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G. Birkhoff [1]1> and K. Menger [1] have characterized lattice theore
tically projective and affine geometries of finite dimensions, while a 
projective · geometry of arbitrary dimensions, finite or infinite, has been 

characterized by 0. Frink [1] and W. Prenowitz [1]. 

The purpose of this paper is to characterize the lattice of all subspaces 
of an affine space of arbitrary dimensions. The main theorem is as follows : 

THEOREM. An abstract lattice L is isomorphic w the lattice of all sub
spaces of an affine space if and on!y if L is 1·elatively awmic, upper con

tinuous lattice which is semi-modular in the sense of Wilcox and satisfies the 
following condition : 

Let p, q, r be independent atomic elements of L, then there exists one 

and only one element l such that p<l<pvqvr, and l11(qvr)=0. 
In the appendix, we shall give a proof that the axiom 17 of Hilbert [1] 

p. 4 is equivalent to the transitivity of parallel lines in a 3-space. 
Before going further the writer wishes to express his hearty thanks . 

to Prof. F. Maeda for his kind guidance and to Prof. K. Morinaga for his 
valuable suggestions. 

§ 1. A Projective Space and an Affine Space. 

DEFINITION 1. 1. Let G be a set of points. If for any pair of distinct 
points p, q of G, there exists a subset p + q ( called line of G) containing 
p and q, which . satisfies the following conditions, then . G is called a 

· projective space.2> 

P.1. Two distinct points on a line determine the line. 
P. 2. If p, q, r are points not all on the same line, and u and v(uct=v) 

are points .~uch that p, q, u are on a line and p, r, v are on a line, then there 

is a point w such that q, r, w are on a line, and also u, v, w are on a line. 
/ . 

1) The numbers in square brackets refer to the list of references at the end of the paper. 
2) Cf. Birkhoff [2] 116. 
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P. 3. Every line contains at least three points. 

By a linear subspace of G, it is meant the subset S such that p, q ES 

imply p+qCS. 

Let S, T be subsets of G. If S, T=t=O, void set, we define S + T to be 
the set union V(p+q; p ES, q ET), where by p+p we mean the set !Pl 
containing p alone. If T=O we define S +T=T+S=S.3> 

REMARK 1.1. It follows immediately from P. 2 that if p, q, r are points 
of G, then p+(q+r)=(p+q)+r,4> whence it may be denoted by p+q+r. 

DEFINITION 1. 2. Let A be a set of points. If for any pair of distinct 
points p, q, there exists a subset p vq (called line of A) containing p, q, 

and if for any triple p, q, r of non-collinear points,5> there exists a subset 

p v q v r (called plane of A) containing p, q, r, which satisfy the following 

conditions A.1-A. 4, then A is called an affine space.6' 

A.1. Two distinct points on a line determine the line. 

A. 2. Three non-collinear points on a plane determine the plane. 

Two lines p v q, r vs are called to be parallel to each other and denoted 

by p v q II r v s provided that they are contained in the same plane and 

have no point in common. 
A. 3. If p, q, r are non-collinear points, tMn there exists one and only 

one line r v s such that r v s is parallel to p v q. 

By a subspace of A, we mean the subset S such that p, q ES implies 

p V qCS, and p, q, r Es implies p V q V rCS. 

Let · T be any subset of A. The smallest subspace containing T is 

called the subspace generated by T.n If four points p, q, r, s are not on 
a plane, the subspace generated by the set of these points is called a 
3-space and is denoted by p v q v r vs. 

A. 4. If two planes in a 3-space have a common point, then they have 

at least one more point in common. 

REMARK 1. 2. Let us suppose that A is especially an affine space of 
three dimensions in the sense that A is generated by four points which 
are not on a plane, then the conditions A.1-A. 4 together with this 

assumption are equivalent to "A~dome der Verkniipfung" I together with 

3) Cf. Prenowitz [1] 664. 
4) Cf. ibid. 665 Theorem 3, J 5. 
5) If three points p, q, ,. are on some line, then they are called to be collinear, and other

wise non-collinear. 
6) As to the definition of an affine plane, cf. Birkhoff [2] 110. 
7) The intersection of all subspaces containing T is the subspace generated by T. 
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"Axiom der Parallelen" IV of Hilbert [1] 3, 20.0> Hence we may consider 

the Definition 1. 2 is obtained by omitting the axiom which restricts the 
dimensionality from the system of axioms I, IV. The situation is similar 

as a projective space of arbitrary dimensions, finite or infinite, can be 

defined as in Definition 1.1, which is obtained by omitting the postulates 

which restrict the dimensionality from postulates for 3-dimensional projec

tive space. 
Now we shall construct an affine space of arbitrary dimensions, finite 

or infinite, over an arbitrary fieid F.9> Let a be any cardinal number, let 
T be a set of elements of cardinal number a, and let t be a variable 
ranging over the set T. Let F be any field. By a coordinate function, we 
shall mean the function f(t) defined over T such as f(t) E F, and f(t)=O 

except for a finite set of value of t. Let AS(a; F) be the set of all 
coordinate functions. For any three elements P,=f;(t), (i=l, 2, 3), we shall 

define as follows : 

P1 VP2 = { ~i=1 >..J;(t); >..1, Az EF, >..1 +>..2 = l}, 

P1VP2VPa= {~1=1>..J;(t); >..1, >..2, >..aEF, >..1+>..2+>..a=l}. 

