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Preface.

Given the finite transformation of the form as follows:
(0.1) T: 'z" =¥ @)= e +a, s 4 e @

We consider the case where the absoulte values of all the eigen values
A, of || a¥ || are unity. In the previous paper®, it was shown that, when T
is majorized, the equations of Schréder for T can be solved and, that, by
means of their solutions, 7 is reduced to the linear transformation such
that '2*=)\,2" (not summed by »). When the arguments of the eigen values
are all commensurable with 2=, by iteration of certain times, T can be
reduced to the transformation where the eigen values are all unity. In
this paper, we deal with this case. When 7T is majorized, the reduced
transformation becomes an identical transformation®. In this paper, we do
not assume the condition of majorizedness. By effecting a suitable linear
transformation of the variables 2", without loss of generality, we may
assume that || ay|| is of Jordan’s form. Thus the transformation which
becomes a subject in this paper, may be written as follows:

- (0.2) T: 'z*=¢¥(x)= m"+8,,_1x“‘1+a,‘;l“2x"‘a:"z+ seeren

where 3,_.=0 or 1.

In the case of one variable, the characters of the transformation of
the form (0. 2) were studied by means of iteration, and, in the neighbor-
hood of the origin, there was found a domain, of which all the points
converge to the origin always remaining in it when the transformation is

‘ 1) aja®, a’\zluzxﬂix“'z’ ...... ‘mean that %_‘,a;xﬂ, “?M:I’iwzx“ix“z, verer. . In the following, we
use this convention of tensor calculus. ’
2) M. Urabe, Application of majorized group of transformations to functional equations,
this Journal Vol. 16, No. 2 (1952), pp. 267-283.
3) do.
4) M. P. Fatou, Bull. Soc. Math. (1919).
G. Julia, Jour. Math. Pures Appl. (1918).
J. Malmquist, 1¢* mémoire, Ark. Mat. Ast. Fys. (1921).
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is infinitely iterated on these points.

In this paper, extending Julia’s method® to the case of % variables,
we seek for analogous domains in the neighborhood of the origin, and we
shall find some conditions for existence of such domains. In the last, we
remark on an application to the solutions of the differential equations in
the neighborhood of the singularity.

_ In the case of two variables, J. Malmquist® has studied iteration of
the transformation of the form (0. 2) of the special kind and he has applied
his results to the differential equations. The transformations which he
has discussed, are those which have invariant variety of two dimensions.
For such transformations, their iteration is reduced to that of the trans-
formation of one variable. In this paper, we consider the general
transformation, conéequently our discussions aie entirely differtent from his.

In this paper, we classify the transformation T as follows :

A,: T where || a; | is of diagonal form and at least one of

type A @, ., s does not vanish;
' A,: T where | a.| is not of diagonal form;
type B : T where || a) || is of diagonal form and all a;l,bz’s vanish.

Chapter I. Transformation of type A.

§1. Condition I for the transformation of type A,.

We consider the transformation of type A,, which is written as follows :
(1.1) T: '8 =¢"(x)=2" + @, ERFL A e ..

In the space E,, of the complex numbers (&', 2% ..., 2"), we consider the
hypersphere S with center a* and with radius », of which the hypersurface
passes through the origin.

Put

(1.2) - ¥ = rreiov,

where 7,>0 and >ri=1. We assume that, for any r such that r<r,, all
the points of the hypersurface of any hypersphere with fixed r, and o, passing
through the origin are transformed by T to the inner points of that hypersphere

