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Chapter II. Transformation of Type B. 

§ 6. Condition I. 

We consider the transformation of the form as follows : 

(N>3) 

where at least one of a~ 1 ••• ;..N's does not vanish. 

Quite similarly as in § 1, we have 

Theorem 1'. For the trans/ ormation (6.1), we put as follows : 

We consider the function as follows: 

R=R (r, w; p, 0) 

where 

<f>;..=O or 0;.. according as rr;..=r;.. or rr;..=p;.., 

r;.., p;.. > 0 and ::8 r~=~ p~ =1. 
;.. " 

We assume that there exists a set of (r..,, w..,) such that R < 0 for all (p..,, 0J 

·except for (p..,=r..,, 0..,=1r), and that [ dPP R(r,w; r..,+e:11..,, 1r+e:e:")] =l==O for 
de: •~ 

any (11 ... , e:..,) such that I 'tlv I, I e:v I < l except for 11v=e:..,=O, where P=N or N+ 1 

according as N is even or odd. Then, in the space E 2n of the complex 

numbers x"'s, there exists a small hypersphere passing through the origin 

with the center a"=rr..,e;.,v and with the radius r, such that all the points of 

that hypersPhere converge to the origin remaining in it when T is infinitely 

iterated on these points. 
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M •. URABE 

When [ dP:] =O, the similar result as in the remark after Theorem l 
de ,-o . 

is concluded. 

In this paragraph, as Julia did in the case of one variable,m instead of 

the hypersphere in E2n of x"'s, we consider the hypersphere in the space 
E2n of x"'s such that x•=(x")l\"-l, Put 

(6.2) { 
a"=rr.ei"'•, where r..,::::::o, ~r~=l; 

V 

x"-a"=rp.ei9-., where p..,?"_O, ~p~=l. 
V 

Then it follows that . 

(6.3) 

where 

(6.4) x.., cos Tv=r .. cos w..,+ Pv cos e., x. sin Tv=r .. sin wv+Pv sine •. 

From (6.1), we have the transformation T as follows: 

'i 

where M=N-1. Then, in the space E2n, the distance d from the center 

a" to the transform 'i • of i" is calculated as follows: 

(6.6) a2=~ ('x--a•)('i"-~)=::E Ci-"-a")(~-&ii) 
V V 

+M {~ aX1-·>.1v x>-1 ···x>-1v (~")M-l (i"-a")+ ~ aX,-··>-1v x>-'···X,>..N (~")M-l (~?-a")} 
" .. . 

+M{~a~1 .. ·>-1v+1 x>-'···x>-1v+1 (x")M-1 (~-.if") 

+~a" _x1'1 ... xAN+l (x•)M-1 (x"-a")} 
v· >-1···>.N+l . . . . 

=r2+2M r 3R+[r]1+_1_, 
M. 

where R is a real part of -\-~ at ... ,.N x>-1···xAN (x")M-1(~-~). Substituting 
r " 

(6;2) and (6.3) into R, we have: 

(6.7) R= h. RX,--•x1..<Xx.1'··X,>..N xf-1)11M Pv X 
At.-••.'AN,V. 

1) G. Julia, Jour. Math. Pures Appl. (1918). 
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Iteration of Certain Finite Transformation (Continued). 

It seems almost impossible to elliminate T in simple form in the general case; 

therefore we use reluctantly this formula itself as the formula of conditioq. 

For the origin (p"=rV, 0,,=w,+?T), since X.=O, it is evident that R=O. As in 

§ 1, we assume that, except for the origin, R < 0 for all Pv and 0 •. 

