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·several at~;mpts have been made to investigate the fundamental p~o~rties of vector" 

f\atti~. . Among them mo~t important are the spectral theory deve~oped by I?. Rieszd> 

~pd H. Freudental<2>, and the representation 'theory _by S. kakutani( 31 , M.H. Stone<41 and 

i.tithers. In ~y previous worksrldnvestigated the ~eneral -pi;operties of vector latti<::e, 

~-fepresentation•theories of vector 'lattice anti linoor operator~.· Tile .purl)Ose of the pre~t . 
·~iji:-",,- ' ,'' . ·:- . ' .- ' t . . ·, ' . ' -· ' ... ' .. ,' ' ' t : . ' ; ' . 

,Jlr,l.pa- i~ ,to make SOIJle additional remarks on my previous works<51 {Part I} and :to study 

: the con~ergen~ ·. character of linear operators witti;: ran~e- in , ·vector' lattice '(Pai:t 2), ·,. 
,··:•. ' . , • . . . ..':·,I\ 

:\~cia.lly in~ 5 (Part 1) I shall introduce a -complex · Banac;ldattiee z,;, {X, X}, and 

i~bow' that ,the properties of· Z are reduce4 to-·tbose<ot it~ component. t~iiJ ,Ban.~ch lattice 
, .. I I ·. . . ·.· , • ' ·,_ .. _,_; :" ·,_ ·1·,• ix, e~:, Z is r~flexive if anc\ only i( J{ is iefle~i;ve. · · · , .'., •- · : . . · ' - .; · ' · · ' ' 

. . .·· ·.. , .. · ... · .. ···•· .· I . . 
Part 1 Some Genera.ls TheOl'~fus on Vector Lattice 

\ ' ' ' ' ' . 

§ '1. Remarks on (o}-bounded linea_r, operatorlt. Let X be a vector lattice and Y a 

.,:<:0mplete .vector. lattic~. Let T be an (o}-bounded .linear1 operator· from X to Y., If 

-~n➔O· (o) irplies T.:,;11➔0 (o), t,hen we say. that p, /s1 (0}?9ntinuo.us. If. iJ;l thi1, s~ate-:.. 

ment ~rected s~ts play. a roll instead of simple sequences, that is, a:&➔0 (o) implies 

, T .. ~ir-0 (o), tqen we say that T. is (o)- contin(mus in the sense of Moore and Smith, or 
.)lfS-continuous: 1 , · • . .· . · • . . · 

Tr-rii:.iiREM I.I. If T is (g}-continuousl th~ s9 are 'T+-,T-, IT!. . .. 
\ ( _PROOF. Let :r:11 i 0, anci put y= (>T+ .. 'l)n, the11 ~+'. .'1:11--: T.(a---;1:11) ~ t .;.xr_.:...,1.'.a(;ror, 
00-:£_a$x1,. By making use of this inequality· we · obtain y:'S,T +'.rr:1 :...T.a; since a,½x11 i.o 
a,nd T is (o)-continuous. But l;>y definition ·T+.:i:1 = V 1'.a, and so y=.0. 

• -1 o:11a:.c~1 

THEOREM I. 2. If T is 1118-continuous; th~n so are' T+, '!'-, l Tj. 
'r' • ' 

,.The P,roof is very similar to tf?.at of Theorm I. L 

.· By an\ ideal J of X we mean a. linear subset of, X such 'that' I ·u i =:;;IV I, ve.J implies 

'.~EJ, a11d by a . normal ideal the totality bf elements of :X orthogonal· to ea~h eletn¢nt · of 
" . . - \ . . . ; . . 

'°ine subse.t of X. A normal ideal N of ~ complf::te. vector lattfoe .is c~araeterized as a 

'qq-ect cqnfponent of this vector lattice, or as such an ideal that. I. u:. b~ .of a subset of N, 
, , , ' , I ' I 

' {f) . F. Riesz, Ann. of Math,, '41 (1940), 174-209. 
, (2)'.H. Freudenthal, Proc •. Ac~d. Amsterdam, •~9 {19.36) 641-651. 

t (3) ' S, J{akutani, Proc. imp. Acad. Tokyo, 16 (1940) 63-67. 

'\ 

>(4} N.H,' Ston'e , ~roe. Nat. Acad. Sci., 26 (1940), 280-283. Do 27 (1941 ), 83-87. 
.-.(5) 'T. o'ga5il\\<ra~. Sci Hir~shima Univ., 12 c\942), 37-lqQ. Do l:J 0944), 41-162. 
(in Jap.). Lattice Thepry l (1948) (in Jap.) which we r~t~k to LsT. · · .' · . • 

.. , '', ·, ,, - 14 -

i 



)f it,exists; belongs ti/N. The.totality·of .(oj..b0unded linear. operiJ.tors froni to 

1forlns a c~m'plete v_ector lattice; L. L~t L' be-the' totality _of (o)-continuous linear~~} 

;ato~s from X to Y. ' · 
THEOREM I. 3.1 L' is a i;iormal ideal of L: 
PROOF. 'It is clear that L' is a~ ideal of L. Let S be l.u.b. of a directed s~t of 

. posjtive elements TJeL', theri by defii:rition, we have S.a=VTM for any a;;;;,6. ~t ;nlQ,' 
~ ' . ' ' f' 

then,:S.J,n-,'ftS•xn'5:S,X1...!-To•J:1, ard •so" j\ll•xn<8.:c1 -TtS•X1, hence t,/:kr:n=O. Thus 

'we .oJ:>ta:fn the theorem. . 
I 

Let· L" be the totality °._f MS-continuous operators from X to Y. 

