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§ 1. Introduction. 

In cosmology in terms of wave geometry,<1> we have adopted the idea 
that a nebula has two aspects, one being; that of a particle in detecting the 
universe, the other being of probability-existence; that is to say 

(1) the path of each nebula, as a particle, is a geodesic line in the 
space time continuum. 

(2) as a probability-existence, the momentum density of nebulae is a 
function of t, the solution of the fundamental equation. · 

On the basis of ·these considerations, with the condition that the vector 
ui = 'ljrt Arlt considered as expressing the momentum density vector of nebulae 
smeared out, always generates a geodesic line in the space-time contin,uum, 
we have established our theory. 

'In this paper, first we shall show that our theory of cosmology is 
characterized by a homogeneous property for observations in the universe. 
Next, we shall obtain the relations between two observation-systems in the 
universe and using these relations we shall show that the Hubble's velocity 
distance relation in terms of wave geometry is also deducible. 

§ 2. Homogeneous property of the universe. 

In cosmology in terms of wave geometry,m we have obtained the 
fundamental equation for y : 

(~;- - r-) ·'·= !.r•·'· ax• • T 2 • T ' 
(i= 1, ... .', 4) 

and, as condition for complete integrability of (2.1), 

(i,j, k l=l, ... , 4) 

(1) Y. Mimura and T. Iwatsuki, this Journal 8 (1938), 193, (W. G. No. 28). 
T. Sibata, this Journal 8 (1938), 199, (W. G. No. 29). 
H. Takeno, this Journal 8 (1938), 223, (W. G. No. 30). 
K. Itimaru, this Journal 8 (1938), 239, (W. G. No. 31). 

(2.1) 

(2.2) 
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which gives the line element of the form 

ds'4= __ d~ . .2 -rdfP-r2 sin2 Od1.p2+(L-k2r)d-t:, (2,3) 
1-k·r . . 

putting x1=r, x2=0, i"=r.p, x4=t (r, 0, r.p and t mean polar coordinates and 
time coordinate respectively). 

In the procedure above we find that the origin of the coordinates is 
taken on a nebula arbitrary chosen, and for each coordinate system r, 0, r.p, 
t, the cosmological laws are described in the same form. This means that 
the universe has the property to be called as homogeneous for set of observers 
resting on nebulae. In the following we shall investigate this homogeneous 
property in detail. 

The homogeneous property of the universe can, at least, be regarded 
that for each observer (resting on a nebula), who assigns coordinates by 
the same method, the interval <ls must have the same form. Namely, if· 
(r, 0, r.p, t) and (r', O', r.p', t') are the coordinate systems for two different 
observers the interval ds2 c0rresponding to (r', O', r.p', t') must have the same 
form as (2.3), i. e. 

d 12 

ds2= - r -r'2d0'2-r'2 sin2 (J' dr.p'2+(1-k2r'2)dt'2 • 
l-k2r,2 . 

So that (r, 0, r.p, ·t) and (r', O', r.p', t') are connected in the relations 

r-r' =R(r, 0, r.p, t), 
<p-r.p'=<J)(r, 0, <p, t), 

. 0->{}' =B(r, 0, r.p, t), } 
t- t' = T(r, 0, rp, t) , 

(2.4) 

which mak<;i (2.3) invariant. The actual forms of (2.4) are givenm, in the 
form of infinitesimal transformations, as follows : 

U1=cos r.p.1_ -cot(} sin rp-3.-, U3= JL, 
ao arp arp 

u. . a O a rr a 2=sm rp-+cot cos rp-- , u4 . - ,· 
ao . ar.p at 

U5=C -Vl-k r cos 8--~- -sm0-+-==-=COS0-. _ kt[ --z-'- a ✓1~k2r2 • a kr a] 
ar r ae. vl-k2r2 at 

u. - -kt[ ; 1 k2 • .2 0 a ✓1-k2r2 . 0 a kr O a ] 5=C l - rCOS --------sm -- · cos --
~ ar r ae . ✓ 1 - k2r2 at 

U1=ekt[✓1-k2r2 cos rp sin o2-+<'f='k2r2 -cos rp cos o.1_ 
or r ae 

✓1-k2r2 . a kr · . a ] - . sm rp-+ _/ · k2r2 cos r.p smO-
r sm o arp v l - at 

(1) Note I, p. 26. 
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[ / --· a 111-k2r2 a U8=e-kt /1 1-k2r2 cos rp sin·O-+----cos rp cos 8---
or r ao (2.5) 

vl-W . a kr · . o J - . sm rp- ✓ k2r2 cos rp sm O-r sm o o<p 1- . at 

TT kt[ /1 7.2 • .2 • • 8 0 ✓ l--k2r2 . 8 0 u0=e l .-n;-·r sm rp sm -+----sm rp cos - --
or r all 

+✓1-W a kr . . o a ] . cos rp--+ ✓ k2r2 sm rp sm -r sm 8 orp 1- at , 
U1o=e-kt[v1-k2r2 sin rp sin o_1__+ -.ll-k2r2 sin rp cos o-1__ 

or r 08 

+ v 1 - k2r2 cos 'P a kr sin rp sin o-1__] . 
r sin O a;-vl-k2r2 at 

On the other hand we can show that the fundamental equation for y 
(2.1), the cosmological law in our cosmology, is invariant by (2.5),(1) and 
conversely the most general fundamental equations for 'ljr: 

I 

which are invariant by (2.5) are reduc.ible to the form (2.1).<2> Therefore, 
our cosmology itself is consistent with the homogeneous property of the 
universe. 