Next, as in § 1, we consider the paint P(x") on the hypersurface of the 

hypersphere which satisfies the relations as follows : 

(6.8) Pv=r,,+e:11v, 0,=wv+?T+e:e:v, 

where I 11, I, I e:,, I .S:: 1 and I e: I< o for an arbitrary small number o. For 
(p,,, 0,) of (6.8), (1.13) is valid, consequently 

(6.9) • 'l'Jv sin Wv + €v Yv cos W_v__ tan 'Tv--: 
'l'Jv COS Wi,-E:v rv Sin Wv 

Therefore 

(6.10) . R=e:2 H2+ e:3 ll3+ e:4 ll4 + · · · . 
When H2 ;::j= 0, by our assumption that R < 0 for all p,, and 0,, except for the 

origin, it must be H2 < 0 for all (,TJ,,, e:,,). Now, by means of ·(6.3) and (6.9), 

all the terms of [r1+-;,- in (6.6) are ~f the order at least 2+ if with regard 

to e:. Thus ( 6.6) is written as follows : 

d 2 •• r2+r3 e:2 { 2M H2+ [re:J~}-

Then, for any sufficiently small e:, it follows that d < r except for e:=O. 

Thus, corresponding to Theorem 1, we have 

Theorem 4. For the transformation 

we put 

{ 
,, -R" ;,nr ... ,. 

a>-t·"AN - Al"'AN. C 1 N' 

(Xv)N-I= y Xv elTv' 

where 

x. cos Tv = r,, cos Wv + Pv cos 0,, , Xv sin Tv = Yv sin Wv + Pv sin 0,, , 

and r,,, p,, > 0, ~ r~ = ~ p; = 1. For the following function 
V V 
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. ~e assume that there. exists a set of (r., rov) such that R < 0 for all (p., 8.) 

except for (pv=rv, 0,=<,)v+'11"), and that [_!12___ R (r, ro; rv+£17,, <,Ja+7r+EEv)] =l=O 
· . d£2 ,-o 

for any (17,, Ev) such that I 11v I, I Ev :::::=_1 except for 11,=£,=O. Then, in the 
space E2n of the complex numbers x"'s, there exists a small domain D passing 

through the origin such that all the Points of that domain converge to the 

origin remaining in it when T is infinitely iterate<{ on these points. The 

boundary of D is determined by the equation as follows: 

~ {(x>)N-l_a>)}{(,x>)N-l_a•}=r2, 
" 

where a"=rr, ei"',. The domain D is composed of (N-l)n sub-domains, the 

boundary of which is determined by each branch of the roots. 

When H2=O, since R < 0 for any sufficiently small e, it must be H3=O. 

When H4 =I= 0, by our assumption, it must be H4 < 0. In (6.6), 

+······' 

consequently (6.6) becomes 

Therefore, when [r]J+.1. does not contain-the terms of the order less than 4 
M 

with regard to £, as in § 1, it follows that d < r except for e =I= 0. When 
[r J3+..L contains the terms of the order less than 4, the constant relation 

M 

between d and r does not hold in general. When H4 = 0, similar reasonings 

are continually applied. 

Example. 

I . 1 
'x1=x1-c (x1)3-~2 c2 (x1)5+aL ... A, x"' .. ·x"' + · ·· , 

T: 
l 1x"'=.x""-2c (x1)2 x"'-2c2 (x1)4 x"'+a~r .. A, xA' ... xA.'+ ···, (co =I= 1) 

where c> 0. 

M=N-1=2. Put x11 =(x11 )2. Then we have: 
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Iteration of Certain Finite Trans/ ormation ( Continued). 

{ 
1.X1=X1-2C (x1)2+ (2at. .. A, X'- 1 ···X'-' x1+c3(x1)8) + ···, 

T: 
'.i"'=X"' -4cx1 X"' + ( 2a~, ... A, X'-'··· X'-' x"'+8c3(x1)6 (x"')2) + .... 