THEOREM I. 4. L" is a normal ideal of L. 

·. Wi~h slight modification the proof follows word by word the proof of Theorem t.; J:: :_, 

Let E be a Banach space or a' Frechet space, and let T .be a linear openi tor £mm _-, ' . " . ' . . ' ',' 

E to X. · W~ say with L. Kantoro~tch(6l that T is .FI'i,-contiriuous when l!·unii--+0 itn;Pli~( 

T;un-O (,i,). Operator~ of this type will-be considered in part 2. 

§ .2.- Conjugate v~ctor lattice; Let X be ~ vector lattice. By the conjugate veptorj 
· lattice X of X is m~ant the totality of (o}-bounded linear tunctionals j(r:) on X. . If X ~s.. 
n-complete and satisfies the ascending ~ 1-chain condition: 

.'. '{2; 1) 1.'hert1 exist~. no- transfinite sequence of ele~ents ,x:a such that O<a; 1<:x:2 ,<: .. 
,.<J:a<•· .. , a.<:!J, where. Q is the fir:,t ordinal o/3rd class,' . . . . . .. 

;then lt is clear that X is_complete,and l.u.b. ~fa subset ~ of Xis l.u.b.' of a ptopedi:: 
chosen enumerable su'bs~t <?f B. And fiJ:) is MS-continuous if and 'only if it is (o}-<::01.1d~· 

nuous. This statement is also true if we assume 'the descending ?t 1-chaiil condition: 

(2. 2) '!'here ~~ists no transfinite sequence of elements Xa such. that x 1'>x2> .. .-.;. 
>lr:a'>· .. . >O, ,1.d}, -Where,!} is' the first ordinal of 3~~ class . 

. LEMMA'2. 1. If Xis ·such that there exist positive fneX, · n::::1,,2,.,.:.satis~ying. 

(2. 3) /n(la:/)~O, n= l, ,2, .... , imply ~-::::o, 
then X satisfies (2. 1 ). ' 

-.. 
PROOF. The c~ntrary implies a sequence {;.r:n} of (2.1). But for some 'ordinal. a . .: 

we have fn(:x:a)=Jn+1(;1;0), n= 1, 2, ... -~ 

·contradiction. 

Then (2. 3) shows that xa.==.ra+I, which is·a> 
, \ '· • ' I ' / ' 

. . , • I 
Let J be. an idea! d X, and let us designate by x* the . set of elements congruenti< 

: to x mod J. ·· . Then X}J is a vect?r lattice with e1Cf11elits x_*. , If'fsX annuls J, and· lf 
· we put F(x*)= /(x), · theri Fe(X/J), Conversely if we wri/e j(,r):::: F(x*) for any Fe(X/Jk> 

·. thenJsX and annuls J. 

'I'HEOREM. 2. t. · Let X be a-complete ! and l_et O<f neX, n = 1, 2, .... , be, (o)-continu~ 

ou-s. If we put J={J:;fn(la-:1)=0, n=l, 2, .... }, then X/J is a comple~e vector lattice-
, - f .• .\, _· 

satisJ;ying the a·scending ~ 1-chain condition and Fe(X/J) is MS-contiuuous if and ohly if .. 

f is }o)~continuous a~d · anuuls · J, otherwise sta_t~ci, f- belongs to the .normal ideai N'. 
gener~ied byfn, 111.=l, 2, ... -•. 

· (6) L. Kar,torovitch, RecueH Math., 49 (1940), 209-284. 
·) 
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PROOF; It is clear that J is a a-ideal and Fn '4s · (o)-cont_inuous, and that Fn, · n= 

:·l, 2, .. : ., satisfy (2. 3) for X/J. Then Le~ma 2. 1 shows that the first part of the 

· 'tl;t~qrem is true. Therefore Fis ,,MS-continuous if anti only'if .Fis· (o)-continuous,· which 
,, .. . . . . . . .I . . , ... 

. leads ·to the statement that f is. (oJ-t:ontinuous and annuls J. · -Consider any positive feN, 
·':··.:.. - n \ ' . .n · ·, . · 
then/= V {J,.-...n27.f,, }. It is readily seen that f ,,..,nl'.fv is (o)-continuous and annuls J. 

' n . l . l t·· . .• ' 

· As a consequence of Theorem L 3 .f is (o)-continuous and annuls J, and so F. j's, MS-

~1contjnuous. C<;!nversely let .P be .1JE~-continuous. For our purpose j t will be sufficient to 

,:assume that.f,.-...fn=O,fn~fn+~, n=1, 2, .... , and to show thatf=0. Suppose thatf(e) 

►,0 for some e>O. Since P,' Fn are 11:tR-continuous and F,,-.,Fn=O, Pn~Pn+J, we can 

,conclude (L.T. 36, Lemma 3) that. there exist sequences {'en*}, {':en*}'such that e*='en* 

,,
1+'11ev,*, ;en* ,.-..."cn*=O, 'e*n+1~;'en* and. Fn('en*)=F("en*)=O. If we put 'e*=f\'en*, then 

;J(1e*)=lim F('en*)=P(i*)>~, But Fn('e*);:£Fn('e!)=O .. inipli~s 'e~=O, and so F(e*)~.O, 

T\llis is a contradiction. · . . 

Cono1,l.A,R"f. I..et,.X be a 11-compl~te ~ector lattice such that any feX is (orcontiriu-

9us and there exist fn ;satisfying (2. 3), then Xis a complete vector lattice satisfying (2. 1) 
"' '. ' ' . . ,_ ' . 