1) G. Julia, ibid.
2) J. Malmgqnist, 2¢ mémoire, Ark. Mat. Ast. Fys. (1921).
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except for the origin. We denote the family of these hyperspheres by &.
Take any hypersphere S € & and any point P on its hypersurface. Then
it is readily seen that P is transformed to the inner point of S or to the
ouigin by iteration of T on P. Therefore the set of poits {T%(P)} (k=0,
1,2 ...... ) has at least one point of accumulation. When P is the origin,
T P) is always the origin. We exclude this case. Let any one of the
points of accumulation be P,. We shall show that this P, must be the
origin. If P, is not the origin, there exists a hypersphere S,€ & passing
through P,. By our assumption, P,=T(P,) is an inner point of S, and not
the origin. We consider the ‘hypexsphere V with the center P; in the
interior of S,. Then there exists a hypersphere S’ € & which contains V
and lies in the interior of S,. Then, by the continuity of 7, there exists
a hypersphere V, with the center P, in the exterior of S’ such that T(V. )} V.
Since P, is a point of accumulation of {T%(P)}, there exists a sequence
{k,} such that §Tk'(P)} converges to P,. Consequently, if we take G
sufficiently large, then, for %k, >G, T*(P)eV,. Then, from T(V)CV,
TR+Y(P)eV. From our assumption, for any k THV)C S, namely
TR+ P)eS'. Then, for any k>k,, T(P)eS'. This is inconsistent with
the assumption that P, is a point of accumulation of {7%(P)}. Thus P,
must- be the origin. Namely there exists only one point of accumulation
of {T%(P)}. Now evidently T%P)eS for any k. Consequently any sub-
sequence of {7T%(P)} has a point of accumulation, which is the origin.
Thus we see that {T%P)}, always remaining in S, converges to the origin.
Now S is any hypersphere belonging to the family &, consequently we
see that any point of the hypersphere S converges to the origin always
remaining in it when T is infinitely iterated on that point.

Thus we seek for the condition that there exists such a hypersphere.
Consequently our condition gives a sufficient condition that there exists a
domain, of which all the points converge to the origin remaining in it
when T is infinitely iterated on these points.

The coordinates ¥ of any point P on the hypersurface of the hy-
persphere S are expressed as follows:

(1.3) 2 —a =rpe’%,

where p,>0 and gp’i:l. Then the square of the distance d from the
center @ to P'('z)=T(P) becomes as follows:
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(1.4) dt =3 ("2~ ) ('3 ) @
= 2 (@ — ")+ a2t + oo} (B - Q)+ A ZET A+ o0}
=" —a") (" —Q")+ ;a}‘\,‘x*x"(a':" —aY) +; TN (@” — ) eveon-
= ;l+2r3R+[r]4,
where [:--], denotes the sum of the terms of the fourth and higher orders
of the argument. We calculate R, namely the real part of ;.13 g]ax,bx*x"(iz“—c’x”).

For this purpose, we put as follows:

(1.5) @, = Rné" % and ' =rX,d0.

Then, from (1.2) and (1.3), we have

(1.6) X, cos r, = r, COS w, + P, cos 'd,, X, sin-r, = r,sin v, +p, sin'é,.
Substituting (1.5) and (1.6) into R, we calculate R as follows:

R =2} E}.X,\X,p, €08 ((Qu+ma+7,—'0)) ,
=A;?;RL~P1,[COS "+ XX ,(COS T, COS T, COS "0, +COS 7, Sin 7, Sin '8,
. —sinr, sinr, cos '6, +sin r, cos r, sin’'é,)
—sin 'Q}, - X, X, (sin 7, cos r, cos 0, +sin, sinr, sin 6,
+¢0s T, sin T, cos 'd,—cos 7, cos r, sin '4,)]
=A,;R{,va[cos "0}, 4(r) COS @) + p, COS '8, )(7,, COS ©, +p, COS '0,)COS 0, 4 ++++++}
—sin 'Q}, {(, sin o, +p, sin '6,) (7, COS o, —FP,. C0S '0,) COS G, +++++2+ 14|
=x§va“‘°”[Tm‘ cos ('Qu+wr+0,—'0,)+7,p, cOS ('Qu+wr+'6,—'6,)
+7,Pr cOS QU+, +'6,—"0,)+prp, cOs QY +"0,+'0,—"6,)] .
Put
1.7 "Rutoito,—0, =2 and 0, =ow,+0,.
Then we have:
(1.8) R =R, o; p, 6)
= 23 BlupoLrr, €08 (R —0.)+ 71pu Qu+ 0, —0,)
+ 17,0, COS (2}, + 0, —6,)+ pap, COS (Qu+ 0y +0,—0,)] .
For the origin, §,=» (mod 2z) and p,=r,, consequently R=0. We assume
that, except for the origin, R<0 for all p, and 6,. Then, if we take

arbitrary small positive number 8§, then, for p, and 6, satisfying at least
one of the relations as follows:

1) The bars on the letters mean the conjugate imaginaries.
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1.9) lpy—7r,|=86 and =»—86=6,>—7+3$,

there exists R, such that R<R<0. Then, from (1. 4), there exists a small
number 7, such that, for r<r,, d<», namely any point P on the hy-
persurface of S which satisfies at least one of the relations (1.9) is

transformed by T to an inner point of S.
Next, we consider the point P which does not satisfy any of the rela-
tions (1.9), or in other words, does satisfy the following relations:

