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A Note on Semi-Local Rings
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The object of this note is to give the complete information on the indecomposable
components of the completions of semi-local rings.

Let p be a commutative ring, and let m be an ideal in osuch that )\ n':l‘m"':(O).
The metrisable, uniform structure, defined in o by adopting the set {m?; n=1,2, -}
as a fundamental system of neighbourhoods of zero, shall be called an m-adic
topology. If we give this topology to o, it becomes a topological ring and we shall
call thus topologized ring an m-adic ring.

The completion of an m-adic ring o shall be called an ti-adic completion of o,
and shall be denoted by 5. If we dendte by m® the adherence of m in b, the set
{me; 6=1,2, -~} is a fundamental system of neighbourhoods of zero in 5. If m has
a finite base, then we have m*=, and § is an f-adic ring. If moreover o has a unit
element, then m—=md. If ois a Noetherian ring (that is, a commutative ring with
the maximal condition for ideals) with a unit element, so is § too.

Derinition (D). Let m, m; be ideals in o, such that mCm;, and /\ m?»=(0). Set
Nmyr=m;=, o/m==n, my/m==m,’, and let 5, 5; be the m-adic and the m,’-adic com-
pletion of o and o)/ respectively. Let x* be any element in 5, and let a*=limx,
(xx€0). Then if we denote by x’» the residue class modulb m;* which contains xy,
{#'»} is a Cauchy sequence in the my’-adic ring o/. If we denote by x** the limit
of {#',} in b, then the mapping 71 : ¥ — 2** is clearly a homomorphism (that is, a
continuous ring-homomorphism) of 5 into 6. This shall be called the canonical
homomorphism of 5 into ;.

Now, let m; (=1, 2, -, #) be ideals in o such that m<C m;, and define b;, 7; similarly
as oy, 7;. Then the mapping 7 of 5 into the direct sum ¥ of b, -,0r defined by
setting Ta¥=74*+ - ++,x%, shall be called the canonical homomorphism of b into b.

TueoreM 1. Let 0 be a commutative ring with a unit element, and let m be an
ideal in v such that N\ m»=(0). Suppose that

where w; (1=1,2, -, 7) are ideals in v, such that (n;, m;)=(1) for i>cj. Then (with
the same notations as in (D)), the canonical homomorphism T is an isomorphism of d
onto 1. ,

Proor. We shall first prove that = is a mapping on 5. Let x* be any element
in 5, and let x*=1lim# (& eo’). Let &', be any element in the residue class x,,
then there exists an element x, in o such that
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— v - -
Xy = mod. m; for jigi,
x,=x, mod. myV.

Since we have m#=my#[\ .- \m, for any positive integer #, {x } is a Cauchy
sequence in 0. Let x* be the limit of x, in 0, then we have Ta*—=x;*.

We shall next show that 7 is one-to-one. Assume 7x4*=0, and let x*=limux,
(xye0). Let x;, denote the residue class modulo m;* which contains x,, and let x*
be the limit of x;, in 6. Then our assumption says that x*=0, that is x;,e€ my7i¥

with lim ¢iy(¥)=co, hence x, € m;"i¥?, whence follows x*=0.
Voo

Finally we shall show that the inverse mapping 7! is continuous. Set U,
=my*+ - +m/?, then {U,; p=1,2, -} is a fundamental system of the neighbour-
hoods of zero in 5. Assume that 7 ! is not continuous at zero. Then for some

positive integer o, there exists x; in b for every positive integer p, such that
£k ¢ me
%5 e U,.
Since 7 is continuous and U, is open, we may assume that x} €0, whence
% € Up N\ (014 - +0p)=(m/> N oD+ - + (/e N\ o )=my/p-+ - +mple.
Hence 7ix¥emi», that is x¥ emir. Therefore we have x¥emr=mp [\ - [\ms?, which
is a contradiction. : q.e.d.

Let 0 be a commutative ring with a unit element and let m be an ideal in 0. m

is called dually indecomposable, if m3co and there exist no ideals my, m, in o such
that

m=m [\ my, m4m; =o, m g0, My0.
0 is called directly indecomposable, if there exists no ideals aj, az in 0 such that

p=a+a; (direct sum), a;3(0), a,3(0).