,.aIJ.d X coincides with the norm!!,l id1al ~generated by fn, 11,1!:. i, 2,'... .. And any feX is 

~S-continuousi Iff=fn, r,,=l, 2, .... , then.fis ~ unit of~- · .; 

, ',Asa partiafcon_ver~e·of this·corolla,_ry weh~ve · ... ·· 

LEMMA 2. 2. Let X be a vectorlattice satisfying 

(2. 4) There,exist positivefneX, n=l, 2, .•.. , such that/r;/n=o, n=l,2, ... :, implf 

f~(J,. 

(2. 5) F~r x.>0, the~e exists f>O such that f(a:)>O, 

· then X satisfies (2. 3). 
' . 

PROOF. Suppose thatfn(x)::;;:0, n=l, 2, .... , for an x>O . . Using (2. 4) we obtain 
, n _, • · . ·· · i 

f=V{f,...,n2.J-v} for any f:2:..0, whence f(,r)=0. (2. 5) shows that .:r,=0, which is a con-
n 1 rn.. 

tradiction. 

i :Further we shall consider the, conditions which X may· possess; 

(2. 6) Let D be any directed set of positive elements of X. 
. . . If Sup f(:i:)< + ~. for 

, XfD' ' 

, anyf>0, feX, then V X exists. 
. . _xfD , . 

(2. 7) Any ffX is 111S-continuous. ' 

(2 .. 8l Any $EX is MS-continuous. 

Glearly (2. 6) implies (2. 5). 1£ X sa~sfies (2. 5), 

sidt:~ed as a subset of JI When X = J holds; we 

previous works (L.T. 75. 'iheorem ~) I established 

then X is A~ahi\nedean and is con-

say that X is reflexive. In my 

THEOREM 2 .. 2. (2.6)---(2. 8) is a necessary and .sufficient condition for )X to be 

re'flexive. More precisely (2.6) (2.7) implyf that X is the normal ideal N of :i consistin~ 

of all JJ-18-continuous $ /;l (2.5) (2.7)'imply that X is an ideal of .! and generates the 
j --. • ' ' ' • • 

normal ideal N. 

We sha!l designate by Nx the normal ideal N indicated in Theorem· 2. 2. It seems 

, to be ~- some interest to investigate the possibility of replacing (2. 6), (2. 7); and (2. 8), 

partly or. wholly, by -" 

' - 16- f 



1949; Some G~neral Theor~mR and Oonvergen~e Theorems in Vector Lattwe.~ 

......... 
.If Suzi f(.1:n) < + oo for each positive f eX, then 

n 
V.x:n exists. 

(2. 7') Any JeX is (o)-continuous. 

(2. 8') Any feX · is (o)-continuous. 

LEMMA 2. 3.. If there exist positive el~ments eneX such that 

(2.9) For any f~0, f(cn)=0, n=l, 2, 3, .... , imply f=0, 

then X sa tisies the ascending ~ 1-chain condition, whence (2. 8') is equivalent to (2.8). 

LJIMMA 2 .. 4. If X. is a u-complete vector lattice and satisfies (2. 7') and also 

(2. 10) There exist positive elements eniX such that xr,e,. =0, n= 1,2,3, .... ,. imply 

.r=0, 

then { e,,} satisfies (2, 9J. 

The proof of these lemmas is very similar to those of Lemmas 2. I ·and 2. 2. 

By making use of the lemmas established in this § we obtain immediately 

THEOREM 2. 3. If X satisfies (2. 4), (2. IO), then (2. 6')--(2. 8') is necessary and 

sufficient for X to be reflexive. 

§ 3. Regular vector lattice. For the later purpose we give 

DEFINITION 3. 1. A 11-complete vector lattice will be said to be regular if it satis

fies (2.2) and also(7) 

(3. 1) If .'i:111, 11 + 0 for each ,;1 as r,,--+oo, tqen there exists an increasing sequence of 

positive integers nm such that ,r:,n,nm .-+0(o). 

DKFINITJON 3. 2. A regular vector lattice X will be said to be of type (R') if 

it satisfies 

(3._2) A subset E::::_X is (o)-bounded if}.,.+ 0, r;,.cE implies }.,.xn-+0(o). 

DgFJNITION 3. 3. A regular yector lattice will be said to. be of type (K) if it satisfies 

(3. 3) If 0~.r:'"·" t + oo for each m as n-+ + oo, then there exists an increasing 

sequence of positive integers nm such that {.r:m,n,,.} is not (o)-bounded. 

A regular vector lattice of type (1{') {(K)} is _equivalent to that of type K; {Ku} 

introduced by L. Kantorovitch. <H, (3; 1) implies the equivalence of (o)-convergence and 

relative uniform (o)-convergence, and therefore implies (2. 7'). Owing to the descending 

~ 1.-chain -eondition any froX is .llf8-continuous. · By making use of Lemma 2. 3 a regular 

vector lattice with._unit .. is reflexive if and only if it satisfies (2. 6') and (2. 8'). 

DJU'INI'l'JON 3. 4. A vector lattice will be said to be a Bochner lattice if there exist 

positive (o)-continuous f1i(.i:) such that 

(3.4) If o;;;;;.1;l;;;;;:i: 2~ .... , Supf11(.rn)<+oo, p=l, 2, .... , then Vxn exists. 
n 

This condition is a slight modification of the condition (L) given -by S. Bochner.<9) , 

DlsFINJTJO~ 3. 5. A vector lattice X will be said to be a Frechet lattice if to each 

element .reX there corresponds a real ·number 11,vlJ, called quasi-norm, such that 

(3. 5) 11-riJ~O and 11,rlJ = 0 if and only if .r = 0, 

(7) S. Orihara, Proc. Imp. Acad. Tokyo, I~ (1942), 525-529. 
(8) I,._ Kantorovitch, Recueil Math., 44 (1937), 121-165. 
(9) S. Bochner, Proc. Nat. Acad. Sci.; 26 (1940), 29-31. 