Then it is easily shown that AS(a; F) satisfies A.1-A. 4.10> 

Conversely we can introduce a coordinate system into an affine space 

if it contains four points which are not on a plane, and A is isomorphic 

to an AS(a; F) for some cardinal number a and for some field F. 11> 

REMARK 1. 3. We find in remark 1. 2 a proof of the consistency of 

the conditions A.1-A. 4. The independence of these conditions can be 

shown as follows : 
( 1 ) Let A= l 1, 2, 3 ! , 1 v 2=2 v 3=A and 1 v 3= l 1, 3 ! , then A satisfies 

A. 2-A. 4 vacuously but does not satisfy A. l. This proves that A. 1 is 

independent of the others. 
(2) Let A=ll,2,3,4}, ivj={i, j} (i, j=l,2,3,4) and 

. . J!l, 2, 3} , if {i, j, k} = ll, 2, 3} 
ivJvk= l A , otherwise. 

From this example it is shown that A. 2 is independent of the others. 

8) As to the axiom ! 6 of Hilbert [l] 4, cf. Lemma 1.1 below. 
9) As regards the case of finite dimensions, cf. Birkhoff [2], 102-3, and lyanaga [l] 58, 71. 

10) The proof rs .similar to the case of finite dimensions, since from the definition, f(t)=j=0 
merely on the finite subset of T. 

11) Cf. Frink [l]?, 6, and Theorem 1.1 below. Cf. also Iyanaga [1] 90 Theorem 10, 95 Theorem 
10. 
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( 3 ) Let A be a projective .space of 3 dimensions over an arbitrary field, 

then A satisfies A.1, A. 2 and A. 4 but does not satisfy A. 3. It follows 

that A. 3 is independent of the others. 

( 4 ) Let A be an affine space of 4 dimensions over the prime field F 

of characteristic 2, that is, A=l(x, y, z, t); x, y, z, t=0, 1 E F}. By pffiq 

and pffiqffir, we shall denote respectively the line and plane defined in 

Remark 1. 2. Then pffiq consists of p and q, if p, q are distinct. And for 

three distinct points P;=(x,, vi, Z;, t1) (i=l, 2, 3), p1 EBp2 @p3 contains one 

and only one more point p4=(X4, Y4, Z4, t4) with 

Now let us consider a transformation T of A onto itself such as 

j (0, 1, 0, 0), if p = (l, 0, 0, 0) 

Tp = l(l, 0, 0, 0), if p = (0, 1, 0, 0) 
p , otherwise. 

and let us define p v q and p v q v r as follows : 

pvq = p@q 

T(TpffiTqffiTr), if p, q, 1· ES, S being the. 3-space 

p v q v r = determined by the equation t=0. 

, otherwise. 

Suppose that A' is the set A and p v q and p v q v r are respectively 

the line and the plane of A' . Then it is clear that A' satisfies A. 1.-A. 3. 

But it does not satisfy A. 4. For, put 

p = (0, 0, 0, 0), q = (0, 1, 0, 0), q' = (1, 0, 0, 0), 

a = (0, 0, 1, 0), b = (1, 0, 1, 0), r = (0, 0, 1, 1), 

s = (1, 0, 1, 1), 

then we have 

p v q II av b, av b II r vs, and 1· vs II p v q' , 

it follows that 

p V r Vs ' p Va V bCa V p V r Vs ' 

while the two planes p v r vs and p v a vb have no more point in common. 

This shows that A. 4 is independent of the others. 
REMARK 1. 4. In Definition 1. 2, we adopted A. 4 according to the con

ventional form, but it might be replaced by 
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' A. 4' : p v q II xv y , xv y II r vs and r ~ p v x v y imply p v q 111· vs . 

In fact, A. 4'. is used instead of A. 4 in the sequel except in Lemma 1. 2, 

which shows A. 4 implies A. 4'. As to the relation of these conditions, 

cf. the appendix and Remark 2. 4. 

LEMMA 1.1 In an affine space, if two distinct points q and r are con• 

tained in a plane p1 v p2 v p3 , then the line q v r is contained in the plane. 

