—0d) 1+o5—pil—a)’

(5.2)

from which we have the solution:

. s —Zte . Gtk
(1) z=e, (i) pe =@ =c,, (if]) pe oI sG=D =¢; (53)
where ¢, ¢, ¢ are integration constants, ’ , ,
The invariant particle density is then obtained® as follows (neglecting
). o
D=|{1+07—i(5—a)} - Fler, )] ;2 : (5.4)
Thus we have the result: In a spiral nebula, the constituent matter
8-in a motion, in each plane z=c,, along a curve of a system of logarithmic .
spirals

gt
pe #(1-03) ,=cz ,

and the particle density, the distribution of maitter, is given by
D=|1+07—pi(G—0)|-| Floy cz)i'-—‘;‘;

where F 8 in general any function of the arguments.

§6. Physical inferpretations of the results.obtained in § 5.

From (i), (i), and (iii) in (5.3), we see that the constituent matter of
a spiral nebula moves in each plane z2=¢; along each curve of a system of
logarithmic spirals having the same centre at p=0; each particle, starting
from the centre at t= — oo, gradually goes further away from the centre,
with time, along the logarithmic spiral

a+to
) pe_ﬂﬁai) L G2,
provided that — ots .,

)

(1) Note VI, p. 88, equation (10).
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From (5.4), we see that in each plane z=c,; the particle-density of the
constituent matter of the spiral nebula diminishes in proportion to the
inverse square of p, and also that, since | F'(cy, ¢;)|, for a fixed ¢;, varies as
¢ in general and will take its maximum values for some discrete values of
s say Gy, G Cy,...., the constituent matter has denser distribution on the
curves

- 3+a_¢ o ___d+ta ¢ or
pe =T =¢y,  pe #l-DT=cy, ..,

than on the others of the system of logarithmic spirals, just suggesting us
the discrete existence of arms of a spiral nebula. )

The results above concerning the distribution of matter are general
statements without any restriction of the function F(cy,¢;). The number
and relative positions of the arms .of a spiral nebula, as well as the more
precise aspects of the distribution, are not determined .until the concrete
form of F'(cy, co) is given.-

As regards the determination of F'(c;, ¢c;), we have at present no relevant
method ; we wonder, however, whether we might not have the key to the
problem by solving F'(c;, ¢;) from a system of equations

p;T%=0 and so on,

if we could défine the energy-matter tensor of the constituent matter, and
so on, as functions of 1llr and \lzr '

In spite of this, in the following lines we shall consider the possible
shapes of spiral nebulae by the forms of the function F(c,, c,).

If |F(cy,¢;)| is taken as a decreasing even function in ¢, (=z2) for all.
¢, the distribution D has, with respect to ¢;, only one maximum value at
2=0, and gets rarer as |z| increases at both sides of the plane z=0. So
that for such a function F'(cy, c;), our model seems likely to tell the actual
construction of spiral nebulae in which the distribution of matter is densest
at the central plane and gets rarer with distance at both sides of the plane.

When FTey, c;) is taken as independent of ¢, in each plane z=¢; the
distribution of the constituent matter along all the curves of the system of
logarithmic spirals is the same; this suggests as model an armless elliptic
nebula.

Furthermore, if F'(c), ¢p) -is taken such that F(cl)=log—lcl‘~
. 1
side view of the locus of distribution, namely the locus of D=const. in
(p, 2) plane, becomes as follows: 2=t ke °"; suggesting as model a lens-
shaped spiral nebula.

Remark 1. It may be noticed that we have obtained a theoretical
result that the density-distribution is proportional to.the inverse square of

the horizontal distance from the centre. But at present we have no actual

+const., the
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data to confirm this theoretical result, leaving confirmation to future ob-
servation. ro

Remark 2. From (5.4), we have D= for p=0. This is rather con-
tradictory to .observational fact, and accordingly our theory seems to have
4 fatal weak point in it. We can say, however, that the appearance of
such ‘an irrational singularity at the origin is an unavoidable defect of
mathematical treatments, which always occurs where we estimate the dis-
tribution of discretely existing experiential particles with dimension as a
continuous aggregate of dimensionless geometrical points. On this account,
such an irrational singular point should be avoided in the considerations.‘

§7. Relation between the velocity of constituent matter
i and the distance from the centre.

From (5.2), we have for the velocity of the constituent matter

de . (G+o)-kp de _  (1—a3)sk
dt 1+o5—piG—0) ' dt t+or—pild—o)’

from which we have

o (AT =L T s

Thus we have a theoretical result: In a spiral nebula the welocity of

the constituent matter 18 proportional to the horizontal distance from the
centre.

' But according to J. H. Jeans,® from observat;onal data it is concluded -
that in M 33, N.G.C. 2403, ete., the velocity is, roughly, proportional
to p

Thls tells us that in M 33, N. G. C. 2403, ete., at least, our theoretical
result " deviates somewhat from fact, although our theory, as a whole, well
explains the general aspects of the construction of spiral nebulae. At any
rate, our theory of spiral nebulae, stated above, having been established as
the first explanatory step towards the general views of spiral nebulae, for
details some correction of the second approximation are needed.

§8. Generalizations of the theoi'y of spiral nebulae and some
corrections of the velocity-distance relation.

. In the theory of spiral nebulae propounded above, we believe we have
succeeded, on the whole, in explaining in a.quite natural way the general

i (1) J.H. Jeans, Monthly Notice, R. A.S., 84 (1924), 60.
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aspects of spiral nebulae; but the theory needs some corrections, at least
for the velocity-distance relation.

At the beginning® of our theory we dropped, at the first stage of con- -
sideration, the terms A;I and A%y; in the sedenion expansion of 3};. To
realise our purpose, here, reviving these terms, we shall find the general
form of the fundamental equation for ¥~ preserving the same assumptions
I—V and Ixn—Vx as were made above.

If we find the equation of the form:

¥ = (Tt Al s+ APryrect A+ Air¥
under the restriction that it is invariant by the transformations G, and is

completely integrable, provided that the metric g; is of de Sitter type,
we have®

A§2=A§3=£cosb‘, AP =A® —ﬁsm&‘, N
2 2
‘Ai1=§(:os3+asin6, Ai‘s=—’20—sin8—acos3,

A; =§cos8+rsinb‘, 'A;‘5=§ sind—7cosd, \ (‘8.1)‘

A1;=hsin6, ) ' Aif=—hcosd,
Ay=lsingd, Af=—1lcosé,
other A4,=0, other A4;°=0,

. o, 7, h and | being defined by
5 d vy VIi=krP  d (V1=
=—pe2 % (62 =Y —rr GV ITPT ),
e d'r(e AN 2 dr( r )
¢?=P+tc, %e”l2=k2(P+d), (¢=1-k?),
(¢, d=arbitrary constants, 8, P=arbitrary functions of 7)

B 1 g __ 1 d& S AB— A . ,,l
A== Ty g A= A 'rke

A1=arbitrary function of r, A,=A4;=0, A,=constant;

also, from (15) in p. 67,

5 5 , 5 5
kAcm——;-sm 6( aai‘ Eai;lﬁ-) . kAp=-— ; o8 5(%44_1_ a;:; )

Since the anﬁsymmetric parts of 4; ahd A%;, above, are to be regarded

(1) §8, p. 52
(2) Note II, p. 69, equations (13), (18), (19), (20), and (21).
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as an electromagnetic field of force, we disregard them on the ground that,
in matter constituting a spiral nebula, action due to electromagnetic field
of force may be neglected.