I 

§ 3. Classification of the transformations (2.5): 

The transformations (2.5) can be classified in the following two groups 
G, and G6: 

G, is a transformation group which makes r=O invariant and represents 
rotations in 3-dimensional space and translation in the axis of time; that 
is to say G4 is a transformation group between two observation-systems 
on the same nebula. Gs is the transformation group which transforms the 
origin r=O to the other; that is to say Ga is a transformation group 
between two observation-systems each resting on different nebulae. .Now 
we shall study Gs in its fl.mite form. 

Rewriting Ga in the rectangular coordinates 
x=r sin 8 cos rp, y=r sin{) sin rp, z=r cos 8, we have 

(1) Note II and III, p. 88 and 36. 
(~) Note 'III, p. 86. 
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U5=ekt [✓1-k2r _2__+ kz 2-J' 
az ✓1-k2r2 at 

" " ], 
U1 = ekt [v 1-k2r2 __cJ__ + kx __ a __ ] ' 

ax ✓1-k2r2 at 
(3.1) 

The finite forms of the equations of the transformations generated by the 
operators above are,<1) -r, -r1 being parameters, 

z' = z + ektv 1 - k2r2 -r , x1 = x , y' = y , 

ekt' = ekt[l - k2e1-kt-r2 - 2k2zektT /✓ 1-k2r2 r½ } (3.2) 

z1 =z+e-kti/1-k2r2-r1
1 x'=x, y'=y, } 

(3.3) 
ckt' =t-kt[l -k2e-2kt-r2_ 2k2ze-kt-r/✓l ~k2r2T½ 

and the equations obtained by. cyclic interchange of x, y, z in the equations 
above. ;Combining (3.2) and (3.3) in a single form, we have<2) 

x'=x, y'=y } 

z1 =z+ill-k2r2 {ekt(l-k2-r-r1h+e-kt-r1}-2k2z-r-r1 --~ ( 3.4) 

ekt' =ekt[ (l-k2-r-r')2 - k2e-2kt-r'2- 2k2ze-kt (1-=_k2-r-r')-r' /ii 1 -W ]½ 
l-k2e2kt-r2-2k2zekt, J✓ l -k2r2 

So we have the result: the relations between the coordinates of the set of 
observers which are moving to each other ( G6) are decomposed into the follow
ing 3 kind : (3.4) and the equations obtained by cyclic interchange of x, y, z 
in (3.4). 

§ 4. Velocity of an observer which are moving 
to another observer. 

· Let us consider the case when the coordinates x, y, z, t of K system 
and x1, y', z', t1 of K' system are related by the equations (3.4), and obtain 

(1) Note V, p. 40. 
(2) ~ote V, p. 41. 
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the velocity v of the K system with reference to 
the K' system. This velocity v is obtained by 

putting x=y=z=O and [ dz ]=o in the expres-
dt '"-y-z-o 

• dz' . 
SlOn -, I, e, 

dt' 

Since 

v=[dz'] 
. dt' '"-11'...z-o 

dz' 
dt' 

[~]-o 
dt '"-y-z-0 

az' + az' dz 
at' oz dt 
at'+~ dz ' 
at oz dt 

we have, from (4.1), 

(4.1) 
X 

25 

z 

K 

-A-=-o----Y 

K' 

(f 

(4.2) 

Expressing the rig~t-hand side in terms of z' and t', we havem 

This is the required form of velocity, and can be regarded as the velocity 
of the origin of K with respect to K', z' and t' being the coordinates of 
the origin of K-system in reference to K' -system. So we can say that the 
origin of K is in a motion along the axis of z' with the velocity v given 
by (4.3); and the same can be said for the velocity in the direction of the 
axes of x' and 'J/. Therefore, we have the result: In reference to a gystem 
of coordinates (K'), the origin of another gystem of coordinates (K) connected 
by Gs is in a motion in a radial direction, with velocity of the form : 

_ -pe-kt' +qekt' _ 
v- -kt' kt' kr'(l W) 

pe +qe 
(4.4) 

This shows that origins of aH the coordinate-systems which are trans
.formable by Gs moves with the velocity (4.4) to each other, namely, nebulae 
which are constituents of the universe, moves with the velocity (4.4) in the 
direction joining nelnilae to each other. This ffllUlt coincide with that ob
tained by using the momentum density vector uz=ytArzv of nebula in 

(1) Note VI, p. 42, 
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our cosmology.<0 So we see that Hubble's velocity distance relation in the 
wave geometrical cosmology is also deducible from the theory of group 
based on GG, 

§ 5. The fundamental equation for ,fr invariant by GGo 

In § 3 and 4, we have seen that G6 give the transformations between 
the observation-systems resting on the different nebulae which are in the 
relative motion satisfying the Hubble's velocity distance relation in the wave 
geometrical cosmology. Here we have a question : What are the phenomena 
observed as homogeneous in all the observation-systems connected by G6? 
or in wave geometrical terms : What is the fundamental equation for y 
which is invariant by G6 ? 

By actual calculation<2) we see that the tensor invariant by G6 is a{C 
(C=constant), so that the invariant equation for 'ljr is 

which can be reduced to the form 

( a~i--ri)v'= !riv' 
by a gauge transformation: 

v={/3+( a-: r5)}v' •. 
So we have as result : The fundamental equation for y invariant by Gs is 
reducible to the form (2.1). That is to say our cosmology is characterized 
by the homogeneous property by the observation-systems connected by GB. 