PROOF. At least one of the points p1 , p 2 , p 3 (say p1 ) is not on the 
line q v r, whence by A. 2 p1 v q v r=p1 v p2 v p3 and by A. 3 there exists a 

point s with P1 vs II q v r. By the definition of parallel lines, q v r and p1 vs 

are contained in a plane, which is equal to p1 v q v r=p1 v p2 v p3 , by A. 2. 
LEMMA 1. 2. In an affine space, the following condition is satisfied: 

A. 4' : p v q II xv y , xv y II r vs , and r ~ p v x v y imply p v q II r vs . 

PROOF. Sincepvqllxvy,itholdsqEpvxvy. It follows that rvpvq 

Crvp,vxvy, and clearly rvxvyCrvp vxvy. Hence rvpvq, and rvxvy 
have a common point s'( =!=r) by A. 4. Two lines ·p v q, r vs' have no com
mon point, since otherwise it would be contained in xv y, contrary to 

p v q II xv y. Furthermore, they are contained in a plane r v xv y, whence 

r vs' II p v q. Similarly r vs' II xv y. Since r vs H x v y, it follows from A. 3 

that r v s'=r vs, whence p v q II r vs, completing the proof. 

We note here that the remaining lemmas of this section shall be 

proved by making use of A. 4' , instead of A. 4. 

LEMMA 1. 3. In an affine spce, p v a II p' v a', p vb II p' vb', p v p' II av a', 

p v p' II b vb' and p' ~ p v av b imply av b II a' vb' . 

PROOF. Since· ava' II pvp', pvp' II bvb', it follows that ava' II bvb' 

by A. 4' . So the points a, a' , b and b' are ·on a plane. Suppose that 

a v b and a' v b' were not parallel. Let c be their common point, then 

there would exist points d, e with c v d II p v a, c v e II p vb by A. 3, and 
c E p v av b by Lemma 1.1 and d, e E p v av b. It would follow from A. 2 

that p v av b=c v d v e. Similarly p' v a' v b'=c v d v e, since c v d II p' v a' , 

and c v e II p' v b' by A. 4' . This contradicts the assumption · p' ~ p v a v b . 

Hence we have 

av b II a' vb' . 

LEMMA 1. 4. Let p, a, b be non-collinea1· points of an affine space. If 

p v a II p' v a' , p vb II p' vb' , and c E p v av b, then there exists a point c' 

with p v c II p' v c' and c' E p' v a' vb' . 
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PROOF. If p' E p v av b, then the lemma is immediate from A. 3, so let 

us assume the contrary. Furthermore by A. 3 we can assume without loss 

of generality that p v p' II av a' and p v p' II b vb' . It follows from Lemma 

1. 3 that av b II a' v b1 • First consider the case p v c II av b. Then there 
exists a point c' with p' v c' II p v c by A. 3, and we have pi v c' II a' vb' by 

A. 4' , whence c' E p' v a' vb' . · And so c' is the desired p::>int. Next suppose 
that p v c and av b are not parallel, then we can assume that c Ea vb. 

It follows that there exists a point c' with c v c' II av a' , c' Ea' vb' by A. 3, 

whence p v c II p' v c' by Lemma 1. 3 and c' E p' v a' vb' by Lemma 1.1, com

pleting the proof. 

DEFINITION 1. 3. Let A( =1=0) be an affine space. For any two lines 

pvq, rvs of A, we define (pvq)p(rvs) to be either pvq llrvs or pvq 

=r vs. Then the relation p is an equivalence relation in view of A. 3 

and A. 4'. Hence p classifies the set of lines of A. Each class shall be 

called "point at infinity " on the lines which· belong to the class, and be 

denoted by a, /3, •·· or sometimes by x, y, •·· . If it is necessary, the point 

at infinity on the line p v q is denoted by apq. By r we denote the set 
of all points at infinity. 

Let G(A) be . the set-union of A and r, and let us define the lines of 

G(A) as follows : 

( 1 ) If p, q EA, p=J=q, then the line p + q is defined to be the set-union 

of p v q and apq • 

( 2 ) If p EA, a Er, then the line p + a=a + p · is defined to be the set

union of p v q and a, where q is a point of A such that p v q belongs to 

the class a. 

( 3 ) If a, /3 Er, a=l=/3, then the line a+ /3 is defined to be the set of 

all points at infinity 'Y pe, where p is a point of A and c is any point on 

the plane p v a v b, a, b being points of A with p v a Ea, and p vb E /3. 

If especially p=q or a=/3, then we shall define respectively p+q={pj, 

or a+/3-{aj. 

REMARK 1. 5. It follows at once from Definition 1. 3 that a line of 

G(A) containing two distinct points at infinity is contained in r. 
REMARK 1. 6. In Definition 1. 3 (2), the existence of the point q, and 

the independence of p + a from q, are shown by A. 3. 