Then it is proved® that both A; and A% become gradient vectors, and
the equation (2) in Note VI,® again holds good, prov1ded that # is a fune-
tion of r only satisfying |4#| <1.®

In other words, neglecting k%2 and dlsregardmg real common factor,

w=ko(g+o),

ng-

*=lal5+ o) +i(5— o) — (14 03) -
(O—Fk(l -—GE) ’

“‘g

1llzt =14o05—pi(G—0o)—kzp(G+0o);

U is obtained by putting L—>—L and z#z— —4#, i.e. o—>—1—, pg— —p, in the
oo g
above :
_ From the a5sumptlon In taking a;:a.= u zlcz in (4.8), we have,
from (4.3), ' ’
w=0, u=a 'kp(ﬁﬂ-a) , w=a-kt(l—a7), } 82)
w=a{l+o5—ti(G—0)};

where o is, at present, any factor.
Here, if we normalize « such that r;u‘=0, we have, neglectmg k%,

oF . . .
18 ~=0, i.e, an arbitrary function of ¢, ¢, ¢s;
X

a=z, cg__J/‘dp —ao @, cgzj‘{l—w}——m'(a—o)}@—k(a-’ra)t;
‘ P ito r
and we have, from (8.2) neglecting %%*?, the formula for the particle-density ;
D=V i =—plE 11+ 07— (5 — o) |- | Fle, 63 ¢9)| .
But from the assumption IVy, D must not contain ¢; so that

= 1 baz—pita o) - Fley o). ©3)

And the motion of the matter is given by.

(1) Note II, p. 65, equations (4) and (15).
(2) Note VI, p. 86.
(8) This is the case when h=Il=¢=0 (i.e. a=0) in p. 69.
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dz dp  _ dy dt

0 kploto) kel—o5) 1+ o5—pi(a—o)

from which we have

z2=¢, sﬁd‘a——]i__.i
p

7to p=a,

: (8.4)
j{1+o;;-—. yi(a—o)}if’ — k(G o)t=c5.

To fix the functional form of u(r), taking into account that |#| <1 and:
that, when p tends to = co, the trajectories would tend to radial straight
lines, because of the tendency of motion of matter at a great distance to
become radial motion giving Hubble’s velocity-distance relation, we can take
~as the simplest form of w(r), neglecting 2%, p=pe ", t, a(>>0) being
constants. .

Then the curves defined by (8.4) are approximately logarithmie spirals
near the origin, and the velocity is obtained as follows : '

(G e Y = e e 09

‘This is the correction to the velocity-distance relation. If we give suit-
able numerical values to the constants «, #, and a, we have the (p, v)-graph
not so far deviated from that due to Van Maanen’s observation (Fig. 1,
Fig. 2). ’

v
- v-p curve by (8.5) , v
°
-~ % ! . ,
S © Van Maanen’s
B s Observation
v? ! M3
P ig
Fig. L . Fig. 2.

As for the distribution of matter, from (8.3) and the relation |z|<1,
we can say in a keen approximation that in this generalized case there also
holds the inverse square law of the density distribution along each path-curve.

(1) Ap. Journ. 57 (1923), 274; 56 (1922), 207. .
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NOTES.
Note 1.

With respect to Dirac matrices we have the following fundamental
theorem : For the fundamental tenor g;, (2, #=1,....,5) there exists a set
of matrices 7, satisfying the relations ‘

TATu+TnT1=2ng, (l’ /‘=11----;5) ’ (1)

and all the sets of matrices r,, satzsfymg the same relations as (1) are ex-
pressed by

) 71=8n8* or ri=-8SnsS?,
according as

TEIM]=7’E12345] or Ttz = — Tuzs »
S being a certain non-singular matriz (det. S30).
Therefore, all the sets of matrices defined by (1) are classified in two
‘classes such that each set belonging to the same class is transformable by

Sy:S™* (called S-transformation) and the sets belonging to different classes
are transformable by —S7;S™.

From the above, by choosing gx=—1, g5=¢5:=0 (¢=1,....,4), we have
the theorem : For the fundamental tensor g; (1,7=1,....,4), all the sets of
matrices 711,....,7s defined by

7iTj+TjTi=29ijI, rerst+rsri=0, 71sre=—1I, (3,j=1,....,5)
" are classified in two classes represented by
M Gursd)  and (1D Go —79

the ﬁrst‘ being transformable to the second by —Sr;S7!(S=rsi=1,. 5)
and each set belonging to the same class (I) (or (II)) being t'ransforma,ble by
S—tmnsformatwn to each other.

Note 1II

The fundamental differential equations for
which are invariant by G,

Let us take the fundamental equaﬁon of the form:

( a i —[‘>'q’ (A +A15T5+AJT.1+A]-67.17’5)1" (1)

For the above to be invariant in G,® A;’, A7 and Az, A} must be i m-

variant tensors and vectors for the operators: cos go—ay—cotﬂsm 993?;

(1) T. Sibata, this Journal, 11 (1941), Note, II, 33.
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sin ;o—a—+cot fcos ¢ 9 and -2 respectively?; i, e.
20 3 2

Axu(r, ), AZ=A¥(r 1), Aq(r, t),
Ay(r,t), An=—Amp=sind-Ry(r,t), Aul?), (2)
the other A4;=0,
and '
’ A1(’l", t) ’ A2= A3= 0 ’ A4(’r; t) ’ . (3)

(A7® and A7 have the same forms as Ay and A,).
But, from the conditions for complete integrability of (1), we have

V[jAk]=O N VDA;f]+2A[]§Aﬂ5gm=0 N (4)
7 AB+2A5A8°=0, (5)
AR —2A5A%=0, 6)
%—'K,’;;’?"‘—k ARAS+APAF=0. @

when the fundamental tensor g;; has the form
gu=—e'7, gp=—1%, gg=—1sin’0, gu=e¢", ;=0 (i3%))

‘the Christoffel symbols {;i} are calculated, the actual forms being given in
several text books.? Then we can solve equations (4)—(7) as follows.
From (5), putting 7, k, »=2, 8,1, we have

{ A —{x}Ai=0,
{2345 — {8} A4’=0,
A32_ Azg =0.

or,

ie.

" Since, from (2), Ax=— Ay, it must be true that.

