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G. Birkhoff [17” and K. Menger [1] have characterized lattice theore-
tically projective and affine geometries of finite dimensions, while a
projective geometry of arbitrary dimensions, finite or infinite, has been
characterized by O. Frink [1] and W. Prenowitz [1].

The purpose of this paper is to characterize the lattice of all subspaces
of an affine space of arbitrary dimensions. The main theorem is as follows :

THEOREM. An abstract lattice L is isomorphic to the lattice of all sub-
spaces of an affine space if and only if L is relatively atomic, upper con-
tinuous lattice which is semi-modular in the sense of Wilcox and satisfies the
following condition :

Let p, q, r be independent atomic elements of L, then there exists one
and only one element 1 such that p<I<puqur, and IN(qur)=0.

In the appendix, we shall give a proof that the axiom I, of Hilbert [1]
p. 4 is equivalent to the transitivity of parallel lines in a 3-space.

Before going further the writer wishes to express his hearty thanks
to Prof. F. Maeda for his kind guidance and io Prof. K. Morinaga for hlS
valuable suggestions..

§1. A Projective Space and an Affine Space.

DerFINITION 1.1. Let G be a set of points. If for any pair of distinct
points p, ¢ of G, there exists a subset p+q (called line of G) containing
p and ¢, which satisfies the following conditions, then G is called a
- projective space.”

P.1. Two distinct pomts on a line determine the line.

P.2. If p,q,r are points not all on the same line, and u and W U=Fv)
are points such that p, q,  are on o line and p, r, v are on o line, then there
is a pqint w such that q,r, w are on o line, and also u, v, w are on o line.

1) The numbe'rs in square brackets refer to the list of references at the end of the papér.
2) Cf. Birkhoff [2] 116.
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P.3. Ewery line contains at least three points. »

By a linear subspace of G, it is meant the subset S such that p, ¢€8S
imply p+¢<S.

Let S, T be subsets of G. If S, T=F0, void set, we define S+ T to be
the set union \J(p+q; p€S, q&T), where by p+p we mean the set {p}
containing p alone. If T—=0 we define S+7T=T+S=S8.9

REMARK 1.1. It follows immediately from P. 2 that if p, ¢, r are points
of G, then pﬁ-(q+'r)=(p+q)+'r,4> whence it may be denoted by p+q+7.

DEFINITION 1.2. Let A be a set of points. If for any pair of distinct
points p, ¢, there exists a subset pvgq (called line of A) containing p, g,
and if for any triple p, ¢, r of non-collinear points,” there exists a subset
pvagvr (called plane of A) containing p, q, , which satisfy the following
conditions A.1-A.4, then 4 is called an affine space.®

A.1. Two distinct points on a line determine the line.

A.2. Three non-collinear points on a plane determine the plane.

Two lines p v q, r v s are called to be parallel to each other and denoted
by pvq| rvs provided that they are contained in the same plane and
have no point in common.

A.3. If p,q,r are mn—collinear points, then there exists one and only
one line rvs such that rvs is parallel to'pvq.

By a subspace of A, we mean the subset S such that p, ¢ € S implies
pvasS, and p, q, r€ S implies pvgvrcS.

Let T be any subset of A. The smallest subspace containing T is
called the subspace generated by T.” If four points p, ¢, r, s are not on
a plane, the subspace generated by the set of these points is called a
3-space and is denoted by pvaqv7ryvs.

A.4. If two planes in a 3-space have o common point, then they have
at least one more point in common. L

REMARK 1.2. Let us suppose that A is especially an affine space of
three dimensions in the sense that A is generated by four points which
are not on a plane, then the conditions A.1-A.4 together with this
assumption are equivalent to “ Axiome der Verkniipfung ™ I together with

3) Cf. Prenowitz [1] 664,

4) Cf, ibid. 665 Theorem 3, J 5.

5) If three points p, ¢, r are on some line, thenthey are called to be collinear, and other-
wise non-collinear.

6) As to the definition of an affine plane, cf. Birkhoff [2] 110.

7) The intersection of all subspaces containing T" is the subspace generated by T
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“ Axiom der Parallelen” IV of Hilbert [1] 3, 20. Hence we may consider
the Definition 1.2 is obtained by omitting the axiom which restricts the
dimensionality from the system of axioms I, IV. The situation is similar
as a projective space of arbitrary dimensions, finite or infinite, can be
defined as in Definition 1.1, which is obtained by omitting the postulates
which restrict the dimensionality from postulates for 3-dimensional projec-
tive space.

