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Let L be a complemented modular lattice of order n2:4, and :5 the. auxiliary ring of 

L. J.v.Neumann (1)(1l has proved that L is isomorphic to the lattice ll;s of all principal 
n 

right ideals in Sn, which is the set of all n-rowed square matrices with elements in S. 

Let a--,.al. be an involutory dual automorphism of L, such that a~al. implies a= o. Then 

al. is the orthogonal complement of a. This dual automorphism a--,.::i..1. of L induces an 

involutory dual automorphism n--,.nl. of R@5 • 
n 

When L is of finite dimensions (in this case IS is a skew-field), Birkhoff and v.Neumann 

(lJ has proved that there exists an involutory anti-automorphism a--,.a• of IS and a 
n n 

definite diagonal Hermitian form l'u.i,cpipt in IS, such that cp,='P;, aud l'a1cp;ai =0 
i=l i=l 

implies a 1 =0 (i= I,··, n), and the anti-automophism a-a* of S generates the given auto-

morphism n--,.n.L of Rrs . In this case we can define an inner i:;roduct 
n 
n 

(a, b)= l'a1cp;f31 
i=l 

of two n-dimensional vectors a=(a1,··,a.,), b=(p 1 , .. ,/1,,). And the orthogonality of a 

and b defined by (a, b)=0, is closely related to the orthogonal complements in L._(2l 

In this paper, I shall prove that these results hold also in the general case, under 

the assumption that L has an orthogonal homogeneous basis of order n2:4. 

f. Let L be an orthocomplemented modular lattice. If we denote the orthogonal 

complement of a by al., then a-,.al. is an involutory dual automorphism of L, such that 

a~a.l. implies a=0. 

In what follows, we shall assume that L has an orthogonal homogeneous basis of 

order n2:4: 

(a1, ;k= l,··, n)_l_, 

a1,~ah (~·, h= 1,··, n), 

a1 u···va,,= I, 

ah~a k .l. (k=!='1i)P1 

n n n 
In this case, ak..L=V ah. For, V ah~ak.l.' and ak.l. and V ah are both complements 

11=1,li*k h=l.h*k h=l•h*k 
of ak• 

2. Let (ak, ckh ;k, h = 1, .. , n) be a normalized frame in L, which is obtained from the 

orthogonal homogeneous basis (ak ;k = 1, .. , n), and let S be the auxiliary ring of L relative 

to this frame. Then L is isomorphic to R6 .<4l And the involutory dual automorphism 
n 

a--,.a.l. of L induces a unique involutory anti-:iutomorphism .A--,.A* of Sn,'6l and 

(I) The numbers in square brackets refer to the list given at the end, of this paper. 
(2) Cf. also Birkhoff [I] 71-72. 
(3) When L is a continuous geometry of order ns4 with orthogonal co:n;,lem~nts, there 

exists such an orthogonal homogeneous basis. 
(4) v.Neumann [!] Theorem 14·!. 
(5) v.Neumann [ll Theorem 4·3, Theorem 4·4. 
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(1°) A*.A=0 implies A=0, 

(2°) for every A 16" there exists a unique Hermitian idempotent E such that 

(A)r =(E)r, and (1-E), is the orthogonal complement of (E)r•\ll 

3. To the normalized frame (ak,ekh ;k, h= 1,-··, n) in L, there corresponds a normalized 

frame in Rt,.: 
Ckh =(Ekk-Ekh)r =(Ehh -Ehk)r; k,h= 1, .. , n), 

where 

if (i~j)= (l", h), 

if (i,i)=t=(k, h).l21 
n n 

Since >' ·Ehh=1-Ekk, EnEhh=0 (l=t=h), we have V ah=(I-Ekk),. Then by 1, 
h= l.hejcll, h=l,li:ich 

(1-Ekk)r is the orthogonal complement of (Rkk).,-. Hence by 2 (2°) Ekk (k=l, .. ·,n) are 

Hermitian idempotents in ~n• 

4i. Since Ekh=EkkEk 1., we have Eki.=Eki.Ekk. Hence if we put Eki.=(C;/'h), then 

.f+k implies (;ikh=0. Similarly from E1.: 11 =E;,,hE1111 , we have Rki.=E11 hEi.k• Hence i=t=h 

impiies ( ;jkh =0. Consequently there exists 'f kh, such that 

!'. ,kh - f't' kh, 
",J - l 0, 

if (i,j)=(h, k), 

if (i,j)=t=(h, !.). 

Since Ei.1.:E;1,=E:r,=E1.:1,, we have 

'P1i,'Pk1i='fkk=l (k,h=l, .. ·,n). 

5. Denote by ffi(Eu), the set of all A such that AEu=BuA=A. ffi(Eu) is a 

subring of 6,,. If A dR(E11), then B 11 A*= A* E, 1 =,4*, and .A*dR(E1 i). Therefore, _A---,.A* 

is an involutory anti-automorphism of ffi(E1 t). For A =(au)d)i\f;'11), (i,j)=t=-(1, 1) implies 

a;j=0, and ffi(Et 1 ) is isomorphic to 6 by the correspondence A-•ati- Hence _A---,.A* 

induces an involutory anti-automorphism a---,.a* of 6, aud for A =(aii)dJi(JiJ11), we have 

A*=(a;j*), ((i,J)+(t, 1) implies a;j=a;J*=0.) 