(1.10) lpy—7,|<8 and =—8<6,<w+38.
Put _ ‘
(1' 11) py="1,+&n, 6,=m+&E,

where 7, and &, are not all zero and |7,], |&,|<1, and we assume that
(1.12) le|l<s.
For such P(x*), from (1.6), we have

(1.13) X, C?S 7y =(—1, c?s w,+ &7, sin w,)e,
X, sinr, =(—7, sin 0,—&,7, COS 0,)& . P

Consequently it follows that

(1.14) : X, =l pErent.

We put as follows:

(1.15) L 2’ =go,e,

where Y¢i=1 and o,>0. Then, comparing these with (1.5), we have

(1.16) ' oo, =rX,,
consequently it follows that ‘

(1.17) a=r/§T}E%ISITVW.
For p, and 6, of (1. 11), calculating R, we have:
(1.18) R = &H,,

where

(1.19) H, =A;vR;“r‘,[(rkekm +7,8,72) SIn Q) + (737, ExE, -~ 17,.) COS Qj(“ .

When H,=-0, from our assumption that R<0 except for the origin,

- 1) = means equality except for the infinitesimals of higher order than those written explicitly.
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it foliows that H,< 0. Now, for p, and 6, of ‘(1.:11)-, from (1.15) and (1.17),
x”=l€[ra,VZ‘—TW €%, consequently, in (1.4), all the terms of [7],
are of the o;der at least three with regard to.&. Then (1.4) is written as
follows: o , o - '
d? = 2+ 38 2H , + 1&(-++++- -

Then, for any sufficiently small number &, it follows that d<r except for

&=0. Thus the point P which satisfies (1. 10) is also transformed to an
inner point of S. Thus we have

Theorem 1. For the transformation
T: 2" = @)= a"+a), 2"+ oo s
we put as follows :
i’f)x,u, v : v
ay, = R}, 'O torto,—o, = O,
For the foliowing function

R=R(r, o; p, 0) _
= 2 Rmp,[rgr cos (Q;“—e )+7p,, cOS (23, + 0 4,
+ 7,0 COS (), + 0x—8,)+prp, COS (.Q +0,+6,—6,)],

where r,, p,=0 and >)ri=3pi=1, we assume that there exists a set of
(ry, w,) such that R<0 for all (p,, 8,) except for (p,=r,, §,=n(mod 27)), and

that %[;];%R(r,w; 7+ Eny, 7z+68,,)] =H,=4=0 for any (5,, &) such that
) g€=0

I ]y 16,1 <1 except for 7,=&,=0. Then, in the space E,, of the complex
numbers &, there exists a small hypersphere passing through the origin with
the center a“—w,,e"‘"“ and with the radius r, such that all the points of that
hypersphere converge to the origin remaining in it when T is infinitely iterated
on these points.

When H,=0 for certain (,, &,), B is expanded with regard to & as
follows : R=&H,+&*H + «++-+- . However, from our assumption that R<0
except for the origin, it must be H;=0. When H,==0, from (1. 4), we have:
(1. 20) 0’ =1+ (26H +TK+7E()}
where K is the coefficient produced from the sum SN @ @ e x

A1,A2,A3,v
x (% —a>) and their conjugates. If K=0, we can deduce d<r as in the case

where H,=+0, consequently in this case there exists a hypersphere of
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Theorem 1. If K==0, according-as K >0 or <0, for positive & d_>r or <r
and, for negative &, d<r or —>r, coﬁsequently in general there does not
exist the hypersphere of Theorem 1. When H,=0, similar reasonings are
continually applied. v

When there exist many hyperspheres of Theorem 1, it is evident that
the domain constructed by the sum of such hypersphefes has the same
character as each hypersphere, namely all the points of that domain con-

verge to the origin by infinite iteration of the transformation always
remaining in it. ’

Example 1. The case where n=1.

We assume that R},=c=0. Julia discussed this case, but his discus-
sions seem insufficient for lack of investigation on the neighborhood of
the origin® However, correctness of his conclusion is easily seen as
follows : o

In this case, since 7,=0, we have:

R =c[cos(Q—80)+2cos Q-+ cos(Q+6)] =4ccos cosz_g, ;
H,=c&cos .