Now we shall construct an affine space of arbitrary dimensions, finite
or infinite, over an arbitrary fieid F. Let « be any cardinal number, let
T be a set of elements of cardinal number «, and let ¢ be a variable
ranging over the set 7. Let F be any field. By a coordinate function, we
shall mean the function f(¢) defined over T such as f(t)€F, and f(¢t)=0
except for a finite set of value of ¢. Let AS(a; F) be the set of all
coordinate functions. For any three elements p,=f (%), (i=1, 2, 3), we shall
define as follows:

PvPe = {230 M) My M EF, M+ =11,
PivPevPs = § 200 MFi(); Ay Ay, XM €F, M+ N+ 2 =11

Then it is easily shown that AS(«a; F) satisfies A.1-A. 4.1®

Conversely we can introduce a coordinate system into an affine space
if it contains four points which are not on a plane, and A is isomorphic
to an AS(a; F') for some cardinal number « and for some field F.1»

REMARK 1.3. We find in remark 1.2 a proof of the consistency of
the conditions A.1-A.4. The independence of these conditions can be
shown as follows:

(1) Let A={1,2, 3}, 1v2=2v3=A4 and 1v3={1, 3}, then A satisfies
A.2-A.4 vacuously but does not satisfy A.1. This proves that A.1 is
independent of the others.

(2) Let A={1,2,3, 4}, ivi=li, 7} (i, 7=1,2, 3, 4) and

i . k___J{]-) 29 3}, if {7:, j, k} :{1’ 2’ 3;
VIV 4 , otherwise.

From this example it is shown that A.2 is independent of the others.

8) As to the axiom I; of Hilbert [1] 4, cf. Lemma 1.1 below. ‘ )

9) As regards the case of finite dimensions, cf. Birkhoff [2], 102-2, and lyanaga [1] 58, 71.

10) The proof is similar to the case of finite dimensions, since from the definition, f(#)==0
merely on the finite subset of 7'
11) Cf. Frink [1] §6, and Theorem 1.1 below. Cf. also Iyanaga [1] 90 Theorem 10, 95 Theorem
10. ’
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(3) Let A be a projective space of 3 dimensions over an arbitrary field,
then A satisfies A.1, A.2 and A.4 but does not satisfy A.3. It follows
that A.3 is independent of the others.

(4) Let A be an affine space of 4 dimensions over the prime field F
of characteristic 2, that is, A={(z, 9,2, ¢); ©, 9,2 t=0, 1€ F}. By pSq
and pPgPr, we shall denote respectively the line and plane defined in
Remark 1.2. Then p@q consists of p and ¢, if p, ¢ are distinct. And for
three distinct points p,=(x,, ¥,, 2, t,) (i=1, 2, 3), p, PP, Pp; contains one
and only one more point p,=—=(Z,, ¥4, 24, ;) With

22 =0, X, u=0, 2,2=0, 2%,{=0.
Now let us consider a transformation 7 of A onto itself such as

(Oy 1, 0) 0) ’ if P = (1) 0: O; 0)
Tp=¢(1,0,0,0), if »=(0,1,0,0)
[ , Otherwise.

and let us define pvq and pvqvr as follows:

pvQq=DpDde
{ T(TpPTqPTr), if p,q,r€S, S being the 3-space
JAVE AV determined by the equation ¢=0.
l PDeDr , otherwise.

Suppose that A’ is the set A and p\/q and pyvqvr are respectively‘
the line and the plane of A’. Then it is clea_r that A’ satisfies A.1.-A. 3.
But it does not satisfy A.4. For, put -

p=(0,0,0,0), ¢=(0,1,0,0), ¢'=(10,0,0),
0;=(0,0,1,0), b:(1]0’1)0)9 "':(0,0,l,l),
8:(1: 0: .1v 1),

then we have
pvgllavb, avbirvs, and rvslovq,
it follows that
pvrvs, pvevbTavpvrvs,

while the two planes pv7vs and pvavb have no more point in common.
This shows that A.4 is independent of the others.

REMARK 1.4. In Definition 1.2, we adopted A.4 according to the con-
ventional form, but it might be replaced by
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A.4: pvallavy, svylirvs end répvavy imply pvallrvs.

