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Relative Dimensionality in Operator Rings.
By
Fumitomo MAEDA.

(Received Jan. 15, 1941.)

In a Hilbert space, let M be a ring containing 1. We write I ~ N
(....M) if a partially isometric operator Ue M exists, the initial and final
sets of which are I and N respectively. When M is a factor, F. J. Murray
and J. v. Neumann have proved the following comparability theorem: * If
M, N7 M, then either M~ N or N ~ W < M.V

In the present paper I shall investigate the case where M is not a
factor, and obtain the same results (e¢f. Theorems I-IV below) as those in
reducible continuous geometry. :

From this fact we may conjecture that with respect to dimensionality
there is a lattice theory which contains both the continuous geometry and
the operator rings.

1. In a Hilbert space 9, let M be a ring containing 1. Denote by E
the set of all projections E belonging to M. When EF=FE=F, we write
E<F. Let M N be the ranges of E, F' respectively, then E<F if and
only if McN. Hence E is a partially ordered system with the order <.
Since E=Py,cE if and only if UM=I for every unitary Ue M,® it is
evident that E is a lattice, where the join Py \» Py is the projection whose
range is [, N], and the meet Py A Py 'is the projection whose range is M. 9N,
Ev F=FE+F if and only if EF=0 or FE=0, and in this case £E.L F.®
E A~ F=FEF if and only if, EF=FFE. 0 and 1 are the zero and unit
elements of E. If EXF, then F'—FE belongs to E. And

Ev (F-E)=F, E~(F-E)=0.

Hence E is a complemented lattice. But E is not necessarily modular. For
example, when M is the set of all bounded operators in , then E is not
modular,®

We write M ~N (...M), and for E=Py, F=Py, E~F (....M), if

a partially isometric U e M exists, the initial and final sets of which are I

(1) Murray and v. Neumann [1], Lemma 6.2.3. The numbers in square brackets refer
to the list given at the end of this paper.

(2) Murray and v. Neumann [1], 141.

(3) E L F means that the ranges of E and F are orthogonal.

(4) Cf. G. Birkhoff and J. v. Neumann, The Logic of Quantum Mechanics, Annals of
Math. 37 (1936), 832.
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and N respectively. We say that I, N or E,F have the same relative
dimension with respect to M. (If no misunderstanding is possible we will
omit the (....M).) The relation ~ is reflexive, symmetric, and transitive.”’

DEFINITION 1.1. The center of E is the set of projections E e E which
is carried into [1, 0] under an isomorphism of E with a product.®’

DEFINITION 1.2. A projection F e E is neutral if and only if the triple
{E, E,, E,} generates a distributive sublattice of E for every E), E,e E®

DEFINITION 1.3. Let Ey, EzeE. If EA(E v E)=(EA E) v (EA Ey)
for every E e E, then we write (&, E,)D.

LEMMA 1.1. When E, FeE and E ~ F=0, there exists a complement
E’ of E such that F<E'.

Proor. Let Fi=1—(E v F)and E'=F v F;=F+F,. Then Ev E'=1.
Let f be any element in the range of E A E'. Then f=Ef=(F+F)f.
Since f=Ef and E L Fy, we have Fyf=0. Therefore f=Ff. On the other
hand, f=Ef and E ~ FF=0. Hence f=0. Consequently E A E'=0

THEOREM 1. Let E be the set of all projections in M-M'. Then the

Sollowing assertions are equivalent : (z) EeE, (8) E is in the center of
E, (y) E has a complement E’ e E, for which (E, E')D, (5) E has a unique
complement, (e) E is neutral.®

ProOOF. Since (B)<>(¢) follows from Birkhoff [2] Theorem 6, we shall
prove () —(8)— (r)—(8)—(a).

(«)—(B). Let Ee¢ E, and E’ be the complement of E. We shall prove
that E is the product of the sublattices of F{y<FE and F,<E’. Since
EE'=FE'E=FE ~ E'=0, we have ELE’. Let [F}, Fy]=F, v F, then

[Fl, Fz] v [Gl, GZ]:(FI Vv Fz) v (Gy v G2)=[F1 v Gy, Fy v Gz]-
It is evident that

[FbFz]/\[Gb G2]=(F1VF2)/\(G1VG2)2(F1/\ G) v (Fov Gy)
=[F1~ Gy, Fon Gol.