Ag = Asz =0, (8)
Similarly, from (6), we have

Az=Ax=0.

Then the surviving equations of (5) become

(1) T. Sibata, this Journal, 11 (1941), ; Note IV, 37.
(2) ‘e.g. Eddington: Mathematical Theory of Relativity, 84,
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2 N .
a;z_ + L (AP— AN —24545=0,  (for 5.k, p=122) (9.1)
r

QAL AR 1., 4a Y a4 B A5 fiB 416 —
_ Ly ai—Lo-iy Aj 4 2(AAB— AAT) =0,
or at gt AT VAT AATAR S APAD) }(9.2)
(for j1k1p=174’1)'
o’ .4
A __*aAl +lv/(A;4—Ai1)+2(A;5Ai45—Ai5AZﬁ)=0, } :

ot ot 2 9.3)
(for j,k, p=1,4,4)
QAR | 1 4tioasam_ A ’
—Tt-+?A4 +2A4 Ag =0. . (fOI' Js k; p_2’ 4’ 2) (9.4)
Similarly, from (6), we have .,
25
2 LA - A +2A7 A =0, | (10.1)

15 ; <156 '
a?; B a?rl "‘%X’Aaﬁ’”%‘6”“»’Ai‘5—2(A;5Ai‘— PAN=0, (10.2)

45 45
BAL AR | 1 (A5 A% - 2AFAS— AP A =0, (10.3)
or ot 2
25 ' )
04 1 a9 afaR=0. (10.4)
ot r

And (4) becomes . .

5 ' -5
%L_%L“(AMA?% A4 - A AP — AuAF)=0. (1)

The surviving equations of (7) are

%Kmmr APAF+ APAF=0, \
TR+ ARAT+ ATAT=0,
—1—K14“+(AilAi‘—AilAi4)+(Ai15A;45—A&15Ai45)=0, b (12)

i— Ko+ AFAL+ AP AP=0,
Ai'AF+ Ai®AP =0,

AZAM+ ABAF=0. : /

-But, for the line element of the form:
¢=et=(1-Fkr),
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K;i# has the form KF= —20k04k%;

hence, from (12), we have (since A4=A43)

“4é2=.Aé3=—12i COS&, A225=A§ =%Sin3, \

Aj =§cos3+asin3, Aiw=%sin8—a cos d,

; 13
A;“=—I;—cos d+rsingd, A =—123 sin d—r7 cosd, 13
Ayu=hsing, \ Aif=—hcoss,

Ag=lsins, A=—lcoss, o
at+hl=0, (14)

where o, T, h;l and & are certain functions of » and f. Substituting this
into (11), we have )

AP

AP
-2 +Ek(l—h)=0. 15
o ot _(  ) | (15)

Equations (9) and (10) now become the following four .equations:"

k241, kaF=0, (from (9.1) and (10.1)), |
2 or T
%%Z—+—i—g“l+kAf=0, ' (from (9.4) and (10.4)),

0y Loy Ly 90 1 oa s oay
o 00— @0+ 2 = =S eV =0, | (1)

(from (9.2), (10.2) and (16.1, 2)),

o 8t(g )+2 (r o)+ra 0,

(from (9.8), (10.3) and (16.1,2)). ’
((15) is automatically satisfied by (16))

But, since % is contained in G, from invariancy with the operator —aa?

A7, AP, A; and AP do not contain t. Then s, 7, h, 1, and 6 are functions
of r only, and accordingly (16) becomes
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k d3 ,1, - ‘ \
> dr +o+kAF=0,

—%¢Q+kAf=0, .
L)
—d—(gun @+ L (g — ev Wg¥h=0,

df 70 l._ =
7+— (T U)+ r [ 0.

‘Ais and A are determined from the first two equations of (17). Since

—gl=e*=¢"=1—Fk%? the last two equations above become

(L)l g,

—d—(ey?r) + 1 e—%_o= 0,
dr r
i.e.

o= — 're%?ld; (ey?r) ,

(18)>

b () B E (TR

Substituting (18) into (14), we have

e dtor{h L(L-r im0,
or

d
5 aenr g (- =0,

‘-d—”zr.iii_? 2
& eo=Lt-L{La-we.

i.e.

Therefore, writing the right hand side of the above as f;i, we have
r

. (19)

er*=P+c
1

vl2 kZ(P + d) s
where P is an arbitrary function of », and ¢ and d are arbitrary constants.

So that the solutions of (4)-(7) are given by (13), 7, I, o, b being given by
(19) and (18), and
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(20)

A,=arbitrary function of r,' A;=A;=0, A;=constant, (21)

0 being an arbitrary function of ».
So we have the result: The fundamental equation (1) is invariant in
Gy when, and only when, A7, AP, AP, axd A; are given by (13), (18), (19),
(20), and (21).
Next, we shall consider the following two cases:
(D App=0, A;3=0. From (15), in general, we see that

_1 AP _ 247
‘kAng— 2 sin & (—~ar —_at ) ’

' 5 5
2 or at .

5 5
i.e. Ay and AgS are proportional to —65:3 - aéif

AP

. First we shall consider

=0, in this case, we have

the case when Ap;=A4;5=0. Since

- Af=a (constant) ; (22)
accbrdingly, by (20), h=l=akre™; \ , 23)

hence, from (19),

or (24)

kP =k(P+d), }
P=g%"—d
and

=tV P —be”  (b=d—c); (25)
accordingly, from (18),

b R
5 TV =b
+Vv a‘e 26)

3 14
- a’k*rle %
. +v'a%e’—b '
So we have the result: When Apn=Api=0, equation (1) is invariant

by Gy when, and only when, A7, A AF and A; are given by (13), (20),
1), (22), (23), (25), and (26). ‘
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(II)  When A;=A#=0. Here, from (20), we have [=0, and according-
ly, from (19),

= ae"% (a=constant),
hence, from (18), :

and, from (20), ‘
d=c (c=constant).

So we have the result: For equations of the form:

(2~ 1) ¥=(Air+ APrir) ¥ (A)
ox

to be invariant in Gy it must be true that

A7 =—129~ cos ¢ 37 +ae” ¥ sin ¢ 8%},

) (B)
A;’5=% sin ¢ 8i—ae” 2 cos ¢ 645,
a being any constant.
Note IIL
The solution { of the fundamental equation (1).
If we put
Y =e4(cos w+sin w75)¢ ( zﬁ EA,;) . (27)

Equation (1) becomes

( aif —D>¢+—2;:7 759=[AFrs+(cos 20 A7 —sin 20AP)r; } -
+(cos 2wAP+sin 20A7)r;rslp .
Hence, if we choose « such that
o 20-cos 6—sin 2w sin 5=1 ,

_ ¢0s 2w sin ¢-+sin 2w cos 6=0,
L e

L

=9 , 29
| o=—1 o (20)
then (28) becomes

| (—a%;—1}>¢=[{8%(—ﬁ)+5%<—%9“%>}ra+~l“2—n

— 0 ori+hrYrs—ollr' +ordrs |o .