In fact, A. 4’ is used instead of A.4 in the sequel except in Lemma 1.2,
which shows A.4 implies A.4'. As to the relation of these conditions,
cf. the appendix and Remark 2. 4. '
" LemMA 1.1 In an affine space, if two distinct points q and r are con-
tained in a plane p,v P,V Ds, then the line qvr is contained in the plane.
Proor. At least one of the points p,, p,, p; (say p,) is not on the
line qvr, whence by A.2 p,vgvr=p,vp,vp; and by A.3 there exists a
point s with p,vs| gvr. By the definition of parallel lines, ¢ v and p,vs
are contained in a plane, which is equal to p,vqvr=p,vp,v s, by A.2.
LEMMA 1.2. In an affine space, the following condition is satisfied :

A.4: pvallevy, vyl rvs, and rEépvaevy imply pvaglrvs.

PrROOF. Sincepvg| #vy,itholdsgepvayvy. It follows that rvpvg
Crvpvaevy, andclearly rvavySrvpvavy. Hencervpvg,andrvavy
have a common point s'(==r) by A.4. Two lines pvgq, rvs' have no com-
mon point, since otherwise it would be contained in zvy, contrary to
pvq|l®vy. Furthermore, they are contained in a plane rva vy, whence
rvs ||pvg. Similarly rvs' ||zvy. Since rvs|«vy, it follows from A.3
that »vs'=rvs, whence pvq || rvs, completing the proof.

We note here that the remaining lemmas of this section shall be
proved by making use of A.4', instead of A. 4.

LEMMA 1.3. Inan affine spce, pva | p'va', pyvb lp'vd', pvp' |lavae,
pvp ||bvd and p'E¢pvavd imply avb|a’ b .

Proor. Since ava ||pvp', pvp' || by, it follows that ava’| bvb’
by A.4'. So the points @, a’, b and b’ are on a plane. Suppose that
avb and o' vb' were not parallel. Let ¢ be their common point, then
there would exist points d,e with c¢vd|pve, cve|pvb by A.3, and
cepvavb by Lemma 1.1 and d,e€pvavb. It would follow from A.2
that pvaevb=cvdve. Similarly p'vae'vb'=cvdve, since cvd|p va',
and cvel| p vbd by A.4'. This contradicts the assumption p'¢pvavbd.
Hence we have

avbla vd'.

LEMMA 1.4. Let p, a,b be non-collinear points of an affine space. If
pvalp'va, pvb||p' vb, and cepvavbd, then there exists a point c'
with pve | ve and ¢'€p'va vb'. '
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Proor. If p’e€pvavb, then the lemma is immediate from A. 3, so let
us assume the contrary. Furthermore by A.3 we can assume without loss
of generality that pvp'|lave’ and pvp' ||bvd’. It follows from Lemma
1.3 that avb | a’vd'. First consider the case pvel| ayvb. Then there
exists a point ¢’ with p've'||pve by A.3, and we have p've' | a'vb by
A.4', whence ¢'ep’'va’ vb'. Andso ¢ is the desired point. Next suppose
that pve and avb are not parallel, then we can assume that ccavb.
It follows that there exists a point ¢’ with cve' | ava’, ¢’ €a’vb' by A.3,
whence pve| p've' by Lemma 1.3 and ¢’ €p’va'vb' by Lemma 1.1, com-
pleting the proof. ‘

DeFINITION 1.3. Let A(5-0) be an afﬁne space. For any two lines
PvVq, VS of A, we define (pvq)p(rvs) to be either pvallrvs or pva
=rvs. Then the relation p is an equivalence relation in view of A.3
and A.4'. Hence p classifies the set of lines of A. Each class shall be
called “point ot infinity ” on the lines which belong to the class, and be
denoted by «, B, --- or sometimes by , y,---. If it is necessary, the point
at infinity on the line pv ¢ is denoted by «,,. By I' we denote the set
of all points at infinity. A

Let G(A) be the set-union of A and I', and let us define the lines of
G(A) as follows:

(1) If p, g€ A, p==q, then the line p+q is defined to be the set-union
of pva and «,,.

(2) If peAd, a€l, then the line p+a=a+p-is defined to be the set-
union of pvq and «, where ¢ is a point of A such that pv ¢ belongs to
the class a.

(3) If a, BeI, a==B, then the line a+B is defined to be the set of
all points at infinity v,,, where p is a point of A and ¢ is any point on
the plane pvavb, a, b being points of 4 with pveeca, and pvbep.

If especially p=¢q or a=8, then we shall define respectively p+q={p},
or a+p={aj.