Consequently there exists the hypersphere with o such that cos ('Q-+e)x 0.

Example 2. a}=a}="-...- =0a}< 0 and other a},’s and all a} ,,\,’s vanish.
Put R},=c>0. We adopt », and , such that »,=0 and r,=1, r,=r;=
.oo=r,=0. Then Q},==, and R is calculated as follows: :

R = c¢p,{cos (w—6,)+2p, cos =+ p} cos (= + 6,)}
+2¢p,{p; COS 7 + p1p; COS (7 + 6,)}

969001001602 00000 0000000000000 000B0 000

+2¢p,{pn COS T+ pyp, COS (7 +6,)}
= —cpy(cos 0,+2p,+ p} cos 0,)—2¢(p5+ ++» +pZ)(1+p,cO848,)
= —cpy €08 Oy(1—p})—20(1+p, cOS 6;) (. pi we +pi=1)
= —c{2+py(3 —pl)cos 6.} .

.Now it is readily seen that 0<7p (3—p})}<2 for 0<p,<1. Consequently
R<0 except for p,=1 and ¢ ==, namely except for the origin. o
Next, put p,=1+8&n, py=Enys weevees Pn=E&n,. Then, from 3] pi=1,

%

287, + & ) 93=0, consequently » = —}216 315, Therefore, instead of the
v Y] a .

above substitution, we put as follows :

1) G. Julia, ibid.
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Pr=1+E%n, Ps=CENgr .rererresrs y Ppn=2E&n,.
Putting 0, ==+ &&,, we have:
H,= —cé&.
Therefore, for &0, H,=-0. For &=0, §,==. For this value, B becomes
as follows : ’
R = —c(pi—3p,+2)
= —c(p;—1)*(p;+2)
= —c&'9¥(3+8&%,).
If ,=0, then p =1 and 0 ==, namely this point is the origin. Therefore,
except for the origin, » ==0, consequently H,4=0. Now, by our assumption
that ay,,,,,=0, in (1.20), K=0. Therefore, by the remark after Theorem 1,
it follows that d<r except for the origin.
Summarizing the results, we see that there ewists the hypersphere of
Theorem 1 with the center (r, 0, ..., 0) for sufficiently small r.

§2. The necessary conditions.

We seek for the necessary conditions that there may exist hyper-

spheres of Theorem 1. For this purpose, at first, we seek for the maximum
of R under the condition that one of p,’s is unity and the other p,’s vanish.
Under this condition, R is written as follows:

(2.1) B =R, =3 R} rr,cos(Q,-6,)+23> E}r\cos Q,+E}, cos (Q},+86,).
A M Y '

Putting el =0, we have:
do, . '

> B sin (04, — 0.~ By sin (@5 +6,) =0,
therefore
(2.2) (};‘L,R;Mr,\m sin Q;";—-R}:\, sin Q},) cos 6,

= (?_,; R} r\r, cos Q;,+ 3, cos Q},)sin 4, .

Put
2.3)

D, = /(3 R}, 8in @), — B3, sin 3, ) + (2 By rar, cos O, + B3, cos O3, )
A, Ay

=,/A ‘; , By B 1772, 70 COS(2, — O )+ ZQR;“MR:V'I‘,\T“COS(QX“+ Qy,)+(Ry, P
y 1L 4
d’R

Substituting 6, determined by (2.2) into a7’ we have:
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iR ; V
ot =~ L )g R} rar, cos (23,--6,)+ R}, cos (Q},+6,)]
v ']
3 : )
=5 [A’ZM R} 7, cos Q, (AIEMIR}mr,\ler cos O}, u, + B3, cos Q)

+ AZ'}L R} r\r,sin QX,L(A}_:, RS w1 Ty SID Q) — BT, sin O,)
] 1,71 .

+ R}, cos Q},(--) — B3, sin Q}y(-++)]
= —sD,,

where s=+1 or —-1. When D,=0, for 6, such that s=+1, %€§<O. namely

R, becomes maximum for such 4,. The maximum values of R, are easily
found as follows:

(2.4) R,=D,+2> R},r,cos Q},.
A
When D,=0, from (2. 3), it follows that

2R}, cos QX+ Ry, cos 2y, =0,
A, M

}\Z‘MR;J}@ sin Q}, —R}, sinQ}, =0.
?