Notes~ 

I. The group of motions admitted by the space whose 
line element is de Sitter form. 

We shall obtain the continuous group G which preserves the line element 
of de Sitter form: 

drr= - l dr2-r2d02-r2sin2 0d,p2+(1-k2r2)dt2 (1) 
1-k2r2 . 

Denote r, fJ, rp, t by x1, x2, w, x4 respectively, and let the infinitesimal trans
formations of the continuous group be 

(1) K. Itimaru, ibid., 245. 
(2) Note VII, p. 42. 
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(i=l, 2, 3, 4) (2) 

rhat the form (1) remains invariant for the group generated by (2) means 
that for the two systems of coordinates, xi and xii, the corresponding 
fundamental tensors Yii and g~i are the same functions of x• and x'• re
spectively, i.e., 

(i,j=l, 2, 3, 4) 
or 

(l, m= 1, 2, 3, 4). 

(3) 

(4) 

From this, since the coefficient of ifr in the expansion of the right-hand side 
of (4) into power series of a, must vanish identically, it follows that 

(5) 

By use of the covariant derivative, it is shown that (5) is equivalent to<1> 

or 
oE~ + aE._ -2{fi.}E =0 
ox• ox' ., h ' (6) 

where {h} are Christoffel symbols : 

{ ?i:} = lghk( ogk~ + ogk! _ og.j) . 
•J 2 ox' ox• oxh (7) 

Now we shall solve equation (6) and find the general solutions of Ei. 
By (1), the fundamental tensor Yii has the form 

1 
Yn= - l-k2r2, Y22= -r2, g~= -r2sin2 0, g44= -(1-W)} 

(8) 

Hence, by (7), the Christoffel symbols {;~} can be calculated<2>; the results 
are 

{A}= -l(log (1-k2r2))', rn}=_!__, {M= l, {M =l(Iog(l-k2r2))' 
2 . r r 2 

{iz}=-r(l-k2r2), {l}=cotO, {:k}=-rsin2 0(1-k2r2), {i}=-sinOcosO (9) 

{1} = lu - k2r2)2 (1- kY)' ' the remaining ~D = 0 
2 

(1) Eisenhart; Reimannian Geometry (1926), 234. 
(2) The actual calculations are given in Eddington's The Mathematical Theory of 

Relativity (1930), 84. 
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where the accent denotes differentiation with respect to r. 
Substituting (9) into (6) for each value of i, j = 1, 2, 3, 4, we have the 

following ten equations :-

o€1 +1-(Iog (1-k2r2) )'~1 = 0, 
ar 2 

~L+ o€2 -2_1€2=0' 
ao ~r r . 

0~1 + 0~4 -(log(l-k2r2))'€4=0, 
at or 

0~2 + 0~4 =0 
at oO ' 

From (6.11), we have 

(6.12) 0€1 + o€s _ 21._~s=O, 
oSo or r 

(6.14) 0~2 + o€3-._2·cot 0~3=0 
oSo of} ' 

(6.24) _0~3 +~4-=0. 
at oSo 

. 1 
~l = C(O, So, t) ✓ l-k2r2 

(6.22) 

(6.13) 

(6.23) 

(6.34) 

(10) 

where C(O, So, t) does not contain r. Substituting (10) into (6.22) and (6.12), 
we have 

and 

a€2 +r✓l-k2r2 ·C=0 
oO 

(6.22)' 

(6.12)' 

Eliminating ~2 from (6.22)' and (6.12)', we have 

A_(r✓l-k2r2)C- 020 1 _ _!_,r✓l-k2r2 C=O' 
dr · 002 lll-W r 

or 
32c +C=O 
ao2 ' 

hence 
C= A(\l', t) cos O + B(rp, t) sin O , (11) 

where A and B do not contain r and 0. Substituting (11) into (6.22)' and 
(6.12)', and solving for ~2, we have 

~2= { -A(So, t) sin O+B(So, t) cos O}r✓l-W +r2D(So, t) (12) 

where D(<p, t) does not contain r and 0. Then (6.33) and (6.44) become, 
'respectively, 
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0~3 +B(sii,.t)sin0r✓l-k2r2 +D(sii,t)r2sin0cos0=0 (6.33)' 
osii 

and 
0~4 +k2r{A(sii, t) cos O+B(sii, t) sin O}✓l-k2r2 =0. 
at , 

Differentiating (6.13) by S" and using (6.33)', we have 

02A cos o+{ 02B(sii, t) +B(sii, t)} sin O=O, 
orp2 osii2 

hence it follows that 

a2B(sii, t) + B( t) = 0 
0\"2 S", ' 

therefore, 
B= Ta(t) cos sii+ Tit) sin S", 

(6.44)' 

(13) 

29 

where Ti, T2, T3, T4 are functions of t alone. Similarly, differentiating (6.14) 
by t, and using (6.44)', we have 

( 02A -k2A) cos o+( 02B -k2B) sin 0=0 
at2 · at2 · ' 

hence 
a2A -k2A=O 
at2 ' 

Therefore from (13), we have 

(i=l, .... , 4) (14) 

where ai and bi are any constants. Also, from (6.23), differentiating (6.23) -
by S", and using (6.33)' and (13), we have 

a2n +D=O asi12 . , 
from which 

D=p(t) cos sii+q(t) sin S", (15) 

where p(t) and q(t) are functions of t alone. 
Then, from (6.33)', we have 

~a= { -Ts Sil\ sii+ T4 cos S" }r sin o✓ 1-k2r2 I 
(16) 

+r2 sin O cos 0{-p(t) sin sii+q(t) cos sii}+Ps(r, 0, t), 

where P 3 does not contain sii. And, from (6.44)', we have 

(17) 
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where P4 does not contain t. Substituting ~1, ~2, E3 and ~4, defined by (10), 
(12), (16) and (17), into the equations (6.13), (6.14),. (6.23), (6.24), (6.34), 
respectively, we have 

-T1r✓1..:..k2? sin O+ oPs -2 cot OP3=0 ao 

r20D + 0P4 =O 
at oO 

·a__~~+ r2 sin O cos O { -p'(t) sin <p +q'(t) cos <p} } 
at · . 