REMARK 1.5. It follows at once from Definition 1.3 that a line of
G(A) containing two distinct points at infinity is contained in T

REMARK 1.6. In Definition 1.3 (2), the existence of the point ¢, and
the independence of p +«a from ¢, are shown by A.3.

In the case (3), it follows at once from Lemma 1.4 that «+ 28 is not
dependent on the points p, a, b.
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The remainder of this section is devoted to showing that G(4) is a
projective space and that I' is a maximal proper linear subspace of G(A).

In order to prove P.1, it is sufficient to show the following:

LemMA 1.5. Let 2,y and z be points of G(A). Then

zeEx+y and y=+z imply *+y=y+z.

Proor. First let us assume that z, 9, z€ . In this case, let p be a
point of A and let a,b be points of A with pvacz, pvbey, then by
Definition 1. 3 (3), there exists a point ¢( € A) with pvecez cepvavd and
pvb=+pve. Since p, b, ¢ and p, ¢, b are non-collinear, it follows from A.2
that pvavb=pvbve, whence % +y=y+2z by Definition 1.3.

In the other cases, the lemma follows at once from Definition 1.3 and
A.1. ‘

LEMmMA 1.6. Any line of G(A) contains at least three points.

Proor. We need only to consider the case a, 8e¢l' and «-|:83, since
otherwise the lemma follows immediately from Definition 1.3 (1), (2).

Let p be a point of A, and a, b(eA) be the points with pvae€q,
pvbep, then we have pva=+pvb, whence p, ¢, b are non-collinear. Let
v be the point at infinity on the line pve suchaspve || av b, then clearly
v €a+B and fy#a, B, completing the proof.

In order to prove P.2, it is sufficient to show the following:

LEMMA. 1. 7. Let z, v, z be non-collinear points of G(A). If uex+y,
veEx+z and usdv, then u+v, y+z have & common point. :

Proor. We can assume that u==x,y and v=+x, 2z without loss of
generality, since otherwise the result is obvious.

First let us suppose that y+z, u+vZI. Then it follows that z €T,
from Remark 1.5. Let p bea point of A and let pvacuz, pvb.éy; pvecEz
pvd€wu,and pveco, thena,b,c,d,ec Adand aé¢pvbyc since z, ¥, z are non-
collinear. Since u € z+y, it follows that d € p va v b, whence we can assume
that pvae| bvd, and avd ||pvb. Similarly we can assume thatavel|pve
and pvalcve. It follows from Lemma 1.3 that dve| byvec. There exists
by A.3 a point p’ with pyp'||bve and pvp'|ldve by A.4. Hence the
point at infinity «,, is contained in y+z and u+v by Definition 1.3 (3).

Next suppose that one of y+2z and u+w» (say u+v) is contained in T.
Then the point at infinity «,, is the common point of y+z and u+o.

When none of y+z and « +v is contained in T, then the applications
of A.3 show immediately the lemma.
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' Now we obtain the final result of this section.

THEOREM 1.1. Let A be an affine space. Then the eatended space
G(A)=AuUl' is a projective space and L' is a mawximal linear subspace of
G(A).1»

Proor. In view of Lemma 1.5, 1.6, 1.7 and Remark 1.5 it remains
to prove the maximality of I. Let @ be a linear subspace with I'CQ,
then there exists a point ¢e@-—-I. Let ¢+I' be the linear subspace
generated by ¢ and I', then we have

rCqg+I'C Q@ G(A).

Now let p€G(A4), then either pel or p€ A. In the former case, we
have clearly pcg+I. In the latter case, we may assume that p=-gq,
whence «,, €I. It follows that peg+a,Cqg+I. whence G4 g+l
Thus we have G(A)=@, completing the proof.

REMARK 1.6. It is not difficult to show that conversely if G is a
projective space and I' is a maximal linear subspace of G, then A=G—I‘
is an affine space provided that we defind pva=(p+q¢)n4, and pvavr
=(p+q+r)NnA.

§2. Lattice Theoretic Characterization of an Affine Geometry.

DEFINITION 2.1. Let b, ¢ be elements of a lattice. By (b, ¢)M, it is
meant that (aub)ne=au(bnrc) for any element a with e<ec.

Let L be a lattice with 0. If the elements of L satisfy the following
conditions : :

(A) (b,¢)M, bne=0 imply (c, b) M, and

(B) bne==0 implies (b, ¢) M,
then L is called to be semi-modular in the sense of Wilcox.'®

REMARK 2.1. If L is semi-modular in the sense of Wilcox, then L
satisfies the following condition :

(€Y If =z, y cover a and x=Fy,then x vy covers x and y. Cf.G. Birkhoff
[2] 101, Ex. 1.