Let f be any element in the range of (Fiv Fy) A(GivGy. Then f=
(Fl v Fg)f (F1+F2)f and f (Gl v Gz)f— (Gl”'l‘ Gz)f Therefore f (F1+ Fz)
(Gl -+ Gz)f F1G1_f + FAGQf Slmllarly f—-—- G1F1f+ GgFgf Slnce FlGl, GlFl < F

(1) Murray and v. Neumann [1], 151.

(2) Cf. Birkhoff [1], 23. The product of two partially ordered systems X and Y is the
system W whose elements are the couples [#,y] with ze X, ye Y, [x,y]=[2/, %] meaning
that =" and y = y’.

(3) Birkhoff [2], 702.

(4) A similar theorem holds good in reducible continuous geometry. Cf. v. Neumann
[1], Theorems 5.2 and 5.3.
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and F\.G,, G,F, < E’ and E-LE’, we have F\G f=G.F.f, and it is contained
in the range of Fy A G;, and FiG,f=G,F,f is contained in the range of
Fy~ G Consequently f is contained in the range of (FyA G)+(Fr A Go)=
(FiAG)~ (Fy~Gy). That is, (Fyiv Fo) A (G Go) < (Fy A GY) v (Fy~ Gy).
Thus we have [Fy, Fy] ~ [Gy, Go]=[Fi ~ Gy, Fo~ Gs).

(7)—(r). Under the correspondence F'<«>[F}, F3], where F\< E, F, < FE’,
we have FF A E<>[F},0] and FF A E'<>[0,F,]. Hence F=(F AE)v (F~E').

(r1)— ). Let E’ be a complement of E. Since 1—E={(1—FE) E}
v{l—E)~AE}=(1—E)~E’, wehave 1—E<E’'. Therefore (1—E)E' =
E'(1—-E)=1—E, that is, EE'=E'E. Consequently EE'=FE ~E'=0 and
E'=1—FE. Hence E has a unique complement 1—F.

(6)—(a). Let F be any projection in E, and write Fi=F—(F AE).
Since EAF<EAF and F; LEAF, we have E A F;=0. Since E has
a unigue complement E’, by Lemma 1.1 F,<FE'. Then FE =FFE +
(F A E)E' =Fy, and similarly E'F=F,. Thatis, FE'=E'F for every FeE.
Hence E’ e E, that is, E¢E. ’

COROLLARY. E is a Boolean algebra.
Proor. This follows from the property of the center. Cf. Birkhoff [2],

Theorems 5 and 6. But we can easily prove directly, since, in E, E Vv F=
E+4+F—EF and E A F=EF.

2. The next lemma has an interest of its own.

LEMMA 2.1. For any AeM there exists E e E, such that

(i) AE,=E A=A,

(i) forany A’eM’, AA'=0 if and only if A(1—E)=1—E)A'=A".®

ProOF. (i) Let I be the set of all those g for which AXg=0 for
every XeM. 9N is obviously linear and closed. Assume now ge IN; then

(«) if XoeM, then for every XeM AXXyw=0, thus Xyge M;

(p) if XieM’, then for every XeM AXXjg=X.AXg=0, thus Xige M.
From («) we have X PyfeIN for every feD; hence PpXPy=X,Pu.
Replacing X; by X7, and applying *, gives PypX Py=PyX, Thus X,Py=
Py X, for every XyeM. Hence PyeM’. Similarly, from (8), we have
Py eM. Consequently Pye M-M'. That is, Py ¢ E.

Put Ey=1—Py. Then E,eE. Since (A4*f, g)=(f, Ag)=0 for every
fed, geM, A fLM. Thus E;A*=A". Consequently AE,=A.

(i) Let A’eM. If AA’=0, then AXAf=AA'Xf=0 for every
XeM. Hence AfeM. That is, 1—E)A’'=A’. Conversely, if A'=
(1—-Ey)A/, then AA'=AE(1—E)A =0.