+ oP4 -r-vl-k¥ cosOdTi =O 
o<p dt 

• 
From (6.14)', we have 

(6.13)' 

(6.14)' 

(6.23)' 

(6.24)' 

(6.34)' 

(18) 

where Qi8, <p) does not contain r and t. Substituting (18) into (6.24)', it 
follows that 

i.e. 

0Q4 =O 
08 ' 

aD --·=O 
at ' 

Q4=W(<p), p, q in (15)=constant. 

Therefore, ( 6.34)' becomes 

~ 3 +(1-,-k2r2)<P'(\O)-r-Vl-k2r2 cosodTi =0, 
at dt 

I 

from which we have 

(19) . 

<P(<p)=cf+d, (because of <Jl"(\O)=O from the equation above), (20) 

accordingly 
Pa= -c(l-k¥)t+r-vi=k¥ cos OT1 + N(r, O). (21) • 

Substituting (21) into (6.13)', we have 

l!i+.!_Ct-.!_N=O, 
ar r r 

from which we have 

c=O, 
accordingly 

(since N does not contain. t), 

· N=r28(0), 
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hence P3=rvl-k2r2 cosOT1+r20(0)=0. 

also (18) becomes P4=d·(l-k2r2). 

Lastly, substituting (22) into (6.23)', we have 

-~rVl-kY T1+r28'(0)-2 cot O·r28(8)=0, 
smO 

from which it follows that 

(i.e., T1 = O) 

8=e sin2 0 

where e is any constant. Hence 

P3=ersin2 0. 

Putting together the results obtained above, we have 

€1 = -1 1 k2r2 [T2 cos O+(Ts cos r+ T4 sin So) sin O] 
l l-

€2=ri/f-k2r2 [ -T2 sin O+(T3 ·cos So+ T4 sin <p) cos 8] 

+r2(p cos So+q sin So) 

Ea=rill-k2r2 sin 8[ -T3 sin So+ T4 cos <p] 

+ r2 sin O cos 0( - p sin <p + q cos <p) + er2 sin2 8 

€4= -kr✓ 1-k2r2[(a~kt_b2e-kt) cos o+ {asekt_bse-kt) cos 'P 

+ (a,ekt _ b4e-kt) sin So} sin OJ+ d. (1-k2r) ' 

where (i=2, 3, 4), 

(22) 

(23) 

(24) 

(25) 

31 

and ai, bi, p, q, d, and e are arbitrary constants. (25) is the general solution 
of (6). From (25), 1;1=g1m€m are calculated as follows: 

€1= - i/r=-k¥- [T2 cos 8+(T3 cos 'P+ T4 sin <p) sin O] 

,11-k2r2 . 
E2 = - · ~~----,[ - T2 sin O+ (Tacos So+ T, sin <p) cos O] r , 

-(p cos<p+q sin <p) 

✓i~k2r2 (26) 
€3 = - . 0 ( - Ts sin So+ T4 cos So)- cot 0( - p sin So+ q cos <p) - e 

rsm 

€4= - ✓1 ":._k2r2 [(~kt:-b~-kt) cos o+ {(a,.iekt_bse-kt) cos 'P 

+(a4ekt_b4e-kt) sin <p} sin OJ°+d 

If we express the group G by the operator €1- 0- since (26) contains ax1 ' 
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ten arbitrary constants (ai, bi (i=2, 3, 4), p, q, d, e), we have the following 
ten operators: 

(coefficients of p) 
, a a 

- cos rp- + cot O sin rp- -ao arp 

( 

( 

( 

-< 

( 

( 

( 

( 

" 

" 

" 

" 

" 

" 

" 

" 

" 

) . a t{} a q -sm rp--co cos <p-ao arp 

e) 

d) 

a 
ocp 

a 
at 

a...i) ekt[-l>l-W coso..'i_+ ✓i-w 
or r 

sino..'i_ ao 
- kr. coso..'i_] 
✓1-k2r2 at 

bJ e-kt[:-v11-k2r2 coso..'i_+ ✓r=-1c2r2· sinO..'i_ 
ar r ao 

+ _kr cos 0..'i_] 
✓1-k2r2 at 

a3) ekt[-✓ 1 _:- k2r2 cos <p sin o..'i_ - ✓ l-k2r2 cos cp cos o..'i_ 
or r o0 

,11-k2r2 . . a kr ' . a ] 
+ r sin O sm cpaq;- -,/ 1-2k2:,I cos rp . SID Oat 

[ ✓---· a ✓1-k2r2 a b3) e-kt _;, 1-k2r2 cos<psinO-- . cos<pcosO-
- ar r ao 

+ ✓f,:_7cy . a + kr . o o ] 
• SID <p- COS <p • SID -

r sID o o<p 1/1-k2r2 at 

a4) ekt[✓ 1-k2r2 sin rp sin o..'i_ + Y 1 l - k2r2 sin <p cos 0~ . 
or r ao 

+ ✓1-:--k2r2 cos _}_+ kr. . . O o ] cp- · SID <p·SID •--
r SID o ocp ✓1-k2r2 at . 