" LEMMA 2.1. Let A be an affine space, and let I' and G(A) be the sets

defined in Definition 1.3. By ®,, we shall denote the family which consists
of the void set 0 and all linear suspaces of the projective space G(A) which

12) For the plane affine geometry, cf. Birkhoff [2] 110, Theorem 10. And for the finite
dimensional affine geometry over a field, cf. ibid. 103,
13) Cf. Wilcox [1] 496.
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are 1wt contained in I'. Then &, is a semi-modular lattice in the sense of
Wilcoz. | | |
Proor. It is well known that the set & of all linear subspaces of
the projective space G(A) is a complemented modular lattice! partially
ordered by set-inclusion, and the join of S*, T* is S*+T*® while the
meet is the intersection S*NT*. It follows at once that &, is a lattice,
and the joint of S*, T* is S¥+T* as above, while the meet SxT* is as
follows: '
SkxTE =) 0. i STATRL,
{S¥NnT*, otherwise.

Hence the lemma follows immediately from the result of Wilcox [1] 498.

It is noted that ®, is not a sublattice of . '

THEOREM 2.1 The set A of ali subspaces of an affine space A is a
relatively atomic, wupper conlinuous'® lattice whice is semi-modular in the
sense of Wilcox and satisfies the following condition : |

(a) Let p, q, r be independent atomic elements of W, then there exists one
and only one element 1 such that p<l<pugqur and 1 n(qur)=0.”> ,

Proor. (i) We shall omit the proof that A is a relatively atomic, *
upper continuous lattice, since it is analogous to that of F. Maeda [1]
93, Theorem 2.1.

(ii) In order to prove that U is semi-modular in the sense of Wilcox,
it is sufficient from Lemma 2.2 to show that A=, .

Let S€¥, then S+S is the union of S and the set of points at infinity
on the lines of A contained in S, whence we can prove S+S €®,. For
we need only to prove that a, B€S+S, (a, B€T) imply a+BZS+S, since
otherwise the result is obvious. Let pvg¢€a, rvs€B where p,q,7, s€S,
and let pvtl|rvs, then tepvrvs, whence t€S. It follows that pvagvi
€S, whence a+BZS+S by Definition 1.3 (3).

While for any S*€@®,, S*n 4 is an element of 2, and (S*NA)+(S*NA)
=S* and (S+S)nA=S. Hence S—S+8S, and S*—S*n4 dre one-to-one
correspondences between U and &,, which are obviously order-preserving,
whence we have =@, .'®

14) Cf. Frink [17] 455 Theorem 5. Prenowitz [1] 679 Corollary 3.
15) Cf. Frink [1] 454 Theorem 3. Prenowitz [1] 666 Theorem 7.
16) Cf. F. Maeda [1] 88 Definition 1.1, and 89 Definition 1.4.

17) Cf. Menger [1] 477 Law +8.

18) Cf. Birkhoff [2] 103 Theorem 4.
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(iii) («) follows immediately from A. 3.

DeriNiTION 2.2. Let L be a relatively atomic, upper continuous lattice
satisfying the condition (¢’) stated in Remark 2.1, then L is called a
matroid lattice.® '

REMARK 2.2. It follows from Remark 2.1 that the lattice U in
Theorem 2.1 is a matroid lattice. _ ,

REMARK 2.3. We note that in a relatively atomic, upper continuous
lattice, (¢’) is equivalent to the exchange axiom:

(") e<puae<gqua imply pe=quda.

Cf. F. Maeda [2] 180 Theorem 2.

LEMMA 2.2. Let L be o matroid lattice satisfying (B) of Definition 2.1,
then L satisfies the following condition.

(C) s<pua, g<a imply s<puqur for some atomic elements r(<a),
where p, q, s are atomic elements and & is any. element of L.

By a strongly planer lattice, we shall mean a lattice with 0 satisfying
the condition (C).

Proor. If p=q or s<pugq, then the lemma is obvious, so let us assume
that (p, q,s) 12®. Since an(supug)=qg >0, it follows from the hypothesis
that (e, supvq) M, whence we have

(pva)n(supug)=pvian(supvai.
The assumption s<pua shows that
s<puien(supua),
s0 we have by upper continuity of L,?
s<puqur,v - Ur, for some r;gan(supuq) (i=1,2,:-,n).

