
1953) ITERATION OF CERTAIN FINITE TRANSFORMATION 

ITERATION OF CERTAIN FINITE TRANSFORMATION. 

By 

Minoru URABE. 

(Received Sept., 25, 1952) 

Preface. 

Gjven the finite transformation of the form as follows: 

(0.1) 

We consider the case where the absoulte values of all the eigen values 
;.\,, of II a,~ II are unity. In the previous paper<2', it was shown that, when T 

is majorized, the equations of Schroder for T can be solved and, that, by 

means of their solutions, T is reduced to the linear transformation such 

that 'x'=;.\,,xv (not summed by v). When the arguments of the eigenvalues 

are all commensurable with 21r, by iteration of certain times, T can be 
reduced to the transformation where the eigen values are all unity. In 
this paper, we deal with this case. When T is majorized, the reduced 
transformation becomes an identical transformation(3). In this paper, we do 

not assume the condition of majorizedness. By effecting a suitable linear 
transformation of the variables z>, without loss of generality, we may 

assume that II a,~ II is of Jordan's form. Thus the transformation which 

becomes a subject in this paper, may be written as follows : 

(0.2) T: 

where Ov-~ =0 or 1. 
In the case of one variable, the characters of the transformation of 

the form (0. 2) were studied by means of iteration(4),. and, in the neighbor

hood of the origin, there was found a domain, of which all the points 

converge to the origin always remaining in it when the transformation is 

> > µ. l 1'-z h .._, >-"- .._, > µ. 1 1'-z I th f 11 . 1) a,,.x,,., a,,.µ. x x , ...... meant at ,:.,aµ."''• ,:., a,,. ,,.2x x , ....... n e o owing, we 
l 2 µ. µ. ;,1'-z l 

use this convention of tensor calculus. 
2) M. Urabe, Application of majorfaed group of transformations to functional equations, 

this Journal Vol. 16, No. 2 (1952), pp. 267-283. 
3) do. 
4) M. P. Fatou, Bull. Soc. Math. (1919). 

G. Julia, Jour. Math. Pures Appl. (1918). 
J. Malmquist, 1•r memoire, Ark. Mat. Ast. Fys. (1921). 
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is infiniteJy iterated on these points. 
In this paper, extending Julia's methodm to the case of n variables, 

we seek for analogous domains in the neighborhood of the origin, and we 

shall find some conditions for existence of such domains. In the last, we 
remark on an application to the solutions of the differential equations in 

the neighborhood of the singularity. 
In the case of two variables, J. Malmquistrn has studied iteration of . 

the transformation of the form (0. 2) of the special kind and he has applied 

his results to the differential equations. The transformations which he 

has discussed, are those which have invariant variety of two dimensions. 

For such transformations, their iteration is reduced to that of the trans
formation of one variable. In this paper, we consider the general 

transformation, consequently our discussions aie entirely diffe1ent from his. 
In this paper, we classify the transformation T as follows : 

l
t.ype A lA1 : 

A2: 

type B 

T where II a~ II is of diagonal form and at least one of 

a;1,,.;s does not vanish ; 

T where II a~ II is not of diagonal form; 

T where II a~ II is of diagonal form and all a;h's vanish. 

Chapter I. Transformation of type A. 

§ 1. Condition I for the transformation of type A1 • 

We consider the transformation of type A1 , which is written as follows: 

(1.1) 

In the space E 2n of the complex numbers (x1, x\ ... , x"), we consider the 

hypersphere S with center a' and with radius r, of which the hypersurface 

passes through the origin. 

Put 

(1. 2) 

where r~~O and ~ r~=l. We assume that, for any r such that r<r0 , all 
> 

the points of the hypersurface of any hypersphere with fixed r, and w~ passing 

through the origin are trans! ormed by T to the inner points of that hypersphere 

I) G. Julia, ibid. 
2) J. Malrnqnist, 2• rnernoire, Ark. Mat. Ast. Fys. (1921). 
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except for the origin. We denote the family of these hyperspheres by @5. 

Take any hypersphere S E ® and any. point P on its hypersurface. Then 

it is readily seen that P is transformed to the inner point of S or to the 

o:..igin by iteration of T on P. Therefore the set of poits {Tk(P)l (k=O, 

1, 2, ...... ) has at least one point of accumulation. When P is the origin, 

Tk(P) is always the origin. We exclude this case. Let any one of the 

points of accumulation be P0 • We shall show that this P0 must be the 
origin. If P0 is not the origin, there exists a hypersphere S 0 E ® passing 

through P 0 • By our assumption, P 1 =T(P0 ) is an inner point of S0 and not 
the origin. We consider the hype1sphere V with the center P 1 in the 

interior of S0 • Then there exists a hypersphere S' E ® which contains V 

and lies in the interior of S0 • Then, by the continuity of T, there exists 

a hypersphere V0 with the center P0 in the exterior of S' such that T(V, :X::::V. 