b4) e-kt[✓ 1-k2r2 sin <p sin 0~ + ✓ r=w· sin rp cos o..'i... 
or r ao 

+ ✓l-k2r2 a kr . . 0 a ] . 0 cos<p--· . ~sIDcp·SID •-
rsm o<p ✓1-k2r2 at , 

(27) 
. which generate the continuous group G10• 
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II. On the fundamental differential equations for ,fr remaining 
invariant by transformations of coordinates. 

33 

We shall consider the properties of v when the fundamental differential 
equation for v remains invariant by transformations of coordinates. Let 
us consider the transformations of coordinates: 

(1) 

which make the fundamental tensor gii invariant, i.e., g;i=gi;{x'). Taking 
the 4-4 matrices Ti, r5 satisfying the relations: 

consider the fundamental differential equation for v : 
(2) 

where 

ri being defined by 

and ~. being any 4-4 matrices expressed by sedenion as follows: 

(3) 

We say that the fundamental equations for v (2) are invariant by , trans
formation (1) when the tensors Ar, AiP, A?5, vectors Al and scalar A. in 
(3) are invariant by (1) ; i. e., for· the two systems of coordinates, xi and 
x'i, the corresponding quantities Ar, A? .... Ai and A~•pq, A;·P .... A; are 
the same' functions of x• and x'• respectively (A~•pq = Aipq(x') etc.). In such 
circumstances we shall examine the properties of (2). 

By transformation (1), g.j, Ar, Ti,r. and v are transformed as 

ax1 
r,. - r,: = --I',1 • • a'x• ' 

v-v' =v(x(x'))' 
accordingly 

f7-•'·=(~-I',-)•'·-r'-·'·' -(~-r,:)•'·' = axi_ f7z•'·. •,. ax• • ,. •,. ax'• • ,. ax'• ,. 
. ~ l 

""'--.2'-=A'-•pqr' r' + A~+A'-·5r'+A'-·Pr' +A·-'P5r'r' =~""' .L..i• . • - • P q • • 5 • . P • P 5 ox'i .LJl 
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and (1): Vt'1r= ~lt~v~y' = b;V'. 

But (1) makes gii invariant, i.e., g~i=gift'); hence 
I • 

r~r1+r1r~ = r,,(x')r;(x') +rix')ri(x') , 

therefore r~ and Ti(x') are related by the equations 

(4) 

where S is a certain 4-4 matrix which shall be determined according to (1). 
(Note that in general r~ are not equal to r.Cx')). 

Next we shall find that the relations between· r; and I'.(x'). r: and 
1:{x') are determined from the equations: 

-0r1 = {"-}'r'k+ r/r~-r'-r/ ax'' •1 • 3 J • 

and 
or;(~') = C~}(x')rix') + I'i(x')r;(x')- r;(x')I:(x') , 

ax'• 

where {lH(x') express the functions in which x• in {t} are replaced by x'•. 
From the equations above, since 

~nd 

we have 

Therefore we have 

(because of g~; = gi;(x')) 

r;=Sr;(x')s-1 , 

rI=SI'.(x')s-1+ 08,. s-1 • ox. 

Hence, when (2) is invariant by (1), since 

~~v' = ~ix') . s-1,ir, , 

the transformed equation of (2) becomes 

( o~i - I'i(x') )s-1,ir1 = ~i(x'). s-1,i,1 • 

(5) 

Comparing these equations with (2) we see that when y is the solution of 
(2), s-1,ir' is also the solution Qf (2) in which xi are replaced by x'i. Hence 
if we denote the solution y of (2) by y (x, c), where c (c1, c2, c3, c4) are in
tegration constants, we have 

s-1,ir' =v(x'; c') 
or 

y' = y ( x(x') ; c) = S,jr(x' ; c') ; (6) 
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where c' are in general not equal to c. 
So we have the resu1t: That the differential ·equation for ,jr: 

• 
{ ~-r.(x)}v=~i(x),jr' ax• 
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(2) 

is invariant by transformations of coordinates x'i = Ji(x) which make gii 

invariant (i.e. g~i=gi;(x')), means that for the two systems of coordinates, 

xi and x'i, there exists a matrix S tmch that 

s-1r~s=ri(x') 

and the corresponding s-1,ir' and ,jr(x') satisfy the differential equations of 
the same form, i. e. 

accordingly, in this case, the solution ,jr(x. c), c(cx, c2, c3, c4) being constants 

of integration, is related to ,jr' - ir ( x(x') ; c) by the relation 

,jr' = S,jr(x; c), 

where e's are in general not equal to c. 
From the result above . we can prove : When the fundamental equations 

for ,jr (2) are invariant by (1) which makes giJ invariant, for the two 
systems of coordinates, x• and x'', the following scalars, vectors, and 
tensor, etc. : 

M-vtA,jr, N=,jrtAr5,jr, u•=vtAr•v, l 
(7) 

U!s=vtArir5V, u•1=,jrtAfiriJ,jr 

(A being a hermite matrix which makes Ari hermite) satisfy the following 
relations: 

,, M' -M(x(x'); c) =M(x'; c'), 

u'i= ox'i ul(x · c) = u'(x' · c') · 
axz ' ' ' 

Proof. By (6) and (4), we have 

I 

N' =N( x(x'); c) = N(x' ; c') 

U:.i = u~Hx', c') · 

M' - ,jr't A ,jr' = ,jrt(x', c')St AS,jr(x' ; c') } 

u1•=,jr1tAr1i,jr1 =,jrt(x'; c')StASr•(x') · ,jr(x'; c'), 

etc. 