T is of the form of Ex. 2 in § 1. Therefore, adopting rv and wv such that 

wv=O and r1=1, r2=···=rn=0, it follows that 

R=-c{2+ p1 (3-pi) cos 01}, 

consequently it follows that R < 0 except for the origin. 
Next, for the neighborhood of the origin, namely for Pv and Ov given 

by (6.8)<1>, by Ex. 2 in § 1, we have: 

[ a2 R ] = -2c €I . 
d e:2 e-o 

[ d' Rl Therefore, for £1 =l= 0, _-· ~ £2 _,-o=l= 0. For £1 =0, R becomes as follows: 

R = - C e:4 1JI (3 + e:2 1']1) ' 

therefore, for 171 =l= 0, H4 =l= 0. Now, from the form of T, it is readily seen 

that, [d+..1_ in (6.6) does not contain the terms of the order less than 4 with 
M 

regard to £. Thus, by the remark after Theorem 4, it follows that 

except for 

Now, when £1=0 and 7J1=0, B1=7r and P1=l, namely the point is the origin. 
Thus we see that, in E2n of x11's, there exists a domain D with the Pro

perties of Theorem · 4, the boundary of which is determined by the equation 

as follows: 

I (x1)2-r 12+ ~Ix"' l4=r2 • 
"' 

§ 7. Condition II. 

For the transformation (6.1), putting x11=(x11 )N-1, we seek for a cylindrical 

domain of Theorem 3 in the space E2n of x11's. For this purpose, as in § 4, 

we put as follows : 

ci..V=rrv ei"'v, where O < rv ~ 1; 

1) However, as in Ex. 2 in§ 1, for p1 we put p1 =l+tz'l,-
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0 

In :xv.plane, we consider the distance dv from the center a"=rei"'v of Cv to the 
0 

transform 'xv of xv on Cv. Then, by means of (6.5), we have: 

' 
=(.x>-a>) <i~"-2i')+M{aX1-•·,\N x;\.t .. ,xAN c,xv)M-l(fv-c0) 

+ art···AN _x;l.1. '. ._xAN (_xv)M-1(,x"-av)} 

+M{aX1-.. AN+I x;\.i ••• XAN+I (xv)M-1(.fv-~) 

+art .. ·AN+l jAt ... jAN+l (x")M-l(_xV-aV)} 

+······ 
=r2+8 M r3 R,,+[r]1+_!_, 

M 

where M=N-1 and Rv is the real part of 4 ~ aX1 ... AN x;\.'••.•XAN (xv)M-1(.iv-~v). 

Then, in order that there exists a cylindrical domain of Theorem 3, it must 
be R..,, < 0. R..,, is calculated as follows: 

1 1 
R..,,= ~ Rt ... ;1,N (r"1 r,_,••r},.N )'.~i (cos 0,\, ··• cos 0,_N cos M-: 10,)r.r x 

Al,"',AN 

x co{'.Q~,--·AN+ it- {w .. 1 + · ·· +ro;1.N+(M-l) ro,,}-ro,, 

Put 

(7.3) 

then Rv is written as follows: 

(7.4) 
1 1 

R,,= ~ RX, ... ;1,N (Y;1.1 .. •r;1.N)M (cos 0,\1···cos 0;1.N cos M-10,,)M x 
At,··•,AN . 

where 

(7 5) R I -( )l+~L RV V . v- COS 0v M y .. ,v COS .Qv, .. v 

+ N cos 0v ~ R~ ... y;\, r,.,l'M (cos 0;1.)1/M cos {.Q~ ... ,,,., + _!__ (0,.,-0v)} 
A~ll M 

+ ...... 
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Iteration of Certain Finite Transformation (Continued) . 

. +······ 

We consider the general term 

Put tJi,.1 = · · · = 0i,.p =0, then Sp becomes as follows: 

Sp=R~ .. ,i,.1 ..• 1--p (ri,.1 •··ri--v)11M(cos0)P1Mcos {.Q~·-·>'--1···'--v + if 0- ft 0,}. 
We consider the case where 2P > M. Then, by the lemma in § 4, we see 
that, when R~ .. ,1,.1 .•• 1,.p =I= 0, for any 0, sufficiently near to 71"/2 or to -7r/2, there 
exists a set of (0i,.1,- • ·, 0i,.v) such that cos 0i,.1,- ··,cos 0i,.v =I= 0 and Sp>' 17 > 0 for 
a suitable small constant 17. 