With this terminologies, o/m is directly indecomposable if and only if m is dually
indecomposable.

TureoreMm 1. Let o be a commutative ring with a unit element, and let m be an
ideal in v such that N\m»=(0). Then if m is dually indecomposable, the m-adic
completion of o is directly indecomposable.

Proor. Assume that 7 is. directly decomposable, and set 5=o0;-+0; where 0 and o,
are ideals not equal to (0). Then, we have 5/fi=(0+m)/m+ (0z+m)/M (direct sum).
If o< 1M, then o;=0 CH°CmP for any positive integer p. Hence we have n=(0) by
the relation [\ m?=(0), which is a contradiction. On the other hand we have /M
o2o/m, which shows that m is dually decomposable. q.e.d.

From now on ‘we shall confine our consideration to the case where » is
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Noetherian. If o has a unit element, any ideal m(3¢0) in 0 is represented uniquely
as an intersection of such ideals m; (=1, 2, --,#) that (m;, m;)=(1) for i 3¢j, mi 30
(7=1,2,-,7r), and m; is dually indecomposable. Dually 5 is, as is well known,
uniquely represnted as a direct sum of directly indecomposable ideals which we
shall call the indecomposable components of n. Let s be an m-adic ring, 5 its com-
pletion, then Theorems I and II give us the complete information on indecomposable
components of 0. This is the main result we wanted to establish in this note.

Let m; (/=1,2) be ideals in o such that /\ m;#=(0) (/=1,2). Then in order that
the my-adic and the my-adic topologies coincide, it is necessary and sufficient that m,
and my; have the same radical. Hence in the consideration of m-adic Noetherian
rings we may assume, without loss of generality, that m is semi-prime. .

Such being the case, let m be semi-prime and let m=p, /\ - /\y» be the irred-
undant representation of m. We divide the set {y, - ,!r} into classes such that ;
and p; are in the same class if and only if there exists a chain i, by, -, e bjs
connecting p; and p; and satisfying the conditions (pi,1,) 3 (1), (b Pvy) 3 (L),
=y (e §7) 3¢ (1. Let myi be the intersection of prime ideals in the same classes.
Then we have m=m [\ - \m: and m; is dually indecomposable. Therefore in the
investigation of the m-adic completion, we may confine ourselves to the case where
m is dually indecomposable.

On this point we have the following

TueoreM III. Let o be a Noetherian ring (not assumed to have a unit element),
and let m be a semi-prime ideal tn o such that [\ m»=(0). Let m=py [\ - \}tr be the
irredundant representation, and set == [\ yi*, o/pi==v{, pi/pi"=yi’ and denote by b;
the vi'-adic completion of ti'. Then the canonical homomorphism of the wm-adic com-
Dletion of v into the direct sum of b,, - ,0r is an isomorphism.

This will be proved similary as Theorem I, by utilizing the following

LemMma 1. With the same notations as in Theorem III, set ap=p" [\ - [\ e,
then we have m°® Day Om» with o(n)—> © as n— .

Proor. Since py, -, P, is the set of all the isolated prime divisors of m”, we
have, m”2>a,, if p denotes the maximum of exponents of primary ideals which
appear in an irredundant representation of m® as an intersection of primary ideals.

Finally we shall remark that the following Corollary, due to Chevalley, is an
immediate consequence of Theorem I and Lemma II given below.

CoroLLARY. If m is the intersection of r maximal ideals in a Noetherian ring o
with a unit element such the N\wm»=(0", then the m-adic completion of v is the direct
sum of r complete local rings.

Lemma II. If p is a maximal ideal in a Noetherian ring o with a unit element,
such that N\y*»=(0). Then we can form the quotient ring o of p with respect io o,
and the p-adic ring o is a subspace of the p-op-adic ring 0y and is everywhere dense
in op. The p-adic ring o and the p-op-adic ring vy have the same completion.
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Proor. That o has no zero divisors outside of p, follows from /\pr=(0). If we
set p*=p-.o0p, then we have p*# \o=p?, which proves the second assertion. Let x/s
(xev, s¢p) be any element in oy, then we have (p, sb)=(1) for any positive integer
n, whence 1=s#(mod.p”) for some x in 0. Hence x=sux (mod. p#), that is x/s=ux

(mod. p*»), gq.e.d.
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