~ 
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(3:6) 11.a:+yll~lla:ll+IIYII, limJIAxll==0, lim 112.:i:11==0. 
a.o nxn•o 

(3. 7) lxi2:lyl implies 11.xl!~IIYII• 
(3. 8) X is complete in the norm sense. 

If X satisfies the first three conditions, we shall sa~ that X is a quasi-normed vector 

lattice. 

In my previous works (L.T. 78-80) I established the results: A quasi-normed vector 

lattice Js a regular Frechet lattice if and only if it satisfies 

(3. 9) xn 10 implies lla:nll➔0, 

(3. 10) If 0$x1 :Sx 2 ;;;;. ·- ., lirn lim ll:rn+P-:1:nll==0, then V:rn exists. 
n--..oo P ➔ oo 

And a regular Frechet lattice is of type (1(') if and only if it satisfies 

(3. 11) If 0$a; 1 ~a: 2 ;;;; •••. , lirn lirn II 2.rn II ~ 0, then V xn exists. 
}.+o n+oo 

Let X be a Bochner lattice and if we put IJ;r:11== °"'} fn(l,rlL then it is easily 1 2n l+fn(l,x:I)' 
verified that (3. 5H3. 7) and (3.9)-\3. 11) hold, so that X is regular of _type (/('). 

· § 1; Banach lattice. 

DEFINITION 4. I. . A vector lattice will be said to be a normed vector lattice if to 

' each element ;1; then~ corresponds a real number 11,xll · which satisfies (3. 5), (3. 7) and also 

• the conditions:. Ux+yllSlla:ll+IIYII, IIAxll==Pllla:11. Moreover if it is complete in the 

norm sense, then we say that it is a Banach lattice. 

DEFINITION 4. 2. A normed vector lattice X will be said to be a K space if it 

satisfies 

(4. 1) If 0$.1: 1 ;;;;a: 2 ~ ••.. , Hup llxnll<+=, then there exists an :1:,X such that ,.-
lla:n-.:i:11➔0 as n➔ oo. 

,• 

Let X be a normed vector latti<:e. A linear funcional on X is (o}-bounded· if it. is 

bounded, and the converse is true if X is a Banach lattice. We shall mean the conjugate 

spl!,c'e X of X by the totality of the bounded linear functionals on X. Then X. will be a 

,Banach lattice with the norm flf II ==Huplf(a:)1- For any Banach lattice this definition of 
llxl\-;;l 

the-conjugate space coinGides with that given in ~ 2. K space is essentially equivalent to 

St2 space introduced by L. Kantorovitch and B. Vulich.no> In my previous works (L.T. 
,, ' ' .• 

83-94) I established the following theorems: 

-- THEOREM 4. I. A Banach lattice is a K space if and only if on~ of the following 

conditions holds: 

( 4. 2) It is weakly complete. 

(4. 3) It is regular of type (K'), or of type (K). 

THEOREM 4. 2. If .X is separable, then .X is a K space. 

· As to the reflexivity of a Banach lattice holds 

THEo-I().;M 4.3. A Banach lattice is -reflexive if and only if one of the following condi

tions holds: 

(4. 4) It is locally weakly compact, 

(10) L. Kantroviteh and _p. Vulich, Compositio ~ath., 5 (1939), 119--'-165. 
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(4, 5) It is weakly complete together :with- its conjugate space. 

(4. 6) It is a J( space together with its conjugate space; 

It is remarkable that (4. 4) is sufficient for X -to be· reflexive, for it is not decided 

whether or not (4. 4) is sufficient for the reflexivity of a Banach space. 

THEOREM 4. 4. If X is sepatable, then the Banach lattice X is reflexive. 

DEFINITION 4. 3. A Banach lattice X will be said to be an· abstract (L.P), or simply 

(A L1'), if it satisfies 
1 . 

(4. 7) :f:;\y=-0 implies !1;1;+yll={ll,.t:IIP+llyllp}F, l<µ;<+oo, 

where for 'fl=+ oo the right side of the equation means max{ll;1;11, !lytl}-

A normed vector lattice satisfying (4. 7) becomes an (ALP) by the completion in the 

norm sense. 

Tm~om~M 4. 5. The conjugate space of any ncimed vector lattice satisfying (4. 7) is 

an (ALq), where -fi+ ! =l.. (ALP), 1::£P<-:roo, is a 1( space, and (ALP), l<p<+oo is 

reflexive. And (ALP), 1 ;:Sp<+ oo has a concrete representation as (LP) on a properly 
I 

chosen set. 
l 

§ 5. Complex vector latice. Let X be an Archimedean vector lattice such that (::i:: 2 +y2 ) 2 
l 

exists for any x, 1JfX, where '(,r: 2 +y 2)2 means V{coslJ•:r:+sinO•y}. 
II 

Let { X, X} be the 

totality of couples {:r, y}, where a:, yfX. And we define 

(1) fr:1,Y 1 }={,r2 ,y 2 } if and'only if :r: 1 =:r:2 , y 1 =y 2 , · 

(2) fa:1, !/1}+{.1:2, Y2}=fr:1 +.1:2, Y1 +?12}, 

(3) (J.+iti){;1·, y}=.{)..r-p.y, 11:1:+2!1}, where )., p. are real numbers, 
. l 

(4) i{:1;, Y}I =(;i:2+1/) 2• 

Put z=.1:+iy={:r·1 y}, and we say that ,r, y are the real and the imaginary part of z 

· respectively. Then we define tha~ {X, X} is a complex ve~tor lattice constructed from 

X, and we shall denote {X, X} by Z ih the subse·quent part oh._this §. 