Since (p, ¢, s) |, there exists at least one atomic element r, with r3pug,
and so (p,q,7,) | . Since p, q, r.<supwuygq, it follows that

PUQGIT, = PUQUS 2D

Thus the 7, is the desired one.
COROLLARY. The lattice of all subspaces of an affine space A is strongly
planer.

19) Cf. F. Maeda [2] 181 Definition 4.

20) pn1=0, (pug)ns=0 imply (p, ¢, s)_ 1. Cf. U Sasaki and S. Fujiwara [1] 184 Lemma
2 (. )

21) Cf. F. Maeda [1] 90 Lemma 1.3.

22) Cf. U, Sasaki and S. Fujiwara [1] 184 Lemma 2 (2).
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This follows at once from Theorem 2.1, Remark 2.2, and Lemma 2.2.

THEOREM 2.2. Let U be a relatively atomic, upper continuous lattice
which is semi-modular in the sense of Wilcox and satisfies the condition («)
in Theorem 2.1. Then the set A(N) of all atomic elements of N, is an affine
space, provided that we define as follows :

pveg={reA); r<pugi
pvqvr={s€AN); s<puquri}

And U is isomorphic to the lattice A(A(N)) of all subspaces of A(N).
Proor. (i) A.1, A.2 follows immediately from Remark 2.2 and 2.3
and A.3 follows from («). '

(ii) In order to show A. 4, it is sufficient to prove that if p, q,7; », s, ¢
and p,, P., Ps, P, are respectively independent sets and if

PIQUT, PUSUESDIID\IDs D,

then there exists an atomic element s’ with ¢’<(pugqur)n(pusut) and
s'-=p. We can assume without loss of generality that p, q, r, s are inde-
‘pendent, whence we have

PIANITIS = DI DI PSPy .

Since t<supuqur, it follows from Lemma 2 2 that there exists an atomic
element s’ with t<supus', and '<puqur. Since t£sup, it follows that
s'==p and s'<pusvut, which is to be proved.

(iii) Next we shall show UA=A(AA)). Put

S(a) = §{pc AN); p<a} for any aec?, and
aS)=\/(p; peS)  for any SeACAN)).

Clearly S(a) € A(A) and &(S) e A. Since A is relatively -atomic, it follows
at once that a(S(e))=a. While the upper continuity of % and Lemma 2.2
show that S(a(S))=S. Therefore a—S(a), and S—a(S) are omne-to-one
correspondences between A and A(A(A)) which preserve the order relation.
Hence we have

A =W4N)).

REMARK 2.4. (ii) of the proof of Theorem 2.2 shows that A.4' implies
A.4 under the conditions A.1-A.3. It follows from this result and Lemma
1.2 that the conditions A.1-A.4 are equivalent to A.1-A.3 together with
A.4'. As to the direct proof of the equivalence, cf. Appendix.
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THEOREM 2.3.2® An abstract lattice L is isomorphic to the lattice of
all subspaces of an affine space if and only if L is relatively atomic, upper
continuous lattice which is semi-modular in the sence of Wilcox and satisfies
the following condition :

(a) Let p, q, r be independent atomic elements of L, then there exists
exactly one element | such that

p<l<pugqur aend In(qur)= 0.

This is an immediate consequence of Theorem 2.1 and 2.2.

APPENDIX

In this appendix we shall give a direct proof that the conditions
A.1-A.4 are equivalent to A.1-A.3 and A.4'.

In Lemma 1.2, we have shown that A.1-A.4 imply' A.4'. Hence it
is sufficient to prove that conversely A.1-A.3 and A.4' imply A. 4. We
begin by listing the conditions we shall employ.

DerFINITION 1. Let A be a set of points. Suppose that for any pair
of distinct points p, g, there exists a subset py q (called line of A) con-
taining p, ¢, and that for any triple p, ¢, » of non-collinear points, there
‘exists a subset pvqvr (called plane of A) contammg P, ¢, ¥, which satisfy
the following conditions. .

A.1. Two distinct points on a line determine the lz'néQ

A.2. Three non-collinear points on a plane determine the plane.

Two lines pvag, rvs are called to be parallel to each other and are
denoted by p v q || rvs, provided that they are contained in the same plane
and have no point in common.

A.3. If p,q,r are non-collinear points then there exists one and only
one line rvs such that rvs is parellel to pyvq. »

A.d. pvallzvy, zvyllrvs and répvavy imply pyagllryvs.

DEerinNiTION 2. By a subspace of A, we mean the subset S such that
p, ¢ €S implies pvg<S, and p, ¢, r €S implies pvqvr<S.