Since P 0 is a point of accumµlation of !Tt(P)l, there exists a sequence 

jk.} such that {Tk1(P)} converges to P 0 • Consequently, if we take G 

sufficiently large, then, for k,>G, Tk1(P)EV0 • Then, from T(Vr)CV, 

Tk1+1(P) EV. From our assumption, for any k, · Tk(V)CS', namely 

Tki+k(P) ES'. Then, for any k>ko Tk(P) ES'. This is inconsistent with 

the assumption that P0 is a point of accumulation of jTk(P)}. Thus P0 

must be the origin. Namely there exists only one point of accumulation 
of {Tk(P)}. Now eviden'tly Tk(P)ES for any k. Consequently any sub

sequence of {T\P)l has a point of accumulation, which is the origin. 
Thus we see that {Tk(P)l, always remaining in S, converges to the origin. 
Now S is any hypersphere belonging to the family ®, consequently we 
see that any point of the hypersphere S converges to the origin always 

remaining in it when T is infinitely iterated on tha,t point. 

Thus we seek for the condition that there exists such a hypersphere. 

Consequently our condition gives a sufficient condition that there exists a 

domain, of which all the points converge to the origin remaining in it 

when T is infinitely iterated on these points. 

The coordinates x11 of any point P on the hypersurface of the hy
persphere S are exp:i;essed as follows : 

(1. 3) 
• 'B x"-a" = rp,,e' • , 

where p,,2-0 and ~ p!=l. Then the square of the· distance d from the 
'\I • 

center a 11 to P'('x)=T(P) becomes as follows: 
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(1. 4) dl = 2J ('xv -a,i) ('xv --av) (I) 

V 

= ri+2r3R+[rL, 

where [··· L denotes the sum of the terms of the fourth and higher orders 

of the argument. We calculate R, namely the real part of -i 2JaXµ.x;>.,x"'(xv -av). 
r V 

For this purpose, we put as follows : 

(1. 5) 

Then, from (1. 2) and (1. 3), we have 

(1. 6) X, cos Tv = r, cos Wv+Pv cos '0v, X, sin•rv = r, sin w,+Pv sin '0,. 

Substituting (1. 5) and (1. 6) into R, we calculate R as follows : 

R = 2J R~µ.X;>.,Xµ.Pv COS ('U~µ.+T;>., +rµ.- 10,) 
>,._,µ.,\I 

= ~ R~µ.Pv[cos 'U~µ. · X;>.,Xµ.(cos T;>., cos Tµ. cos '0,+cos 'I";>., sin 'I"µ. sin '0v 
>,._,µ., \I 

-sin..,.;>., sin r,,, cos '0;,, +sin..,.;>., cos..,.µ. sin '0,,) 

-sin 'U~"' • X;>.,Xµ.(sin T;>., cos..,.µ. cos '0,, +sin..,.;>., sin..,.µ. sin '0,, 

+ cos ..,.;>.,sin..,."' cos '0,, -cos ..,.;>., cos..,.µ. sin '0,,)] 

= 2J R~"'pv[cos 'U~"' {(r;>., cos ID;>.,+ p;>., cos '0;>.,)(rµ. cos w"' + p,,, cos 10µ.)cos '0, +······I 
'A.,/J-,\1 

-sin 1n~"' I (r;>., sin w;>., + p;>., sin '0;>.,)(r µ. cos w"' + Pµ. cos '0"') cos '0,, +··· •·· l] 
=.2J R~µ.pv[r;>.,rµ. cos ('n~+W;>.. +wµ. ~ 10,,)+r;>.,pµ, cos ('U~µ.+W;>.. +'0,,,-'0v) 

A,µ.,v 

+rµ.p;>., cos('£!~"' +w"' + '0;>., -'0v)+ P;>.,Pµ. cos ('U~"' + '0;>., + 10µ. - 10,,)] • 

Put 

(1. 7) 

Then we have : 

(1. 8) R = R(r, w ; p, 0) 

= 2J Rr"'Pv[r;>.,rµ. cos (nr"'-0,,)+r;>.,pµ.(il~"' + 0µ. -0,) 
A,µ.,v 

+rµ.p/\. cos (U~"' + 0/\. -0,)+ P/\.Pµ. cos (ilr14+ 0/\. + 0 ... -0,)]. 

For the origin, 0,=1t (mod 21t) and Pv=rv, consequently R=O. We assume 

that, except fot the origin, R<O for all p, and 0,,. Then, if we take 

arbitrary small positive number o, then, for p,, and 0v satisfying at least 

one of the relations as follows : 

1) The bars on the letters mean the conjugate imaginaries. 
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(1. 9) 

there exists R 0 such that R;;;;,R0<0. Then, from (1. 4), there exists a small 

number r0 such that, for r<r0 , d<r, namely any point P on the hy

persurface of S which satisfies at least one of the relations (1. 9) is 
transformed by T to an inner point of S. 