(30)-
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Therefore, making use of (27) and (29), the solution. 4y of (1) is obtained
by solving (80) for ¢.
First we shall take the case when A,=Af=0. Here, since I=h=0=0,

and --—r=§ e T (L =constant), (30) becomes

(Z-n)p=EoetotLe 09, (31)
and the solution Y of the equation is given by
= L sinC
Jr (cqs 5 sin 5 r5>¢ (32)

where ¢ is a. constant.
Now we shall solve equation (31), as follows:
For the fundamental tensor g;;:
gu=—et, go=—1%, gg=—1sitl, gu=¢’, g;=0 (i3j), (33)
()
we can choose 7;=h;7, such that

1§ i @ @ v

(@)
h=1e?, hg=ir, hy=irsind, h=e?, h;=0 (a>¢1), (34).

and 7, are Dirac matrices of the form

1 .—'i 1 -1
M= 1 1 y Te= ,,:_11 y Ta= __—1—14 y Te= i v , (3b)
1 7 1 —1
Then I; defined by : )
97
: a;] —{Erv=Liri—rid;, (36)
is determined in the form _
neet remd) (3)
where
4203“’% =0k _ {& }hk, o (38)
because Tzr 0.1 z(TaTch ?cfafb)

()
. =4c-;.ac ira .
Hence, in our case,

(@ \(a) (&
o = i( ah,, {zu}h> «/hs (@, b not summed)

ie. ‘ W z
¢=—Heygr, (@b not ummed) - (39)
» .
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therefore ) )
I;=0, ['2=%6_T231f2, ra=%{Sin06_'?731723“'0050?2?3},
, (40)
ry=—— v e?(y » VT,
4
So that r;¢= (T—F)¢ are written down as
SR
= - _L ~2 1
ne=r| s |’ pip= aa 0| 2% |-
¢/ P4 —¢s/,
= (3] sl ] i
- 9 g P -7 1
V= 20 | 5 sin fe -2 &4 =% cos — & Y (41)
\ &4 \ — &5 &), .
G 'g;\ 1 lo-» g;
Caairrs Y Iae R E/S
. \ ¢4/ ?s/ .
Further, _
; ?s P4 &4 L[
rig=ie? g“ rep=r gz , Tap=1irsind :g: , Tip=1e? (42)
‘ o2 — ¢ ¢1 —¢2
- '1
and . 7‘5=i( 1_1
-1

Therefore, since e *=e*=1—k%? the actual form of '(31) is expressed as

2 gz Ic- 1 ga

for i=1, o | o 1—iaE e ¢1 (43.1)
¢4) ’
| _ AR

> — - __.7.’_ ————_ ' =

for ¢=2, 0 | o 21/1 kr® Z 57 _¢: (43.2)
¢4 ¢ _¢1 ’
) — P2 — ¢ o

for 7=3, ? 2 ——2~sm01/1 — I g; —?cosﬁ ’;2 2'w'smﬂ g:
P4 — @3 Py *l,

(43.3)
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2 ﬁ‘ P A "’,33 v S

. s | B | = |2k 7 k

forz-—4,—é? o +2'r — 4 2'1,1/1 k2 ¢‘: +2L _¢: (43.4)
&4 N — @2 /.

From (43.2), it must be true that

_32¢a_ —_— l ’ =
Y- 1 ¢ (@=1,23,4), (44)

ie.
¢o=A, cos -0—-*-Ba sin 9 ,
2 2

where A, and B, do not contain 4. Substituting into (43.2), we have the
solutions of (43.2) as follows:

¢1= A4 cos 9 +Bsinf ,
' 2 2

o= —{iV 1=K~ B+krB’) cos%+ (i 1=F4% A+krA’} sin —g ,
> (45)

s

0 . 0
= A’ cos —+ B’ sin —,
&3 co 9 s1n»2

¢u={iv/1— K> B'+krB} cos % ~ (V1= A’ +krA} sin % , )

where A4, B, A’, and B’ do not contain 4.
Substituting (45) into (43.3), we get
oA _ i 3B _ i

dp 2 dp 2

’

8A’=_i’A, aB’=iB,
2¢ 277 3 277

hence we have

i

A=u 8,  B=pet®, |
i @- (46)
Ar=a/6—‘z—w, B/,=B/e*2 ‘P’
where «, 8, d, and #’ do not contain ¢ and ¢.
Substituting (45) and (46) into (43.1), we get
Ba_t k. B_t kg
or- 2 V1-K# ar 2 VIi-KEP"’
o _ 1k sk, “n
or 2 V1-K#2 ar 2 V1-k#E
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The solutions of the equatiohs abo;le are given by®
a =a{V 1= +ikr} +6{/ T-12F +ikr) 2,
o =af/ T=F% +ikr}t —b{v/ 118 +ikr) 4,
B =c{V 1T +ikr} +d{v 1= +ikr} 2,
§=c{y/ T=I® +ilr} —a{y/ T +ikr)

where a, b, ¢, and d are functions of ¢ alone.
Lastly, substituting (45) and (46) into (43.4), we have
da K2

—a‘z‘= —?'r‘a—g(ﬂ/l —kZF-FL)a/ ,

(48)

B__ B,k 79me /
- 27~p V1= +L)g ,

Zﬁt TB+ kv i ~Lyg,

od ,lﬂ ki i
5 8 '+ (1,1/1 Er* —L)a,

or, substituting (48) into the equations above, we have

da _k,. db
o _ Ky La)y, =2 Lb),
it 2(@ a) it ( ia-+ Lb)

de dd _k
ae _r , o K
7 2 (zd Le) : ( e+ Ld) .

The solutions are given, in the case when L2+1~\+-0,‘2’ by

(1) For, putting sin-1kr=w or kr=sinw, the equations (47) are expressed as

o0 1 6[9
T LA s L
9’ 1 63’ i
ow 2 w277
L _ g
hence a=ae? +be % ,

w -
a=ae? —be 2 ,
a and b being functions of ¢ alone (8 and #’ have also similar form). Then, expressmg the
'equations above in terms of 7, we have (4.8).
(2) When L*+1=0, we have
a=pkt+q+ip, c=lkt+m+il,

b=—pkt—q+ip, d=—lkt—m+il,
or

a=pkt+q—ip, c=lkt+m—il,
b=pkt+q+ip, d=lkt+m+il,
according as L=% or L—-—@ But here we exclude this special case.
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; _Izc"’1+L2 t “lzc“VH—LB ¢
a=pe +qe ,

_ k — k
b=—i(V'1+L* + L)pe? "It +i(y/ 1+ L7 — L)ge” 2" 7P,

| k
-V 2 — 5 2
c=lg2 1Lt f e 2 VIHLEE

(49)

O —— ks — ko
d=—i(v' 1+ L + LYe? ""F¢ +i(/ 1+ 17 — Lyme™ 2 75,

where p, q,1 and m are arbitrary constants.