Let T be any subset of A. The smallest subspace containing T is
called the subspace generated by T. If four points p, ¢, 7, s are not on a

23) This may be formulated as follows:
An abstract lattice L is isomorphic to the lattice of all subspaces of an affine spaceif
and only if L is strongly planer matroid laltice satzsfymg the can:iztzon (2). Cf. the corollary
to Lemma 2.2 and the proof of Theorem 2.2.
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plane, the subspace generated by the set of these four points is called a
3-space and is denoted by pvqgvrvs.

It is our purpose to prove that A satisfies the following condition.

A.4.. If two planes contained in a 3-space have a common point, then
they have at least one more point in common.

We remark that Lemma 1.1 and 1. 3, used in the subsequent arguments,
have been proved by A.1-A.3 and A.4', without making use of A.4, and
so they are satisfied in A. We shall list them again.

" Lemma 1.1. If two distinct points q, r are contained in a plane, then
the line q v r is contained in the plane.

LemMma 1.3. pvellp've', pvblp'vd, pvoleve, pvp [lbvd,
and p'é¢pvavb imply avb|a vd'.

Now let p,, p;, ps, », be four fixed points which are not on a plane,
and let us denote by 1.®(p,, ps, p,) the set

{D; DEDIVPVvE, TEDVDIVD,.

LEmMA 1. Both the following two conditions are necessary and sufficient
in order to pEP1B(Py, Ps» Pu)t

() PEPvAVT, for some points q,r(€PyvDsv D),

B) PEPvs , for some point s(Ep,vpsvP,) OT

PVl PavE, for some point t( €Dy vDsv D)

Proor. First we shall show that (a) implies (8).

Let us suppose that there exist two distinct points g, 7 ( €p, v s v D,)
such that pep,vqvyr. Since the lines pyp, and ¢qvr are on a plane,
they are either parallel to each other or intersect in a point s. In the
former case, let p,vt|lgvr (A.3). Then it is clear that t€p,vpsvD,.
While we have in view of A.4/, pvp, |l p,vt, In the latter case, it holds
s€P,vPsvp, from Lemma 1.1, and p €p,vs, since p, p,, ¢ are collinear.
Thus it is proved that («a) implies (B3).

We can assert immediately from the definition that » € p,P(p;, 25, D)
implies («), and that (8) implies p € p,B(P,, Ps» P4)- Thus the conditions
(a), (B) and p €p,B(P2, Ps, Ps) are equivalent.

LemMA II. q €p,D(D2, P35 Pa)y and q € D2 v D3 v Dy imply D1B(D2 5 D3 » Pa)
=qD(Pz2» Ps» Pa)- :

Proor. Let us ‘suppose q€p,P(Ps:, Ps, Pu), and ¢Ep,vDsvp,. We
shall show first

D1D(D2» P3» D) S AP D3» Do)
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Let re€p,®D(®,, ps, ps)- Then, since also ¢epP, D@z, D5, Py), the
following cases occur in view of Lemma I (83):

Case 1. gep,vq', rep,vr', where ¢', r"Ep,vPsvDs-

We can assume that g, ¢’, r are non-collinear. Since p,€qvq by
A.1, it holds p€qvq vr' by Lemma 1.1, and it follows from r€p,vr’
that r€qvq' vr', again by Lemma 1.1. This proves in view of Lemma 1
(@), r€QD(D2s D3s D).

Case 2. gep,vq', and p,v7 || pyvr' where ¢, 7/ €Dy Dy v Py, OT

rep,vr’, and p,vallp,ve’ where ¢, ' €Dy v Dy VD, -

It is sufficient to prove the former, since the proof is similar.

Let us assume ¢'¢€p,vr', since the proof is analogous even if
Q' €p,vr’ . Then there exists a pointv s such that ¢'vs| p,vr by A.3,
and clearly s€p,vp;vps. While in view of A.4', we have p,vr|d vs
whence rep,vq vs. Since q, ¢', s are non-collinear points on p,vgqvs,
it holds by A.2, that p,v ¢ vs=qv ¢ vs, whence r€qgyq vs, which proves
7 €qP(P,, D3, D) by Lemma 1 (a).-

Case 3. pivqllpava, Prv7|pyvr’, where ¢, 7" €pyvpsv D, -

We can assume without loss of generality that p,vop,|lqve, and
P1v P, Il rvr. It follows at once from Lemma 1.3 that qv 7| ¢’ v7', whence
reqvq vr', which proves r € ¢®(p,, s, ps) by Lemma I («).