Next, we consider the point P which does not satisfy any of the rela

tions (1. 9), or in other words, does satisfy the following relations : 

(1.10) 

Put 

(1.11) p,, = r,,+s17,,, 0,, = 7l'+cc,,, 

where 17,, and c,, are not all zero and 117,, I, I c,, I <1, and we assume that 

(1.12) 

For such P(x11 ), from (1. 6), we have 

(1.13) 
X,, cos T,, • • ( -17,, cos ro,,+c,,r,, sin ro,,)c, 
X . . ( . ) (1) ,, sin T,, ~ -17,, sin ro,,-c,,r,, cos ro,, c. 

Consequently it follows that 

(1.14) 

We put as follows : 

(1.15) 

where ~ o-~=1 and o-~2.O. Then, comparing these with (1. 5), we have ,, 
(1.16) o-o-,, =rX,,, 

consequently it follows that 

(1.17) (T = r v~ x~- . . IC Ir v~ 17~ + ~ c~r; . ,, ,, ,, 

For p,, and 0,, of (1. 11), calculating R, we have: 

(1.18) 

where 

(1.19) 

When H 2=4=0, from our assumption that R<O except for the origin, 

1) ..., means equality except for the infinitesimals of higher order than those written explicitly. 
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it fo11ows that H2<0. Now, for p., and 0., of (1.11), frQm (1.15) and (1.17), 

~"= [ c [ ru.,.~ '1/e+ ~ cere i 1\ consequently~ in (1. 4), all the terms of [r] .. 
'V ~ • . 

ar.e of the order at least three with regard to .c. Then (1. 4) is written as 

foll<;>ws:: 
d2 • • r 2 +r3c2[2H2 +r&(•····· )] . 

Then, for any sufficiently small number c, it follows that d<r except for 

c=O. Thus the point P which satisfies (1.'10), is also transformed to an 
inner point of S. Thus we have 

Theorem 1. For the trans! ormation 

we put as follows : 
• V 

a~,,, = R~,,,e' 'LJ>..,,,, 1.n~,,, +CO>,,+ co,,, -co., = n~,,,. 

For the following function 

R = R(r, co; p, 0) 

= ~ Rr11A[r'>-r,,, cos(.nr,,,~0.,)+r>..p,,, cos(nr,.+0,,,-0.,) 
A,P.,'V 

+r,,,p>.. cos (nr,,, + 0>.. -0.,)+ P>..P,,, cos (nr,. + 0>- + 0,,,-0,,)], 

where r.,, p.,2.O and ~ r~= ~ p~=l, we assume that there exists a set of 

(r.,, co.,) such that R<O for all (p.,, 0.,) except for (p.,=r.,, 0.,=n-(mod 2n-)), and 

that ~ [f;,R(r, co; r.,+c'TJ.,, n-+~c.,)]._
0 
= H2 =!= 0 for any ('TJ.,, c.,) such that 

l "Jvl, I c., I :S:.1 except for '1/v=E.,=0. Then, in the space E 2,. of the complex 
numbers x", there exists a small hypersphere passing through the origin with 

the center a"=rr.,i"'" and with the radius r, such that all the points of that 

hypersphere converge to the origin remaining in it when T is infinitely iterated 
on these points. 

When H2=O for certain ('TJ.,, c.,), R is expanded with regard to c as 

follows: R_;,c3H3 +c4H4 + •·····. However, from our assumption that R<O 
except for the origin, it must be H3=0. When H 4=!=0, from (1. 4), we have: 

(1. 20) 

where K is the coefficient produced from the sum ~ ar1>..2 >..3x>-1x>..2x>..~ x 
>..1,>..2,>-3,v 

x(x"-a") and their conjugates. If K=O, we can deduce d<r as in the case 

where H2=!=O, consequently in this case there exists a hypersphere of 
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Theorem 1. If K=t=0, according, as K>0 or <O, for positive E, d>r or <r 
and, for negative c, d<r or >r, consequently in general there does not 

exist the hypersphere of Theorem 1. When H 4=0, similar reasonings are 

continually applied. 

When there exist many hyperspheres of Theorem 1, it is evident that 

the domain constructed by the sum of such hyperspheres has the same 

character as each hypersphere, namely all the points of that domain con

verge to the origin by infi,11ite iteration of the transformation always 
remaining in it. 

Example 1. The case where n=l. 

We assume that R}1=c=-4=0. Julia discussed this case, but his discus

sions seem insufficient for lack of investigation on , the neighborhood of 

the origin.(l) However, correctness of hi~ conclusion is easily seen as 

follows: 
In this case, since ,,,1 =0, we have : 

R=c[cos(il-0)+2cosn+ cos(n+O)J=4ccosncos2 ~; 

H 2 = cEi cos n . 