Therefore, in this case, we have: R=2 3 R},r, cos QY. Then (2.4) is valid
A -
whether D, vanishes or not. Then, from (1.4), we have
Theorem 2. In order that there may ewxist hyperspheres of Theorem 1,
it is necessary that, for any v,
D,+2> Ryracos i, 0.
A

For example, we consider the case where @}, vanish except for a},.
Put R!,=c, and Q},=Q,, then the necessary conditions become as follows:

e.[V'ri+2r2 cos 20, +1+2r,c0s 2,1 < 0.

However 1/rt+2r% cos 2Q,+1 >12r, cos Q,| except for the case 7, =1.
Therefore, when at least two of a!,’s do not vanish, the necessary conditions
are not valid, namely, in this case, there does not exist the hypersphere.

§3. Condition I for the transformation of type A, .
We consider the transformation of type A,, which is written as follows :
3.1) T: 'z’ =@¥(x)=z"+ 8\,*1:'1:”“‘ + O TN woneee s

where 6,_,=0 or 1. In the space E,, of the complex numbeis (&!, 27 ..., "),
as in §1, we seek for the hypersphere of Theorem 1. Then, the square
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of the distance d from the center «” to the transform P’ of the point P on
the hypersuface becomes as follows: '

3.2) dr =3 (=" - CYV)(’:T:"—E{")
= é{(xv”“")+3\._1x”‘1+a{“a:*xu+ ceeren}
’ X {(B — Q)+ 8, 1B 1+ @ BT A eeeee }
="' —a") (- &)+ 28,12 F —a")+ D] 5, ,F (2" —a)
| -+ 2 82_ & 1B 4 eaees

=r24+rR4[r];.
As in §1, by means of (1.6), we calculate E as follows:
R =2318,,X,.1p, COS (1y_1 —'8,)+ 218, X3,
=2 i} Sy [ (7y1 COS wy 1+ Py c:)s 0,_1)cos '0,+(r,_,sinw,_, .
fi- Py, 8in’6,.,)sin’6, ]+ Z}S%_l[rf-l+‘p§_1+2r,_1pv_1cos(’Hv_lmwv_l)]
=2338,.1p[1-1 €OS (', —@y_1)+ py1 €OS (16, —"6,.1)]
| + ‘f_‘, 2 [rE +pi 1 +2r,_1py_1COS ("0, 1 —wy_1)] -
From (1.7), we have:
(3.3) R =2318,_.p,[7,-1 COS (8, + 0, —y-1)+ Pyoy €O (0,— 0,y + 0, —y-1)]
—:- 2 S (i +pi +2r,_1p,,C080, ;).
We put unity one of such p,’s that §,_.=0 and §,=1. vThén" the first sum
of the right-hand side vanishes, consequently it follows that
R=7i+ s +(r2+1+42r,Cc08 8,)+ -+ .

Now 7i+1+2r, cos 6, becomes (,+1)* >0 for §,=—0. Namely E becomes
positive for a certain point which is not the origin. ‘

Thus we see that, for the transformation of type A,, there does not
exist the hypersphere of Theorem 1. ‘

§4. Condition II for the transformation of type A,.

In each «'-plane, we~c0nsidér the circle CO',, passing through the origin
O with the center re™” and with the radius .  Then, in the space E,, of
the complex numbers (2%, % ..., 2"), the cylindrical domain D is constructed
by these Cn,,’s. We consider the condition that any point P(z*) on the

boundary hypersurface of D is transformed to the inner point of D except
for the origin.
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In the z'-plane, we .construct a circle C, which touches CC’J,, at the
origin O and passes through the point 2*. When the point P(2") lies on
the boundary of D, the poiﬁt 2¥ in the 2¥-plane lies on the boundary or
in the interior of €,. Let the center of C, be «’, then it follows readily that

(4.1) a =rre®, where 0<r,<1.