Thus it has been proved that »,F(p,, 93, 24) S ¢D Dy, P35 P4)- The
converse inequality may be proved in similar arguments.

LemMma III. The set p,PB(py, s, D) is the 3-space pyv Dy v Ps v Dy -

Proor. First we shall show that »,$(p,, »s, p,) iS a subspace. For
the purpose, it is sufficient to prove the following two propositions (a)
and (b) by the definition of the subspace.

(@) a1, @ €EPDD2, D3y Pu)s Gnd qEQ, v Qs iMPly ¢ EDD(Py, D3y Pa)-

We may assume that either ¢, or ¢, (say qu is not on the plaﬁe
Py v D3V Dy, Since otherwise the result is obvious from Lemma 1.1. It
follows from Lemma II that p,B(p,, Ps, P)=0D(P:, Ps, P,), whence it
holds ¢, € ¢:D(p,, D3, Ds)- So we have in view of Lemma I (a), g, €q,vrvs
for some 7, s€p,vp;vP,. Since g€q;va,, it holds g€q,vrvs, which
proves the result in view of Lemma I («). ‘

(D) €15 925 G5 EMD(P2s Ps» Do), 00d Qv Q1 || Q2 v G5 iMPly @ EPLB(D:, P35 DY) -
We may assume without loss of generality that either ¢, or ¢, (say g;)
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are not on p,vp;vp,. It fcllows from Lemma II,
P1D(Ds2s D3y Ps)=LD([Dss D3 Pa)>»
whence ¢, ¢, € :P(P,, s, Ps). So the following cases occur:

Case 1a). ¢,€q5v7,, and ¢, €qsv 7y, where 7y, 1, €Py VD3V Dy -

Since ¢, €q; vy, it holds ¢, €qsvryvry. It follows from qv g, gz A7,
qE€q;v T vy, which proves the result in view of Lemma I («).

Case 1b). qy€q;v7;, and q;vq; || P, v 7, Where 71, 7, €D, VD3 VD«

Let s be a point with sy, | 2, v (A.3), then clearly s€p,vp;vo, .
While we have in view of A.4/, ¢, v q; || 7, vs, whence it holds g, €q;v7,vs. .
Since ¢;vq |l gsve, it is evident q €r, v 7,vs, which shows the result.

Case 2. q3v q: || P2V 7T where T €EPa VD3V Dy -

We may assume ¢, € p, v ;v ., Since otherwise the result is obvious.
It follows from Lemma II, ¢,D(®;, D3, Ps) = D:1B D5, Ps» Da)-

Since qv i1l ¢2v ¢ and ¢ v gs || P2 v 7, it holds ¢v g, || p,v 7y, Whence
g€q,vP,Vv 7Ty, which proves the result. .

Thus it has been proved that p,B(p,, »s, ) is a subspace.

While it is clear that »,B(»., »s, ps) contains the points p,, ;, 2;,
and p,, and that it is contained in any subspace containing these four
points. So we have pyD(Py, Ps» Ps) =D1VP2V D3V Ps-

COROLLARY. Four non-coplaner points on a 3-space determine the 3-space.

Proor. Let p,, »,, ps, and p, be non-coplaner points. Let us suppose
that the points p, ¢, r, and s are non-coplaner and are contained in the
3-space P, vP,vPsvDs. At least one of the points p, q, 7, s, (say p) is not
on the plane p,v ;v D, it follows from Lemma II, and IIIL, p, v D, v Ds v Ps
=pvp,vPsvDPs- Repeated applications of this argument show that
P1VDPVDPsV Py =DPVAVTVS.

Now we shall show A. 4.

Let pvgvr and pysvt be two planes contained in a 3-space
PivDP,vDsvDPs. We can assume s, t¢pvqvr, since otherwise the result
is obvious. It follows from the above corollary,

P1VPVP3VDy =8SVDVAVT.
Hence it holds tesvpvqvr. It follows from Lemma III and the defini-
tion that there exists a point u such that tesvpvu, and u€pvagvr.
While « and p are distinct, since otherwise the point ¢ would be on the
line pvs. '

Thus the two planes pvqgvr and pysyvt have a common point dis-
tinct from p. ‘
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In conclusion, we obtain the following
THEOREM. Under the conditions A.1-A.3, the two conditions A.4 and

A. 4" are equivalent to each other.

Mg 00 O
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