Consequently there exists the hypersphere with ro such that cos ('il+ro)<O. 

Example 2. ah=a;2= .. '. .. '. =ar,.<O and other atµ.'s and all a{;,._2 ,._/s vanish. 

Put Rt,.,=c>0. We adopt r 11 and ro11 such that ro11=0 and r1=l, r 2 . ra= 

•·•=r,.=0. Then nt11=7l', and R is calculated as follows: 

R = cpi{cos (7l'-01)+2P1 cos n"+ Pi cos (n"+01)l 

+ 2cp2 { P2 cos 7l' + P1P2 cos ( n- + 01) l 
...................... •-• ................ . 

+2cp,,! p,. cos n"+ P1P .. cos (7l'+ 0Jl 
= -cpi(cos 01 +2p1 + Pi cos 0i)-2c(p~+ ··· + p!) (1 + P1 cos 01) 
= --cp1cos0i(l-pn-2c(l+p1COS01) (:.Pi+··· +p~=l) 

= -cl2+P1(3-pi)cos 0d . 

Now it is readily seen that 0<p (3-PD<2 for O<p1<L Consequently 
R<0 except for p, =l and O =n, namely except for the origin. 

Then, from ~ p~ = l, 
'II 

Next, put p1 =l+E,,,, p2 =E'f/2 , ...... ,p,.=c,,,,.. 
1 2c771 + c2 ~ 77~=0, consequently "7 _ = - 2 s ~ ,,,~. Therefore, instead of the 

above substitution, we put as follows : 
----------

1) G. Julia, ibid. 
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Pi= 1+821Ju P2 = 81J2• ............ , Pn = 81J,.. 

Putting e,, =n: + 88.,,, we have:· 
H 2 • ; -c8f. 

Therefore, for 8 1:c+=O, H 2 =+-=0. For 8 1=0, 01=-n:. For this value, R becomes 

as follows: 

R = --c(pi-3P1 +2) 
= -c(P1-l)i(P1+2) 

= -C84 1Ji(3+82971). 

If '1J 1 =0, then p. =1 and 0 _ =n:, namely this point is the origin. Therefore, 

except for the origin, n.:c+=O, consequently H4 :c+=O. Now, by our assumption 

that a~1,.2,.1 =0, in (1. 20), K=O. Therefore, by the remark after Theorem 1, 

it follows that d<r except for the origin. 

Summarizing the results, *e see that there exists the hypers-phere of 
Theorem 1 with the center (r, 0, ... , 0) for sufficiently small r. 

§ 2. The necessary conditions. 

We seek for the necessary conditions that there may exist hyper

spheres of Theorem 1. For this purpose, at first, we seek for the maximum 

of R under the condition that one of p,,'s is unity and the other p,,'s vanish. 

Under this condition, R is written as follows : 

. dR · 
Putting d0=0, we have : 

therefore 

(2.2) 

Put 

(2.3) 

11 

= (2} R~,,_r,.r,,. cos n~,,. +R~,, cos n~.,,) sine,,. 
A,µ. . 

Substituting 0.,, determined by (2. 2) into ~~f , we have : 
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= -D8 [~RX,,:rArJJ,cos.m/J,( ~ RX1"'1rA1r"'1 cos.nt1"'1+Rt,.cos.n~,,) 
11 J.., p. J..1/'1 

+ ~ Rr,,.r)..r,,. sin .nrp.( ~ RX1"'1,,.A1r"'1 sin nt1"'1 -R~,. sin .n~..,) 
~/J, ½,P.1 . 

+Rt,, cos .n~,.(···)-R~,. sin .n~,,( •·· )] 
= -sD,,, 

dR where s= + 1 or --1. When D,.=!=O, for 0,, such that s= + 1, d 02 <O, namely ,, 
R,, becomes maximum for such 0,,. The maximum values of R,. are easily 
found as follows : 

(2. 4) 

When D,.=0, from (2. 3), it follows that 

~ Rt,,.r>..r"' cos .nt"' + R~.., cos .n~.., = 0, 
J.., µ. 
~Rrµ.r>..r"' sin .nr"' -R~,. sin .n~,, = 0 . 
A,µ. 

Therefore, in this case, we have: R=2 ~ Rt,,r>.. cos .nx,.. Then (2. 4) is valid 
).. 

whether D,. vanishes or not. Then, from (1. 4), we have 

Theorem 2. In order that there may ea;ist hyperspkeres of Theorem 1, 

it is necessary that, for any JJ, 

D,. + 2 ~ RX,,r>.. cos .nx,. .:S: 0 . 
).. 

For example, we consider the case where aX"' vanish except for a~,.. 
Put R~,.=c,, and .n~,.=n,,, then the necessary conditions become as follows: 

c,.[v r! + 2r~ cos 2.n,, + 1 + 2r,, cos .n,.J .:S: 0 . 

