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§ 1. General outline and summary. 

General outline : Though several authorsm have attempted to explain 
the structure of spiral nebulae, no theory yet, so far as we know, is generally 
admitted to be satisfactory. 

The purpose of this paper IS, on a basis of wave geometry, to try to 
establish a theory concerning the structure of spiral nebulae in a quite 
natural way. The general outline of the research is as follows: 

1. From the. fact<2> that cosmology in terms of wave geometry is an 
invariant theory characterised by a group of transformations which are 
classified in two subgroups ; the one (say G4) is composed of transforma­
tions which make a spatial point (it may be any point) invariant, the other 
(say G6) of transformations by which the new origin of coordinates is in a 
m9tion relative to the old system of coordinates such that the motion exactly 
satisfies Rabble's velocity-distance relation in terms of wave geometrical 
cosmology, if we obtain a wave geometry which is invariant for the sub­
group G4, it may be regarded as representing a certain physical phenomenon 
with local irregularity around the fixed point, representing a general stellar 
existence with a centre. 

2. In the expression of the stellar existence obtained as above, we put 
some restrictions which seem appropriate in characterising spiral nebulae. 

3. From the fundamental equation for "¥', as above obtained, solving 
. the actual value of ,jr, constructing the particle momentum-density vector 
ui = ,jrt Ari,jr, and regarding this ui as giving the flux and distribution of 
matter constituting a spiral nebula, we show that our theory successfully 
explains the actual construction of spiral nebulae. 

Summary : In finding the fundamental differential equation for ,jr which 

(1) J. H. Jeans, Monthly Notices, R. A. S., 84 (1923), 60. 
E.W. Brown, Astrophys. J., 61 (1925), 97. 
E. A. Milne, Proc. Roy. Soc., A 156 (1936), 62 and later papers. 
H. Vogt, Astr. Nachr., 241 (1931), 217. 
H. Jehle, Z. S. f. Astrophys., 15 (1938), 182 and later papers, etc. 

(2) T. Sibata, this Journal, 11 (1941), 21. 
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is invariant for the subgroup G4, we see that there are two differential equa­
tions for ,fr which are not transformable by spin-transformation ( y' =Sy): 

0~ = (I'.-+ Atr + At5r ·r5)•1• ox' , • 1 , 1 T 

Solving these equations, and evaluating the respective values of particle 
momentum-density vectors, we have two flux-systems ui and ui; then, 

1 2 

superposing these. two flux-systems, and normalizing the factor entered in 
this procedure so that the new flux-system thus obtained satisfies the con­
dition of continuity, we have a particle momentum density vector ui which 
may be regarded as· representing a general local flux of stellar matter with 
a centre. Next, to obtain the expression for the construction of spiral 
nebulae, in restricting this ui by the condition that ui describes a stationary 
plane. motion with an axis of axial symmetry, we show that each spatial 
curve generated by u' is a logarithmic spiral with the centre at the origin ; 
and from the expression of the invariant density -,I gi:iuiui we conclude that 
there are several logarithmic spirals with maximum density-distribution of 
the constituting matter among a system of logarithmic spirals showing the 
existence of several arms in a spiral nebula. Further, finding the velocity 
of the constituting matter, we show the relation existing between the 
velocity and the distance from the centre. 

§ 2. Introductory consideration. 

In order to establish a theory of spiral nebulae based on the principles 
of wave geometry, we shall go. back again to wave-geometrical cosmology 
for suggestions. 

rn wave geometrical cosmology,<n taking 

ui=,trtAriy, 

obtained. from the solution of the fundamental equation for ,fr 

o,fr 
oxi = (I'i+ ~i)Y, (2.1) 

as a particle momentum density vector of matter constituting universe, we 
fixed the form of ~i on the presumption that the particle momentum­
density vector describes a geodesic of space-time. And, from the condition 
of integrability of (2.1), we had two kinds of models of universe, the one 
being of de Sitter type : 

(1) T. Iwatsuki, Y. Mimura, T. Sibata, this Journal 8 (1938), 187. 
Y. Mimura, T. Iwatsuki, this Journal 8 (1938), 194. · 
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ds= - dr r2dfP-r2sin2 Odrp2+(1-W)dt2, 
1-W 

(2.2) 

the other. of Einstein type 

<ls= dr2r2 -r2dfP-r2 sin2 Odrp2+dt2. 
1- w 

Aba!)-doning the latter type of model as unsuitable for explaining Hubble's, 
'velocity-distance relation and so on, we adopted the former as.the geometry 
that might well explain the construction of the actual universe. The funda- · 
mental equation for y was here obtained as follows : 

0~ =(r.-+1£r•)•'A o ax• • 2 • T ' 
(2.3) 

" with which solution we could succeed in explaining Hubble's velocity-distance 
relation and so on. 

Here we have a suggestion for a theory · to the construction of spiral 
nebulae, with a spiral nebula regarded as an existence of local irregularity 
understood by this cosmological theory. 

As shown in the previous paper,m we recognize that the meaningless 
.coordinates x1, ii-, x3, x4 take the meaning of polar-time coordinates r, 0, <p, t, 
when, and only when, we identify 

x1=r, x2=0, x3=<p, x4=t (2.4) 

in the line ~lE,'ment written in the form : 

- (dx1)2 
- (x1)2(dx2)2 ~ (x1)2 sin2 i1- (dx3)2+ (1-k2(x1)2) (dx4)2 (2.6) 

1-k2(x1)2 . 

That is to say, only when this identification is made can our cosmolqgy 
represent the phenomena that are observed with polar coordinates in the 
ordinary meaning and the time -indicated by a clock in a laboratory. We 
have called such a coordinate system, characterised by (2.4) and (2.5), " the 
r, 0, <p, t observation-system in cosmology." 

But, in fact, there are infinitely many transformations which make (2.6) 
. I 

invariant, and they form a 10-parameter group-say Girr--, and each -co-
ordinate system connected by G1o is also an r, 0, <p, t observation.:system on 
account of relations (2.4) and (2.6). So we know that all the r, (}, <p, t ob­
servation-systems are connected by transformations of the group Gro which 
make 

invariant. 
' 

<is= - dr -rdtJ2-r2sin2 0d<p2+(1-k¥)dt2 
. l-k2r2 

(1) T. Sibata, this Journal 11 (1941), 22, 
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On the other hand, it is proved0 > that G10 also makes the fundamental 

equation of our cosmology 0~ =(ri+-tri)v invariant. This shows that G10 
ax• 2 

is only one transformation group connecting the r, 0, <p, t observation-systems, 
· by which all the cosmological phenomena are observed as homogeneous. 

Further, as we have seen,<2> G10 is decomposed into two subgroups as 
follows: 

where Ga is composed of all the transformations, each transformation (r, 0,. 
<p, t-+ r!, O', r', t') making the new origin of coordinates r' =0, with reference 
to the old system of coordinates, set in a motion which exactly satisfies 
Hubble's velocity-distance relation in terms of wave geometry, and G4 is 

· composed of all the transformations which make a spatial point (any point) 
invariant. So that· G6 is regarded as a group of transformations by which 
an observation-system resting on a constituent of our universe is transformed 
to that resting on any other constituent preserving the homogeneity of 
cosmological construction; but, on the contrary, G4 is regarded as a group 
by which an observation-system resting on a constituent of universe to any 
other .observation-system on the same constituent preserving the homogeneity. 

Further, as has been proved,<3> the equation (2.3) is· the only equation 
. of the form (2.1) which is invariant for G6• This shows that all the pheno­
. mena which are observed as homogeneous by all the observation-systems 
belonging to Ga are the phenomena which can be described in terms of 
wave-geometrical cosmology. Therefore, we can say that all the physical 
laws obtained in wave geometrical cosmology are deducible from the theory 
of group basing on G6. 

Contrarily, though G4 also makes all the cosmological laws invariant, 
the wave geometry which is invariant for G4 is not the previous cosmology 
in terms of wave geometry, but a wider geometry including that cosmology 
as a part. Now a question arises: What are th~ phenomena which are 
observed · as homogeneous by G4 ? They are the phenomena which must be 
observed as having homogeneous (by G4) constructions surrounding a material 
point under. the control of the law of wave geometrical cosmology. There­
fore, such a phenomenon, we venture to say, might be nothing other than 
that 'of local irregularity with a homogeneous construction surrounding a 
point in universe, such as a nebula cluster, a spiral nebula, or the solar 
system. 

In the following pages, on a · basis of this idea, we shall proceed to 
establish our theory concerning the construction of spiral nebulae. 

(1) T. Sibata, this Journal 11 (1941), 23. 
(2) T. Sibata, this Journal 11 (1941), 23. 
(3) T. Sibata, this Journal 11 (1941), 23. 
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§ 3. . Theory of the structure of spiral -nebulae . . 

The constituent matter, the stars, of a spiral nebula are in reality 
distributed Iiot continuously but discretely; mathematically, however, we 
may regard the constituents of a spiral nebula · as a continuous assemblage 
of geometrical points in a hydrodynamical motion. So that, wave-geometric-. 
ally, the existence of the constituent matter of a spiral nebula can be 
regarded as given by a 1-4 matrix 'ljr, each element being a continuom1 
function of x1, x2, 'Jll, x4, satisfying a general fundamental equation of 'the 
form: 

av -. = (I'.-+ ""1.)•'· ax• • ..::..i, T ' 

where r. is a 4-4 matrix given by the identity : 

ar- {k} -~ = ·· rk+rr--rr, ax• •J • 3 3 • 

(3.1) 

(3.2) 

and ::E. is, at present, any 4-4 matrix, the elements being functions of x1, 
x2, il, x4. 