(1) When M is a factor, Lemma 2.1 becomes Murray and v. Neumann [1], Theorem III
Corollary.
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LEMMA 2.2. For AeM, E, obtatned in Lemma 2.1 s the smallest
projection of all FeE such that AF=FA=A.

ProOF. If FeE and AF=FA=A, then, since 1—FeM and A(1—F)
=0, we have, from Lemma 2.1, 1—-F)Q1—E)=1—-E,)(1—F)=1—F; that
is, FE,=E,F'=E, Thus E,<F.

DEFINITION 2.1. From Lemma 2.2, when A is a projection EeE, E,
is the smallest projection of all Fe E such that E<F. We call it a central
envelope of E, and denote it by E.

LEMMA 2.3. If Ey~ E,, then E,=E,.

Proor. If E;~ FE, then there exists a partially isometric Ue M, such
that U*U=E,, UU*=E, U=UE, U*=U*E, Since UE,=UE.\E,=
UE,=U, we have EyE,=UU"E,=UEU*=UU*=E, That is, E,<E,.
Hence K, <E, Similarly, ;,<FE, Consequently E,=E,

LEMMA 2.4. If E\E;=0, then Fi<Ey, Fy<E; Fy~F, implies F\=
Fy,=0.

PrROOF. Since Fy<E,, F;<FE, we have FiF,=0. But by Lemma 2.3,
F,=F, Hence F;=F,=0: that is, Fy,=F,=0.

LEMMA 2.5. If E\E,>:0, then there exist Fy, Fy such that 0#F1<E1,
OZ\‘FF2<E2 and Fl F2

Proor. Let M and N be the ranges of E, and E, respectively. For
every fe D E¥e M.V Assume that E,LEM=0 for every fe M. By Lemma
2.1 and Deﬁnltlon 21, EM<1—FE, That is, fe MM H—N for every
feI, where N is the range of E, Therefore M H—N; that is,
E,<1-FE, Hence E;<1—E, which contradicts E,E,>0. Consequently
there exists an fe I such that E,EM30. Choose ge N-IM such that
lgl=1. As ge MMM therefore an AeM with [g—AfI<<1 exists. Let
P=[Range (ELAE)"], Q=[Range E,AE;], Then, as in the last half of
the proof of Murray and v. Neumann [1], Lemma 6.2.2, Fi=Py, F,=Py
meet our requirements.

3. Let EeM, and M be the range of E. Consider those operators
AeM which are reduced by M and from their parts in M, Agp. These
are bounded operators in 9. Denote the set of all these Ay by My,
Similarly denote the set of all Fiy (FeE and reduced by IN) by Egp.?

LEmMMmA 3.1. The correspondence X2 Xam s a one-to-one mapping

1) Murray and v. Neumann [1], Lemma 5.1.1.
(2) Cf. Murray and v. Neumann [1], Definition 11.8.1.
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and even algebraic ring-isomorphism of the following rings on each other :
(i) Of the ring of all A eM with FA=AFE=A on all M.
(ii) Of the ring of all A’e M with FEA'=A'E=A" on all Map).
ProoF. This lemma is Murray and v. Neumann [1], Lemma 11.3.3
with a slight modification.

LEMMA 3.2. If F runs over all projections Fe¢E, FXFE, then Fuy
runs over all projections € Mup. Fan~Gun (....Mup), (F,GeE, <E)
s equivalent to F~G (....M).

ProoF. This is Murray and v. Neumann [1], Lemma 11.3.5 (i), which
holds good also without the assumption that M is a factor.

LEMMA 3.3. Let EUE, E be as above. If F__<: E, then Egﬁ)zﬁ(gjl').(l)
ProoF. By Lemma 3.1, the correspondence XXy is an algebraic
ring-isomorphism of the ring of all AeM-M with FA=AF=A4 on all

Myp - (M), Since F<F and EF=FE, we have Fly < F., where

FY(%?)GMQW)'(M(‘JJE))/- Next take G € M- (Mp)” such that Fn < Gan.
This means that F<G for some GeM-M' EG=GE=G. Therefore

F<G, and F(im)ﬁG(%?)- Consequently F(wn:ﬁ:(w:)-
LEMMA 3.4. (El, EZ)D 18 eqm'valent to (El(m), Eg(g};))D(g_l.‘),(Z) M bemg the

range of Ky~ K,
PROOF. (El(gjg), Ez(«m))D(sm) means that

Fopy=Fay ~ Exaw) v (Femy ~ Eyapy) for every Fipy e Eqp,
that is, F=(FAE)Vv(FALE) foreery FeE F<E. Q)

Therefore (E,, E»)D implies (Eiamy, Exany)Deny.