However v r! + 2r~ cos 2!2,, + 1 > I 2r,. cos .n,, I except for the case r,, = l. 

Therefore, when at least two of a~,.'s do not vanish, the necessary conditions 

ate not valid, namely, in this case, there does not exist the hypersphere. 

§ 3. Condition I for the transformation of type A2 • 

We consider the transformation of type A 2 , which is written as follows: 

(3.1) 

where o,._ 1 =0 or 1. In the space E 2n of the complex numbe1 s (x1, x2, .•• , x"), 
as in § 1, we seek for the hypersphe1e of Tlleorem 1. Then, the squa're 
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of the distance d from the center a 11 to the transform P' of the point P on 

the hypersuface becomes as follows : 

(3. 2) d2 = ~ ('xll - av) ( lzll -all) 
V 

= :E {(xv --av)+ 811-1X11 - 1+ ar,,.w-X"' + .... ·· I 
V 

X {(xv-av)+ov-1X11 -1+ar,,.xAx"'+ ······ l 
= :E (xll -all) (xv - av)+ ~ o~-lxll-l(zll -av)+:E Ov-1Xv-1cxv -av) 

V 

+ :E o~-1Xv-1xv-1 + ..... . 
ll 

= ,-2+,-2R+[r]a. 

As in § 1, by means of (1. 6), we calculate R as follows : 

R = 2 :E 811_1X~-1P11 cos (rv-1 --'011)+ :E o~-1X!-1 
ll ll 

= 2 :E 011-1P11[(rv-1 cos (i)ll-1 + P11-1 cos '011-1) cos '011+(r11-l sin u>v-1 
V 

+ Pv-I sin '011-1) sin '011] + ~o~_i[r;_l +.P~-1 +2r11-1P11-l cos( 10,-1-·Wv-1)] 
V 

= 2 :E Ov-1Pv[r11_1 COS ( 1011 -wv_1)+ Pv-1 COS ('011 - 1011-1)] 
ll , 

+ ~ o~-1[r~-1 + P~-1 + 2rv-1P,-1 cos (' 0,-1 -ro,-1)] . 
V 

From (1. 7), . we have: 

(3. 3) R = 2 :E o .. -:Pv[rll-1 cos (0 .. +rov-roll-1)+ Pv-1 cos (0 .. -0v-l + Wv-roll-1)] ll 
+ :E o~_i(r~-1 +P~-1 +2rv-1Pll-l cos 011-1). 

V 

We put unity one of such p/s that ov-~=0 and ov=l. Then the first sum 
of the right-hand side vanishes, consequently it follows that 

R=r~+ •·· +(r~+I+2r .. cos011 )+ ····•·. 

Now r~+I+2rv cos 0 .. becomes (rv+I?>O for 0v=0. Namely R becomes 
positive for a certain point which is not the ,origin. 

Thus we see that, for the transformation of type A 2 , .there does not 

exist the hypersphere of Theorem 1. 

§ 4. Condition II for the transformation of type A 1 • 

() 

In each xv-plane, we consider the circle Cv passing through the origin 

0 with the center rirnv and with the tadius r. Then, in the space E 2n of 

the complex numbers (x1, x2, ••• , x"), the cylindrical domain D is constructed 

by these C/s. We· consider the condition that any point P(xv) on the 
boundary hypersurface of D is transformed to the inner point of D except 

for the origin. 
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. . 0 

In the x"-plane, we construct a circle· C..., which touches Cv at the 
origin O and passes through the point xv. When the point P(xv) lies on 

. .' ' . ' 

the boundary of D, the point x" in the xv -plane lies on the boundary or 
0 

in the interior of C...,. Let the center of C.., be av, then it follows readily that 

(4.1) 

Let the angle between the radius vector passing through a'" and that passing 
through x" be 0v. Then it follows that 

(4.2) 

Now we consider the condition. If P(x") on the boundary of D is 
transformed to an inner point of D, then xv on the boundary of C..., must 

0 

be transformed to an inner point of C...,. At first, we seek for the condition 

for this. Let the given transformation of type A1 be 

(4.3) 

and put aX,.=Rx,,l'0 X,._ The square of the distance d..., from:· the center 
• CJ 0 

a"=re'"'v of C.., to the transform 'xv of x" on Cv becomes as followsC1): 

(4. 4) d~ = ('x"-a")('x"-a") 

= {(x"-a")+aX,.x;\x,.+ ···} t(x"-av)+aX,.x;\x,.+ ···} 

= (x" -a") (x" --a")+ aX,.;i,.;\xix"-av)+ a~,.x;\x,.(x" -av)+ ... 