Here, since we are going to deal only. with the invariant theory by the 
group G4 of G10 based on (2.5), the space-time line element must be of de 
Sitter form: · 

ds2=- dr2 -r2d0•-r2sin2 0d</+(l-k2r2)dt2. (3.3) 
1-k2r2 

If we expand ::E. in sedenion, we have 

::E.=Arrprq+(A.I+A~r5)+(A?°rj+A?0r3rs). (3.4) 

The first term of this equation can be transferred into' the coefficient 
of connection of vector parallelism<1> in the form {A} +4A,;/, so that we 
disregard this term, provided that the coefficient of connection of vector 
parallelism is Riemannian from the beginning. As for the second term of 
(3.4), we do not yet know, . in general, its definite physical meaning, but 
geometrically it might be called the term of gauge parallel displacement of 
,fr corresponding to the gauge transformation<2> of v and has geometrical, 
behaviour utterly different<3> from those of the first and third terms. So 

(1) The term Af'1r Pr q is transferred into the term due to the vector parallelism by 
taking I'i in place of r. obtained from the equation : · 

ar3 _ k , , · 
ax- -r3.rk+r,r3-r3r., 

provided that I'ffi={j.}+4Ai_l, 
(2) K. Morinaga, this Journal, 5 (1935), 156. 1 

(3) When Ai and. A~ are gradients, the second term can be taken away by a gauge 
transformation. 
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that, at the first step of our consideration, we shall disregard this term. 
As for the third term of (3.4), judging from all the results0 > hitherto 

obtained in wave geometry, the antisymmetric parts of Aii and A~i may 
be interpreted to express electromagnetic fields of force, and the symmetric 
parts to express something like fields of disturbance. In considering the 
structure of spiral nebulae, therefore, we shall preserve this term, consider­
ing that there would exist a field of disturbance-like force due to the pre­
sence· of the constituent matter hydrodynamically distributed. 

Thus we realize that the theory concerning the structure of a spiral 
nebula would be obtained on the following assumptions: 

. Assumption I. · The space-time line element is of de Sitter form, i. e . . 

Ass~ption II. The fundamental equation for v is of the form : 

(3.6) 

Assumption III. (3.6) is completely integrable. 
Assumption IV. (3.6) is invariant in all transformations belonging to G4. 
But, for (3.5), there are infinity of sets of rJ. for which 

(3.7) 

and it is provoo.<2> that ·all the sets of n are classified into two classes; all 
belongi11g to a class are equivalent to one another· in spin-transformations, 
and sets belonging to different classes are not equivalent in any spin­
transformation. More precisely, if a set of solutions of (3.7) is rA, all the 

0 

Sets of the same class are expressed in the form : 
Sr.,s-1, Sr5s-1, S being any 4-4 matrix, and all the sets belonging to 

0 0 

the other class are 

Further, we see that the condition of integrability of (3.6) is the same 
• for all r;. satisfying (3.7); for the condition of integrability is<B) 