In the case (3), it follows at once from Lemma 1. 4 that a+ (3 is not 

dependent on the points p, a, b. 
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The remainder of this section is devoted to showing that G(A) is a 

projective space and that r is a maximal proper linear subspace of G(A). 

In order to prove P.1, it is sufficient to show the following: 
LEMMA 1. 5. Let x, y and z be points of G(A). Then 

zEx+y and y=t=z imply x+y=y+z. 

PROOF. First let us assume that x, y, z Er. In this case, let p be a 

point of A and let a, b be points of A with p v a Ex, p vb E y, then by 

Definition 1. 3 (3), there exists a point c( EA) with p v c E z, c E p v av b and 

p v b=t=p v c. Since p, b, c and p, a, b are non-collinear, it follows from A. 2 
that p v av b=p vb v c, whence x+y=y+z by Definition 1. 3. 

In the other cases, the lemma follows at once from Definition 1. 3 and 
A.1. 

LEMMA 1. 6. An11 line of G(A) contains at least three points. 

PROOF. We need only to consider the case a, /3 Er and accj=/3, since 

otherwise the lemma follows immediately from Definition 1. 3 (1 ), (2). 
Let p be a point of A, and a, b( EA) be the points with p v a Ea, 

p vb E /3, then we have p v a=t=p vb, whence p, a, b are non-collinear. Let 

7 be the point at infinity on the line p v c such as p v c II av b, then clearly 
7 Ea+ /3 and ryd;=a, /3, completing the proof. 

In order to prove P. 2, it is sufficient to show the following: 

LEMMA. 1. 7. Let x, y, z be non-collinear points of G(A). If u Ex +y, 

v E x+z and u=t=v, then u+v, y+z have a common point. 

PROOF. We can assume that u=t=x, y and v=t=x, z without loss of 
generality, since otherwise the result is obvious. 

First let us suppose that y+z, u+vcr. Then it follows that xEI', 

from Remark 1. 5. Let p be a point of A and let p v a Ex, p vb E y, p v c E z 

p v d Eu, and p v e Ev, then a, b, c, d, e EA and a~ p vb v c since x, y, z are non

collinear. Since u Ex +11, it follows that d E p v av b, whence we can assume 

that p va II b vd, and av d II p vb. Similarly we ca'n assume that ave II p v c 

and p v a II c v e. It follows from Lemma 1. 3 that d v e II b v c. There exists 

by A. 3 a point p' with p v p' II b v c and p v p' II d v e by A. 4''" Hence the 
point at infinity app, is contained in y + z and u +v by Definition 1. 3 (3). 

Next suppose that one of y+z and u+v (say u+v) is contained in r. 
Then the point at infinity av, is the common point of 11+z and u+v. 

When none of y+z and u+v is contained in r, then the applications 
of A. 3 show immediately the lemma. 
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Now we obtain the final result of this section. 
THEOREM 1.1. Let A be an affine space. Then the extended space 

G(A)=A v r is a projective space and I' is a maximal linear subspace of 
G(A).12, 

PROOF- In view of Lemma 1. 5, 1. 6, 1. 7 and Remark 1. 5 it remains 
to prove the maximality of r. Let Q be a linear subspace with rCQ, 
then there exists a point q E Q- r. Let q + I' be the linear subEpace 

generated by q and r, then we have 

I' Cq+r CQ C G(A). 

Now let p E G( A), then either p E I' or 'P E A. In the former case, we 

have clearly pEq+r. In the latter case, we may assume that p=J=q, 

whence avqEI'. It follows that pEq+apqCq+r. whence G(A)Cq+r. 

Thus we have G(A)=Q, completing the proof. 

REMARK 1. 6. It is not difficult to show that conversely if G is a 
projective space and r is a maximal linear subspace of G, then A=0'-I' 

is an affine space provided that we defind p v q-(p +q)nA, and p v q v r 

-(p +q +r)nA. 

§ 2. Lattice Theoretic Characterization of an Affine Geometry. 

DEFINITION 2. 1. Let b, c be elements of a lattice. By (b, c)M, it is 
meant that (avb)nc=av(bnc) for any element a with a:S:.c. 

Let L be a lattice with O. If the elements of L satisfy the following 

conditions: 

(A) (b, c) M, bnc=O imply (c, b) M, and 

(B) bnc+O implies (b, c) M, 

then L is called to be semi-modular in the sense of Wilcox.13' 

REMARK 2.1. If L is semi-modular in the sense of Wilcox, then L 

satisfies the following condition: 
(E') If x, y cover a and x=t=y,then xvy covers x and y. Cf. G. Birkhoff 

[2] 101, Ex. 1. 