(8) 

(9) 
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ox'i 
But, since 

oxi 
are real, A makes Ar~= 0,x\Ari also hermite, i.e., by (4), 

ox' 

or ' st AS· rix') = r/(x) · St AS 

which shows that StAS makes stAS·ri(x') hermite, so that 

stAS=A(x') 

Substituting this into (9), we have 

M' = M(x' ; c') , u'i = ui(x' ; c') etc. Q.E.D. 

[N. B.] These results are also easily shown by construction of the dif
ferential equations for the quantities defined by (7) from the differential 
equations for y (2). By the . construction of the differential equations for 
the quantities .defined by (7) we can easily see: 

When the fundamental equations for y · are invariant by the trans
formations of coordinates x'i=fi'(x), for the two systems of coordinates, xi 
and x'i, the corresponding differential equationsm for u1, ui5, M, N, etc., and 
u'i, u~Z, M', N', etc., .... have the same form in x and x' respectively. 

' III. Fundamental differential equations for 'ljr invariant by G1o• 

In cosmology in terms of wave geometry<2> we have obtained de Sitter 
type universe in which the line element is of de Sitter form and the funda
mental equation for y is 

which is reduced to 

i:1;-t=_lc-riv. 
2 

(1) 

(2) 

We see that (2) is invariant by all the transformations of the continuous 
group G10 which make the line element of de Sitter form invariant. For 

~ is invariant for the group G10• Conversely, now we shall examine the 

most general fundamental equation for y : 
(3) 

whicl?, is invariant for Gio. For this purpose, expanding ~i by sedenion as 
(II, 3), we shall determine A?(J etc. such that they are invariant by G10-

(1) Such equations are given in Spinor calculus II, T. Sibata, this Journal 9 (1939), 184, 
(W. G. No. 34). 

(2) T. Sibata, this Journal 8 (1938), 206, (W. G. No. 29). 
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By actual calculation we see that0 > ·such Ar 'etc, are given by 

A,pq=O, 

A.=O, At=O, 

So that (2) becomes 

l7i'V=(ar;;+{3r;;r5),fr, (a, {3 are constants) 

87 

(4) 

So we have the result : The most general fundamental equation for ,fr in.; 
variant lry G1o is given lry (4). 

By if we put 
(5) 

(3) is reduced to 

(1= !) 
identical with (2). So we can say that the invariant equations for Gw are 
reduced to the form (2). · 

The property above is interpreted physically as follows : The two ob· 
servation-systems defined in § 2 are connected lry transf ormati<YYIJ! of G10, 
therefore the 'JYf'operty that the equation (2) is invariant by G1o means that 
for two observation-systems the fundamental equa,tion for ,fr-cosmological 
law-is ex'JYf'essed in the same form, i; e. our cosmology has the invariant 
'JYf'Operty for observations. So we can say that our cosmology defined by 
(2) is characte_rized by the invariant property for observations. 

IV. Invariant vector and tensors by G4 or Gw, 

In order to . obtain the differential equation for ,fr invariant by G4 or 
G10 in this section we shall obtain the vector and tensors which are in
variant by G4 or G10• The group G10 is generated by infinitesimal trans
formations (I, 27), and G4, the sub-group of G10 making r=O invariant, is 
generated by the following operators : 

(1) Note IV, p. 37. 

Ui=-cos ~~+cot O sin~~, 
oO · o~ 

U2= -sin ~~-cot O cos~~, 
oO o~ 

Ua=~, 
0~ 

U,=_J_. 
at 

(1) 
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Writing the operators above in the form 

(2) 

the infinitesimal transformations generated by U are written as 

(3) 

The vector A. and tensors Ai, Aiik which are invariant by (3) must satisfy 
the relations : 

(4) 

respectively. Expanding these relations into power series of a,, we have 

~z aAi + a~z_ Ai=O, 
axz ax• . 

(5.1) 

~z aAi + a~z A•i_ a~ A•.z=o 
OXl OXi l OXl • , 

(5.2) 

respectively. 
First we shall solve (5.1) : For Ui, ~t have the forms : 

~ 3=cot O sin <p, 

hence (5.1) becomes 

cos <p--• - cot· sm <p --• + o,;-.- -sm <p a 
ao o<p sm2 o 
oA- O . oA- "2 1 · A J 

-~(sin rpA2+cot 8 cos rpAa)=O. 