Ki;,/i + S(ArtA~]+ At,A!n]) = 0 , l 
/7cmA1J=0, PcmAFJ=O, 

AciwA.;/:iU-1i=O (i,j, l, m=l, 2, ~. 4), 
~~~--··---

(1) T. Iwatsuki, Y. Mimura, K. Morinaga, this Journal, 7 (1937), 255 . 
. K. Morinaga, this Journal, 7 (1937), 261. 

(2) Note I, p. 64. 
(3) Note II, p. 65, equations (4)-(7), (Ai=At=O). 

(3.8) 
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which is independent of choice of rA and its class. So that when gii and 
A{. M0 are determined from the equations (3.8), there must be two funda­
mental equations to be considered, which are not transformable, by ~pin­
transformations: 

av ( · ·5 -. = r-+ A"r + A., r ·r5)•1A ax• • • J • J T ' 
(3.9) 

(3.10) 

Thus, in the theory of spiral nebulae, as the fundamental equation for 
v we have to consider the two equations (3.9) and (3.10) together; other­
wise, the theory would be imperfect. 0 > So that we come to the conclusion 
that the existence of matter constituting a spiral nebula is represented by 
two v's-v and ,Jr-defined by the equations 

1 2 

Here if we construct the vectors u1, u1, which are 
1 2 

(3.11) 

(3.12) 

wh~re A is a 4-4 hermitian matrix which makes Ar1 alro hermitian and 
ai, a2 are any real factors, then each uz, u1 can be interpreted<2> as a 

. 1 2 

particle momentum-density vector of a certain flux of matter. So it would 
be quite natural to consider that these two vectors u1, uz together make a 

1 2 

particle momentum density vector u1 of the flux of matter constituting a 
spiral nebula. So we make an assumption: 

Assumption V. The i,article momentum , density vector of the matter 
constituting a spiral nebula is simply made by the two vectors uz and uz, 

. 1 2 

without depending on the other physical quantities ( tensors or vectors other 
than u1, uz). 

1 2 

From .this assumption, uz is obtained<3> as a linear homogeneous func­
tion of u1 and uz, i.e. 

I 2 

(1) In the researches hitherto done in wave geometry, we should have taken into 
account of the two kinds of equations for ,i,,, when Yii is solved from the condition of inte­
grability and then rA are obtained from the relation (3.7). 

(2) K. Sakuma, this Journal, 11 (1941), 15. 
(3) Note V, p. 84. 
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(3.13) 

J 

where a and a are, at present, any real scalars. 
1 2 

But all the curves generated by u1 thus obtained do not exactly cover the 
trajectories of the constituent matters of a spiral nebula, but are very super­
fluous, because such u1 is obtained only under the restriction that the funda­
mental equation for v is invariant by G4 ; therefore u1 is regarded as giving 
the motion of particle or matter c01;1stituting a general stellar existence 
with a centre at the origin of coordinates. 

Accordingly, in order that u1 may be regarded as expressing'the motion 
of particles or matter in a spiral nebula, we have to expect some additional 
restrictions. · 

For this purpose, we. make the following assumptions : 
Assumption IN. u1 gives a plane motion in each plane (z=const.) 

perpendicular to an axis (axis of z). 
Assumption IIN, · A system of trajectories (3 dimensional) generated 

by u1 is axial symmetric with respect to the axis. 
Assumption IIIN. The trajectories generated by u1 are stationary. 
Assumption IVN. The distribution of particles or matter is steady. 
Assumption V N• The particle momentum-density vector ui satisfies 

the equation of continuity : 

(3.14) 

Remarks: (i) In IIIN, the term "stationary" means that the curves 
(3 dimensional) described by u1 are independent of time. 

(ii) In IV N, the term " steady '' means that the distribution of matter 
is independent of time. 

(iii) In the actual spiral nebulae, the path-curves and distribuation of 
flux of stars will change with time, though slightly ; but we believe it 
would be the closest approximation to the truta i£ we make Assumptions 
IIIN and IVN, 

(iv) As for VN, it is quite natural to consider that the matter con­
stituting a spiral nebula satisfies the condition of continuity, since annihila­
tion and creation of the matter in a spiral nebula are considered negligi­
bly small. 

· § 4. General form of u' and distribution of matter in a stellar 
existence with a centre of spherical symmetricity. 

According to the theoretical consideration advanced in § 3, we shall 
find the actual value of the particle momentum-density vector u1• 
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The proup G4. is obtained in the form of infinitesinal transformation 
as follows<1> : 

-cos <p - 0- + cot (} sin <p~ 
a0 arp ' 

sin <p ~-+cot(} cos <p~, 
a0 arp 

a a 
arp ' at 

Finding the fundamental equations for v's of the form (3.11) and (3.12)" 
under the condition that they are invariant for G4 and are completely inte­
grable, we have<2> 

where 
·. k · k L . ·"4 } A~=- cos Cm-- - sm C J4ao, 
• 2 • 2 ✓1-k2r2 • 

·5 k . · k L · · 
Ai =-smC~+- ✓ k2 2 cosCcJi~ 

2 2 1- r 

L and C being any constants. 
Solving v from (4.1), we have<3> 

1 

y 1 = ae -+,, cos .!!_ + {3e ½" sin ii ( cos w + i sin w) 
1 2 2 

✓-~ _i_,, (j y2=-[i 1-k2r2{3+kr,B']e 2 cos 2 

+[i✓ 1-k2r2 a+kra']e-+" sin.!!_ (cos w+i sin w) 
2 

ta=a' e-+,, cos ! + [3' e -½,, sin ! (cos w-i sin w) 

V4 = [i'i/ l-k2r2 /3' + kr/3] e -½-"cos.!!_ 
1 . 2 

-[i1/1-k2r2 a' +kra]e-+"·sin .!!_ (cos w-i sin w), 
2 

(1) T. Sibii,ta, this Journal, 11 (1940), 22. 
(2) Note II, p. 70, equations (A) and (B). 
(3) Note III, 75, equations (45)-(52). 

(4.1) 

(4.2) 
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where 

and 

where 

T. Iwatsuki and T. Sibata. 

C 
(I)= ---

2 

a =a[✓l-k2r2+ikrl+b [✓1-k2r2+ikrr½ 

a'=a[✓1-k2r2+ikr]' -b [✓t=-!lr+ikrf1 

{d =c [✓f="W+ikr]i +d[v1 r=-W+ikrf1 

[J'=c[✓l-k2r2+ikr]f-d[✓l-k2r2+ikrr1 , 

k v~ k v,--:.:--n 
a=pez 1+£2t+qe-2 1+L t 

b = -i(✓ 1 + L2+ L)pe ~ vi+L2t+i(✓f+ L2-L)qe-1-Vf-1:L•t 

k k 
C =lezV1+L•t+me-yv1+L•t 

p, q, l, m being integration constants of y. 
The solution v is obtained. by putting - (lJ and -L instead of (I) and 

2 

L respectively in the solution of y. Using the values of v, v, we havem, 
1 1 2 

as the r-, 0-, <p-, t- components of ytAr1v and ytAr'v, (A=f,), 
, 1 1 2 2 

where 
vr = - krv [:.... l!-r To+ (1 - k2r) cos O · T1 - (1- k2r) sin O cos rp • T2 
l 

+ (1-k2r) sin 8 sin rp • Ts , 

II 1 {). ,,,+1· . ,,, 1. 8T v = - - cos cos rp • .L 2 - · cos (} sm rp • .L s - -- sm · 1 , 
1 r r r 

1 . 
v"'= . (cos rp • Ts+sin rp· T2), 
1 rsm{J 

t_ 1 T 
~-:-✓r-k2r2 4 ' 

iv:5=[cos O·So+sin {) cos rp ·S1 +sin{) sin r·SJ✓f-k2r 
1 

(1) Note IV, p. 75, equations (53), (55), and (57). 
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I ---z:-- . 
iv~5= "IC) ~k r (cos rp· S2-sin rp ·S1)+k cot 8 (cos <p •S4+sin <p·Sa)+kS5 

1 rsm 0 

if5= -s6-vi '!:kh.2 (cos 8 · S1+ sin fj cos rp · Ss-sin fj sin rp • So) ' 

To, .... , T4 and So, •..• , So being given in Note 1v<u vi and v!5 are given 
2 2 

by putting -L, P', q', l', m' instead of L, p, q, l, m in To, .... , So, 
And, fr'om (3.13), we have 

uz=au1+au1 • (4.3) 
1 1 2 2 

But since a and a may be, at present, any real scalars, without loss. of 
1 2 

generality, we can normalize a1, a2, such that 

After this normalization of a1, a2, u1 is obtained so as to satisfy the 
condition (3.14) : 

f?iui=O, 

This ui is the general form of the particle momentum-density vector 
which is not yet restricted by the assumptions IN-IVN, 

Next, if we put 

u1=D :z , where D=il gifti'ui, 

and solve the differential equation 

dr _ dO _ drp _ dt 
~- uz --;,s----;;;-' 

we have th~ motion of matter constituting general stellar existence with a 
centre of' spherical symmetricity such as nebular cluster, spiral nebulae, the 
solar system, and so on. And D gives the invariant particle density, by 
which we can learn the distribution of matter in stellar exi~tence. 

§ 5. Motion and distribution of matter in a spiral nebula. 

In the previous section we have seen that the particle momentum densi~y 
vector is given by ii1• 

Using the assumptions IN-VN in § 4, we have,<2) in cylindrical co­
ordinates (p=r sin 0, z=r cos 0, <p, t), 