LEMMA 2. 1. Let A be an affine space, and let r and G(A) be the sets 

defined in Definitwn l. 3. By @0 , we shall denote the family which consists 

of the void set O and all linear suspaces of the projective space G(A) which 

12) For the plane affine geometry, cf. Birkhoff [2] 110, Theorem 10. And for the finite 
dimensional affine geometry over a field, cf. ibid. 103. 

13) Cf. Wilcox [1] 496. 
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are ?Wt contained in r. Then @0 is a semi-modular lattice in the sense of 

Wilcox. 

PROOF. It is well known that the set @ of all linear subspaces of 
the projective space G(A) is a complemented modular lattice14> partially 
ordered by set-inclusion, and the join of S*, T* is S* + T*, 15> while the 

meet is the intersection S* n T* • It follows. at once that @0 is a lattice, 
and the joint of S* , T* is S* + T* as above, while the meet S x T* is as 
follows: 

S* x T* = j O , if S* n T*Cr , 
lsi< n T*, otherwise. 

Hence the lemma follows immediately from the result of Wilcox [1] 498. 
It is noted that @0 is not a sublattice of @. 

THEOREM 2.1 The set· ~1 of all subspaces of an affine space A is a 

relatively atomic, upper continuous16' lattice whice is semi-modular in the 

sense of Wilcox and satisfies the following condition: 

(a) Let p, q, r be independent atomic elements of ~. then there exist.s one 

and only one element l such that p<Z<pvqvr and ln(qvr)=O.17> 

PROOF. (i) We shall omit the prop£ that m is a relatively atomic, · 
upper continuous lattice, since it is analogous to that of F. Maeda [1] 

93, Theorem 2.1. 
(ii) In order to prove that m is semi-modular in the sense of Wilcox, 

it is sufficient from Lemma 2. 2 to show that ~~@0 • 

Let S E ~1. then S + S is the union of S and the set of points at infinity 
on the lines of A contained in S, whence we can prove S +SE @0 • For 
we need only to prove that a, fl ES +S, (a, fl Er) imply a +flCS +S, since 
otherwise the result is obvious. Let p v-q Ea, r vs E /3 where p, q, r, s ES, 

and let pvt II r vs, then t E p v r vs, whence t ES. It follows that p v q v t 
cs, whence a+flCS+S by Definition 1.3 (3). 

WhileforanyS*E<~\. S*nAisanelement of m, and (S*nA)+(S*nA) 

=S* and ( S + S) n A=S. Hence s-s + S, and S*-S* n A are one-to-one 
correspondences between . m and 0\ , which are obviously order-preserving, 
whence~ we have m~@0 • 18) 

14) Cf. Frink [1] 455 Theorem 5. Prenowitz [1] 679 Corollary 3. 
15) Cf. Frink [l] 454 Theorem 3. Prenowitz [1] 666 Theorem 7. 
16) Cf. F. Maeda [l] 88 Definition 1.1, and 89 Definition 1.4. 
17) Cf. Menger [1] 477 Law +8. 
18) Cf. Birkhoff [2] 103 Theorem 4. 
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(iii) (a) follows immediately from A. 3. 

DEFINITION 2. 2. Let L be a relatively atomic, upper continuous lattice 
satisfying the condition (f') stated in Remark 2.1, then L is called a 
matroid la ttice.19) 

REMARK 2. 2. It follows from Remark 2.1 th;it the lattice ~ in 
Theorem 2.1 is a matroid lattice. 

REMARK 2. 3. We note that in a relatively atomic, upper continuous 
lattice, (t') is equivalent to the exchange axiom: 

('lJ') a<pva<qva imply pva=qva. 

Cf. F. Maeda [2] 180 Theorem 2. 
LEMMA 2. 2. Let L be a matroid lattice satisfying (B) of Definition 2.1, 

then L satisfies the following condition. 

(C) s<pva, q<a imply s<pvqvr for some atomic elements r( <a), 

where p, q, s are atomic elements and a is any. element of L. 

By a strongly planer lattice, we shall mean a lattice with O satisfying 

the condition (C). 

PROOF. If p=q or s<pvq, then the lemma is obvious, so let us assume 
that (p, q, s) J__20). Since an(svpvq)>q>O, it follows from the hypothesis 

that (a, svpvq) M, whence we have 

(pva)("l(svpvq) = pv {a("\(svpvq)}. 

The assumption s<pva shows that 

ss;.pv {a("l(svpvq}I, 

so we have by upper continuity of L,21) 

Since (p, q, s) J__, there exists at least one atomic element r1: with rk$pvq, 

and so (P, q, rk) J__. Since p, q, 1·k<svpvq, it follows that 

pvqvrk = pvqvs .22) 

Thus the r k is the desired one. 
CaROLLARY. The lattice of all subspaces of an affine space A is st1·ongly 

planer. 