LEMMA 5. l. I ,1; I , I YI ;£ I z I ;£ I .7: I + I Y I , I a, I = I a I I z I ,. I z I = I z i , 
where a:=2+iµ, z=a:+iy. 

We say that a compiex linear fuctional /tz) on Z is (o}-bounded if Sup [/(z)[<+ oo 
]Z[~X 

for any .:r:?;,_O, that f is real if /(tr;) is real for any .1·eX and that f?;,_O if f is teal and 

f(.1:)?;,_0 for any :r:?;,_O. ' 

LEMMA 5. 2. Any functional ftz) on Z is uniquely represented as g(z)+ih(z) where 

y, h are real and called the real and the imaginary part off. And / 1(z) f 2(z) if and 

only if f 1(x)=ef2(.r) on X. . . 
. 1 - 1 · . · 

PROOF. Put g(z)=:r(f(z)+f(z)) and h(z)= 2//(z)-l(z}), then g,h are real and we· 

obtain fiz)=g(z)+ih(z). That such a representation is unique follows from the fact that 

g is real if and only if g(z)=g(z). The last part of the le~ma is clear from the equation 

f(z)= fi.1;)+if(y). 

L1'~MMA 5. 3. Any · linear functional f(;r) on X is uniquely extended to a real linear 

functional f(z) on Z. 

- 19 -
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_PROOF. It is enough to define f(z)=f(x)+ijty) to prove the lemma. 

LEMMA 5. 4. f(z) is (o)-bounded if and only if its real and imaginary parts are (o)

bounded on X. • 

PROOF .• It suffices to show the lemma when f(z) is real. But it 1s · clear from 

Lemma 5.1. 

Now we shall ;:lefine the conjugate complex vector lattice Z of Z. Z is the totality 

of (o;-bounded functional f(z) on Z. By making use of Lemmas 5. 2, 5. 4, we see that the , 

real parts of such functionals form a complete vector lattice isomorphic with X, and .s5 

we identify them. Clearly X satisfies the requirements stated in the beginning of this ,§. 
1. -1. -

LEMMA 5. 5. g(.1:)+h(y)<(g 2 +h 2 )2 {(,v 2 +y 2)2 }, where './, hfX, :r:, y EX. 
. . A 
PROOF. Let f, 71, ( be the functionals determined .by a:, y, (.r: 2 +y 2)2 such that f(:J) 

=g(a:) and so on. Then they are fllS-continuons. 'to prove the lemma it suffices to 
l -

assume that e =(g 2 +h 2) 2 is a unit of X, and to show that ,;(g)+71(h):S((e). , Let A be the 

Boolean lattice with e as unit in X., and let us consider the Booleah space !2 correspond

ing to A. Then X is linear-lattice isomorphic with a vector lattice of continuous . 
functions on Q in which e corresponds to the constant function 1 (L.T. Chap. 4). We 

d~note by g('I) the function corresponding to g. Then g('/)2.+h('l)2 = 1,. ', We can define a 

completely additive measure m(E) on the family of•Borel se.ts of !J such that m(G)==((a), 
where G is the bicompact open set representing acA. .Because of MF-continuity of ,;, 71, 

, ·and, Radon-Nikodym's theorem we can find continuous functions f('I), 1('!), ((;!) such 

that f(g)= S af('!)g('/)dm, 71(g)=;; S r,,7J('l)U('!)drn, (Cg)== S 12(('!)g('/)dm. 
J 

Then (f 2 +7J 2t~( 
' l 

implies f(g)+71(h):S S 1i(('l){g(f)2 +h(f)2 }2 dm== S r,,(('l)dm. Therefore we obtain ~(!7)+7J(li.) 

:s;((e). 
l 1 

LE~IMA 5. 6. (g 2 +h2)2(a)=8'lq1{g(;v)+h(y); (a; 2 +y2)2:Sa}, 

where g, he}(, a~O, aeX. 
l 

PROOF. By Lemma 5. 5 it suffices to show that (g 2 + h 2 )2(a)~8iq,{g(,r)+ h(y));, (.1: 2 + 
' 1 

y2)Z :::,;;a}. 
1 

Sup {g(.i:)+h(y); (;c~+y 2)l1:Sa} 

o:::Suptt(g(,.rv)+h(yv))i 11~ 1 lzvi:£a}, where zv='.i·v+iy11, 

= S·up { 1' ( i g I ( \ ,1:v I)+ I h I( I Yr I)); 2', I Zv i ;£a} 
11=1 11=1 . 

~Suzi t,tccosOv. igl(lzv l)+sinOv. lhl(lz:v I)); ! 1 lzv I :Sa} 
l 

=(g2+fi2)2(a). 

LEMMA 5. 7. F~r any Jd, we have 1/l(a)==:~''.l;,,lf(z)j =/;1i~}lif(z)=Su11{{1J(,;)i; 
·n ' ·f' \ zv I ::;a J for any a~O. 