Putting these equations together, we have the result: The solution ¢
of (31) is given by (45), (46), (48), and (49). ‘

So that the general solution of

(L -n)e=irtafrmv, . 60)
where )
A7 =% cos ¢ o — %Le“’y‘Z sin ¢d%%,
(61)
A= 12?" sin ¢oi+ %Le";" cos ¢ 8%,
is given by . R
V=(D+Ers)¢, (D=cos —Z—, E=—sgin %), (62)

¢ being given by (45), (46), (48), and (49).

Note 1IV.

The vector u’E\erArlwlr. made from +, the solution
of equation (50).

By (52), ¥TAr'dr are expressed in terms of ¢ as follows:
Yt Ariy =gt A(D+ Er)y{(D+ Ers)¢
=(DD+EE)¢tAr'¢+(DE— DE)¢tAr'rsp,
where D etc. denote the cpnjugate complex of D ete.; hénce, if we put
c=£E+1y (&, 7 are reai)

the equation above becomes
VtAr'y=cos i7- ptAr'¢p—sin iz - ¢tAr'rsp ,
Yt Ay =cosh 7- ¢TAT’¢—i’sinh 7-$tAY s . (563)

Therefore, in order to obtain ¥TAr'y, we shall now caleulate v'=¢tAr'¢
and v;=¢"Ar'rs¢. Since ‘

i e.
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F=hgiAfp, Vs=hgtATasp, (54)

gptATp=1{— i+ asjﬁs + Gatta— Pua)

¢t AF1rsp= 11+ Gsps — (Pogpe+ Pags) ,
PtATp =i — Potr+ Gota— Puts,

gt AFsrsp=1{ 10— Gopr — (Fadhs— Putts}
¢t ATsp=1{Pito+ o1+ Pots+ Pusis}

gt Atsrsp = — (Pt Gotpr) + (SsPut+ Pushs) ,
$TAT 9= g1+ Gagst B+ Puts

gt AT irsp=1{ P11 — Psps+ Popr— ¢4¢4} -

first, we must calculate ¢.¢, etc.
From (45) and (46), we have

and(l)

-

(55)

%¢1=£2“5—E+ %ﬁ—ﬁ cos 0+_si;_0 {(@+aB) cos p+i(aB—af) sin's} ,

or, using (48),
2¢1¢1—-(aa+bb+cc+dd)+1/1 127 (ab+ab+ed+id)
+ikr(ab—ab+cd —&d)

+[a@+bb—c6—dd+v 1= 12 (ab+ab—cd—&d)

+ikr(ab—ab—cd+¢éd)] cos §

+[@c+ag+bd-+bd+v'1— k% (be+be+ad+ad)
+ikr(be—bc —ad +ad)] sin 8 cos ¢

+i[dc—ag+bd—bd+v' 1~ (be—be+ad —ad)

- +ikr(be+be—ad —ad)] sin 0 sin ¢ .
Similarly, we have :

2835 =ad +bb+ce+dd—1v'1— 1% (ab+ab+cd+ed)
- zkr(ab —ab+ed— cd)
—ikr(ab—ab—cd+¢d)] cos 0
+[(@c+ac+bd+bd) —1 1— k2 (be+be+ad+ad)
—ikr(be—bc—ad+ad)] sin 0 cos ¢
+i[dc—ae-+bd—bd—1v'1—1*? (be —bc+ad — ad)
—ikr(be+bc—ad—ad)] sin 0 sin ¢.

(1) T. Sibata, this Journal 8 (1938), 173.
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Therefore, | ‘

P10, + Paps= (ad +bb +cc+dd) +cos 8 (ad+ bb—cc—dd)

v +sin 8 cos ¢ (dc+ac+bd+bd)+1 sin 6 sin wi(dc—a5+5d-—bo?)\ ,

P11 — Paps =V 1— 1% (ab+ab+ cd+ed) +ikr(ab—ab+cd—cd)
+cos 0 [v/ 1=K (ab-+db— cd—ed) + ikr(ab — b — cd-+&d)]
;i-sin 8 cos ¢ [vV'1 =122 (be+ b6 +ad +ad) +ikr(be— b —ad+ad)]
+isindsin o [V'1—K** (be—b+dd — ad) +ikr(be-+be—ad — ad)]
Further, ‘

Pohy= cos?% [(A—kr?) aa+ 2B B +1V m—}m@f —BA)]

n sinZ% [(1 = r)aa+ Ierd @ + v/ 1= T k(o — )]

—sin g cosi[
: 2

e {(1 — 1) Ba+ 1B d +ikrv' 1— 2% (Ba — B'a)} ] '
2

+e {1~ K)o+ e B +ikry 1— K (af — )}

= (@ HBE) (1 o2y 4 CTAER popo iy Ty PR BB +ad —oa
2 2 : 2

+cos 6 ‘———B B —2_‘"7 (-t BE—od /E,'—z-a/a/ 2

ikry/ T2 P =PE—dd ]
| S

\
'reos p{(Ba+aB) (1 — k) +(Bd +F o) I
_siné +ikr1/ 1— k2 (fa — B a+af —Bd)}
2 | +isin p{fa—af) 1K)+ (@3 —Fd) *r
| +ikrV/ 1— k7 (fd —fa—af +Bo/)}

Pupy=cos® g [(1— k) BB + BEk*r*+ikr/ 1~ KPry (BE— P B)]

+sin® -gl [(1 —5?) /& + aakir®+ ey T— 19 (/G — @ )]

6.0 [e"“’{(l—kzrz) §a -+ i +ikory T (Ba—pa)} ] .

—sin—cos— - . T
2 2L 4 {11 B + Bk +ikrV 1= (@B—af)}

= (1—kp?) BB ATy goppa@ BB |y T ppr BB=BBFda-da
2 2 , 2
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+ [(1 —12r9) E/_B-/g dd + L2 EELZ_ aa

+ikrV1—E? PE-FB ; datda :l cos 6

| cos P {(]_ — k27-2) B/a/'lz'alél 122 Ba‘lz'aﬁ . | -

iy 1T Ba—fa +adf— ﬂ!!?ﬁ}
2

- +1isin w{(1_k27.z) B’E’;a’E’ e BJEQE sind,
- | +ikrv”i—-W fa ‘“35';(1’!'3_ +af’ } |
hence, ‘
Gt Pupy= 22T B f;'"’”ﬁ’ 4 PR—aa+ ;fé’—a'af e
—[c‘)ssv Ba+am;,&/+“/§' +ising ﬁa—a“f’?i’—é’a' ] ;in 0,

Pute—fapu= L= LLBY oy /7~ i )
+ikrv/ 11 (BF — B +ad —o2)
+[ BB - a&—zﬁ’ﬁl‘]'alf—ll +k27_2(3/E/ _a/—/ _ Bﬁ+aa)