19) Cf. F. Maeda [2] 181 Definition 4. 
20) pn1=0, (puq)ns=O imply (p, q, s)__L. Cf. U Sasaki and S. Fujiwara [l] 184 Lemma 

2 (1). 
21) Cf. F. Maeda [l] 90 Lemma 1.3. 
22) Cf. U. Sasaki and S. Fujiwara [l] 184 Lemma 2 (2). 
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This follows at once from Theorem 2.1, Remark 2. 2, and Lemma 2. 2. 
THEOREM 2. 2. Let S2X be a relatively atomic, upper continuous lattice 

which is semi-modular in the sense of Wilcox and satisfies the condition (a) 

in Theorem 2. 1. Then the set A(m) of all atomic elements of m, is an affine 

space, provided that we define as follows : 

pvq= {rEA(~l); 1·:s;;;pvql 

p v q v r = fs E A(fil); s:s;;;pvqvrl 

And m is isomorphic to the lattice fil(A(m)) of all subspaces of A(S2!). 

PROOF. (i) A.1, A. 2 follows immediately from Remark 2. 2 and 2. 3 
and A. 3 follows from (a). 

(ii) In order to show A. 4, it is sufficient to prove that if p, q, 1·; p, s, t 
and p1 , p2 , p3 , p 4 are respectively independent sets and if 

then there exists an atomic element s' with s'<(pvqvr)f'l(pvsvt) and 
s'=-\=p. We can assume without loss of generality that p, q, r, s are inde- · 

pendent, whence we have 

Since t;;;,,svpvqvr, it.follows from Lemma 2 2 that there exists an atomic 

element s' with t_:s;;:_8vpvs'. and s':s;;;pvqvr. Since tJ;svp, it follows that 

s'=tcp and s'<pvsvt, which is to be proved. 
(iii) Next we shall show m~m(A(S2l)). Put 

S(a)={pEA(m);p<al for any aES2l, and 

a(S) = VCP; P ES) for any SE S2l(A(m)). 

Clearly S(a) E m(A(m) and a(S) Em. Since m is relatively ·atomic, it follows 

at once that a(S(a))=a. While the upper continuity of m and Lemma 2.2 

show that S(a(S))=S. Therefore a-S(a), and s-a(S) are one-to-one 

correspondences between m and S2l(A(S2!)) which preserve the order relation. 

Hence we have 

m~mcAcm)). 

REMARK 2. 4. (ii) of the proof of Theorem 2. 2 shows that A. 4' implies 

A. 4 under the conditions A.1-A. 3. It follows from this result and Lemma 
1. 2 that the conditions A.1-A. 4 are equivalent to A.1-A. 3 together with 

A. 4' . As to the direct proof of the equivalence, cf. Appendix. 
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THEOREM 2. 3. 23> An abstract lattice L is isomorphic to · the lattice of 

all subspaces of an affine space if and only if L is . relatively atomic, upper 

continuous lattice which is semi-modular in the sense of Wilcox and satisfies 

the following condition: 

(a) Let p, q, r be independent atomic elements of L, then there exists 
exactly one element l such that 

P<}<pvqvr and lr\(qvr) = 0. 

This is an immediate consequence of Theorem 2. 1 and 2. 2. 

APPENDIX 

In this appendix we shall give a direct proof that the conditions 
A.1-A. 4 are equivalent to A.1-A. 3 and A. 4'. 

In Lemma 1. 2, we have shown that A.1-A. 4 imply A. 4'. Hence it 
is sufficient to prove that conversely A.1-A. 3 and A. 4' imply A. 4. We 
begin by listing the conditions we shall employ; · · 

DEFINITION 1. Let A be a set of points. Suppose that for any pair 
of distinct points p, q, there exists a subset p v q (called line of A) con
taining p, q, and that for any triple p, q, r of non-collinear points, there 
exists a subset p v q v r (called plane of A) containing p, q, r, which satisfy 
the following conditions. 

· A. 1. Two distinct points on a line determine the line. 

A. 2. Three non-collinear points on a plane determine the plane. 

Two lines p v q, r vs are called to be parallel to each other and are 
denoted by p v q II r v s, provided that they are contained in the same plane 
and have no point in common. 

A. 3. If p, q, r are non-collinear points then there exists one and only 

one line r vs such that r vs is pamllel to p v q. 

A. 4' . p v q II xv y, xv y II r vs, and r ~ p v xv y imply p v q II r vs. 
DEFINITION 2. By a subspace of A, we mean the subset S such that 

P, q Es implies p V qCS, and P, q, r Es implies p V q V rCS. 