PROOF. Forany z==:.r+iy we can find a complex number eill such that 1R{/(z)}= 

l(ei8z). 
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Therefore we obtain Sup !/(z)I =Sup ffi{f(z)}. And Lemma 5. 6 and its proof show 
•· · 10,~a tz·1~a 

that (fi1~. ffi{f(z)}=::=8u21 H'lf(zv)I; ~'[zv[;;Sa}= [jj(a). . 
As a consequence of Lemmas 5. 2, 5. 4 and 5. 7 we have 

TJIEOHK\I 5. 1. .Z = { ·Y, .X}. 
By virtue of tl1is theorem most properties of a complex. vector lattice Z= { .X, .X} can 

be reduced to those of its real component X, e.g., Z is reflexive if and only if X is <

reflexive. Results obtained in the preceding § will be trivially true. So. we shall confine 

ourselves to Banach lattices: Z is called a normed complex vector lattice if to each' 

element zsZ there corresponds a real number IJzll satisfying the norm conditjons com

pletely similar to those ,given in Definition 4. 1. Moreover if it is complete in the norm. 

sense, then :,,~ is ca!Ied a complex Banach lattice. By an easily veificd relation 11.:.vll, 

!lyll;;Sllzll;:£11.r:ll+llyll ,ve see that a normed complex vector lattice is a Banach, lattice if 

and only if X is· a Banach lattice. The conjugate space of a .normed complex vector 

lattice Z is, by definition, the totality of bounded linear functionals f(z) on Z. -~ We remark 

tha.t j(z) is ·bounded if and only if its real and imaginary parts are bounded on X. 

Tnr:onEM 5. 2. The conjugate space of a normed complex vector lattice Z={X, X} · 

is 'a comple'.' Banach lattice denoted by .Z= { X, X} when1 Jt.. means the conjugate space _ 

defined in § 4. 

PROOF. Only to show that 1/1 ~]gl implies ll/ll~Hr,ll. Using Lemma 5. 7 we see 

that llfll=811p i.ftz)I =Sup I/J(;1:)=ll lfl 11~11 lu: II =='llg!I. 
· II z II~ l IJX II~ l 

We shall say that Z is complete if X is a complete vector lattice. Then we have 

THEOREM 5. 3. Let Z be a separable complex vector lattice. If the. norm llzll is (o}

continuous, then Z is complete. 

PROOF. Let J: 1 ~:1: 2 ~ ••• >0. Suppos~ that A'x" does not exist. Because of the 
n 

separability of }J- we can find a sequence {y ,,} such that O<ym-5°,y,,,+ ,<,c,~, (,c,, -y,.)i..O. 

Then by the assumption we have 11,c,,-ynll-+0. Using the inequality 0-5°,:r:,,-x,,+.v;;S 

(,r:it-Y")-(,1:n+i,-Yn+P) we see that ~here exists an :r: such that !lx,.-:r:IJ-+0. This impH~$ 1 

.c = j\.r,. which is a contradiction. 

A pormed complex vector lattice Z= {X, X} is said to be a complex JC space if the 

condition (4. I) is satisfied.. Then Z is a J{ space if and only if X is a X space. Theo

rems 4. t, 4. 2, 4. 3 and 4. 4 replaced X, X by Z, X hold also for a complex Banach 

lattice. Here that Z is regular means that X is regular, · and so on. 

L~;;\IMA 5. 8. Let ,Z = { X, X} be a normed complex vector lattice such that 
l 

(I) hl/\lz2 \=0 implies llzi+z 2 1l={llz1IIP+llz2 UP}1', l;;Sz>;:£+co where for P=+= 
the right iide of the equation means nw;1;{!1z 1 II, 11.-: 2 11}, then the conjugate Banach lattice 

. 1 ' 1 
satisfies also (I) with q where -+- - = 1. 

' 1> q 
/. . 

J>ROOF. Let lfl/\lgl=0. Then lfl+IYl=i/+ol and ll/+Yll=lllfl+lglll, 
1 

Hence Theorem 3.5 shows that llf+glJ={ll/llq+iigllqF, 
1 1 

whcre-+·-=1. 
11 q 

A comple~ Banach lattice Z satisfying (I) is called a complex (ALP). By making use 
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.,of Lemma 5. 8 it is easy to see that Theorem 4. 5 holds also for the complex case . 

• 
Part 2 Comr~~gence TheoPems 

~ 

§ 6. (O},liiµit in an extended sense. Let X be a a-complete vector lattice, and let N be__ 

the set of all normal ideals n of X (L.T. Chap. 4). Then N is a comp}ete. Boolean lattice 

with respect to the inclusion relation. We denote by QN the Boolean space correspond

ing to N. And Jet .13 be the totality of continuous functions <p('!) on QN which are finite 

except for. a set of 1st category. Then 5.l forms a complete vector lattice, in which the• 

order relation <p~<j1 is defined by <p('!)~</'(1) and <p= <p 1 +<p 2 is defined by a 9ontinuous 

function 'f('!) which coincides with <p 1(1)+<f2(1) at· poi~ts 'I where <p 1('!); <p2('1) are finite. 

The statement <p_n➔<p(o) is equivalent to the following: <pn('!~if('!) except for a set of 1st 

category. Thus the (o)-convergence;n S! is the same as the poin~wise convergence ex

cept for a set of l•t category. On the other hand, X is represented linear-lattice isomor

phically ..by a subset of 5.l which we denote by 5.lx. Let,. a;('!) be the representing function 

Then X11➔.1(0) in X is equivalent to the statement that _x 11 are (o}-bounded in 

X and a: 11➔J:(o) in S!. \\'e ·say that ·zr,,➔.1:(0).on e if Pea:n-+Pex(o) where Pex denotes the 

component of :r: in the principal ideal generated by e, and _similarly we say that :x:n are 

(o)-bounded on e if P ex11 are (~bounded. 