= r' +8r3R..,+[rL ~ 
. . . 

where Rv is the real part of ·t"rsa~,.x;\x,.(xv-a"). Then, by -Our condition, it 

must be R..,~O. !from ( 4. 2), R.., is calculated as follows : 

(4. 5) Rv = ~ Rr,.r>,.rµ. cos 0>,. cos 8,. cos ('DX,.+roA +ro,.-ro...,+ 8>,. +0,.-20v): 
~µ. . 

where 

(4.6) 

= R~v cos' 0v cos n~v + 2 ~ Rr..,rA cos 0A cos 0.., cos ( nx.., + 0A - 8..,) 
A:jcv 

+ ~ RX,.r>..r,. cos 0>.. cos 0,. cos (flX,. + 0>.. + 0,. -20..,), 
A,l":\cV 

For the sake of the subsequent discussions, we prove 

Lemma. If n is given arbitrarily and p, q are such that p2.q2.O, and 

p+q>l. then, for 0, rp both lying in [-7'C/2, 'T(/2], there exists a value 0) of 

0 such that -7'CJ2<00<n:J2 and 

0 
1) When xv is on Cv, f'v=L 
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(L) 

for all <p sufficiently near to 71:'/2 or to -71:'/2, where 11 is a suitable small number. 

Proof. We consider the intervals 1i[ -(p+q);, (p-q) ;] and 

12[ -(p-q)f, (p+q);]. Then both intervals have the common interval 

1,[-(p-q)}, (p-q~] and the sum interval 1.[ -(p+q);, (p+q);]. The 

length of 1, is evidently (p+q)71:'>71:'. Then there exist Eo and sufficiently 

small numbers o, ,,, such that, for E such that IE-Eo J .:::;:o, there hold 

cos f;;;;, 17>0 and also at least one of the following relations: 

n--(p+q);-<t<n+(p-q); or n-(p-q)i<t<n+(p+q); . 

For the former, we put E =!1+p00 -qf, then, from the inequality, it 

follows: -;<00<f· For <p=; -c where 8 is an arbitrary positive 

number such that cq<o, we put E'=O+p00 -q<p, then E'=E0 +cq, consequently 

IE'-Eol~o. Then we have: cost'= cos(O+p0i-qrp)2- 17>0. For the latter 

of the inequalities, in the same manner, we have the same conclusion for 

<p= - ; + c. Thus, in either case, the lemma is valid. 

Now we return to ( 4. 5). 

For 0~=71:'/2, it follows that R~=- ~ R~µ.r,.rµ.cos0,.cos0,.cos(m,.+0,.+0,.). 
>., P.;j: .. 

we take any one of r,.'s and put the other r,.'s zero. Then R,. becomes as 

follows: R,.=-Rr,.r~ cos2 0,. cos (nr,. +20,.). Now it is evident that the above 
lemma is valid also when the inequality (L) is replaced by cos (!1+p00 

0 0 

-q<p)~ 17 <0. Consequently there exists 0,. such that cos 0,.>0 and 
0 0 

cos (nr,. +20,.)<0. Then, if Rt=l=O, it becomes that R,.>O for 0,.=0,.. This 

is inconsistent with our assumption. Therefore it must be Rr,.=O for :\.=l=v. 

Next we take any two of r/s and put the other r,-'s zero. Then R,. becomes 

as follows: R,.=-2R~,.r/\rp.cos0,.cos0,.cos(OXµ.+0}\ +0,.) for chosen r1,. and rµ.. 

Put 0}\=0,.=0. Then, by the same reasonings as above, we see that RXµ.=0. 

Thus it must be Rrµ.=0, for :\., µ=l=v whether :\.=µ or not. 

Then R,. becomes as follows : 

R~ = cos 0,.[R~~ cos 0,. cos n~._+2 ~ Rr._r,. cos 0,. cos (nr~+0,.-0,.)J. 
. .\;j: .. 

Therefore, for 0,. such that -71:'12<0 .. <71:'12, from our condition, it must be 

R~ .. cos 0~ cos n~ .. +2 ~ R~._r,. cos 0.\ cos (n~ .. + 0.\ -0 .. ) ~ o. 
>4 .. 

If R~ .. =l=O for certain :\., then we take r}\ corresponding to that :\., and put 
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the other r/s zero. Then the above relation becomes as follows : 

(4. 7) 

Now, by the lemma, for 0.,, sufficiently near to n: /2 or to -- n: /2, there exists 
0 0 0 7t 

0,,. such that cos0,,.>0 and cos(OX.,,+0,,.-0.,,)2-71>0. Put 0.,,=2 -s or 

0.,, =-:; + E, and let E tend to zero. Then, for sufficiently small E, the 

left-hand side of ( 4. 7) becomes positive. This is a contradiction. Thus it 
must be RX.,,=0 for ;\,=J=µ. 

Thus, from the above results, it follows. that 

(4.8) R.,, = R~.,, cos n~.,, cos~ 0.,, . 