Let T be any subset of A. The smallest subspace containing T is 
called the subspace generated by T. If four points p, q, r, s are not on a 

23) This may be formulated as follows: 
An abstract lattice L is ispmorphic to the. lattice of all sub1p2ces of an affine space if 

and only if L is strongly planer matroid lattice satisfying the condition (o:). Cf. the corollary 
to Lemma 2.2 and the proof of Theorem 2.~. 
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plane, the subspace generated by the set of these four points is called a 

3-space and is denoted by p v q v r vs. 

It is our purpose to prove that A satisfies the following condition. 

A. 4 .. If two planes contained in a 3-space have a common point, then 

they have at least one more point in common. 

We remark that Lemma 1.1 and 1. 3, used in the subsequent arguments, 

have been proved by A.1-A. 3 and A. 4', without making use of A. 4, and 

so they are satisfied in A. We shall list them again . .. 
LEMMA 1.1. If two distinct points q, r are contained in a plane, then 

the line q v r is contained in the plane. 

LEMMA 1. 3. p v a II p' v a' , P vb II p' vb' , P v p' II av a' , p v p' II b vb' , 

and p' ~ p v av b imply av b II a' vb' • 

Now let Pi, p2 , Pa_, p4 be four fixed points which are not on a plane, 

and let us denote by PiEB(p2 , Pa, P4 ) the set 

fp; PEPiVP2vt, tEP2VPaVP4I • 

LEMMA I. Both the following two comlitwns are neces.c;ary and sufficient 

in orde1· to p E Pi EB(P2 , Pa , p4): 

(a) PEPivqvr, for some points q,r(EP2vPaVP4), 

(/3) p EPi vs , for some point s( Ep2 vPa vP4), or 

P VPi II P2 v t, for wme point t( EP2 VPa yp4). 

PROOF. First we shall show that (a) implies (/3). 

Let us suppose that there exist two distinct points q, r ( E p 2 v Pav p4 ) 

such that p E Pi v q v r. Since the lines p v Pi and q v r are on a plane, 

they are either parallel to each other or intersect in a point s. In the 

former case, let P2 v t II q v r (A. 3). Then it is clear that t E p 2 v Pa v p4 • 

While we have in view of A. 4', p v Pi II p2 v t, In the latter case, it holds 

s E p 2 v Pav p4 from Lemma 1. 1, and p E Pi vs, since p, Pi, s are collinear. 
Thus it is proved that (a) implies (/3). 

We can assert immediately fram the definition that p EPiEB(p2 , Pa, p4 ) 

implies (a), and that (/3) implies p EPiEB(p2 , Pa, P4 ). Thus the conditions 

(a), (/3) and p EPiEB(P2 , Pa, p4) are equivalent. 

LEMMA II. q E Pi EB(P2 , Pa , p4), and q ~ P2 v Pa v p4 imply Pi EB(P2 , Pa , p4) 

=qffi(P2, Pa, p4). 

PROOF. Let us 'suppose q E PiEB(P2, Pa, p4), and q ~ P2 v Pav p4. We 
shall show first 

P1 EB(P2 , Pa , p4) C qffi(P2 , Pa , p4). 
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Let rEp1EB(P2 , P3 , p4). Then, since also QEP1EB(P2, p3, p4), the 

following cases occur in view of Lemma I (/3) : 

Case 1. q E PiV q' , r E P1 V r' , where q', r' E P2 V p3 V P4 • 

We can assume that q, q', r are non-collinear. Since p1 E q vq' by 

A.1, it holds p1 E q v q' v r' by Lemma 1.1, and it follows from r E P1 v r' 

that r E q v q' v r' , again by Lemma 1. 1. This proves in view of Lemma 1 

(a), r E qffi(P2, p3, p4) • 

Case 2. q E P1 v q' , and P 1 v r II P2 v r' where q', r' E P2 v p3 v p4 , or 
1· E p1 v r' , and p 1 v q II P2 v q' where q' , r' E P2 v p3 v p4 • 

It is sufficient to prove the former, since the proof is similar. 

Let us assume q' ~ p2 v r' , since the proof is analogous even if 

q' E p 2 v 1·' • Then there exists a point s such that q' vs II p 2 v r' by A. 3, 

and clearly s E p2 v p3 v p4. While in view of A. 4', we have P1 v r II q' vs, 

whence r E p1 v q' vs. Since q, q', s are non-collinear points on P1 v q vs, 

it holds by A. 2, that p 1 v q'v s=q v q' vs, whence r E q v q' vs, which proves 

r E qffi(P2, Pa, p4) by Lemma 1 (a). 

Case 3. P1 v q II P2 v q', P1 v r II P2 v r', where q' , r' E P2 v Pav P4 • 

We can assume without loss of generality that p1 v P2 II q v q', and 

P1 v P2 111· v 1·'. . It follows at once from Lemma 1. 3 that q v r II q' v r', whence 
r E q v q' v r', which proves r E qffi(p2 , p3 , p 4 ) by Lemma I (a). 