(1) Note IV, p. 82, equations (56) and (58) 
(2) Note VI, p. 87, equations (7) and (8). 
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(5.1) 

I \ cr+O' 
where F is an arbitrary function of z and pe -ti<i=-;,.~ "', a is any complex 
number, and µ any real constant satisfying Iµ I< 1 ; this u1 is the particle 
momentum density vector of matter constituting a spiral nebula. 

The motion of the matter is then obtained from the equation : 

dz =!l,p_ 

0 p 

(iT-f:a)dg:, _ (a+a)kdt 
µ(1-ao')- l+ao'-µi(o'-a) ' 

from which we have the solution : 

(5.2) 

il+<1 (il+<1)kt 
(i) z=c1, (ii) pe-µ(l-a<1)"'=c2, (iii) pe l+<1i1-µi(a-<1)=c3; (5.3) 

where c1, c2, c3 are integration constants. 
The invariant particle density is then obtainedm as. follows (neglecting 

k2r). 
D= I {1 +aa-µi(a-a)} •F(ci, C2) I ,__!_2 • 

- p 
(5.4) 

Thus we have the result: In a spiral nebula, the constituent matter 
is in a motion, in each plane z = Ci, along a curve of a system of logarithmic . 
spirals 

a+O' 
Pe --.,,(l-a<1) 'I' = C 

, 2' 

and the particle density, the distribution of matter, is given by 

D= I l+ao=-µi(a-d) I· IF(ci, C2) 1:--¼ 
p 

where F is in general any function of the arguments. 

§ 6. Physic,al interpretations of the results obtained in § 5. 

From (i), (ii), and (iii) in (5.3), we see that the constituent matter of 
a spiral nebula moves in each plane z = c~ along each curve of a system of 
logarithmic spirals having the same centre at p = 0 ; each particle, starting 
from the centre at t= - 00 , gradually goes further away from the centre, 
·with time, along the logarithmic spiral 

provided that a+a >O. 
µ(1-'---ao') 

(1) Note VI, p. 88, equation (10). 
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From (5.4), we see that in each plane z=c1 the particle-density of the 
constituent matter of the spiral nebula diminishes in proportion to the 
inverse square of p, and also that, since I F(c1, e:i) I, for a fixed ci, varies as 
e:i in general l:lnd will take its maximum values for some discrete values o~ 
e:i, say c2, c~ ctf, •••. , the constituent matter has denser distribution on the 
curves 

ii+d 
pe - µ(_l-dii) tp = C~ 1 , , , , 

than on the others of the system of logarithmic spirals, just suggesting us 
the discrete existence of arms of a spiral nebula. 

The results above concerning the distribution of matter are general 
statements without any restriction of the function F(c1, c,i). The number 
and relative positions of the arms .of a spiral nebula, as well as the more 
precise aspects of the distribution, are not determined .until the concrete 
form of F(c1, e:i) is given.· 

As regards the determination of F(ci, e:i), we have at present no relevant 
method ; we wonder, however,· whether we might not have the key . to the 
problem by solving F(ci,. e:i) from a system of equations 

and so on, 

if we could define the energy-matter tensor of the constituent matter,· and 
so on, as functions of ,jr and ,ir. 

1 2 

In spite of this, .in the following lines we shall consider the possible 
shapes of spiral nebulae by the forms of the function F(c1, e:i). 

If I F(ci, e:i) I is taken as a decreasing even function in ci( = z) for all 
c21 the distribution D has, with respect to Ci, only one maximum value at 
z=O, and gets rarer as lzl increases at both sides of the plane z=O. So 
that for such a function F(c1, c2), our model seems likely to tell the actual 
construction of spiral nebulae in which the distribution of matter is densest 
at the central plane and gets rarer with distance at· both sides of the ,plane. 

When F(c1, e:i) is taken as independent of e:i, in each plane z=c1 the 
distribution of the constituent matter along all the curves of the system of 
logarithmic spirals is the same ; this suggests as model an armless elliptic 
nebula. 

Furthermore, if F(c1,e,e) -is taken such that F(c1)=log l!l +const., the 

side view of the locus of distribution, · namely the locus of · D = cotist. in 
(p; z) plane, becomes as follows: z= ±ke-cP2 ; suggesting as model a lens­
shaped spiral nebula. 

Remark 1. It may be noticed that we have obtained a theoretical 
result that the density-distribution is proportional to. the inverse square of 
the horizontal distance from the centre. But at present we have no actual 
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data to confirm this theoretical result, leaving confirmation to future ob­
servation. 

Remark 2. From (5.4), we have D= oo for p=0. This is rather con­
tradictory to observational fact, and accordingly our theory seems to have 
t. · fatal weak point in it. We can say, however, that the appearance of 
such an irrational singularity at the origin is an unavoidable defect of 
mathematical treatments, which always occurs where we estimate the dis­
tribution of discretely existing experiential particles with dimension as a 
~ontinuous aggregate of dimensionless geometrical points. On this account, 
such an irrational singular point should be avoided in the considerations . 

§ 7. Relation between the velocity of constituent matter 
and the distance from the centre. 

From (5.2), we have for the velocity of the constituent matter 

dp = (u+a)•kp_~ 
dt l+u;;-µi(u-a) 

from which we have 

d<p _ (1- uu)µk 
&- l+uu-µi(a-a) ' 

• 

Thus we have a theoretical result : In a s]Yiral nebula the velocity of , 
the constituent matter is proportional to the horizontal distance from . the 
centre. 

. But according to J. H. Jeans,m from observational data it is concluded 
that in M 33, N. G. C. 2403, etc., the velocity is, roughly, proportional 
to p°·'l(j. 

· This tells us that in M 33, N. G. C. 2403, etc., at least, our theoretical 
resul.t deviates· somewhat from fact, although our theory, as a whole, well 
explains the general aspects of the construction of spiral nebulae. At any 

· rate, our theory of spiral nebulae, stated above, having been .established as 
the first explanatory step towards the general views of spiral nebulae, for 
details some correction of the second approximation are needed. 

§ 8. Generalizations of the theory of spiral nebulae and some 
corrections· of the velocity-distance relation. 

In the theory of spiral nebulae propounded above, we believe we have 
succeeded, on the whole, in explaining in a. quite natural way the general 

; (1) J. H. Jeans, Monthly Notice, R. A. S., 84 (1924), .60. 



Cosmology in Terms of Wave Geometry (IX). 61 

aspects of spiral nebulae; but the theory needs some corrections, at least 
for the velocity-distance relation. 

At the ·beginningm of our theory we dropped, at the first stage of con,- , 
sideration, the terms AJ and A~r5 in the sedenion expansion of ~.. To · 
realise our purpose, here, reviving these terms, we shall find the general 
form of the fundamental equation for ,jr, preserving the same assumptions 
I-V and IN-VN as were made above. 

If we find the equation of the· form : 

av ( · ·5 5 ) ox•= r.+Airj+Ai TiT5+AJ+Air6 "r 

under the restriction that it is . invariant by the transformations G4 and is · 
completely integrable, provided that the meiric gii is of de Sitter type, 
we have<2> 

A -2 A•s k ~ 
2 = 3 =-cosu, 

2 

A •l k . , ~+ . ~ 
1 =-COS0 nSIIlu, 

2 

A14=h sin a, 
A41 =l sin a, 
other Ai.i=O, 

n, -r, h and l being defined by 

A .25 A•35 k · ~ 
2 = 3 =-Sinu, 

2 

Ai15=]£_ sin a-n cos a, 
2 

Al=]£_ sin a--r cos a, 
. 2 

Ai.i5= -h cos a, 
A.ii.5=-lcoso, 

other Ai=O, 

(c, d=arbitrary constants, iJ, P=arbitrary functions of r) 

Ai6= _ _!_~ _ _!_ _da•··, At=Aii5=0, 
. r k 2 dr 

A1=arbitrary function of r, A2=Aa=0, A4=constant; 

also, from (15) in p. 67, 

1 . ( aA·.5 aA:5 ) kAc·o=-smiJ ~---~ 
v 2 ax~ ax-1 ' 

(8.1) 

Since the antisymmetric parts of Ai; and A~;, above, are to be regarded 

(1) § 3, p. 52. 
(2) Note II, p. 69, equations (13), (18), (19), (20), and (21). 
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as an electromagnetic field of force, we disregard them on the ground that, 
in matter constituting a spiral nebula, action due to electromagnetic field 
of force may be neglected. 