+ikrv 1= 1% (B8 — p — ot +aa')] cos d
[ﬁaﬂﬁ ga —df +&r*(B@ +o B — fa—ap)

+ikr/ 1 =127 (Bad — B'a+af’ —a’E)] sin 0 cos ¢
——i[ fa—af— zﬁ'&'“'?' + I (gd — F'd — fa-+ o)

. +ikrv' 1—12% (Bd — Ba—af + Ea’)] sin 0 sin ¢,
or, using (48),
¢z¢z+¢4¢4—(aa+bb+cc+dd)+cos 0 (cc+ dd — ad — bb)
—sin 6 cos ¢ (a&+dc+bd+bd)+i sin 6 sin ¢ (aé—dc+bd—bd) ,
¢2¢2 Gus="v 1— 1" (ab+ab+cd+&d) +ikr(ab—ab-+cd —&d)
+[V Ik (—ab— ab+cd+cd) —ikr(— ab+ab+cd cd)] cos
—[V'1=12 (ad+ ad -+ be+be) + ikr(bc — be — ad+ad)] sin 6 cos ¢
+i[y/ 1= k%2 (ad —ad -+ bc —be) +ikr(bé +be—ad—ad)] sin f sin ¢ .
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Moreover, ‘ o ; .
Pry= —cos? % ¢ (V' 1— I ap—krag)+ sinQ% e (V' 1— 1% af +krdB)

sin—-cos-[iv/ 1~ (aa— 67)-+or{ae )]
i.e. - v } | :
28:80=— & (V' 1= K% aP+ kraf )+ e~ (5 1—K*r® aB+ kra B)
—[e* iV 1—kr? af+kraf)+ e (11— K2 af +kra'B)] cos 6 |
+[iV/ 1= (aa— fP) + kr(@d —B@)]sin6
=08 p [6v/ T~ 187 (— -+ o) +lr(— 8+ P)]
—isin ¢ [{V 1= (af+aB) + fer(ag +;’E)]
—cos 6 cos ¢ [V 1=K (@B +af)+kr @ +d B)]
i cos 0sin ¢ [iv/1—H%2 (—aB+af) +kr(—ag +aP)]
+sin 0 [¢v'1— K (aa— BB) + kr(aa — BR)]
hence, -
AFipe+ 0190 = cos ¢ [kr(o B+ p—af — )+ 269/ 1— 22 (af— )]
| +sin ¢ [—ikr(WF—ap+af —af ) +2v/ 1= I8 (afi+3)]
—cos 0 cos ¢ - kr[(«B+ é’ﬁ) +(ap’ + af’)] |
+cos 0 sin ¢ -ikr[(dB—aB)— (@B —af’)]
) +sin 6 kr[(ad +az')— BF + 7)1,
2P — ¢i$g) =cos ¢ kr(«B —dB—af +af’)—sin pikr(dB+3B+af +af)
08 0 cos ¢ [— k(B —a -+ —af)— 26 T— I3 (aF+ap)]
"+cos 0 sin ¢ [ikr ( B+af—af —af’) — 2V 1—Fr* (B —ap)]
. ' +sin 0 [kr(ae —ad —BF +BF) + 20V 1— I (aa— )] .
Also ' ~ ' :
Papy = cOS® —g— e%a 1V 1—k2 B +krB) —sin® % e g (v ma’ +kra)
 sin T cos [~ v/ TTE o)+ GV T+ )]
ie S
2= ea (V' 1= f' +krf) —e B (V' 1=k o/ +kera)
+e@ (V' 1=k f + erf)+e B v/ 1= " a/ +kra)] cos
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+ [’JVW( —d'd +BB)+kr(—ad +pR)] sin 6
=cos ¢ [kr@B—aB)+4V 1—12r (@8 — o'B)]
+cos § cos ¢ [kr(@ B+ af) +iv1— P @ +dF)]
+isin ¢ [kr(@B+af)+iV 1-E* (@8 +dB)]
+14 cos 0 sin ¢ [kr(@f—af)+i1V'1— 22 (@8 —dB)]
+sin 6 [kr(— o +pE) +iV 1=K (dd + )],
hence,
2(Pspu+ pups) =cos ¢ [kr(@B+d B—af —af)+2iV 11— (@ — o« B)]
+sin ¢ [tkr(@g— dB+af —af)— 21— @B +dF)]
+cos f cos ¢ -kr(@f+dB+af +ag)
+sin 0 kr(—ad’ —ad’ + B +BB)
. ticosfsing-kr(@h—dB~— af +af’)
2(Psps— Paps) =cos ¢ - k(@ f— o B—af +af') +1 sin pkr(@ B+ o B+af +af)
+eos 0 cos ¢ [kr{(@p— d B+ afl —af) + 2V 1— 22 (7 +dF)]
+cos 0 sin ¢ [ikr(@p+dB—af —af)—2V'1—k22 (@ —dB)]
 sin 8 [kr(— o +ad -+ AR — BR) + 20V T— % (— @ +FR)].
Using the equations above, from (55), we have
¢t A7.p=cos 8 cos [ —kr(dB—a'B+ap —af’) _
+iV 1B (—of—ap+ap +dF)]
+cosd sin ¢ [tkr(d B+a f—af —af’)
—vV 1= (aB—ap+af —dF)]
+sin 0 [kr(@d — o — B +pR) +iv' 1— K42 (aa— BB+ B — d'@)]
— it Afarsp=cos pkr(dB—a f—af +af’)
- —icosfcos oV 1— I (afi+ap+a B +dB)
—isin pkr(aB+ap+3g +of)
—cos fsin V' 1—k22 (aB—aB—@ B +d'B)
+isin 0v/ 1= 2 (da— R — BB +d 7). -
it Afyp=cos p [kr(d B+ 7 f—af —af)+ iV T= TP (af—ah+ T — o )]
+sing[ —ikr(@f—@p+af —af)+V 1— 12 (af+ap—af —a'F)]