Similarly, for U2 and Ua1 

. oA- oA- "2 1 A J sm rp--• ,t cot O cos <p --• - oi-.-2 - cos ¢> a 
ao arp sm o 

+~(cos rpAa-cot O sin rpAs)=O, 

, oAi =O. 
arp 

(5) 

(5.1)' 

(5.1)" . 
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From (5.1)' and (5.1)", we have 

oA- ~ ~au' -oi cot{} Aa=O, 

if-1-As-J~A2=0 
• sin2 8 · • ' 

from which· we have 
A2=Aa=O, 

and Ai, A4 are arbitrary functions of r and t. But from invariancy for 
U4, Ai and A4 do not contain t, so that for (1) the solutions of (5.1) are 
given by 

A1(r), Ah). (A) 

Next, we shall solve (5.2). For Ui, U2, and Us, (5.2) becomes 

( cos rp-0- -cot{} sin <p~)Ahi+ax+sin <p~~~(sin <pA2i+cot{} cos rpA3i) 
08 o<p sm {} 

+~+sin rpAh3.!..~(sin rpAh2+cot {} cos ¥>Ahs)=O, 
sm {} · 

( sinrp~ +cot{} cos 'f' ~)Ahi-Jy.+cos rpA32+~(cos rpAzi-cot {} sin rpAsi) 
~ orp ffi&8 . - . 

-~~ -cos rpA~+~(cos rpAh2-cot t} sin ¥JAh3)=0, 
sm2 8 -

From these equations we have 

:o Aki - cot {}(~As. - ~Ah3) = O , 

+ (JlAs,+ ~Ah3)- (aJ.A2i + ~Ah2) = O • 
sm {} 

From (5.2)" we '1,ave 

A32+A23=0, 
• 1 
~· ,L-A =O· ·-20~ 22 ' sm -

A31 = A34 =Am= A12= A21 = A24 = A43= A42= 0 , 

and from (5.2)' we have 

A23=sin 8B23(r, t). 

A33=sin2 8B33(r, t), 

(5.2)' 

(5.2)" 

and Au, Au, A22, B23, B33, A41, ~4 do not contain 0. So that the surviving 
Aii are the following : . 
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Au(r), 

A14(r), 

the other Ai.i = 0 . 

T. Sibata. 

Ai2=A~3(r), 

A2:1=A82 =sin OBzi(r)", 

A41(r), 

A4ir); l 
By the same method, we ha-ve the solutions A.iik of (5.3) as 

Auir), Ai4(r), 

A12:1=sin OBdr), 

A221=Aa81(r)' 

A224=A:i34(r); A42:1=sin OR4zi(r), 

A2:11= -Aa21=sin OR2:11(r), 

AZ!4 = -A324 = sin ORzilr); 

the ·other Aifk = 0 . · 

(B) 

"(C) 

The vector and tensors given by (A), (B), and (C) are the general 
solution invariant by group G4• Further, for these vector and tensors. to 
be also invariant by Grn, we can easily see that 

Ai=O, Ai=ai3/ (a=constant), 

the calculation being omitted. 

V. Firiite form of the group G6 transforming the origin r=O. 

, The finite forms of t,he equations of the transformations generated by 
the operators : , 

U, _,/-1 _-kTT kt a+ kz kt a 
5-v re -- ~===e ~ 

oz -Vl+k2r:2 ot ' 
(1) 

are obtained by solving the equations 

dz'_ -✓l-k2 ,2 1 kt' ~- re 
dr: , 

dt' k' 
d-,- - ✓ 1 ~ k2r,2 ekt' 

~:=o, ~~=o,} 
· (r'2-x,2+y'2+z'2) 

(2) 

where r: is a paramete.r and- chosen such that when r:=O x', y', z', t', coincide 
with x, y, z, t respectively.· From (2), we have . 

and 

from which 

i.e. 

x'=-;r;' 

dz' = 1-k2r'2 

dt' kz~ 
or 

y'=y 

kz'dz' =dt' 
l-k2r,2 . , 

✓ 1 - k2r'2 • ew = constant, 

(3) 
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Hence 
dz' _, 1 1 W kt-__ y - e • 

. d, . . ,. -
therefore ; 

(4) 

So that the transformations generated by (1) are given by (3) and (4), r 

being a parameter. Similarly, from U6, we have (3.3) (in p. 24). 
Next we shall obtain the equations of transformations produced 1by 

combining (3.2) and (3.3). Writing (3.3) in the form : 

z" = z' + ✓ 1-k2r'2 e-kv ,' I 
-kt" -kv [l ,..2 -2kt' ,2 2_ k2z' -kt'_/]-½ e = e - n;-e r - . e , 

Yl-k2r'2 

(5) 

and substituting (3.2) into it, we have 

z" = z + V 1-k2r ekt, + ✓ 1-k2r ekt:...Zkt' -r' 

=z+ ✓1-k2r {ekt,(l-k2n')+e-kt,'}-2k2zn' 

( Because of ekt-zkt' =e-kt(1-k2e2kt_2_ 2z •· k2 ekt,)) 
. · ' ✓1-k2r (6) 

-kt" 1 _ ✓-1 k2 ,2 -kt' e =~--- - re 
Yl-k2r"2 

= 1 1/1-k2r-e-kt(1-k}e2kt.2-2z ·k2 ekt,). 
v1 1-k2r"2 · ✓1-k2r2 

But, since 

t-k2r"2= 1-k2[r'2+e-2kt'(l-k2r'2)-r'2+ 2z'Y1 1-k2r'2 e-w ,'] 

= (1- k2r2) 11- k2e2kt,2 _ _ ?k¼_ _ ekt, _ k2e2kt-4kt' ,,2 
. ·· L . i/l-k2r 

_ 2 z ekt-2kt' , k2' ] 

✓1-k2r2 7; ' 

we haye 

-kt" [(l 1.:2. 2kt 2 2k2z kt ) e4kt' -2kt k2 ,2 e = -fi,e , -----e , - , 
- ✓1-k2r2 . 
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so that, 

kt"_ kt[ 1-2/c2r:r:' - 2k2ze-kt,t /✓ 1- /c2r2 k,2 -2kt 12]-½ (7) 
e -e 1-k2e2ktr:2-2k2zektr:/✓1-k2r?. - e r: • 

Therefore ( 6) and (7) give. the required equations. 