Next, we consider 0.,, sufficiently near to n:/2 or to -n:/2. In this case, 
we must investigate the teqns of higher order. Writing (4. 4) minutely, 

we have: 

(4.9) d; = ('x11 -a11 )('x11 -a 11 ) 

= {(x.,,-a.,,)+a~.,,x.,,x.,,+a.X11'21\1x,,.1~;-'2xl\3+ .••.•• 

+ av X,\l·••:Jf'N-1+a~. ,\ X/..1.•••X,\N+ .•.... l X 1\1,,.AN-l ~1 .. , N j 

X {(x11 -av)+ a~.,,x11x11 + aX11\21\3x,\1x,\2x,\3 + ..... . 

+ a;v , x,\1 ... x,\N-1 + a;~ ,\ x/\1 ••• x>.N + ..... · l A1 ... ~N-l ~1 00 • N 

= (xv -a11 ) (xv -a11)+ ! a~ 11x11xv(xv -a11 )+ a~.,,x•x11(x 11 -av)l 

+ {a 11 x,\1x>.zx,\·(x11 -a 11 )+av x 11x 11a11 ;;.11X11 . ,\ 1 Az/\3 llll .,,,,_ 

+ a~1,\2 ,\3ii;,\lij;Azij;,\~(X11 -a11)l + ••• ••• 
+ {aX1 .. ,,\N-lx,\1 ... xAN-l(x.,,-a")+ ... +aX1, .. I\N-lx>-1 .•. ij;I\N-l(xv-av)l 

l .,, ..A ,\ c-11 -"') ll -11 ,\1 ,\N 1-11-v + a,,\l·••,\Noli l ••• X N X -a +a/\1,.,,\N-lav.,,X ·•·X - XX + ..... . 
+av av x>-1 ••• ~N-lXllXll+aX ' z,\l ••• ii;AN(Xv-av)l + 1\1.,,AN-l Vll l•••~N 

(4.10) 

KN= ~ RX1 .. ,,\Nrl\1 •••r1,.Ncos0,\1 •·· cos01\Ncos(nt1 .•. ,,.N+0,\1 + ··· +01,.N-20v) 
1\1, 00 •,I\N . . 

= 2J R~loo•ANr,,.1 ·••r,\Ncos0,,.l ··•COS0,\Ncos(OX1 .. ,,\N+0,,.1+ ... +0,,.N-20.,,) 
1\1,, .. ,AN*• 
+N cos 0.,, 2J R~,,.1 ... ,\N_1 r,\1 •·· rl\N-i cos 0i..1 ··· cos 0i..N-i cos (n~i..1 •• ,,,.N-i 

I..J,•••,I..N-l*ll . . 

+ 0,\ 1 + ... + 0,\N-i -0.,,) + (~) cos2 0.,, ~ R~ 11 ,\ 1 ... 1..N-2r,\ 1 ••• r;.N_2 cos 0,,. 1 ... 
>q, .•. ,/1..N-2 

... cos 01..N-2 cos(n~.,,,\1 ... I\N_2 +0i..1 + ...... +0,,.N_2 ). 
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We denote the general term in the first and second sum of the right-hand 

side of the above expression by S1 and S2 respectively. Put 01,.1-01,.2=··· 

=01,.N=0, then, since N2-3, by the lemma, we see that there exists 00 such 

that cose >O and cos(nr1, .. ;..N+N0o-20.)>O, cos(n~hl .. •hN-1 +(N-1)0o-0v)>O, 

for e. sufficiently near to ; or to - ; . Thus it is seen that, for e. 
sufficiently near to ; or to - ; , there exists a set of ( 0;..1 • 0;..2 , ••• , e hN) 

such that cos 0;-.1, ..• , cos 01,.N>O and S >O and a set of (0;-. 1 , e>-2 ••• , e>-N_1 ) 

such that cos 0>-1 • ••• , cos 0>- >O and S2>O. N-l 
We assume that Rr1>-2>-3• ••• , Rr1>-2--,AN-'-l=O for :.\.1=f=J.J, ... , A.N-1=f=J.J. Then 

7t 7t from ( 4. 9), for 0.=2 or --2, we have : 

where KN=~S 1 • We take arbitrarily r1,. 1 , ... , r1,. and put the other r;..'s 
, N 

zero. Let the distinct ones of r1,.1 , ••• , r>-N be p1 , ... , Pp• Put 

1
P1=<F, 

~-~ ••• -~N +1
1 

_ (N+IJ"-1 
P,, - <F , 

where O<<F.'.5::1. If we write K~=~ S1 as follows: 

~ , , Rm1 .. •mp(f))p':_11 ... p1;:P' 
m1+···+mp=N' , 

then it follows that 

K = ~s = . '1 . ' R (0'-m1+m2(N+I)+ .. •+mp(N+I)P-I ' 
N ..::;.. 1 ..::;.. m 1 .. ,mp P 

m 1+ .. ·+mp=N ' , 

and, here the terms of the left-hand side correspond in one-to-one to those 

of the right-hand side. Now, from our assumption, KN<O. Then, taking 
sifficiently small <F, by means of the preceding results on Su we see that 

it must be Rt1 ... 1,.u=O for :.\. =f=V, ... , A.N=f=v. Thus, by induction, we see that, 
fo1 any N;z.3, at1 ... 1,.u =0 where A1=t"'v, .•• , Au=f=J.J. 