Then it is provedm that both Ai and A~ become gradient vectors, and 
the equation (2) in Note VI,<2> again holds good, provided that µ is a func­
tion of .r only satisfying Iµ I < i,<3> 

In other words, neglecting 7?-r2 and disregarding real common factor, 

iiP=kp(a+a)' 
1 

u"=kz(a+a)+i(a-a)-µ(l+aa), · 
1 

u'P=µk(l-aa), 
1 

ut =1 +aa-µi(a-a)-kzµ(a+a); 
1 

u is obtained by putting L-> -L and µ- -µ, i.e. a-1-, µ-> -µ, in the 
2 a 
abov~ 

From the assumption IN taking a1: a2=u": -u" in (4.3), we have, 
2 1 

from (4.3), 

u"=O, uP=a·k_p(a+_ a), u'P=a•kµ(l-11a),} 
(8.2) 

ut=a{l+aa-µi(a-a)}; . 

where a is, at present, any factor. 
Here, if we normalize a such that Piui=O, we have, neglecting k2r, 

1 . 
a=-·F 

p2 ' 

where F is a solution of iti 0F_ =0, i.e., an arbitrary function of c1, c2, c3; 
' ~ . 

1-aa 
-+ <p' a a 

ca= J {l+aa-µi(a-a)}k-k(a+a)t; 
p ' 

and we have, from (8.2) neglecting 7?-r, the formula for the particle-density; 

D=✓ giiuiui =--\ I l+aa-µi(a-11)\ · I F(c1, c2, ca) I. 
p 

But from the assumption IVN, D must not contain ca, so that 

D=-¼ I l+aa-µi(a-a) I· IF(c1, C2)l • 
p 

And the motion of the matter is given by· 

(1) Note II, p. 65, equations (4) and (15). 
(2) Note VI, p. 86. 
(3) This is the case when h=l=a=O (i.e. a=O) in p., 69. 

(8.3) 
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dz_= dp drp dt 
0 kp(a+a) kµ(l-aa) 1 +aa-µi(a-a) 

from which we have 

J{l+aa~µi(a-a)} }-k(a+a)t=c3 • 
} (8.4) 

To fix the functional form of· µ(r), taking into account that Iµ 1 < 1 and· 
that, when p tends to ± oo, the trajectories would tend to radial straight .. 
lines, because of the tendency of motion of matter at a great distance to 
become radial motion giving Hubble's velocity-distance relation, we can take 

· as the simplest form of µ(r), neglecting z2, µ=µoe-ap•, µ0, a(>O) being 
constants. 

Then the curves defined by (8.4) are approximately logarithmic spirals 
near the origin, and the velocity is obtained as follows : 

v= {(k)2 + P2( drp )2}½ = {(a+a)2+(1-aa)2µ2oe-2ap•}½ •kp. (8.5) 
dt dt l+aa-i(a-a)µ0e-ap• 

This is the correction to the v~locity-distance relation. If we give suit­
able numerical values to the constants a, µ0, and a, we have the (p, v)-graph 
not so far deviated from that due to Van Maanen's observation (Fig. 1, 
Fig. 2). 

V 

v-p curve by (8.5) V 

1' 

Fig. 1. Fig. 2. 

0 

0 Van Maanen's 
Observation 

(M33) 

f 

As for the distribution of matter, from (8.3) and the relation Iµ I < 1, 
we can say in a keen approximation that in this generalized case there also 
holds the inverse square law of the density distribution along each path-curve. 

(1) Ap. Journ. 57 (1923), 274; 56 (1922), 207. 
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NOTES. 

Note I. 

With respect to Dirac matrices we have the following fundamental 
theorem: For the fundamental tenor g,µ (l, µ= 1, .... , 5) there exists a set 
of matrices T, satisfying the relations 

(,l., µ=1, .... , 5) (1) 

and all the sets of matrices TA satisfying the same relations as (1) are ex­
pressed by 

or 
according as 

or 

B being a certain non-singular matrix (det. S=¾=O). 
Therefore, all the sets of matrices defined by (1) are classified in two 

classes such that each set belon~ing to the same class is transformable by 
SrAs-1 (called S-transformation) and the sets belonging to different classes 
are transformable by -Sr.s-1• 

From the above, by choosing gr,r,= -1, gw=g5i=O (i=l, .... , 4), we have 
the theorem : For the fundamental tensor Yii (i, j = 1, .... , 4), all the sets of 
matrices Ti, .... , T5 defined by 

TiTJ+T3Ti=2giil, T,T6+T5Ti=0, T5Tr,=-l, (i,j=l, .... ,5) 

are classified in two classes represented by 

and 

the first· being transformable to the second by -Sr,s-1 (S=T5,l=,1, ..•. ,5) 
and each set belonging to the same class (I) (or (II)) being transformable by 
S-transformation to each other. 

Note Il. 

The fundamental differential equations for "fr 
which are invariant by G4• 

Let us take the fundamental equation of the form : 

(~ - ri)v = (A.+ Ahr,+ A?TJ+ Ai5TJT5)V. (1) 
ox• 

For the above to be invariant in G4,<0 A;J, Al and Ai, A:l' must be in­

variant tensors and vectors for the operators : cos <p_J_ _ cot fJ sin <p~, 
oO ocp 

(1) T. Sibata, this Journal, 11 (1941), Note, II, 33. 
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sin sii-1_+cot () cos <p -1_ and -1_ respectively0 >; i.e. ao . o<p o<p 

Au(r, t), Ai=Ai(r, t), 

A14(r, t) , A23 = - A32 =sin(}· R23(r, t) , 

the other A.3 = 0 , 
and 

A41(r, t), } 

~(r, t), 

A2=A3=0, Air, t), 

(Ai5 and A;;5 have the same forms as Ai and Ai). 

(2) 

(3) 

But, from the conditions for c~mplete integrability of (1), we have 
, 

lK, .. pq + A"PA•q + A•P5A•q5 - 0 -kj [kJ] [k J]- • 
8 

when the fundamental tensor gii has the form 

(4) 

(5) 

(6) 

(7) 

66 • 

the Christoffel symbols LU are calculated, the actual forms being given in 
several text books.<2i Then we can solve equations (4)-l7) as follows. 

From (5), putting j, k, p=2, 3, 1, we·have 

or, 

i.e. 
{:b}A:i2-{k}A;?=O, 

A32-A23=0. 

'Since, from (2), A28=-A32, it must be true that. 

Similarly, from (6), we have 

A28=k=O. 

A •·5-A••5-0 23- 32- • 

Then the surviving equations of (5) become 

(1) T. Sibata, this Journal, 11 (1941), , Note IV, 37. 
(2) e.g. Eddington: Mathematical Theory of Relativity, 84, 

(8) 
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(for j, k, p = 1, 2, 2) (9.1) 

aAi - aAi1 +ltAi-le•-VAi4+2(AtAi15-:-Ai5A:l5)=0,} 
ar at 2 2 (9.2) 

(for j, k, p=l, 4, 1) 

aA44 
- aAi4 +l)J'(Ai-Ai1)+2(A,i5Ai45 -Ai5Ai5)=0, } 

at at 2 
(for j, k, p=l, 4, 4) 

(9.3) 

_ aA22 +l~1+ 2Al.Ai2s=o. 
at r 

(for j, k, p = 2, 4, 2) (9.4) 

Similarly, from (6), we have , 

aA2z; +l(Ai'5-Ai15)+2Ai5A:i2=0, 
ar r 

(10.1) 

_94.4~ _jJJi15 +l;_t Aj15-le•-VAi45 -2(A45Ai1-Ai5Ai)=0, 
ar at 2 2 

(10.2) 

aA445 aAi45 + 1 '(A•45 A•l5) 2(A·5A•4 A•5A•4)-o ------- -)) 4 - 1 - 4 1 - 1 4 - , 
ar at 2 

(10.3) 

aA225 + 1 A•l5 2A•6A•2-o --- - 4 - 4 2 - • 
at r 

(10.4) 

And ( 4) becomes 

aA,5 
- aAi5 +2(A41Ai15+ A44Ai45-Ai1A4i5 - A14A,45)=0. (11) 

ar at 

The surviving equations of (7) are 

_!__K1l2+Ai1Al+Ai15A225 =0' 
4 

Ai4Ai+Ai45A225 =0, 

A22Ai+A225A,i15=0. 

-But, for the line element of the form : 

e"=CA=(l-k2r2), 

(12) 
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K~•.kZ has the form 
•3 I 

hence, from (12), we have (since A22=As3) 

A·.2 A•s k !I, 2= s=-cosu, 
, 2 

Ai1=!_cos a+a sin a, 
2 

A•i=-k cosa+-rsina, 
2· 

A1,=hsina, 

A,1=lsina, 

A.25 A•36 k · s. 2 = s =- sin u, 
2 

A1"16 =!_sin a-a cos a 
2 ' 

A·45 k · a a , = 2 sm --rcos , 

Ai=-hcosa, 

Ai=-lcosa, 

67 

(13) 

(14) 

where a, -r, h, l and a are certain functions of r and t. Substituting this 
into (11), we have 

aA,5 - oAi5 +k(l-h)=0. 
or at ·. 

Equations (9) and (10) now become_ the following four .:equations :~ 

!_ ~+1-a+kAi5=0 
2 or r ' 

(from (9.1) and (10.1)), 

! !! + ! g11l+kAl=0, _ (froiii (9.4) and (10.4)), 

__E_ (g11l) -1-(g11l) + l_ ,<'(g11l) - OO' _ l_ eu-v g"h = 0 
or r 2 at 2 ' 

(from (9.2), (10.2) and (16.1, 2)), 

~-~ (g"h) + J__ ,l(-r- a) +1-a= 0 
or at 2 r ' 

(from (9.3), (10.3) and (16.1, 2)). 

((15) is automatically satisfied by (16)) 

(15) 

(16) 

But, since ~ is contained in G4, from invariancy with the operator ~. 
at . . at 

Ai, Ai5, A, and Al do not contain t. Then a, -r, h, l, and o are functions 
of r only, and accordingly (16) becomes 
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1-g11l+kAt=O r ' 
(17) 

_..!!,_ (glll)-1-(glll) + l_ A'(g11l)-1-e"-V g44h= O 
dr r 2 2 ' 

d, 1 '( ) 1 -+-v ,-a +-a=O. 
dr 2 r 

• 
Ai5 and A45 are determined from the first two equations of (17). Since 
-g11 = e-A = e" = 1- k2r2, the last two equations above become 

_j,_ (l_)-k2r dl -k2h=O, 
dr r dr 

i.e. 
" d " :: ~r~: d(\(e)~:·dl jl-k'r' _d,_(✓1-k2r2 z). } (lS) 

k2 dr r dr k2 dr r 

Substituting (18) into (14), we have 

_!I_ d _!I_ {1 d (l) dl} -re 2 -r-(e 2 -r)+ - -- - -r-- l=O, 
dr k2 dr r dr 

or 

i.e. 
__ d _(e".2)=__!_ _A__ {l(l-k2r2)l2}. 
dr k2 dr r2 