Now, for 0, sufficiently near to 71"/2 or to -7r/2, from R~ <_ 0, it follows 
that h S-" ,<:::; 0. We take arbitrarily at most N of r/s and put other ri,.'s 

zero, then, as in § 4, from the preceding results on Sp, we see that Rr1 ... 1,.N=O 

for A1 =I= v,···, AN=\= v. Then R, can be written as follows: 

R.=cos 0. · R~, 

where R~ is of the analogous form as R~. Then, by the analogous reason

ings, we see that R~i._ 1 .•• 1,.N-i =O for A1 =l= v,···, A_v-1 =t=v. Repeating this procel:S, 

ultimately we see that· R~ ... ,i,.1 ••• 1--p=O (A1 =l=v,···,Ap=\=v) for any P>M/2. 
Thus we have : 

(7.6) 

where 
.o 

p 0 

R,=(cos 0v)2--M R., 

Rv=(cos 0v)P1M R~v-•> cos .Q~>···>+ ... 
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where P=[M/2JD. 
0 

Now, for 0v such that cos 0v =l= 0, from our condition, it must be Rv _:::::. 0. 
Put r,._=tM r{, where 0 < r{,:;;: 1, then, for fixed 0v, taking t sufficiently small, 
we see that RtP> ,:;;: 0 for every p < P, where 

R?>=(cos 0v)PIM R~•-•V cos .Q~•-V 

+tN(cos0v)P~l ~ R~--v1'.r~ 11M(cose,._)11Mcos{.Q~ ... v1'.+ }<e,._-ev)} 
+······ 

x COS { .Q~---V"-t··•,\p + if (0,1.1 + · · · + 0,1.p -p 0v)} . 

In RtP>, we take arbitrarily at most p of r;'s and put other r;'s zero. Taking 

0v sufficiently near to 'TT"/2 or to -7r/2, from R~P) ;:;_ 0, for any set (ruu"·, r"q) 

of r/s where q,:;;: p, it must be that 

for P < P, where (r,1.u--·, r,1.v) are permutations of (ru1,--, r"v) inclusive of mul

tiple elements. 

Next we consider the sum arl"'~L xhl.,,x,\L (xv)M-l ~v __ a"v), where L > N. 

Let the real part of this sum be 21---ft+-f:tr2--k+i1 Kv Then, putting 

and 

we have: 

1) The symbol [ J is a symbol of Gauss, namely, for positive a, [a] expresses the greatest 
integer not greater than a. 
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Iteration of Certain Finite Transformation (Continued). 

where 

(7.8) Kl.=(cos0.,)il R~ ... .,cos(o~ ... ,,+ L~N 0,,) 

+······ 

+······ 

We write the general term of the above expression as (;){cos0,,) L;J Sp. In 

Sp, we put 0,..,=-··=0/\p=0, then Sp is written as follows: 

Now we consider the case where P > L-N + P. Then 

_p_ + p-(L-N) > P+E_ > 2P+l > l 
M M M=M=' 

and evidently f, 2. P-<t-N) > 0. Therefore, by the lemma in § 4, we 

see that, when p > L-N+P and R~ .. ,,/\1 ••• >,p ::}= O, for 0,, sufficiently near to 7r/2 

or to -7r/2, there exists a set of 0,..,, ... , 0,..p such that cos 0/\11 .. ·, cos 0/\p =I= 0 

and Sp 2.,, > 0 for a suitable small constant .,,. 
Now, if we write the transformation (6.1) briefly as follows: 
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'x=x+ T"+ ···+ TL+'··· J'f, ,. 

where TL denotes the sum of the terms of L-th order, then, by making M-th 
power of both sides, we have: · · ·' 

(7.10) 'x=x+M xM-l (TN+ ... + Ti,+···) 

+(~)xM-P(TN+ ... +TL+ ···)P 

+(TN+ ... + TL+ ···)M' 

consequently, if we put 'x=x+ TN+M-i + ··· + TL+M-i+ ···, then 

(7.11) TuM-1=M xM-i TL+ ~L-1 (TN ........ TL-1), 

where '~L-1 denotes the polynomial of the argurhents with coefficients of the 
polynomials of x. Then (7.2) is written as follows: 