Cosmology in Terms of Wave Geometry (IX). 81
PtAFsrsp=1 cos oV T— % (— af+ap+af —d§)
—sin v/ 1~k (af -+ + af +df)
+cos 0 cos kr(d B+a B+af +af)
—1 cos @ sin pkr(d/B—a'3—af +af’)
+sin Okr(— oa —ad + B + 7R .
or, using (48),. ,
¢t Afp= —2i(ad+ad +bc+be) cos 0 cos ¢ —2(ad—ad-+bc—be) cos Isin ¢
+2i(agb+ab—cd—ed) sin 4, ’
—igt Aqrsp= — 2ler(dc — at — bd +bd) cos ¢
— 20V 1— %2 (@c+aé+bd+bd) cos 0 cos ¢
—2ikr(@c+as—bd—bd)siny
— 2V 1—12r% (ac —Gc+bd —bd) cos 0 sin ¢
+20V'1-k* (ad+bb—cc—dd) sin 6,
— gt Afyp=2i(bc — be+ad—ad) cos p+2(b6+be+ad+ad) sin ¢,
¢t Afsrsp= — 20V 1— 1% (ac— dc-+bd — bd) cos ¢
!  +2kr(ac+ac—bd—bd) cos 0 cos ¢
—2V'1— K (ac+dc+bd+bd) sin ¢
| -+ 2ikr(dc —ac —bd-+bd) cos 0 sin ¢
+2kr(—aa-+bb+cc—dd) sin 6,
and | :
— it AP =2ikr(—ab+ab—cd+ed) — 21 1— k% sin 8 cos p(ad+ad+ bé+be)
+2V/'1—Fks® (—ab—ab+cd+cd) cos 0
+2v/'1—F*? 4 sin 0 sin p(ad—ad +bc— ?c) ,
— it Afarsp =2V 1— I (ab+ ab-+ed+&d) +2ikr sin 0 cos p(be — be— ad +ad)
+2ikr cos 6(ab—ab—cd+ ¢d)—2kr sin 0 sin o(be+bc—ad—ad) ,
ot A} p=2(aa + 55+ 6+ dd) ,
¢t AP17s9=2 cos Haa+bb—cc —dd)
+2 sin 6 cos p(ac-+ac-+bd+bd)
+2¢ sin 6 sin p(@e—ac+bd —bd) .



82 T. Iwatsuki and T. Sibata.
Then, by (54), we have

v'=—krV 1= T+ (1— k¥ cos 8- Ty—(1— kP sin 6 cos ¢+ Ty \
+(1—k*?)sin Osin ¢ T,

¥i= ——:—cosﬂcos ¢-T2+%cosﬁsin qa-Tg—% sind-Ty,

\ (55)
v“’=——~%——(cos ¢ -Ts+sing-Ty),
rsin d
£ 1 1 7, .
CTVi-Re /
where \ '

To=2i(ab—ab-+cd—zcd) , Ty=2 (—ab—ab+cd+cd),
T,=2 (ad+ad+bc+bc), Ty=2i(ad—ad-+bc—be), (56)
T,=2 (aa+bb+cc+dd),

and
\ w=[cos 0-Sy+sin 0 cos ¢+ Sy+sin sin - S|V 1122, \
wh= —-k' cos ¢+ Ss+k sin ¢+ S+ ﬁ:rTﬁ— (cbs  cos qo-Sl
- +cos 0 sin ¢+ S;—sin 0-S) , t(57)
wh= 1/: snﬁ??r (cos ¢+ Sz —sin ¢-S))+k cot 8 (cos ¢+ Sy-+sin ¢ - Ss) +kSs,
wh= —Ss— 1/1 kz/'z _(cos 0+ S;+sin 8 cos ¢ - Sz—sin 0 sin ¢'S9)\,
where

So=2 (a@+bb—cé—dd).  S,=2 (ac+ac+bd+bd),
S,=2i(Gc—ac+bd—bd),  S;=2i(@c—ac—bd+bd),
Si=2 (Gc+ac—bd—bd),  Ss=2 (—ad+bb+ci—dd), (58)
S;=2 (ab+ab-+ed+ed),  S;=2i(ab—ab—cd+ed),
Sy=2i(be—be—ad+ad),  S=2(be+bi—ad—ad).

In cylmdrlcal coordinates p= rsm(? z=rcosl, ¢ and t, v* and % are
expressed as follows:

v=—FkoV' 1=k To—k2oeT,— (1 —K2p%) cos ¢ T2+(1 %) singp- Tg,\
v =—ke/ 1=k To+ (1 — k%) Ty + Koz cos ¢ - Ty—koz sin ¢ - T, -

= cos " sn; e, : ' (59)

[

v =

Vit W | /
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and
wh=(cos ¢+ S;+sin ¢+ SV 1—kr? —kz cos p-Ss+kesin ¢S,
Ww%s=v'1—I2 Sy+kp cos p-Ss—kpsin ¢+ S;,

' 1 —722 :
iv?5=l/—1—f;£c£(cos ¢+ S;—sin go-Sl)+k7z(cosgo-S4+singo-Ss)+kS5, ' (60?
ivf5=—S6—1—/1_l_cTT2(zsq+p cos - S—p sip¢-Sg). ' )

Using (40), T’s and S’s are expressed as follows :

——;—T(,: U+ pD)G+0)e ™ — (mim+qQ)E+e)e ™
+(Im+pg)(G—e)e" " — (m~+pg)(E—o)e" 7,

5 L= il pP) (5 = o) — (i — gi) € — €~
+(lm—Dpg)(5+e)e” " — (lm— pg)(e+ o) ],
—é-Tz= [l + PG —o)e " — (g +gm)E—e)e ™+
+(gl+ pm)(G+€)e" " — (pm+g)(E+o)e 7],
L To= — (=B + (= Tm)E— e
—(gl—pm)(G+e)e "+ (pm—gl)(E+o)e ™,

STi= WpDL+63)e" + (q@+m) 1+ e

+ (:bq+ Im)(1—zge)e” "+ (pg+Im)(1 —o€)e" 7,

%so = (P~ D(1+03)e™ + (g7 —mm)(1 +e)e

+ (g~ Im)(1 —Ge)e” "+ (pg —lm)(1 —g€)e™ 7,

%Sl = (@+pl)(1+02)6 "+ (Gm+qi)(1+ed)e "

+ (Pm+gl)(1—ge)e” "+ (gl+ pm)(1— s€)e™ ™,

é— Sp= t[(Pl—pl) 1+ 65)e "+ (gm—qm)(1+ee)e ™~
+(@Pm—gl)(1 —ze)F "+ (gl—pm)(1—ge)e 7], ¢  (61)

L e S il )L o2)e + Gm— g1 — e -

+(Pm—gl)(1+5e)e”* + (gl — pm)(1+s€)e" 7],

%SF (Bl+p))(1— 03)e* + (gm+ gim)(1 — ed)e

+(@Bm+gl) (1 +5e)e  +(gl+pm)(L+ o€)e" 7,
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_—;“Ss = (pp—U)(1—07)e*" +(gg—mm)(1—e€)™*
+(pg—Im)(1 +5e)e” " +(pg—lm)(1 + se)e ™,

é—Ss = {[({l+pP)G—0)e " — (mm+qg)(E—€)e™™ "
+({Im+p9)(G+e€)e " — (Im~+pg)(E+a)e 71,

5= (=pD)G+ )~ (min— qDE+e)e ™
+(Im—Pg)G—e)e” " —(Im—pa)(e—a)e’ ",

—;—Ss= — (pl+ P+ o) + (g + m)(E+e)e ™
~(gl+pm)G—e)e" " + (pm+ql)(E—o)e T,

'—%Se= i[(pl—Pl)(G+ 0)e* " — (gm—gm)(E+e)

+(gl—Pm)(G—€)e" " — (pm —q)(E—o)e ] ,
where 15‘124/1+L2 kt, o=vV1+LE+L, e=vV'1+L% ~L, and I, m,p,q are

any constants.