Therefore, writing the right hand side of the above as _<!f_, we have 
dr 

~e"l2=k2(P+d), 
r 

l (19) 

where P is an arbitrary function of r, and c and d are arbitrary constants. 
So that the solutions of (4)-(7) are given by (13), -r, l, a, h being given by 
(19) and (18), and 
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A1=arbitrary function of r, A2=A3=0, A4=constant, (21) 

a being an arbitrary function of r. 
So we have the result : The fundamental equation (1) is invariant in 

G4 when, and <mly when, At, Ac°, A,6, a1d A, are given by (13), (18), (19), 
(20), and (21). 

Next, we shall consider the following two cases: 
.. (I) Ac,..,1 =0, Ac;~=0. From (15), in general, we see that 

1 . ( aA,5 aAi5 ) kA00=-sma ----- , 
. 2 or at 

kA .. 5_ 1 08 ~ ( aA,5 aAi5 ) ao---c u -----
2 ar at ' 

• A d A ··5 rt· l 'to aAt aA/ F" t hall' "d , 1. e. c,..,1 an c,..,1 are propo 1ona --. - --. . 1rs we s cons1 er . · . aw ax~ 
aA·5 • ' 

the case when Ac,11 =Ac;1=0. Since --1 ~0, in this case, we have 
. at 

accordingly, by (20), 

hence, from (19), 

or 

and 

(constant) ; 

h=l=akre-v; 

a2k2e-v=k2(P+d), l 
P=a2e-v-d 

-r= ±✓ a2e-2v-be-v · (b=d-c); 

accordingly, from (18), 

(22) 

(23) 

(24) 

(25) 

(26) 

So we have the result: When Ac.:,1 =Ac;1=0, equation (1) is invariant 
by G4 when, and only when, At, A15, A,6 and A. are given by (13), (20), 
(21), (22), (23), (25), and (26). 
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(II) When Ai;:=At=O. Here, from (20), we have l=O, and according­
ly, from (19), 

hence, from (18), 

and, from (20), 

(a=constant), 

h=a=O, 

o=c (c=constant). 

So we have the result : For equatiom of the form : 

to be invariant in G4, it must be true that 

At ~ ; cos c .t!-i- ae - ; sin c 0:-oi , } 

Al= : sin c o1-ae-f cos co!~, 

a being any constant. 

Note IIL 

The solution v of the fundamental equation (1). 

If we put 

y==eA(COS (t}+sin (tJ •r5)</J 

Equation (1) becomes 

(A) 

(B) 

(27) 

(~-r.)<P+ 0
(1). r5¢=[Al7'5+(cos 2wAi-sin ~wAi5)r; } 

ax• ax• 
. (28) . 

+(cos 2wAi5+sin 2(t}A?)r;r5]</J. 

Hence, if we choose w such that 

Le. 

Ghen (28) becomes 

cos 2w ·cos o-sin 2w sin o= l, 
cos 2w sin a+sin 2w cos o=O, 

l . 
w= ----a 

2 ' 

( a~i - ri_)<P==[{ a{-{r-)+o1(- ; g11 ! )}rs+ : ri l 
-a}(11r1+hr4)r5-amr1+rr4)r5}~. 

(29) 

(30)/ 
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Therefore, making use of (27) and (29), the solution v of (1) is obtained 
by solving (30) for ¢. 

First we shall take the case when Ai= Al= 0. Here, since l = h =a= 0, 
k v . 

and -- -r = -Le - 2 (L = constant), (30) becomes 
2 

( ~-r..)<P=~(r-+o1·Le-~r4r6)<P (31) ox• • 2 • • ' 

and the solution v of the equation is given by 

v = ( cos ; - sin•; rs )<P (32) 

where c is a. constant. 
Now we shall solve equation (31), as follows: 
For the fundamental tensor Yii : 

Yu=-e-,, gZl,=-r2 , g33=-rsin2 0, Y«=ev, Yii=O (i~j), (33) 
(a) 

we can choose ri=hif a such that 
(1) ;. (2) (3) (4) v (a) 

h1 =ie_2_, ~=ir, hs=ir sin O, h4=e 2 , hi=O (a ~i), (34)-

and fa are Dirac matrices of the form 

Then ri defined by 

is determined in the form 

where 

because 
(c) 

=4c;achifa. 
Hence, in our case, 

(a) 

1 ( '°'h (a))(a) (b) 
c•.ab=- _u_~ -{a•}h h /h 

.1 4 ox3 b3 a a b (a, b not summed) 

i.e. (a) 

•ab __ 1 {a} ha 
Cj - 4 bj W' 

hb 
(a, b not summed) 

(36) 

(37) 

(38) 

(39) 
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• , 1 r, 'I, yv-A> 1 o o 

I's=! {sin oe-:-+rirs+cos Ofds}, } 
. (40) 

4= --e v r1r4. 
4 

So that ri<P=(~- ~)<P are written down as ax• 

Pa¢=~(~ l _ _!_{sin Oe-½ r-:: l +i cos o(-~ ll (41) o<p ¢s 2 <h -<Pa 
<h -¢s </J4 , 

Further, 

and 
. . 1 
( 1 l 

r5=i -1-1 . 

Therefore, since e-A = ev = 1-k2r2, the actual form of (31) is expressed as · 

for i=l ~1~1=~. i 1::1 
' ar .:: 2 ✓1-kY ~ , 

(43.1) 

fori=2 ~1~1-_i✓l-k2r2[ .-::1=~r1 ::1 ' ao </ls 2 - <h 2 - </J2 
<h -<Pa -<Pt , 

(43.2) 

[<Pt] ·1-¢21 ·1-¢1] [¢41 for i=3, :, ~ -!sin0✓1-k2r2 :: - ! cos(} -:: = !irsinO =~ 
, ¢4 - <Pa 94 ¢1 , 

(43.3) 
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From (43.2), it must be true that 

(a=l, 2, 3, 4), (44) 

i.e. 
<ta= Aa cos .!!__+Ba sin .!!__ , 

2 2 

where Aa and Ba do not contain 8. Substituting into (43.2), we have the 
solutions of (43.2) as follows: 

A. 8 B. 8 
,1,1= cos-+ sm -
r 2 2 ' 

¢2= -{i✓l-k2r2 B+krB'} cos!!__+ {iv·1-k?r2 A+krA'} sin IL, 
2 2 

,1,s = A' cos .!!__ + B' sin .!!__ 
y, 2 2 ' 

,114= {i✓l-k2r2 B' +krB} cos.!!__-{i✓l-k2r-2"-A' +krA} sin!!__, 
2 2 

where A, B, A', and B' do not contain 8. 
Substituting (45) into (43.3), we get 

hence we have 

oA i -=----A 
o<p · 2 ' 

i 
A' =:=a'e-2 ", 

oB i -=--B 
arp 2 ' 

i 
B'·= fl' e 2", 

where a, fl, a', and fl do not contain 8 and <p. 

Substituting (45) and (46) into (43.1), we get 

oa i k , 
~=---,=~~a or · 2 i/ 1- k2r2 ' 

oa' i k -=- - a 
ar 2 -vl-k2r2 ' 

(45) 

(46) 

(47) 
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The solutions of the equations above are given by<1) 

a =a{i/1-k2r2 +ikr}1 +b{i/1-k2r2 +ikrr', 

a'=a{ill-k2r2 +ikr}' -b{i/l-k2r2 +ikrr', 

{J =c{i/1!...k2r2 +ikr}' +d{i/1-k2r2 +ikrr', 

fJ'=c{i/l-k2r2 +ikr}½ -d{i/1-k2r2 +ikrr1, 

where a, b, c, and d are functions of t alone. 
Lastly, sub_stituting (45) and (46) into (43.4), we have 

~= - k2ra--~-(ii/1-k2r2 +L)a' 
at 2 2 ' 

~= _}t__r{J--~(ii/1-k2r2 +L)[J' 
at 2 2 ' 

o/1' k2 k 3t=2 r{3' + 2 (ii/1-k2r2 ~ L){J, 

oa' k2 k ✓, - - -
-=--ra'+-(i 1-k2r2-L)a 
at 2 2 ' 

or, substituting (48) into the equations above, we have 

da = }£_(ib- La) 
dt 2 ' 

-1£_ =}£_(id-Le) 
dt 2 ' 

--rddb =}£_(-ia+ Lb), 
t 2 

dd =_k_(-ic+Ld). 
dt 2 

The solutions are given, in the case when £2+ 1 ~ o,<2) by 

(48) 

(1) For, putting sin-1 kr=w or kr=sin w, the equations (47) are expressed as 

8a i 8{3 i 
au,=2a'' 8w =213'; 

hence 
..i_W --~-W 

a =ae 2 +be 2 

_i_w- __ i_w 

a'=ae 2 -be 2 

a and b being functions of t alone (/3 and /3' have also similar form). Then, expressing the 
'equations above in terms of r, we have (4.$). 

or 

(2) When L2+1=0, we have 
a=pkt+q+ip, 
b=-pkt-q+ip, 

a=pkt+ q-ip, 
b=pkt+q+.ip, 

c=lkt+m+il, 
d'7-lkt-m+il , 

c=lkt+m-il, 
d=lkt+m+il, 

according as L=i or L= -i. But here we exclude this special case. 
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' k k 
a=pe2V1+L•t +qe-TV1+L2 t, 

b= -i(✓l+L2 +L)pefv1+L•t +i(✓i+ L2 -L)qe- ~ V1+L•t, 
k k __ _ 

c=le Tvl+L•t +me -yV1+L•t, 

d= -i(✓l+L2 +L)le~ V1+£2t +i(✓l+L2 -L)me-~v1+vt, 

where p, q, l and m are arbitrary constants. 
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(49) 

Putting these equations together, we have the result: The solution ¢ 
of (31) is gi1;en by (45), (46), (48), and (49). 

So that the general solution of 

( 0~i ;__ G )Y= (A1rj+ Ai'rjr6)v, (50) 

where 
A · k · k -"- s.1 • } ••3 = -- cos c ,33. - - Le 2 sin c o,i314 • 2 • 2 • ' 

A::i5=!i__ sin ca:i.+}£_Le-f cos c~m.4· 
• 2 • 2 • ' 

is given by 
D=cos-, E=-sm-( C . C) 
. 2 2 ' 

¢ being given by (45), (46), (48), and (49). 

Note IV. 

The vector ul=ytArly made from y, the solution 
of equation (50). 

By (52), yt Arly are expressed in terms ot ¢ as follows : 

yt Arly= ¢t A(D + Er5)ri(D + Ers)</J 

=(DD+EE)¢tAr1¢+(DE-DE)¢tArzr5<P, 

(51) -

(52) 

where i> etc. denote the conjugate complex of D etc. ; hence, if we put 

c=~+i77 

the equation above becomes 

(~, 7J are real) 

ytAr1y=cos i7J · ¢tAr1¢-sin i77 ·¢tArzr5</J, 
i.e. 

ytAr1v=cosh 7'J • <JiAr1¢-i sinh r; •¢itArlr5</J. (53) 

Therefore, in order to obtain ytAr1y, we shall now calculate vl=¢tAr1¢ 

and ~i5=¢itAr1r5</J. Since 
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(a) 
vl=hl¢tAf a</J, 

¢tAf1¢=i{-¢1¢i+¢a¢z+¢2¢2-¢4<p4}, .. 
¢t Af 1r5¢ = ¢1¢1 + ¢ls<h- (~¢:i+ ¢4¢4) , 

9tAf2¢=¢1¢2-~¢1 +¢s¢4 -¢4¢a, 

¢tAf2r5¢=i{¢1¢2-~</J1-(~¢4-¢J4¢s}, 

¢t Afs</J = i{ ¢1¢2 + ¢2¢1 + ¢a</J4 + ¢4<p3} , 

<pt Afars¢= -(¢1¢2+~¢1)+ (¢s¢4+¢4</Js), 

ft Af 4¢ = ¢1¢1 + ¢s¢a+ ¢2¢2+ ¢4¢4, 

¢tAf 4r5¢=i{¢1¢>1-¢a¢a+¢2¢2-¢4¢4} , 

first, we must calculate ~'Pi etc. 
From (45) and (46), we have 

(54) 

(55) 

¢1¢1 = aa. + f3p. + aa - f3P cos o + sin 8 < (a/3 + a~) cos cp + i(a/3- a~) sin· cp} , 