(7.12) d; 

={<x-a)+ TN+M-1+ ··· + tL+M-1+ ···}{<l-ii>+ Ttv+M-1+ ··· + TL+M-1+ ···} · 

=<_x-a) ~-~)+ { TN+M-1 (.f-~)+ r N+M-1 (x-a)} 
+··· 

+ { tL+M-1 (x-cf)+ TL+M-1 (x-a)+~(TL+u-2. TL+M-2. ···, TN+M-1. TN+M-1)} 

+···' 
consequently the general term is of the form as follows : 

(7.13) {M xM-l TL(f-a) +MxM-l Tdx-zn}+ {~L-1. (.;f-a)+ ~L-1. (x-a)} 

+~ (TL+M-2, TL+M-2, ···) • 

We shall prove that R~ ... ,,\1 ••• ,\p=O for ;x.1 =4= v,-··, ""A.p =J=c v when p > L-N+P, 

namely ar, .. ,\L x,\'···x,\L contains at least (N-P)-th power of x". We have seen 

already that, for L=N, this holds. We assume that this holds for L=N, 

N+l,-··,L'-1: Then, from (7.10) and (7.11), since 

M-p+p(N-P)=M+p(M-P) ~ M+(M~P)i=(M:._l)+(N-P), 

we see that, for L < L', ~~L-I (TN,···, TL-i)=xM-I+<N-P) \l3' (x), where ~' (x) is 

a polynomial of x,\. Consequently, it follows that, for L < L'-1, TL+M-1 
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=x2M-P ~"(x), where ~"(x) is a polynomial of x". Then, for L < L' - l, the 
'-;' {~·;•,· , ' . . ' ~ . 

expression (7.13) ·contains at least (2M-P)-th power of x" or x11 and, for 

L=L', the same expression becomes that of the form .as follows: 

M{ar, ... 1,.L x"'· .. x"L (x11 )M-i(3!11 -?)+a~, .. 1,.L x"; .. :_x"L (x11)M-1(x"-a")} 
+(x")2M-P ~Ill (x)+(x"?M-P ~(IV) (x), 

where ~"' (x) and ~crv; (x) are the polynomials of x" and x". Then (7.12) is 
1wtitten as follows : 

(7.14) 

+··· 

+···., 

U-I (L') U-P where K{,=(cos 0.,)L'1M S0+ L' (cos 011)-M ::E S1 + · ·· + ,p (cos 0v)li?- ::E Sp+ 

.. · + ::E Su. Then, for 011 sufficiently near to 'TT'/2 or to --7r/2, by similar 
reasonings as in ~ 4, by means of the properties of ::E Sp, we see that, for 

L=L', it must be R~---11>-, ... 1,.p=0 for X1 =\=v, -·,Xp=\=v when P>L'-N+P. 

Thus, by induction, we know the validity of our assertion. 

As in § 6, to the cylindrical domain in E2.,, there correspond (N-1)" 
cylindrical domains in E2.,. Thus, summarizing the results, we have: 

Theorem 5. Given the transformation 

T: 'x"=<p" (x)=x"+at ... 1,.N x,.'···x~N+ ···, (N?:_ 3), 

where ar, .. "N's do not all vanish. In order that, in the space E2n of x"'s, there 

exist (N-l)n cylindrical domains determined by I (x")"·-1-a" i=r for a"=rei"'v, 

such that all the points of the; boundary of each do111ain are transformed to 

the inner points of that domain except for the origin, it is neces$ary that the 

transformation T is of the f o,ym as follows: 

(T): 'x"=<p"(x)=x" +(x")N-P_ (at•-1\p x"~·--x~P+ ···), 
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where P=[ N; 1] and, that there exists a set of ro,, such that, for any set 

(r.,.,,• ··, r.,.q ), and for 0, sufficiently near to 'Tr/2 or to -7r/2, there hold 