DEFINITIPN 6. I. x11fX (o'}:-converge to a::IX if for any given O<u.eX there exists 

o<e:;:::a such that a::11➔;1'(0) on e. 

From the above discussion it is clear that .1:n➔.r:(o') in X is nothing more than ;Tn➔ 

x(o) in S!. 

DEFINITION 6. 2. \Ve say that VI a:n I==+ oo. on a, where :r:n eX, o<;.aeX, if there 

exists no o<e<a such that a;,. are (o}-bounded on e. 

It is clear that V/.7:nl==+"" on a means that Suy~:n('l)l::b+uo on the bicompact 

open set G except for a set of t•t category, where G is \he set corresponding to the 

principal ideal generated by a. 

Now we. define an abstract (S),. simply (AS), by generalizing the ordinary (8). 

DEFINJON 3. 3. A a-complete vector 1a.'ttice · X with unit e will be said to be (AS) if 

the following conditions are satisfied. 

(6. I) There exists a complete additive non-negative functional m(a) on the Boolean 

sub-lattice A of X, with e as unit, such that m(a) implies a=O. 

(6,2) If :1;nj\.1:m=O (n+m), n,m=l,2, .. _.., therrVx,, ex'ists._ 
- / 

Let X be an (AS). Then .A will 

by (6. I). By (6. 2) we obtain ~x=il. 

be lattice-isomorphic with N, since A is complete 

Let e be represented by the con-Stant function 1. 

We define· the complete additive measure m(B) such that if Cl~fJN is the bicompact open 

I .cl set corresponding to aeA, then. m(O)=m(a). Let e+TiT-be the element represented by 

_J,x.'(J)J_ If d t· . b f l,x,{J)I d h 't -·11 b ·1 ·t· d (L '.l, 
1 + /a:('!)I • we e me 11,1:II y llN- 1 + I (;1)1 m, t en 1 w1 e eas1 y ven 1e .. 

93-Q4) that the conditions (3.5>-:,(3. 10) are satisfied and X will be a regular Frechet lattice · 

-of type (K'). Thus X is an (8) considered on a_ properly chosen set. As well known any 
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(L) is a subspace of (8). The same situation holds also for a K space. To see this we 

consider a K space X with unit e, -and _let Ti be a unit of X, then li(a) is a complete/ 

auditive non-nega~ive functional on A, satisfying (6. I), and il will be an (AS) with ilx as 

its ideal. In this case il may b~ obtained by another way (I1.'r. 93-94). For any ~el:! we 

- 1~1 - . lr(1)1 . · _ lsiil --
_defme e+fij by the element of X representmg 1 + I q;(f)I , and we put p(~)- lie+ ~II'. 

Then 2 wilJ be a regular Frechet lattice of type (K'), and will be obtained also by the· 

completion of X with respect to the quasi-norm p(x). 

§ 7, Resonance theorems. In this and the following § § we assume that X is a a-complete 
. , 

ve,ctor lattice, Ea Frechet or Banach space, -and- Tn a sequence of Ht-continuous ope- • · 

rato'.rs from E to X. Now consider the following conditions: 

(a) There exists a subset ~ of (o)-continuous functionals f(,r;) on X such that if OSx~ _· 

~;2 ;:£ .... , Siq1 f(xn)<+""' for each fe~, then Vx,,. exists. 
11 , 

(/3) X i~ a ,regular Frechet lattice, or a regular Banach lattice. 

For example K space, conjugate, vector lattice, con,h1gate Banach laUice, and Bochner 

lattice satisfy (a). 

THEO~EM 7. 1. Let (a) or (/1) be satisfied. If there exists a set H'5:_E of i nd catego~y 

such that for any mH 
. ' 
(7. I) {Tn,it} is (o)-bounded, 

then (7. I) holds for any mE. 

PROOF. Uase I. Let (a) be satisfied. Take any fe'B, and we put H{. ={u; Sup f . ,,, , 

(\T1•u\'--'-·•·'--'ITm•ul);:£n}, Then clearly H{. is a closed subset of E and H<.1,'H{.. It 

it ~asy to see that ].,'H{. is a linear subspace of E which is a set of 2nd cate~ory · with . 
11 

Baire's property. Therefore we obtain B=].,'H{. for any fe:a,<m whence (7.1) must hold"for 

any ueE. Case 2, Let (11) be satisfied. Let E' be the set of all n,E such (7.1) holds. 
I ' ~ • ! 

Then E' is linear. If we put Hn,v={u; SapUl1\-u,\_'--' ... '--'ITv+p•ttl~IT1•Ul'--'-'.··'Tv•UIII -
1 , , . . . p ~ 

;:£-}, then Hn,v is a, closed _subset of E and' E'= 1/1,'Hn,v, so that . E' has ·J3aire's pro-
n / n V · • 

perty and is of 211d category. Therefore we have E=E'. · 

THEOREM 7. 2. Let (6. I) be -satisfied. If there exists a 'subset HC::.E such that for 

any ueH ,, 
(7. 2) {Tn •u} is (o)-bounded in il, where il is a vector lattce described in § 6, 

then (7. 2) holds for any ueE / 

PROOF. Suppose that there exists a u£E such that V T11 • tt= + .oo on a>O.- To reach 

. a contradiction we may assume that a is a unit element of X. Then b,.v (6. I) B becomes ; 

an (AS), whence il must satisfy (/3} Theorem 7.I shows that this is contradictory; 
I 

THEOREM 7. 3. Let (/3) be satisfied. If there exists a u0 ,E ·such that 

(7.3) VjT11•uol=+= on e>O, 

then (7. 3) holds for any -ueE except for a set of 1st category. 