VI. 

· When x=y=z=O, (3.4) (in p. 24) becomes 

and hence 

z' = ekt( r:-k2r:2r:') +e-kt,, 

kt'=e<t[ 1-2k2r:r:'_-fi2-2kt '2]½ 
e - 1-k2e2kt,2 e ' 

l-k2z'2= l-k2{e2kt( r:-k2,2,,)2+e-2kt,,2+ 2r:r:'(1-k2rr:')} 

= (1- k2e2kt,2) (l - 2k2r:r:' + k4,2,,2 -k2e-2kv2) • 

Using the above, (4.2) (in p. 25) is expressed as 

kt( 1.2 2 ') -kt I v= e r:-N,-, r: -e r k(l-k2z,2). 
. 1 - 2k2r:r:' 

Further, since 

ekt(-r-k2r:2r:')-e-kt,, = _ ,'(l -k2r:r:')ekv + .-(!et' . z' 
1-2k2r:r:' r:'(l -k2r:r:')e-kt' + r:ekt' 

'(1 1.2 ') -kt'+ kt' , v= -r: -11,r:r e r:e ·kz'(l-k2z'2). 
r:'(l - k2-t,')e-kt' + r:ekt' 

VII. Invariant tensors· by Transformations Gs. 

If we write (3.1) in the form E1 a~ , then the invariant vector Ai and 

tensors Ai, Aik are defined by equations (IV, 5). (IV, 5.3) is expressed in 
the form: 

(1) 

First we shall· solve equation (1). For the operator Us, since E1 has 
the forms 

~4- kt . kz 
c; -e Yl-k2r2 ' 

(1) becomes 
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-A~ak(a, a.;3 +af 0e4 )-A•4kk(~es+~e4) 
• a#" a#" 

-A-Ja(~ a.;3 +ak ae4 )-A-i4k(~e3+Me4)=0 ( 1 2 3) 
• ~o ox" 4 ox" . • US 4 , a= , , • 

Similarly, from · U7 we get the equations by changing k to - k above. 
Then, combining these twe equations, we have . 

(2) 

By putting i=4, j=b (b=l, 2), k=c (c=l, 2), these equations become 

Similarly, by putting i=d (d=l, 2, 3), we have 

ekt✓1-k¥ 0A;}0 +A•bc ae3 =O 
az 3 axd ' 

ekt kz aA;Po +A•bc 0~ =O. 
✓1-k¥ at . 4 axd 

From (4) and (6) (for d=3), we ·have 

Al0 =-Vl-k¥ B"l0(x, y, t' 
0 (b,c=l, 2) 

A;bc = ✓ 1 ~ k2r2 B;bc(x, y' t) ' 

(4) 

(5) 

(6) 

(7) 

where B"l0 and Bic do not contain z. Substituting these values into (5), 
we have 
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,:,B•bc z _..,_4_. + B•bc = 0 
(l-k2r2J ot 3 ' 

from which· it m:as.t follow ths,t 

aB•bc __ 4_=0, 
· at .· 

hence, from (7), 

But, since from Us, •.•. , U10, by changing x, y, and z cyclically, the same 
relations would be. obtained, it must follow that -

(a~b, c; a, b, c=l, 2, 3), 

Further, by putting i=4, j=b (b=l, 2), k=4 in (2) and (3), we have 

ekt✓i.::k2r2,·0Al' =O 
oz ' (8) 

kt kz 0A,jb4 +A•Mk~a-o. e ---,=== ---- s , -
if1..,..k¥ at ' 

(9) 

and, by putting i=c, j=b (b=l, 2), k=4, 

, --~ aA•b4 aes 
ekt✓1-k¥- c_ +Al'- ~-A•h4k€4=0 (10) 

OZ OXC C > 

From (10) (for c=3), we have 

✓f.:: w 0.4.sb~ - 2Ai4 k2z = o , 
az ✓1-w 

from which 
A:ib4= (1-k¥)-1BiiM(x, Y, t). 

Substituting this into (9), we have 

,:, A •b4 
z_..,_"'14_ + Bi'= 0 • 

at 

But; by (8), Ai4 does not contain z ; hence it must be true that 

B:}'=O. 

Therefore 
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by which, froin (11), we have 

Since from Us, . •.. , U10 similar relations would be obtained, we have ' 

(a~b, a, b=l, 2, 3) 

A;l'a=Ai4 • (a not summed) 

aka4 __ 4_=0 
at 

Lastly, by putting i=4, }=3, k=4 in (2) and (3), we have 

(12) 

and 
( oA·34 ) because of -. - 3- = O 

. at 

But Al does not contain x and y; hence, from (12), we have 

So that, combining the results obtained above, we have all 
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So we have the result: the invariant tensor Aik by G6 must vanish .. 
Similarly, we see that the tensor Ai and vector Ai which are invariant .by 
G6 are given by 

Ai=o/c (c=constant), 

This problem was discussed at a special Seminar of Geometry and 
Theoretical Physics in the Hirosima University, and carried on under the 
Scientific Research Fund of the Monbusyo, the Department of Education. 

Mathematical Institute, Hirosima University. 

-------- ----- ---
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