(.Q) ~ R~---VA1··•Ap (r,., .. · r>-.p)llM (cos 0>-1 .. ·COS 0>-.p)11Mx 
A1.··•.Ap~ 

for all r>- and 0>- such that O ~ f>- S: 1 and -7r/2 S: 0 ... < 'Tr/2, where (X1, · · ·, Xp) 

are permutations of (r.,.,,···, r.,.q) inclusive of multiple elements and 

V - R" ;10" ... (1) a1,.1•··Ap - A1···llp e ,., 1,.p I 

Nelet we consider the converse of this theorem. We assume that, 
(i) T is of the form ( T) of the theorem ; 

(ii) there exists a set of "'• such that the relations (.Q) of the theorem are 
valid for any r,., 0>- and 0, and moreover, for P=P, the left-hand sides of 

(JJ) do not vanish at the same time for any r11, 011 and 0,,. 

In the .x"-plane, we take a point .x" arbitrarily on the boundary or in the 
0 

interior of C,. Then there exists a circle C,, passing through the point x•. 
For such x", from (7.12), the square of the distance from the center a"=rr. e; ... 

to the transform '.x" of x• becomes 

(7.15) 

where 

(7.16} R~= (cos 0,)PIM r,PrM R~---• cos .Q~---• 

P-1 P-1 1 + P ( cos 0,,)t,,f r. ~ ~ R~---vl\ (r,.)11M ( cos 0,.) M x ,.,.,,, 

x cos{!.?~ ... ,,>-+~ (e,.-0.)} 

+··· 
+ ~ RX,--•>,.p (r ... 1. • -r ... p)l'M (cos 0,., •. ·COS 0 ... p)l'Mx 

At,••,Ap'<'V 

1) In the following, we use this expression for at ... ,.P, 
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Iteration of Certain Finite Transformation (Continued). 

From the assumption (ii), for any r1,., 81,. and 8,, it follows that R; < O. Then 

there exists sufficiently small r0 such that, for O < r .~ r0, R~ + [r 1 M < 0. For 
such r, from (7.15), d, < r r, except for 8,='TT'/2 or -7r/2. Then, by the 
reasonings in the outset of § 1, we see that all the points of C, converge to 
the origin remaining in it when T is infinitely iterated.m Thus we have 

Theorem 6. For the transformation T of the form (T) of Theorem 5, we 

assume that there exists a set of w, such that the relations (!2) of Theorem 
5 are valid for any Y1,., 81,. and 9, and moreover, for P=P, the left-hand sides 
of (.!J) do not vanish at the same time for any r1,., 81,. and 8,. Then, in each 

,Plane, there exist N-1 domains D, such that all the points of each D, converge 

to the origin remaining in it when Tis infinitely iterated on these points. The 

boundaries of the domains D, are determined by the equations as follows: 

I (x•)N-1-a• I =r 

Chapter III. Application to the differential equations. 

§ 8. Setting of the problem. 

We consider the differential equations as follows : 

(8.1) 
dx1 dx2 dxn y=7=···---=~, 

where 

(8.2) 

In this chapter, we consider the case where all the eigen values µ,/s of II ct II 
lie on a straight line passing through the origin. When all the eigen values 

µ,/s lie in the same side with regard to the origin, all the integrals of (8.1) are 
already determined.<2> In this chapter, we consider the general case where 
some µ,/s lie in one side and some other µ,/s lie in the other side. By means 

of a suitable linear transformation of the variables x"'s, without loss of gener
ality, we may assume that II er II is of Jordan's form. We conside_r the group 

1) Of course, for our purpose, it is sufficient if we assume the weaker condition that R~ < 0 

for any r1,., 01,. and Ov. But here, confering the necessary conditions (,JJ), as a simple example, 
we have adopted the assumption (ii). 