PROOF. Let A be a Boolean sub-lattice with e as unit in X. If we suppose the 
, , 

(11) C. Kuratowski, Topologie, I. (1933), 74. 
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contrary, there exists a set Jl;i;_E of 2n11 

bound7d on some positive element of A. 

category such that if ueTT, -then {Tn •u} is (o)

Put Kn={il; VITk•ul;£ne on e,:,neA, Ue.,,,,11 
k 

>_I_} then Kn is a closed subset of B. =n• Indeed if Um-+U, 11meKn, then T11 •iln,-+T!i •u(*). 

But we may assume that T11 •vm-+T1, •u (o), for if necessary it is sufficient to select a sub-

sequence of {T11 •'llm} which (o)-converges to T11 •u. 
' 

If we put· e",n =(o}-lim eu,,.,11., 

then l/c',,, 11 112;:{ and - VI Tk •ul ;;i,nc on c,,_,,. Therefore ]{,, is closed. Because of the 

relation 1.'1<~'£1l we ihfer that Kn contains a sphere llu-111 1/;;i;b. Consider vd,J such 

that 1Lol/;£r,. Then i1J.v+11 1 -·11 111;£a for suffa:ientJy small number O<J.<I. For some 

J.,i-',}.=f=}.' we must obtain C1=C1,.v1-11,,11""'e/v+1tl>l!+o, since the contrary implies that the 

ascending -~i-chain condition does' not hold in X. Owing to the relation (1.-1.')o=J.v+ 
• 2n 

11,-(J.'·o+'t11) we have!T1;-(}.-},')u\~2neone1 and therefore IT11-v 1 ;;;£a-lJ._:::_-;:, 1e one1._ 

Let a be a positive number such that llw10 IIS(J, then IT//•110 1;;;£al}~;.,
1
c on ei, whi~h ii, 

a contradiction. 

§ 8. Convergence theorems. 

THEORM 8. I. Let (a) or (13) be satisfied. Suppose that the hypothesis of l'heorm 7.1 

f'is satisfied and also that there exists a dense subset/) such that _{T,,••u} (o)-converges 

for any m D, then {Tn •u} (o)-converges for any mR. 

PROOF. Theorem 7.1 show·s that {Tn•'/1} is (o)-bounded for any 11cE. Let T-u= 

(o)-tilii. T 1111-(o)-li1n T]111 and V.u=V1Tn11'.. Clearly we obtain (1°) :T•'/1-T-v;~ 

T(:u~v) (2°)- o~T-u;:;;;,2r.11 (3°) T-au= / al T-u (4°) V-au= j aJV,u.· 

Gase /; Let (a) be satisfied. Take_ any fe~, and let H{, = {u; .f(V•u);;i,nc} for any given _ , 
positive number e. Then JI{, is closed and E=2'H{,. Therefore an H{. contains a 

' n 

sphere U•tt-'lloll;£;o'. Let v be ':my element of E such that llvll~ti, then f(V.v);:;£2ne. \'Ve 

can find a p~sitive number 1J'- such that ll'llll;;i,()1 implies l/2mill;;i;(o/,' whence .f(V•v);£e, that 

is, /(T'.11) is a continnous function o~ ·11. Using (I 0), ~2°) we see that f(T-11) is continuous. 

Since T-u=O for uel), therefore /(T-u)=O for any ·ueE and so we obtain F-11=0 for any 

mH. Caw: 2. Let (/3) be satisfied. Put Jf,, = {'11; IIV•ull;;i;ne}. By a sirnila_r reasoning as 

above we can conclude that T • ·u = 0 for any u i L'. 

Tm:mrnM 8. 2. Let (6.1) be satisfied. Suppose that the hypothesis of Theorem 7. 2 

is satisfied and also that there exists a dense subset D;;i,E such that {T11 •·11} (o)-con

vetges in .\3 for any •ucD, then '{ Tn • u} ( o )-converges in .\3 for any ·11c /:'. 
~ 

PROOF:- Theorem 7.2 shows that {T11•u} is (o)-bounded in .\3 for any ·ucE. It is 

shfficient tcf show that {Tn •u} (o)-convi::rges in 2 on any positive e. By making use of 

Theorem 8. 1 we can establish the theorem. 

THisORKM 8. 3. Let (/1) be satisfied. Suppose that the hypothesis of Theorem 8. 2 

1s satisfied, then {T,,-u} (o)-converges in .\3 for any 11iE. 

:PROOF. By the same reason as in the proof of the above theorem we can assume 

that X has a unit e. Then 2 will be a regular Frechet lattice by defining the quasi-

norm Hence by making use of Theorem 8.1 
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'· 
establish the theorem. -

TrrnonEM 8. 4. Let (fJ) be satisfied. If X has a unit e and there exists a dense 

subset D;i;B such that {Tn •u} (o)-converges in 2 for mD, then there exist ev e 2 such 

that cl+c2=e, cl,,.._c 2=0 and 

(1) {Tn •u} (o)-converges in 2 on cl for any ueE, 

(2) VITn·nl=+<><' on e2 except fora set of 1st category m E.' 

PROOF. Let A be a Boolean sub-lattice with e as unit. Let R be the totality of 

elemeµts of A on which (2) holds. 'fhen R is a a-ideal of .A. Since there exists no 

independent subset of A with power ~ l, R must be complete. ,Therefore JJ is a principal 
I 

ideal generated by some e2. Put el= c-c2. Then Teorem 8. 3 shows that (1) holds . 

• 
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