Note V.

Theorem. The most general form of the vector U' which is made from
two vectors ’Iibl and 1;’ 8 given by

Ul=au'+au* (=1,....,n)

11 22
Proof. Let the required form of U’ be
Us=fiul,....,u"; ut,....,u", Il=1,....,n),
1 1 2 2

or, for brevity,

U=f(*§b; _'bzb). :

Since U is a vector, in any linear transformations a'=T=x, it must be true
that

Tﬂzlc; 'Lg&)=f(Tzlz; Tzzt). (L)
Specially, when T has the forms:
100 0,.1,0---0
=9 =9 ete.,
0 ) 0

respectively, (L) becomes
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fl=fl("illl,0,~o-,’0; 121/1)0,----’0),
f=f1w0,....,0; #,0,....,0),
ete., '

respectively. Therefore f%,f%.... are the same functions of (zld, ub),
. . 2

Wi ud)...., 1e.

v fI=F(, ) (")

Further, when

a,b,0:--0

T=

’

(L) becomes
\ aF (u!, u)+bF(u?, w?)= F(au'+ bu?, aul+bu?d) .

1 2 1 2 1 1 2 2
If we choose u', at a point, such that

w=1, w?=0; ul=0 ,  uw=1,

1 1 2 2
the equation above becomes

aF(1, 0)+bF(0, 1) =F(a,b),

which shows that F(a, b). is the form of ?a+?b. Therefore by (F)'We have

fl=au'+au’.
11 22

Note VL

By the assumptions IIx and IIly, " :u’:u® must not contain ¢ and t.
Under this condition, from (53), (55), (57) and (61), we have the following
four cases:

(I) p=q=m=0 (Ix0), (II) I=m=¢=0 (pxx0),
(D) p=¢=l=0 (m30), (AV) I=m=p=0 (¢g0).
Now we take the case (I). In this case we have, from (55) and (57),
v =20 [krv' 1— k% (5 + o) + (1 — k22) cos 6i(5 — 0)]
v? =2ﬂe§+'-§i%—0~i(a—3),
=0,

’Ut = 2li6?+r . -1/—1‘%—’0—2?(1 + O'E) y

(1) The other three cases (II), (III), and (IV) are treated by the same way obtainir;gA
the same result as in the case (I), so we shall omitt the treatment of:them.
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and =2l «(—1) cos 01—k (1+03) ,
ity =lle" - S0 o/ T2 (1463
iw%=2lle"*" - k(1—03),
inte= e o =)= — L cos 0(5+)|.

Then 'go’ is determined by the equation

'Lle’=cosh 7-v'+isinh 7-0%.
zlal is obtained by putting 7— ~7, L>—L (accbrdingly a—>%) and [—1

in the aboves.
Now, we will normalize 'olcl and zzd such that

4 i(aﬂ,lbi) =0, 1% i(lIz?ébi) =0.
Disregarding real common factor, 1ie’ is expressed as

zll,”=kr1/1—k272(5+a)+(1—k2r2) cos 0-i(7— o) — V' 1— kP2 cos B(1+ 05) , \

?ﬂ—fsm" i(o —a)+p5i‘;”1/1~k272(1+o;),. ’
' (1)
ur=ph(l—a3), |
ut = 1 kr
=i kz,rz'(l—i_‘w) pi(G—a)— ,141/1 T —— cos (7 +o),

or, in cylindrical coordinates,

u"—km/ 1-72(5+0)

111,“-—kzl/1 k27‘2(a+a)+'b(1 — (5 — o) — V' 1=k (1+63)

ue = ph(1— o7) @
T .
t_ 1 N = kz
’L].L - _‘/i—_‘W (I+dd) /‘7'(‘7 0) b _‘/1 k27'2 (U+U)
where 4 _ ' ¢r=tanh 7, 3)
and ¢ is the solution of :
a(P ,-ui) +ui-@glf= 0. 4)
1 1 ot

Since, by actual calculation,

k(3 —4k®)
Viok®

paui= (E+a)—kz{4ki(3 o) — ple— At 7 }

V1-kr
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a particular solution of « is given by, regarding 1—/k*r2=1,
[kx(5+ o) +i(7—0) — (1 +50)] p
Hence the general form of « is given by
a=[kxa+0)+i(7— o) — (1 +05)] o 2F, (5)
F being the general solution of

w2

ot =0. ©)

But, since (6) has the three independent solutions :

i > y pe .u(;’.+:a)
kz(6+3)+4(G— o) — (1 +03)

(a+Dk
¢ (taa)d-p?) (uztt)

V)]
(k(c+a)2+i(6 —0)— (14 63)],
F, is an arbitrary function of (7). Similarly, @ is obtained by putting
p——p, L——1L <accordingly o-—*l> in the above. Namely «; is given by

(24
a=[k2(c+3)+i(c — &)+ 11+ s7)] "t p2Fy,
F, being an arbitrary function of

ot+a
e =) “”

— . e
k(o +3)+i(0—37)+ (1 +07) P

¢ DR g+ 7)2— (7 — o) + (14 53]
Then taking into account of the assumption Iy, it must be that
. Fi=—-F,=F

i.e. F' is an arbitrary function of pe"'?ﬁiﬁw . So that Neglecting k*? com-
pared with 1, the actual form of #' is reduced to the form

u =0, |

w=2p"2-kp(c+ o) — U7 — o)+ pu(1+03)],

w’=21p"2- pk(1—oa)[— G — o)+ 2£(1+ 3],

ut =_/1,a‘2 [{1+03——,U%(E—a)}{—'l(5—o)+/l(1+03)} — pk*(a+0)?].

(8)

where 2 is any real factor satisfying

ulj—/—l— =0,

ok
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‘Since the solutions of the differential equations
dz _dp _de _ dt

. woow w u
are obtained as

—ct

- =¢
2=C, , pe #M1=03) =Cg, pe =C3

(CE k(G + o) p(1+ 07) —i(G—0)] ) ©)
(14652 — 17— o)1+ 051+ 12— (G — o — sk’ 5+ o)

"¢y, €y, €3 being constants of integration, A is an arbitrary function of (9).
Moreover, from the assumption IVy, particle density D=1v"g uw’ i e.

- D=2p7q1+ 05— pi(c — o)) (10)

R Cax)l

. . . . . - =@
must not contain ¢. Hence 2 is an arbitrary function of z and pe #«1-@ ",

This problem was discussed at a special seminar of Geometry and
Theoretical Physics in the Hirosima University, and its research has been
carried on under the Scientific Research Fund of the Monbusyo, the Depart-
ment of Education.

Mathematical Institute, Hirosima University.
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