2) M. H. Dulac, Bull. Soc. Math. France (1912). 
M. Urabe, Jour. Sci. Hiroshima Univ. (1951), pp. 39-41. 
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@ of transformations having t" (x) as the operator functions. Then the finite 

transformations of @ are given by the integrals 'x"=<p" (x, t) of the differential 

equations as follows : 

(B.3) 
d i ,, 

~x-=~" ('x). 
dt 

If we put X = t"-0-, then, by the initial condition that <p" (x, O)=x", we 
8 X" 

have: 

(8.4) 1 x"=<p" (x, t)=e1x (x")=e"v1 x" +tc"v1 x"-1 + ·· · + aXit) xx x"+ ···. 

These are parametric forms of the integrals of (8.1), which pass through the 

point x". Since <p" (x, t) is one-valued with regard tot, therefore we can study 

the properties of the integrals, investigating the mode of <p11 (x, t) for radial 

variation of t. 
We classify the eigen values µ,./s as follows : 

(8.5) (ra, r, > O) 

Put t= p e-;o and vary p, 0 being fixed. Then we see that, 

{ 
for 0 such that -7r/2<w-0<7r/2: le"a 1l>l and le"1tl<l; 

(8.6) 
for 0 such that 7T"/2 < w-G < 37r/2: I e"a1 I< 1 and I eµ, 1 t I> 1; 

and, for any e, e"z 1 = 1. 

For the eigen values of (8.5), it is known already<1> that there exist two 

invariant varieties for @ defined by the equations as follows : 

L: { xa=ga (xl)' 

xz=gz (xl). 

Here f and g are sums of the second and higher orders of the arguments . 

and they are the solutions of the equations as follows : 

j ~a (x,f) ajl =~1 (x,f)' 
a xa 

l ~a (x,f) a Jz =~z (x,f); 
axa 

1 
~1 (x, g)-a .~- =fa (x, g)' ax 

~l (x, g) .!l lf_ =tz (x, g). 
ax' . 

Here ~ (x,f) and ~ (x, g) denote the functions obtained by substituting f for 

1) M. H. Dulac, Bull. Soc. Math. France (1912). 
M. Urabe, Jour. Sci. Hiroshima Univ. (1950), pp. 195-207. 
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x1, x 2 and g for xa, xz, respectively. Then, iri each invariant variety, the 
transformation of @ is expressed respestively as follows : 

in A: 'xa=<pa(x,t)~=eP.atxa+te"a'x0 - 1 +•··+aZc(t)xbxc+ ... , 

'x'=f' ('xa), 'xz=fz ('xa); 

m L: 'x1=rp1 (x, t) == eP-zt x1 +te,,.1 t x1- 1+ ··· + a~q (t) xP xq+ •··, 

'x0 =ga('x1), 'x2 =gz('x1). 

For example, consider the transformation: 'x0 =rp0 (x, t). We take a positive 
number Po arbitrarily and put Po e-i0=t0• By suitable linear transformation 

of the variables xa, the transformation can be reduced to that of the form as 
follows: 

where o is an arbitrary positive number. We take () such that 7r/2 < ru-0 

< 37r/2, then I e,,.010 /=Xa < 1. We take o so small that Xa+ 8 < 1. If we take 

r sufficiently small, then, for I x0 I < r, there exists a positive number K such 
that 

I <Klxl2 

where Ix !=max. I x0 I. Then it follows that 

I' x0 1-S:: (Xa + O +KI X I ) IX I . 

We take I x ) so small that there exists A such that 

'Xa + 0 +KI X / < A < 1 . 

Then i 'xa I< A Ix I, consequently, when the transformation 'x0 =<pa (x, t0) is 
infinitely iterated, x 0 tend to zero. Returning to the initial variables, we have 
the same conclusion. When x0 ~ 0, evidently x1 and xz tend to zero. Thus 

we see that, in the invariant variety A, for () such that 'lr/2 < ru-0 < 37r/2, 
all the points sufficiently near to the origi,n converge to the origin when the 

'transformation is infinitely iterated, namely when t radially removes indefinitely 

from the origin in the direction determined by 0m. Similarly we see that, in 

the invariant variety L, for 0 such that -7r/2 < ru-0 < 7r/2, the same con

clusion is valid. 