Let the angle between the radius vector passing through «” and that passing
through 2* be 6,. Then it follows that

(4.2) a* =2rr, cos 0,6, o _—a, =rr @t and —Z. <o, <%

2=7'=2°

Now we consider the condition. If P(z*) on the boundary of D is
transformed to an inner point of D, then 2’ on the boundary of Cﬁ", must
‘be transformed to an inner point of C,. At first, we seek for the condition
for this. Let the given transformation of type A, be

(4.3) T: 'a*=@"(x) ="+ a2+ -oeeee ,

’O%  The square of the distance d, from the center

a’=re' of C?,, to the transform ’z* of x* on C('),, becomes as follows™:
(4.4) &2 = ("2 — ) ('E — &) ‘
= (8" — @)+ QLA+ oo ) (B —O)+ QYEE+ -}
= (2" —a") (& —a")+ &} @ aeH(Z — &) + a3 BT (x” —a”)f vee
=1"+8rR,+[r],,

and put a},=R;}.e€

where R, is the real part of 1,a:,z@'—a"). Then, by our condition, it
must be B,<0. From (4.2), 'R,,' is célcuiated as follows: :
(4.5) R, =3I R},r\r, cos ) cos 6, cos ('R, + or+ 0, — o, + 0+ 6,—26,).
— %:2: cos” 4, cos O3, + 2% R},r\ cos 0, gos g, cos‘ (X, +6\—6,)
+ >3 B}.rar, cos 0, cos §, cos (Qf,+ 0,+6,—20,),

A, KRy
where

(4.6) R =" orto,—o,.

For the sake of the subsequent discussions, we prove

Lemma. If Q is given arbitrarily and p, q are such that p=q=0, and
p+q >1, then, for 0, ¢ both lying in [ —=n/2, =/2], there exists a value 6, of
0 such that —=/2<0,<7/2 and

1) When aV is on (CZ),,, r,=1
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(L) cos (Q+phy--qp) = n >0

}or all ¢ sufficiently near to =/2 or to —= /2, where 7 is & suitable small number.
Proof. We consider the intervals I 1[——(p+ q)-275, (p—-q)%] and

Iz[—(p—q)%. (p+q)%] . Then both intervals have the common interval

Ic[—(p—(I)g-, (p—Q)—g] and the sum interval I,[—(p+q)%, (p+q)%] _ The
length of I, is evidently (p+q)=>=. Then there exist &, and sufficiently
small numbers §, 5 such that, for £ such that |£—£,| <5, there hold
cos £=7 >0 and also at least one of the following relations:

0= (p+@)<E<Q+(r—0)5 or Q—(P—)5<E<Q+(D+0)T .
K
T T T 2,

follows : —§<00<—2~. For p="g —& where & is an arbitrary positive

For the former, we put & =Q+p6,—q then, from the inequality, it

number such that £¢<8, we put £=0Q+pf,—qp, then £'=§,+ &g, consequently
|&'—&,|<8. Then we have: cos &= cos(Q+p8,—qp)=»>0. For the latter
of the inequalities, in the same manner, we have the same conclusion for

=—1;—+8. Thus, in either case, the lemma is valid.

Now we return to (4.5). 7

For 9,=7r/2; it follows that R,= —;,‘;Zmeunﬁcos 61089, COS(QX, + Or+6,).
we take any one of r,’s and put the other 7,’s zero. Then R, becomes as
follows : R,= — R},r? cos? 0, cos (2 +26,). Now it is evident that the above
lemma is valid also when the inequality (L) is replaced by cos (Q+p4,
—qp)< < 0. Consequently there exists 6(; such that cos 00,\>0 and
cos (03, +26,)<0. Then, if R},--0, it becomes that B,>0 for 6,=6,. This
is inconsistent with our assumption. Therefore it must be R},=0 for A=Fv.
Next we take any two of 7,’s and put the other »,’s zero. Then R, becomes
as follows : B,=—2R;} r\r,cos 6, cos 8, cos(Q},+6,+46,) for chosen r, and r,.
Put 6,=6,=6. Then, by the same reasonings as above, we see that Ry,=0.
Thus it must be E},=0, for A, u=+» whether A=pg or not.

Then R, becomes as follows:

R, = cos 0,[ R}, cos 8, cos Q:,+2§v R} ,r, cos 6, cos (Qx,,+.0r—9,)] .
Therefore, for 6, such that —=»/2<8,<{=/2, from our condition, it must be
R, cos 6, cos Q),+2 gqu““ cos 6, cos (2}, +6,—60,)<0.

If R},==0 for certain A, then we take », corresponding to that A, and put
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the other r,’s zero. Then the above relation becomes as follows:

4.7 RY, cos 6, cos QY,+2R}.7, cos 6, cos (Q},+6,—6,)<0.

Now, by the lemma, for 6, sufficiently near to /2 or to --z/2, there exists
g, such that cos8,>0 and cos(Ql+6,—6,)=,>0. Put 6,=%—¢ or
g, =f%-+ & and let & tend to zero. Then, for sufficiently small & the
left-hand side of (4. 7) becomes positive. This is a contradiction. Thus it

must be R},=0 for A==».