2 2 2 

or, using ( 48), 

2¢1¢1 = (aa+bb+cc+dd)+-vf.:....k2r2 (ab+·ab+cd+cd) 

+ikr(ab-ab+ cd-cd) 

+ [aa+bb-cc-dd+-V 1-k2r2 (ab+ab-cd-cd) 

+ikr(ab-ab-cd+cd)] cos o 
+ [ ac +ac + bd + bd+ ii 1-k2r2 (be+ be +ad+ ad) 

+ ikr(bc- be - ad+ ad)] sin O cos cp 

+i[ac-ac+bd-bd+1l1-k2r2 (bc-bc+ad-ad) 

Similarly, we have 
+ikr(bc+bc-ad-ad)] sin O sin cp. 

2¢3¢3 = aa + bb +cc+ dd--V 1-k2r2 (ab +ab+ cd+ cd) 

-ikr(ab- ab+ cd-cd) 

+[aa+bb-cc-dd-✓1-k2r2 (ab+ab-cd-cd) 

-ikr(ab-ab-cd+cd)] cos fJ 

+ [(ac + ac + bd + bd)-1l 1-k2r2 (be+ bc+ad+ad) 

-ikr(bc-:-bc-ad+acl)] sin o cos cp 

+ i[ac..:. ac + bd- bd-✓ 1---=-·k2r2 (bc-bc+ad-ad) 

-ikr(bc+bc-ad-ad)] sin O sin rp. 

(1) T. Sibata, this Journal 8 (1938), 173. 
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Therefore, 

¢1</>i + ¢3</Js = (aa+ bb +cc+ dd) + cos o (aa + bb-cc'-dd) 

+~o~,~+~+~+~+i~o~,~-~+~-~. 

¢1</>i - ¢3</Js = ✓ 1-k2r (ab+ ab +cil+ cd) + ikr(ab- ab +cd-cd) 

+ cos o[✓ 1-k2-r (ab+ab- cd-cd) + ikr(ab-ab- cd+ cd)] 
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+sin o cos ,[✓l-k2r (bc+bc+ad+ail)+ikr(bc-bc-ad+ail)] 

+isin Osin, [ ✓ 1-k2r (bc-bc+ad-ad) +ikr(bc+ be-ad-ad)] . . , 
Further, 

¢2¢2= cos21-[(l-k2r)aa+ k2rµ' fl +i✓ 1-k2r kr({W- µfl)] 
2 

+sin21-[(1-k2r2)aa+k2r2a'a' + i✓l-k2r kr(aa' -aa')] 
2 

. o o [eilf { (1- k2r2){3a + k2r2{3'a.' + ikr✓ 1-k2r2 ((3a' - (3'a.)} ] · 
-sm-cos-

. 2 2 +e-ilf{(l-k2r2)aµ+k2r2a'W +ikr✓l-k2r2 (aW-f3a')} 

= (aa+(3µ) (l-k2r2)+ a'a.'+(3'µ' k2r2+ikr✓l-k2r2 f3W-µf3'+aa'-a'a. 
2 2 . 2 

+ cos O [ {3µ-aa (1-k2r2) + {3'µ' :-a'a' k2r2 
- 2 2 

+' ikr✓ 1-k2r2 f3W - µ{3' - aa' + aa' ] 
\ 2 

· [cos ,{(f3a.+aµ)(l-k2r2) +((3'a' +µ' a') k2r2 • · l 
sin o + ikr✓ 1 - k2r2 ({3a' - {31 a+ aµ' - µa')} 

. 2 + i sin f {(3a - aµ) (1- k2r2) + ((3'a' - (3' a') k2r2 _ _ 

+ ikr✓ 1-k2r2 ({3a' - {31a - a{31 + {3a')} I 

¢49"4=cos2 ; [(l-k2r2){3'µ'+~µk2r2+ikr✓l-k2r2 ({3'µ-Wf3)] 

+sin2 ..!!_ [(l-k2r2)a'a' +aak2r2+ikr✓l-k2r2 (a'a-a' a)] 
2 . . 

. o o [eilf { (1.· - k2r2) (3'a' + {3ak2r2 + ikr✓ 1-k2r2 ({3'a- (3a')} ] 
-Sm-cos~ , · r 

2 2 + e-i1p{(l-kY) a'µ' +aµk2r2+ikr✓ 1-k2r2 (,lµ-aW)} 

= (1-k2r2) (3'µ' +a'a' +k2r2 aa+ {3µ +ikrv' 1-k2r2 {3'µ-Wf3+a'a-a 1 a 
2 2 . 2 
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+[(l-k2r2) {31(-J'-a'a' +k2r2 _@~-aa 
2 2 

+ ikr✓I=-- W /3'{3 - P' f3; a'a + a' a ] cos (J 

cos rp { ( 1-k2r2) f3'a' + a' !3' + k2r2 {3a + af3 
2 2 

+ ikr✓ 1-k2r _rra. - f3a'; a' p - a'ft} 
+i sin rp {<1-k2r2) f3'a' -a~f3' +k2r2 f3a-aj'3 

. 2 __ 2 
+ikr✓1-k2r2 (3'a-(3a' ;a'p+ap'} 

sin 8, 

hence, 

¢2</'2+¢4<?4= aa+f3P+/a'+f3P' + [3p-aa+{P'-a'a' cosO 

-[ cos <p f3a + 0ft +{a~+ a'P' + i sin rp f1a - af3 + {a' - P' a' ] sin o , 

¢2</J2-1J4<?4= aa+ {3P,-a'a' -[3'P' + k2r2({3'p' +a'a' -aa-{3°P) 
2 

+ ikr✓f - k2r2 ({3{3' - Pf3' + aa' - a'a) 

+[ [3p-aa-f3'P' +a'a' + k2r2((3'[3' -a'a' -{3P+aa) 
2 ' 

+ ikr✓ 1-k2r2 (f3P' - f,{3' - aa' + aa')] cos fJ 

-[ f3a + ap - f3'a' - a'"/3' + k2r2(f3'a' + a'P' - f3a- ap) 
' ' 2 

+ ikr✓ 1 - k2r2 ({]a' - [3'a + apt - a'"µ)] sin 8 cos rp 

-{ {3a - ail-g'a' + a'P' + k2r2 ({3'a' -w a' - {3a + ap) 

+ ikn/ 1-k2r2 ((3a' - f3'a - a#'+ j'3a')] sin 8 sin rp , 

or, using (48), 

¢2¢2+¢4¢4=(aa+bb+cc+dd)+cos fJ (cc+dd-aa-bb) 

-~O~rp~+~+~+~+i~O~rp~-~+~-~. 

¢2¢2-¢4¢4 = ✓ 1 - k2r2 (ab+ ab+ cd+ cd) + ikr(ab-ab + cil-cd) 

+[V1-k2r2 (-ab-ab+cd+cd)-ikr(-ab+ab+cd-cd)] cos o 
-[✓ r=--kY~(ad+ad+ bc+bc) +ikr(bc-bc- ad+ad)] sin o cos rp 

+i[✓l-k2r2 (ad-ad+bc-bc)+ikr(bc+bc-ad-ad)] sin o sin rp. 
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Moreover, 

¢1¢2= -cos2 1-ei"'(i✓ 1-/i2r2 a{l-kra{l1)+sin21-e-i"'•(i✓I=-k2r2 ap+kra'P) 

2 -~ 2 

+sin{-cos ! [iyl-k2r2(~a-[lp)+kr(aa'-PP')] 

i.e .. 

_2¢1<h= -ei"' (i✓i-k2r2 a.fl+ kra{l') +e-i"' (i✓ l-k2r2 ap+ kra'~) 

-[ei"'(i✓l-k2r2 a.{l+kra{l1)+e-i"'(i✓1-li2r2 ap+kra'P)] cos 8 

+ [i✓ 1-k2r 2 (aa- PP)+ kr(aa' - PP')] sin 8 

hence, 

=cos <p [i✓ 1-k2r2 ( -a.{l+aiJ)+kr(-afl' +a'p)] 

-i sin <p [i✓ 1-k2r2 (a.fl+aiJ)+kr(aµ' +a'p)] 

-cos 8 cos rp [i✓ 1-k2r2 (a{l+ap)+ kr(a[l' +a'p)] 

+i cos 8 sin <p [i✓l-1c2r2 ( -a.{l+ap) +kr( -a.fl' +a'p)] 

+ sin 8 [i✓ 1-k2r2 (aa - PP)+ kr(aa.1 - PP')] , 

2(¢1¢2+ ¢1¢2) =cos.rp [kr(a1i]+a.'[l-a.{l1 -aiJ')+2i✓ 1-k2,r(aj3-ap)] 

+sin <p [ -ikr(a'p-a'fl+a.fl' -ap')+2✓1-k2r2 (ap+a{l)] 

-cos 8 cos rp · kr[(a'P + a' fl)+ (afl' +ap')] 

+ cos 8 sin <p • ikr [ ( a' p - a' fl) - (a.fl' - ap')] 

+sin 8 ·kr[(a.a' +aa.1 )-(Pfl' +PP')], 
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2(¢1¢2-¢~¢2) = cos rp kr(a'i]-a' {l-afl + apt)- sin rpikr(a'p +a' {l+a.[l' +ap') 

+cos 8 cos <p [ -kr(a'p-a.'fl+a.fl' -ap')-2i✓l-/i2r2 (ap+afl)] 
I 

· +cos 8 sin <p [ikr(a'p+a.'[l-afl' -ap')-2✓ l-k2r2 (ap-a.fl)] 

+ sin 8 [kr(aa' -aa' - PP'+ PP')+ 2i✓ 1-k2r2 (aa- PP)] . 
Also 

i.e. 

¢s¢4 =cos2 1-ei"'a.'(i✓ 1-k2r2 fl'+ kr{l)-sin21-e-i"'p1 (i✓ 1-k2r2 a' +kra) 
2 2 

+sin~cos1-[ -a.'(i✓ 1-k2r2 a'+ kra)+ P'(i✓l-k2r2 fl' +kr{l)] 
2 2 · 

2¢a¢,=ei"'a'(i✓1-=7?r2 fl' +kr{l)-e-i"'P1(i✓l-k2r2 a' +kra) 

+[ei"'a1 (i✓.1-k2rp1 +kr~)+e-i"'P'(i✓1-k2r2 «' +kra)J cos 0 
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+[i✓l-k2r2 (-a'a' +f,'ii') +kr(-aa' +,B~')] sin 0 

= cos <p [kr(a' .e-aP') +<i✓ 1..:.. k2r2 (a' ,8' - a'~')] 

+cos O cos <p [kr(a' ,B+a.§1) +i✓l-k2r2-(a'f,' +a'W)] 

+ i sin rp [kr(a' {1 + aW) + i✓ 1-kY (a'{/+ a'P')] 

+i cos(} sin rp [kr(a' f,-a.B') +i✓ 1-k2r2 (a' ,B' -a'.§1)] 

+sin(} [kr(-aa' + f1.B')+i✓1>-k2r2-(a'a' + ,B'ji)], 
hen·ce, 

2(¢a¢4+ ¢B¢4) =cos <p [kr(a',B+a'p-ap' -a{11)+2i✓l-k2r2 (a',8' -a'W)J 

+sin rp [ikr(a' ,8-a'.§+aP' -a,81)-2✓ 1-kY (a' fl+ a'P')] 

+ cos O cos rp • kr(a' ,8 + a' p + ap' + af,') 

+ sin (} . kr( - aa' - a.a'+ f?P' + .ern 
+i cos O sin rp • kr(a'f,-a'~ -apt +"fi/3') 

2(¢a¢4-¢B¢4) =cos <p • kr(a',8-a'p-ap' +a,B')+i sin rpkr(a.'{1+a'P+ap' +a.,81) 

+ cos O cos <p [kr(a' {1-a'P + ap' -a.,81 ) + 2i✓ 1-W (a' /1' + a'W)] 

+cos(} sin rp [ikr(a',B+a'.§-ap' -af,1)-2✓f=k2r2 (a'f,' -a'P')] 

+ sin (} [kr( - aa' + aa' +Ni'._ P/3') + 2i✓ 1-k2r2 (-a'a' + ,8'/:3')] • 

Using the equations above, from (55), we have 

¢tAf2¢=cosO cos rp[ -kr(a'"i]-a'f3+a.{1' -apt) 

+i✓ l-k2r2 ( -ap-af3+a.1{11 +a'.B')] 

+cosO sin rp[ikr(a'p+a',B-a.,81 -aW) 

-✓l-k2r2 (ap-a,B+a',8~ -a'.§1 )] 

+sinO[kr(aa' -a.a' -P/3' + f3P') +i✓l-k2r2 (aa-,ep+ f,'p' -a'a')] 

-i¢t Af 2r5¢ = cos rpkr(a'.§- a' {3-a/31 + a.§') 

-i cos O cos rp✓ 1-k2r2 (a.§+ af3 + a' /1' + a'.B') 

-i sin rpkr(a'p_+ a' f3+af1' +a.§1) 

- cos fJ sin rp✓ 1 - k2r2 ( ap- a{1- a' f3' + a' .B') 

+i sin fJ✓l-k2r2 (aa-[3p-f3'p' +a'a'). 

-i¢tAfa<P= cos rp[kr(a'P +a' {3---: af3' -ap') + i✓ 1-k2r 2 (ap -a.[3+ a.1,81 -a'~')] 

+ sin <p [ -ikr(a'p-a.1 ,8 + af,' - ap') + ✓ 1-k2r2 (a.§+ a,8- a' f,' -a'"p')] 
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4itAfar5¢=i cos So✓l-k2r2 (-aµ+a{3+a'f3' -a'µ') 

-sin So✓l-k2r2 (afi+a{3+a' fY +a'µ') 

+cos() cos <pkr(a'fi+a'f3+af( +apt) 

- i cos () sin <pkr(a'p - a' {3- a.[3'+ afi') 

+sin Okr(-aa'-a.a'+f3P' +P/3'). 

or, using (48),. 
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¢tAf2¢= -2i(ad+ad+bc+bc) cos O cos <p-2(ad-ad+bc-bc) cos o sin So 

+2i(Jib+ab-cd-cd) sin o, 
-i¢tAf2r5</J= -2kr(ac-ac-bd+bd) cos <p 

-2i✓1 :-k2r2 (ac+ac+bd+bd) cos o cos So 

- 2ikr(ac + ac-bd- bd) sin <p 

-2✓1-k2r2 (ac-ac+bd-bd) cos o sin <p 

+2i✓1-k2r2 (aa+bb-'cc-dd) sin O, 

-i¢tAf8¢=2i(bc-bc+ad-ad) cos· <p+2(bc+bc+ad+ad) sin <p, 

¢tAf3r5¢= -2i✓i-k2r2 (ac-ac+bd-bd) cos rp 

and 

+ 2kr(ac + ac - bd ~ bd) cos o cos rp 

-2✓1-k2r2 (ac+ac+bd+bd) sin <p 

+ 2ikr(ac-ac- bd + bd) cos o sin rp 

• +2kr(-aa+bb+cc-dd) sin o, 

-i¢t Af 1¢= 2ikr( - ab +ab- cd+ cd)- 2✓1 - k2r sin 8 cos rp(ad+ ad+ be+ be) 

+21/l-k2r2 (-ab-ab+cd+cd) cos O 

+~✓I-k2r2 i sin o sin <p(ad-ad+bc-bc), 

-i¢tAf4r5¢=2✓i-k2r2(ab+ab+cd+cd)+2ikr sin o cos rp(bc-bc-ad+ad) 

+2ikr cos O(ab-ab-cd+cd)-2kr sin O sin rp(bc+bc-ad-ad), 

¢tAf4¢=2(aa+bb+cc+dd), 

¢tAf1r5¢=2 cos O(aa+bb-cc-dd) 

+2 sin o cos rp(ac+ac+bd+bd) 

+2i sin o sin-So(ac-ac+bd-bd). 
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Then, by (54), we have 

vr= -krV1-k2-r2 T0+(1-k2r2) cos O· T1-(1-k2r) sin O cos r.p· T2 
+ (1-k2r) sin O sin <p • n , 