Thus it has been proved that P1EB(p2 , Pa, p4) C qffi(P2 , p3, p4). The 

converse inequality may be proved in similar arguments. 

LEMMA III. The set P1 ffi(P2 , p3 , p4) is the 3-space P1 v P2 v p3 v p4. 

PROOF. First we. shall show that P1 EB(p2 , Pa, p4 ) is a subspace. For 
the purpose, it is sufficient to prove the following two propositions (a) 
and (b) by the definition of the subspace. 

(a) Q1, Q2EP1EB(P2, Pa, p4), and qEq1vq2 imply qEp1ffi(P2, p3, p4). 

We may assume that either q1 or q2 (say q1) is not on the plane 

P2 v P3 v p4, since otherwise the result is obvious from Lemma 1.1. It 

follows from Lemma II that p1 EB(P2 , Pa , p,.)=q1 EB(P2 , p3 , P4), whence it 
holds q2 Eq1ffi(p2 , p3, p4). So we have in view of Lemma I (a), q2 Eq1 vrvs 

for some r, s E P2 v Pav p4 • Since q E q1v q2 , it holds q E q1 v r vs, which 
proves the result in view of Lemma I (a). 

(b) Q1, Q2, Qa E P1EBCP2, P3, p4), and q v Q1 II q2 v q3 imply q EP1EBCP2, p3, p4). 

We may assume without loss of generality that either q2 or q3 (say q3 ) 
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are not on p2 v p3 v P4 • It fellows from Lemma II, 

P1EBCP2, p3, p4) = Q3EB(P2, p3, p4), 

whence q1 , q2 E q3EB(p2 , p 3 , p 4 ). So the following cases occur: 

Case 1 a). q2 EQ3 vr2 , and Q1 Eq3 vr1, where r1, r2 EP2 yp3 VP4. 

Since Q1 E Q3 v r1, it holds Q1 E Q3 v r1 v r2 . It follows from q v Q1 II q3 A r2, 

q E Q3 v r1 v r 2 , which proves the result in view of Lemma I (a). 

Case lb). q2 EQ3vr2 , and q1yq3 IIP2vr2 , where r1, r 2 Ep2yp3yp4. 

Let s be a point with s v r 2 II p2 v r 1 (A. 3), then clearly s E P2 v p3 v p4. 

While we have in view of A. 4', q1 v q3 II r 2 vs, whence it holds q1 E q3 v r 2 vs •. 

Since q1 v q II q3 v r 2 , it is evident q E r 2 v r 2 vs, which shows the result. 

Case 2. q3 v q2 II Pz v r2, where r2 E P2 v p3 v p4 . 

We may assume Q1 f. p2 v p3 v P4 , since otherwise. the result is obvious. 

It follows from Lemma II, Q1EB(P2, p3, p4) = P1EB(P2, p3, p4). 

Since qvq1 II Q2VQ3, and Q2VQ3 II P2vr2, it holds qyq1 II p2vr2, whence 
q E q1 v P2 v r2 , which proves the result. 

Thus it has been proved that p 1EB(p2 , p 3 , P4 ) is a subspace. 

While it is clear that P1 EBCP2 , p3 , p4) contains the points p 1 , p 2 , p 3 , 

and p4 , and that it is contained in any subspace containing these four 

points. So we have P1EBCP2, p3, p4) = P1 v P2 v p3 v p4. 

CoROi.LARY Four non-coplaner points on a 3-space determine the 3-space. 

PROOF. Let p1 , p2 , p3 , and p4 be non-coplaner points. Let us suppose 

that the points p, q, r, and s are non-coplaner and are contained in the 

3-space p1 v p2 v p3 v P4 • At least one of the points p, q, r, s, (say p) is not 
on the plane P2 v p3 v p4 , it follows from Lemma II, and III, p 1 v p2 v p3 v p4 
= p v p2 v p3 v p4 • Repeated applications of this argument show that 

P1 V P2 V p3 V P4 = P V q V r VS· 

Now we shall show A. 4. 

Let p v q v r and p vs v t be two planes contained in a 3-space 
p1 v p 2 v p 3 v p 4 • We can assume s, t f. p v q v r, since otherwise the result 
is obvious. It follows from the above corollary, 

P1 VP2VP3VP4 =sypyqyr. 

Hence it holds t Es v p v q v r. It follows from Lemma III and the defini
tion that there exists a point u such that t Es v p vu, and u E p v q v r. 

While u and p are distinct, since otherwise the point t would be on the 

line p vs. 

Thus the two planes p v q v r and p vs v t have a · common point dis-

tinct from p. 
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In conclusion, we obtain the following 
THEOREM. Under the conditions A.1-A. 3, the two conditions A. 4 and 

A. 41 are equivalent to each other. 
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