Thus, from the above results, it follows.that
(4.8) R, = R}, cos QY, cos® 0, .

Next, we consider 6, sufficiently near to /2 or to —=/2. In this case,
we must investigate the terms of higher order. Writing (4. 4) minutely,
we have: '
(4.9) & =(z—a)(&—a)

= {(*—a")+ a2’ + a}'\lkz&axhxkzx*\a e oeeenes
+g,xl_“)\ﬂ_lxkl---xkzv—l_l.q,j{l.,‘_wx%\_l.... F 0 T
X (B — @)+ BT + T g, FIE2TNT A eeee
+a;l_“)\N_15;7‘1...5;>\N—1+@il__'ANg;M e B e}

= (2 —a") (2" — &)+ {a), 2" 2(Z — &)+ &, 2" (2" —a’)}

+ {0 p g IR (B — B+ GRS DB

+dilxzxaa':*la?:%’:*’(x”-—a”)} 4 oreeeen

+ Xy @ TN YF =)+ e By B e B (2 —av)}
+ {03, g e ZI(E =)+ B gy gAML VI 4 e

T ag OB o BT AT ag B e B — Q)] o e .

Let K, be the real part of 0} ..ay@l oo 2 5(Z—a”), then, putting

2N7.N+1

v
i7Q, .
a’:\’l...k_zyz Xl...)\Ne AeeAy and QXX...)\N:,QXI._..AN—*'Q)Q—F o +0’AN"'Q’V’ we have-

(4.10)
K, = 2’\ BY, . .ayTay =" Tay COS Oy ++- COS 6,y COS (O Ayt O+ +9Mv"29v)
7\1,...’ N ) . .
= ZA] inl--"‘NT"l s+ Ty COS Oy -+ COS Oy COS (O, ay+0s + o+ +0,,—20,)
1,00, ANTFV ) .
+N cos 01&)‘ 2}\3 :th\:Al...)\N_1 TM o rt\zv—] cos 0)\1 -+ COS 0)\1\7—1 cos (an---kzv—l
1,0, AN —1 .
N v
+0, 4 - 0, —0,)+ cos?l, ) Rl .ay-er ot Tay.pCOSOy; -
1 -1 2 Ay, eee AN -2 1
0+ €OS Oy, COS (Y4 .cay_p+ 05+ ooooe +6,,_,)-
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We denote the general term in the first and second sum of the right-hand
side of the above expression by S, and S, respectively. Put 6, =0,,=--
=0,,=0, then, since N>=3, by the Iemma, we see that there exists 6, such
that cosd >0 and cos(Q},. ..y + N6, —26,)>0, cos(Q}y,..ax_, +(N —1)0,—6,>0,

for 6, sufficiently near to —7:-;— or to —efz—. Thus it is seen that, for 6,
sufficiently néar to Zrz— or to -—%’, there exists a set of (6,,, 0,,s ... 0xy)
such that cosé,,...,cos6, >0 and S.>>0 and a set of (8,505, ...,6x, )
such that cos,,,...,cosé,, >0 and S,>>0.

We assume that By ,,..» «eis B ay.ay,=0 fOr M=y, ooy Ay_==v. Then

from (4.9), for 0,,:% or —%, we have:

A=+ 27 VK 4[]y
where K,=31S,. We take arbitrarily r, , ..., r,, and put the other 7,’s

zero. Let the distinct ones of r,, ..., 7, be p;, ..., p,. Put

PL=o0,
—— N
Py =rc T,

P
Pp= O'(N+1) lr

where 0<o<1. If we write K,=31S, as follows:

m1+-'4~mp=N
then it follows that

B i N - . . . N l . Il—l
K,=38 = 3 le, mmp(e)o_m1+mz(N+ Y (NP1
mytfmp=N .