Next assume that (Eymy, Eagn)Dany and take any FeE. Then, from
1), FPAE=(FAE~ANE)V(FAEANE)=FA~E)~ (FAE,)., Therefore
(Eyany, Eson)Dayny implies (Ey, Ep)D.

THEOREM 1I. For any E,, E.¢E, the following three assertions are
equivalent :  (a) E\E,=0; (B) Ey ~ Ey=0, (E, E)D; () 1< E, F,<E,
Fy\~ F, implies Fi=F,=0.®

PrOOF. We shall prove that («)—(8)—(r)—(«x). Assume E,E,=0.
Since E,-L E, we have E‘um)_LE’z(m), where I is the range of E,\V K.

(1) F¢) means the central envelope of Fpy in Ecm).

(2) D¢m) means distributivity in Eqp).

(8) This theorem holds good also in reducible continuous geometry where (z) means
EAE,=0. (y)—>(B) and (8)—>(a) are provided in v. Neumann [1], Theorem 5.7, and v.
Neumann [2], Lemma 1.1 respectively. (a)—>(y) is proved as follows: Let i< FE, F,< E,
Fy~F, Then, by v. Neumann [2], Theorem 1.4, FI:IT‘Z. Hence F, < E‘y\Ezzo; that is,
F,=0. Similarly F,=0.
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On the other hand, from E) -\ E,=FE, we have Ky, v Exgw=FEqy. Hence
Eyaw v Eyspy=Es. Since, by Lemma 3.3, Eyg =< Eya=Eimw, Eyay =
Eg(;m)=E'2(\m), it must follow that El(&m):‘El(sm), EZ(E‘U})=E2(§)J}). Hence, from
Theorem I, (El(m‘\), EQ(gjg))D(g)g). Consequently, by Lemma 3.4, (El, EQ)D.
Since E, L E,;, we have E, ~ E,=0.

Next assume (8). Then, from Lemmas 3.1 and 8.4, we have Eyam ~ Eaam
=0cm, (Eam, Fam)Deany.  Therefore, from Theorem I, E'yony= Eiam, Eygp=
Eba. Hence Eygn Eagy=0a. When Fy <Ey, Fo<Fy Fi~F, (...M),
from Lemmas 3.1 and 3.2, Fiw =Eiwm, Faow=FExa, Fuoo~ Fam
(. M(g_]})) Therefore, by Lemma 2.4, Fion=Fum=0um. Consequently
Fi=F,=0

(r)——>(a) follows from Lemma 2.5.

THEOREM III. For every E\, E,e E, there exist Ef, E{, Ej, EY € E such
that

(i) Eiv E/=E, E{~E{/=0 and Ej;v Ej=E, E;~ Ey=0,

(i) Ei~E; and ETE{=0.0

ProOOF. This theorem can be proved by the same methods as v.
Neumann [2], Lemma 2.1, and Murray and v. Neumann [1], Lemma 6.2.3.

THEOREM IV. M s a factor if and only if any two E, E,eE are
comparative, that is, either Fy~Ey<FE, or Ey~E <E.®

ProoF. When M is a factor, in Theorem III E7=0 or Ej=0; that
is, EY=0 or E;=0. Consequently E;~FE;<FE, or E,~E{<E,.

When M is not a factor, any two Ey, E,e E (30, 1) with E.E,=0 are
not comparative by Theorem II.

References.
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HirosiMA UNIVERSITY.
(1) Corresponding theorem in continuous geometry, cf. v. Neumann [2], Theorem 2.1.
(2) Similarly we can say that continuous geometry is irreducible if and only if any
two elements are comparative.
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