Next, we assume that R~1,.1;..2 , ••• , R~1,.1 ... 1,.u_2=0 for :X1'FJ.J, ••• , "-u-2:c4=J.J. 

Then, from ( 4. 9), we have : 

d~ = rl+r3 C~S2 e.[BR~v cos n~.+r( .. · )+ ... +rN-3(-·· )] 

+rN+lcosex2N+lK~+ cosev( .. •)] 

+ cos e. • [r]u, 2, 

where K::V,=KN/cos e.=N ~ S2 + cos Ov(-··). Put e.=-; +E or ;--E, where 
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s is an arbitrary small positive number, then, for sufficiently small r and 

s, it follows that 

de . . r2 +r3S2 • BR~,, cos n~,,+rN+ls. 2N+lN ~ S2. 

Then, by our assumption, ~ S2 <0, therefore, by similar reasonings as 

above, it must be R~>-i--• >-n-i =0 for :.\1=\=v, ••• , A.n_1~v. Then, by induction, 

we see that, for any N>3, a~>-; ... >-n-i =0 for :.\1=\=v, .•• , :.\.N_14v. 

Summarizing the results, it is seen· that, in order that there may ~ist 

a circular cylindirical domain, of which all the points of the boundary are 

trans! ormed to the inner points except for the origin, it is necessa1·y that the 

transformation T is of the form as follows : 

( 4. 11) 

Next we consider the converse. In the x11 -plane, we take a point x11 

arbitrarily on the boundary or in the interior of /J,,. Then there exists a 

circle C,, passing through the point x11 • For such x11 , from (4. 9). the distance 
d,, from the center a11=rr.~i,,,,, to the transform 'x" of x11 becomes as follows: 

( 4.12) 

If R~.=l=O, then, for 1.n~,, such that cos ('n~,,+w,,)<O, there exists r0 such 

that, for r<r0 , d,,<rr,, except for 0,,=; or -;, namely, in the x11 -plane, 

there exists a circle C,,, of which all the points of the periphery are 

transformed by T to the inner point of that circle except for the origin. 
Thus, summarizing the results, by means of the same reasonings as in 

the out-set of § 1, we have 

Theorem 3. In order that there may exist a circular cylindrical domain 

D, of which all the points of the boundq,1·y are transformed by T to its inner 
points except for the origin, it is necessary that the trans! ormation T is of 
the form as follows : 

Conversely, when the transformation T is of the above form and a11 =\=0 for 
all v, then there exists a cylindrical domain of the above characters, and 
moreover, in this case, in each x11 -plane, there exists a circle such that all the 
points of that circle converge to the origin always remaining in it when T 
is infinitely iterated on these points. 

The transformation in the above theorem resembles closely the trans

£ ormation constructed by direct summation of those of one variable. From 
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this ·aspect, it is readily seen that, for this transformation, Fatou's method<1) 

is applicable · and then the same conclusion is deduced. 

§ 5. Condition 11 for the transformation of type A2 • 

In this paragraph, we consider the transformation of type A2 , which 
is written as follows : 

(5.1) 

where o,_ 1 =0 or 1. For this transformation, we consider the distance d, 

from the center a•=ri'"• of C.,, to the transform 'x" of x• on C.,,. Then d! 
is calculated as follows : 

(5.2) d~ =(1x•-a11 )('xv-a•) 

= {(xv-a11 )+ov-1x•-1+a~,.x>'x"'+} {(x 11 -a•)+o.,,_)i;11- 1+a~,.£i-\i;P.+ ······} 
= r 2+ {o.,,_1X1171(xv--a•)+o,-:x•-1cx•-a•)+o~-1x11-1x•-1i + ..... . 
= r2 +4r2R,+[r]3 • 

Now, by means of ( 4. 2), we have : 

For v such that 011 _ 1 =1, we vary 0.,, from -I to ; . Then the first term 

of the right-hand side of (5. 3) attains the maximum value r.,,_ 1 cos 0.,,_ 1~0. 

Then, from (5. 3), for this value of 0,, R,,>O for r._ 1=\=0, cos 0,_1=\=0. 

Thus we see that, for the trans! ormation of type A2 , there does not 

exist the circular cylindrical domain ffUch that ail the points of the boundary 

of the domain are transformed to its inner points except for the origin. 

1) M. P. Fatou, ibid. 

(To be continued in our next) 

DEPARTMENT OF MATHEMATICS, 

HIROSHIMA UNIVERSITY. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