Epp o (OPT - P72,

and, here the terms of the left-hand side correspond in one-to-one to those
of the right-hand side. Now, from our assumption, K;<0. Then, taking
sifficiently small o, by means of the preceding results on S;, we see that
it must be By . =0 for A ==, ..., Ay=Fv. Thus, by induction, we see that,
for any N>3, “H-AN:O where A==y, ooy Ay,
Next, we assume that RI,,,, .“’Rz}‘i"'AN—ZZO for A==y, cewy Apopov.
Then, from (4.9), we have:
d} = r’+173 cos? 6,[8R}, cos Q}, 4+ 7<)+ - +r¥3(--)]
+r”*1.cos Hy[z”“KJ'H- cos 0,(--+)]
4+ cos 0, [T]gizs

where K!,=K/cos §,=N 3 S,+ cos 6,(---). Put 6,= —%+e or %~~—6, where
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& is an arbitrary small positive number, then, for sufficiently small » and
&, it follows that

d% = r?+r3&%.8R}, cos QY +r¥ .2V IN DTS, .

Then, by our assumption, > S,<0, therefore, by similar reasonings as
above, it must be th._,AN_lzo for A=y, vees xN_lzhu; Then, by induction,
we see that, for any N>3, “3A1---AN_1=0 for Ni=Fy, vovy Ay =R

Summarizing the results, it is seen that, in order that there may ewist
a circular cylindrical domain, of which all _the' points of the boundary are
transformed to the inner points except for the origin, it is necessary that the
transformation T is of the form as follows:

(4.11) T: ' =" (2)= x”+(:v”)2[a“+a,‘(x*+ @} a4 -

Next we consider the converse. In the x’-plane; we take a poiht g
arbitrarily on the boundary or in the interior of C?’,,. ‘Then there exists a
circle C, passing through the point &*. For such «, from (4. 9), the distance
d, from the center a":v-rvé"‘"” to the transform ‘" of ¥ becomes as follows :

(4.12) d2 = 1212+ 733 cos” 0,(8RY, cos QY+ [r]) .

If R},==0, then, for 'Q}, such that cos('Q!,+,)<0, there exists r, such

that, for r<r,, d,<rr, except for 6‘,,=7;— or ——%, namely, in the 2¥-plane,

there exists a circle C,, of which all the points of the periphery are
transformed by 7' to the inner point of that circle except for the origin.

Thus, summarizing the results, by means of the same reasonings as in
the out-set of §1, we have

Theorem 3. In order that there may exist a circular eylindrical domain
D, of which all the points of the boundary are transformed by T to its inner
points except for the origin, it is necessary that the transformation T 18 of
the form as follows~:

T: 'z =Y (x)= x"+(a:”)2[a"+m}(x"+ a\;\l}\thxhz+ ...... ] .

Conversely, when the transformation T is of the above form and &'==0 for
all v, then there ewxists a cylindrical domain of the above characters, and
moreover, in this case, in each x'-plane, there exists a circle such that all the
points of that circle converge to the origin always remaining in it when T
is infinitely iterated on these points.

The transformation in the above theorem resembles closely the trans-
formation constructed by direct summation of those of one variable. From
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this aspect, it is readily seen that, for this transformation, Fatou’s method"’
is applicable and then the same conclusion is deduced.

§5. Condition I1 for the transformation of type A,.

In this paragraph, we consider the transformation of type A,, which

is written as follows:
(5.1 T: 'z’ = @) =a"+8, 2" 1+ a}a et + o ,
}Where' 8,.,=0 or 1. For this transformation, we consider the distance d,
from the center a*=ré of (5",, to the transform 'z of =¥ on (?,. Then d2
is calculated as follows:
(5.2) &=("2"—a)('z"—a")

= {(&" —a")+6,_1&" "1+ a} 2+ | (B — Q)+ 8, B T GYENE A e }

=924 {8, 2V U E -~ Q")+ 8, B oY — )+ 82 _ 12V TIZ ) 4 eeeeen

=4+ 4rR, +[r];.
Now, by means of (4.2), we have:

(5.3) R,=38,,7r,_,c080,_,cos {(o,.,—o,)+0,.,—20,} +82_,r:_,c08*6,_, .

For » such that §,_,=1, we vary 6, from —-% to -754. Then the first term

of the right-hand side of (5.3) attains the maximum value »,_, cos 6,_,=0.
Then, from (5.3), for this value of 6,, B, >0 for r,_,==0, cos é,_,==0.

Thus we see that, for the transformation of type A,, there does mot
exist the circular cylindrical domain such that ail the points of the boundary
of the domain are transformed to its inner points except for the origin.

(To be continued in our next)

DEPARTMENT OF MATHEMATICS,
HirosHiMA UNIVERSITY.

1) M. P. Fatou, ibid.
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