1/1 = - ; cos O cos r.p • T2 + ; cos O sin <p • Ta - ; sin {} · T1 , 

v"'=-~-(cos <p • Ta+sin <p • T2), 
rsmO 

t_ 1 
v -v1-k2r2 r,, 

where 

and 

To=2i(ab-ab+cd-cd), 

T2=2 (ad+ad+bc+bcf, 

T4=2 (aa+bb+cc+dd), 

T1=2 (-ab-ab+cd+cd)' l 
Ta=2i(ad-ad+bc-bc), 

, iv~s=[cos {} ·So+sin {} cos <p ·S1 +sin 8 sin <p ·SJ✓I-k2-r2, 

. Vl-k2r2 . · 
iv~s= -k cos rp·Sa+k sin rp·S,+---- (cos 8 cos <p·S1 

. r . 

(55) 

(56) 

+ cos O sin <p • 82-sin 8 · So) , (57) 

iv~5 = -✓ ~ 2? ( cos <p • S2 - sin <p • S1) + k cot {} ( cos <p • S, + sin <p • Sa) + k85 , 
. rsm8 

iv!5=-Ss- -,I kr 2r (cosO·S1+sinOcosrp·Ss-sin8sinrp·Sa>', 
1-k 

where 
So=2 (aa+bb-cc-dd). 

S2=2i(ac-ac+bd-bd), 

S4=2 (ac+ac-bd-bd), 

S1=2 (ac+ac+bd+bd)' 

Sa=2i(ac-ac-bd+bd), 

S5=2 (-aa+bb+cc-dd), 

S6=2 (ab+ab+cd+cd), S,=2i(ab-ab-cd+cd), 

S8 =2i(bc-bc-ad+ad), 89=2 (bc+bc-ad-ad): 

(58) 

In cylindrical coordinates p=r sin 0, z=r cos 0, <p and t, vi and v!5 are 
expressed as follows : 

vP= -kp✓l-k2r2 T0 -k2-pzT1-(l-k2p2) cos <p• T2+(1-k2p2) sin <p ·Ta, 

vz = -kz✓ 1-k2r2 To+ (1- k2z2)T1 + k2pz cos <p • T2 - k2pz sin <p • Ta , · 

"' _ cos <p T + sin <p T, V --- a -- 2, 
p p 

t_ l 
v - -v1-k2r T,, 

(59) 
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and 

iv~s = ( cos rp · S1 + sin rp · S2)✓ 1 - k2r - kz cos rp •Sa+ kz sin rp • S4 , 

i1f.5 =✓1-k2r S0+kp cos rp· Sa-kp sin rp •S4, 

iv~s - ✓l-k2r (cosrp•S2-sinrp·S1)+~(cosrp•S4+sin~·Sa)+kS5, (60) 
p p 

iv~5 = - S6- I k 2r (zS1 + p cos rp · Sa - p sin rp · Ss) • 
1 1-k 

Using (40), T's and S's are expressed as follows : 

_ _!_To= (ll+pp)(q+a)e'i'+r -(mm+qq)(e+e)e-•-• 
2 

+ (Zm + pq)(a -e)i-r - (lm+ pq)(e- a)er-r , 

_!_Tl= i[(ll-pp)(a-a)ei'+r -(mm-qq)(e-e)e-i'-r 
2 

+(lm-pq)(a+e)i-r -(lm-pq)(e+a)e<-<], 

_!_T2= i[(pl+pl)(a__;a)e•+r -(qm+qm)(e-e)e-i'-r 
2 

+(ql+pm)(o+E)ei'-r -(pm+ql)(e+a)e<-i']' 

J Ta= -(pl-pl)(a-a)i+r +(qm-qm)(e-e)e-i'-r 
2 

-(ql-pm)(ii+e)e"-r +(pm-ql)(e+a)e'"-", 

J T4 = (ll + pp)(l + t:1ii)e"+r + (qii+ mm)(l + ee)e-,-r 
2 . 

+(Pq+im)(l-ae)e"-r +(pq+lm)(l-ae)er-•, 

J_ So= (pp -ll)(I + l1<1)e" +r + ( qq - mm )(1 + Ee)e-:i'-r 
2 . 

+(pq-lm)(l-ae)e"-r +(pq-lm)(l-ae)er-•, 

lsl = (pl+pl)(l+aa)ei'+r +(iim+qm)(l +ee)e-i'-r 
2 . . . 

+ (pm+ql)(l-iie)i·-r +(<il+pm)(l-ae)er-•, 

l_Sa= i[(pl-pl)(l+aa)e'+r +(iim-qm)(l +ee)e-•-r 
2 

+(pm-qZ)(l-iie)i-r + (ql-pm)(l-ae)e<-•], 

1 Js3 = i[(pl-pZ)(l---aii)e';+r + (qm-qm)(l-ee)e-i'-r 2 . 

+(pm-ql)(l +ae)e"-r +(ql-pm)(l +ae)e<-<], 

1_S4= (pl+pl)(l-aa)i+r +(qm+qm)(l-ee)e-,-r 
2 

+(pm+qi)(l+ae)i-r +(iil+pm)(l+t:1e)er-,, 

(61) 
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_ _!_s5 = (pp-U)(l-aii)e<H + (qq-mm)(l-ee)-i'-r 
2 

+ (pq-lm)(l + ae)ei'-• + (pq-lm)(l + ae)e•-r , 

ls6 = i[(ll+pp)(u-a)ei'+, -(mm+qii)(e-e)e-i'-, 
2 

+(lm+pq)(a+e)ei'-r -(lm+pq)(e+a)e'-"], 

1-s.i= (ll-pp)(u+a)i+•-(mm-qq)(e+e)e-,-, 
2 

+(lm-pq)(a-e)e'-' -(lm-pq)(e-a)e<-,, 

lss = -(pl+pl)(a+a)ei'+r +(qm+qm)(e+e)e-i'-r 
2 

-(ql+ pm)(u-e)e'-• + (pm+izl)(e-a)e'-' , 

. _ _!_Ss= i[(pl-pl)(ii+a)i'+r -(qm-.qm)(e+e)-r-, 
2 ' 

+(ql-pm)(ii-e)e<-'-(pm-ql)(e-a)e'-'] , 

where -r=li/1+£2-kt, a=ill+L2 +£, e=Vl+L2 .-£, and l,m,p,q are 
2 

any constants. 

Note V. 

Theorem. The most general form of the vector U1 whwh is made from 
two vectors u1 and u1 is given by 

1 2 

U1=au}+au1 (l=l, .... ,n) 
11 2 2 

Proof. Let the required form of U1 be 

uz = JZ(ul' • • • • 'Un, ; Ul' • • • • 'Un,) ' 
1 1 2 2 

or, for brevity, 
U=f(u; u). 

1 2 

(l=l, .... ,n), 

Since U is a vector, in any linear transformations x' = Tx, it must be true 
that 

Tf(u; u)=f(Tu; Tu). 
1 2 1 2 

(L) 

Specially, when T has the forms: 

• -Ii O ... 0 l 
T- : 0 

0 ' 

-I 8 .. 1. o ... o l 
T- : 0 

0 ' 

etc., 

respectively, (L) · becomes 
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/1=/1(u1,0, ... ,,0; u1,0, .... ,0), 
1 2 

P=/1(u2, 0, .... , 0; u2, 0, .... , 0), 
1 2 . 

etc., 

respectively. Therefore /1, P,.... are the same functions of (u1, u1), 

( 2 2) • U,U •••• , I.e. 
1 2 

1 2 (F) 

Further, when 

(L) becomes 

If we choose u1, at a point, such that 

u1=1, u2 =0; u1=0, u2=1 
1 1 2 2 ' 

the equation above becomes 

aF(l, O)+bF(O, l)=F(a, b), . 
which shows that F(a, b) is the form of aa+bb. Therefore by (F) we have 

1 1 

f1=mi+au1 • 
1 1 2 2 

Note ·v1 . . 

By the assumptions IIN and HIN, ur : u0 : u'P must not contain rp and t. 
Under this condition, from (53), (55), (57) and (61), we have the following 
four cases : · 

( I ) p=q=m=O (l=\=O), 

(III) p=q=l=O (m=\=0), 

(11) l=m=q=O (p=\=0) ,· 

(IV) l=m=p=O (q=\=O). 

Now we take the case (I).m In this case we have, from (55) and (57), 

vr=2lle'+'[kr✓ 1-k2r2 (0+11)+(1-k2r2) cos Oi(a-11)], 

0 l-l -+ sin O '( -) V =2 e' r ·--i a-a 
r ' 

v'P=O, 

Vt= 2lle<+r. 1 (1 + 11a) 
ill-k2r2 ' 

(1) The other three cases (11), (III), and (IV) are treated by the same way obtaining 
the same result as in the case (I), so we shall omitt the treatment of: them. 
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• o - ·,+r sin O / - - --- -iv.5=2Ue •----1 1-kY(l +M), 
r 

iv'f5=2lle'+r ·k(l-aa), 

iv~5=2lLf/H ·[i(a-o')- ,I kr 2 2 1-kr 

Then ui is determined by the equation 
1 

ul=cosh '}·vz+isinh 'J·V(5. 
1 

ui is obtained by putting '7- -'7, L- -L (accordingly ,,.-1-) and z-l' 
1 ~ 

in the aboves. 
Now, we will normalize ui and ui such that 

1 2 

Disregarding real common factor, ui ,is expressed as 
1 

ur=kri/1-k2r2(a+a)+(l-k2r2) cos0·i(o'-a)-µ,/l-k2r2cos 0(1 +11a), 
1 

0 sin O '( -) +µ sin O ,/l k2r (1 + -) u =~-i a-11 -- - ,,.,,. , · 
1 r r 

u'P=µk(l-aa), 
1 

ut = --1 (l+aa)-µi(a-11)-µ kr cosO(a+a), 
1 ,/1-k2r2 i/l-k2r2 

or, in cylindrical coordinates, 

uz = kz,/ 1-W (a+ 11) + i(l -k2r2)(a - ,,. ) - µr/ 1-k2r2 (1 + 11a) 
1 

u'P = µk(l - aa) 
(2) 

1 

f = ,/i~k2r2 (I+11a)-µi(a-11)-µ ,/i~\2r2 (a+a) 

where (3) 

and a1 is the solution of 
a1(17iui)+ui oa~ =O. 

1 1 ax• 
(4) 

Since, by actual calculation, 

. • k(3-4k2r2) (- k {· k'(- ) k _ l+au } 
171.~ = i/l-k2r2 a+11)- Z 4 i o-a -µ -.ll-k2r2 , 

(1) 
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a particular solution of a1 is given by, regarding 1-k2r2 • • 1, 

Hence the general form of a1 is given by 

a1 =[kz(a+a)+i(a-a)-µ(1 +aa)]-1p-2F1' 

F 1 being the general solution of 

ul oF1 =O. 
ox1 

But, since (6) has the three independent solutions: 

(5) 

(6) 

p a+ii 

kz(a+a-)+~i(-a~--a-)--µ(l+aa)' pe- µ(1-aii>'P, } (
7

) 

_ (11+a)k (µz+t) 

e 0+ 1111>cl-t••> [k(a+a)z+i(a-a)-µ(l+aa)], 

87 

F 1 is an arbitrary function of (7). Similarly, a2 is obtained by putting 

µ ~ - µ, L- - L ( accordingly a-> ! ) in the above. Namely a2 is given by 

F 2 being an arbitrary function of 

p 
k~(a+a)+i(a-a)+µ(l+aa)-' 

___ a±_ii_<p 
pe µ(1-aa) , 

(a+ii)k (µz-t) 

e (l+a11Xl-µ2) [k(a+a)z-i(a-a) + µ(1 + aa}]. 

Then taking into account of the assumption IN, it must be that 

d+d 

i.e. F is an arbitrary function of pe - µ<F-aa> 'P So that Neglecting k2r com-
pared with 1, the actual form of u1 is reduced to the form 

u' =0, 

u"=lp-2 ·kp(a+a)[ -i(a-a)+µ(l+aa)], 

u'P=lp-2 • µk(l-aa)[ -i(a-a)+ µ(1 +aa)], 

'Ut =).p-2 • [{1 +aa- µi(a-a)}{ -i(a-a)+ µ(1 +aa)}-µk2z2(a+a)2]. 

where l is any real factor satisfying 

ui ol -=O. 
ox1• 

(8) 
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. Since the solutions of the differential equations 

dz_ dp _ d~ _ dt 
. 

are obtained as 
-ct 

pe =C3 

( _ k(;;+a)[µ(l+a;;)-i(;;-11)] ) 
C µ(1 + 11;;)2-i(;;-a)(l + u;;)(l + µ2)-µ(;;-11)2 - µk2cf.(;;+ a )2 

Ci, c2, Ca being constants of integration, ;. is an arbitrary function of (9). 
Moreover, from the assumption IVN, particle density D=V Yiluiui i.e. 

· D=lp-2[1+11;;-µi(;;-11)] (10) 
• • • _ _i!1H) (p 

must not contain t. Hence ;. 1s an arbitrary function of z and pe µ<t-c1a> • 

This problem was discussed at a special seminar of Geometry and 
Theoretical Physics in the Hirosima University, and its research has been 
carried on under the Scientific Research Fund of the Monbusyo, the Depart­
ment of Education. 

Mathematical Institute, Hirosima University. 
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