6. If A16n, put Ak1i=EuAEh,, then Akh1fft(E1t) and A=l'EkiA/.hEih· Hence we 

have 
k,h 

A*= l'Eii.AkhEkt• 
li:,h 

Let A =(a;j), A*=(r ;i), and put the values of E 1 ;., Ek 1, Aki. obtained in 4i and 5. Then 

we have 

ru=<p, ,ajt'f Jt (i,j= 1,-··, n). 

Put 'f;=<f!;t (i=l, .. ,n). (Of course 'f 1 =<p 11 =1.) Then from II <fil'Pli=<hrlfn=I. 

Hence <p 1 ; =<p;l ='f71 , and <p; (i= 1,-··, n) are regular elements. And we have 

(i,j= 1,. .. , n). 

Since EH=B;i, we have 1p7 1<p19,=I, that is <p;='fi• Therefore <p;(i=l, .. ·,n) are Her

mitian elements. 

7. Let a;(i=I, .. , n) be elements of 6, 

fa-', if .i=I, 
a --u-lo if '..J..t ' .J,' 

(I) v.Neumann [I] Theorem 4·5. 

snch that l'ai<p;a; =0. 
i=l 

For A=(a;j), where 

(2) Cf. v.Neumann [!] 113. (Ek1,,;k,h=J, ... ,n) ha syJtem of matrix units of e •. 
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we have by 6 A* = (r i j), where 

·- -l ·* _Ja.j*'fj, 
riJ-'Pi u.J;'PJ- l 0, 

if i= 1, 

if i=t= L 

Hence A*A=0, and by 2 (1°) we have A=0. That is a.;=0 (i=l,-··,n). 

8. Summing up the results of 5, 6, 7, we obtain: 

Corresponding to the involutory anti-automorphism .A-.A* of e;, obtained in 2, there 

exists an involutory anti-automorphism a-a* of ® and a de.finite diagonal Hermitian form 
,. n 

2,' a';<p;{3;, where 'f;(i= 1,-··, n) are fi.1:ed Hermitian regular elements, and .l' rJ!;<p;a; =0 
i=l i=l 
irnpl'ied a; =0 (i= 1,-··, n), and A*=(tp11 aji'f j) correspond.~ to A =(a;;)· 

9. Between two n-dimensional vectors a=(av··,an)· b=(f31,-··,f3n), (a;,(3;i6), we 

define the inner product by 

(a, b)=l'a";'f;/3;, 
i=al 

When (a, b)=0, we say that a and b are orthogonal, and write a.Lb. And two right 

linear sets W'l,. 91 of n-dimensional vectors are said to be ortho:;onal, when a.Lb for every 

ai~W, bi9/. 

The right ideals n m e;., and the right linear sets ~.n of n-dimensional vectors are in 

a one-to-one correspondence, oorresponding elements being linked by the following rel

ations: 

(a;;) in if and only if (llu,··,a,.;) E')Jc for J=l,-··,n; 

(a. 1 ,-··,an)E?lJc if and only if there exists (a.;;)rn with o. 11 =o.; (i=l,-··,n). 

And H@'J,. is lattice-isomorphic to the system of all right linear sets. In this case the 

right linear set \lJt corresponds to a principal right ideal n=(('i;;)), if and only if Wl is the 

set of all linear combinations of vectors a 1 ,-··, an for which 

a j =(ali,-··, a,.1 ), U = 1,- •·, n).m 

But by 2, for a principal right ideal n m ®n, there exists a Hermitian idempotent E 

such that a=(E)r, and a~=(l-E)r• Let E=(7];;); then by 8 E*=('f117J.it'Pi)- Therefore 

E=E* and E 2 =E mean 

'ft 17JJ1'fj=7};;, 1,'7J;k7JkJ =7J;J ('i,j=1,-··,n). 
k 

To a=(E), corresponds ~.n(a)=(a 1 ,-··, an) where 

a .i =(7J1J, ··, 7}n;) (j = 1,-··, n), 

and to a.L=(l-E)r corresponds ~Ji(a.L)=(b 1 ,-··, bn) where 

bj=(-7Ji;,···,-7Ji-uJ, 1-7Jjj,-7Jj+i,J,··, -7),.;) (.j=l,-··, n). 

Hence (a;, b j)= --1.'7Jkh'Jki+7J/l'P j ='P;(-l''P1 1 "F;t;'Pk7}1<i+'P1'7Ji't'P i) 
k k 

='P, (-l'7J; k7Jk i+7J u) =0. 
k 

Therefore, two right linear sets tlJi(a) and \lJ/(n.L) which correspond to aER@'J and its or-,. 
thogonal complement a.L, are orthogonal. 

Consequently, an ortlwcomplemented modular lattice, which has an orthogonal homog

eneous basis of order n2;4, is lattice-isomurphic to a system, of right lfoea,· sets of n

dimensional vectors, and thi.~ correspunde,we pre.3crve.~ the orthogonal property. 

(ll v.Neumann [I] 27. 
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