Saying th~ above results in other words, we see that, in the sufficiently 

small neighborhood of the origin, there exists an integra~ curve passing 

through any point in the invariant variety A or L, which approches indefinitely 

1) For, <pv (x, klo) = rpv [rp{x, (k-1) lo}, to]. 
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the origin. The integral curves correspond to radial variation of t for 0 such 

that cos (ro-0) =½= 0. 
Thus it becomes a problem to determine the domain of x' in. the neigh

borhood of the origin such that all the points of that domain converge to 

the origin corresponding to radial variation of t for 0 such that cos (ro-0)=O. 

If such domain exists and moreover it is of 2n dimensions, then there exist 
' ' ' 

integrals of (8.1) approaching to the origin and moreover containing n arbit-

rary constants. In this chapter, making use of the results of Chapter I and 

II, we study this problem. 

§ 9. Conditions for the domains. 

In this paragraph, we seek for the domains discussed in the preceding 

chapters such that the integrals of (8.1) passing through any point of these 

domains approach indefinitely the origin corresponding to the radial variation 

of t for 0 such that cos (ro -0)=0. 

We assume that cos(w-0)=O. Then it follows that µ,t=±ipr,. In 
this case, by attaching the sign to r,, without loss of generality, we may 

assume that 

(9.1) 

We assume that r1, r2, .. , rn are mutually commensurable. Then there 

exists a positive number Po such that PJ r,=27T p, where p, are integers. Put 

t0= PJ e-i9, where 0 = w +-'!!.._ (mod 7T) by our assumption. Then evidently 
. 2 

e1•f£v=1, consequently, for this value of t, the transformation of (~ becomes 

(9.2) 
2 . 

'x'=rn'(x to)=x'+t x•- 1 +~x•-2+•··+a' (t)x/o.x"'+ .... r , 0 2 ! /o.µ 0 

From the properties of rp' (x, t). the radial variation of t corresponds to the 

iteration of the above transformation. Consequently the problem is to seek 

for the domains, of which all the points converge to the origin by infinite 

iteration of the transformation. The transformation of (9.2) is transformed 

to the transformation of type A2 by suitable linear transformation of the 

variables x"s, when the linear terms t0 x•-1, }ff_ x0 - 2.- · · exist. By §§ 3 and 5, 
2! . 

for the transformation of type A2, there exists neither a hypersphere nor a 

cylindrical domain of the desired property. Thus we have 
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Theorem 7. When the Jordan's form of II cX Ii is not of diagonal form, 

there exists neither a hypersphere nor a cylindrical domain such that the 

integrals Passing through any point• of these domains approach indefinitely 

the origin by radial removing oft from the origin in the direction of 8 such 

that cos (Q) -8). 

Thus, in the following, we consider the transformation of the form as 
follows: 

(9.3) T: 'x"=x" + at. (t0)xA x"' + · · · . 
In this case, it must be cX=µ. sr m (not summed by v), namely 

(9.4) E-"=µv X"+CX,,_XA X"'+ ... • (not summed by v) 

Now, in our case, by means of t=p e-i9, the differential equations (8.3) are 
transformed to the equations as follows: 

d , ,, 
(9.5) d: =ci9 H'x). 

In the following, we write e-i9 ~,, (x) as ~,, (x) for brevity. Then, from (9.1) 
and (9.4), it follows that 

· (9.6) ~"(x)=ir.x"+cX,,.xAx"'+···, (not summed by v) 

and the differential equations (9.5) are written as follows : 

(9.7) 
d , ,, d: =~" ('x) ... 

Then we have the group @ of transformations with the real parameter p, 

and the transformations of @ are written as follows : 

(9.8) T(p): .'x"=<p"(x,p)=eirvPx"+aX,,.(p)xAx"'+···, 

and moreover T(p0) becomes T of (9.3). Substituting (9.8) into· (9.7) and 
comparing the coefficients of the products of x"'s, we have : 

d aX,1,.,1,.9 - • r a" + V [ iPr 0:,/J,1 ,,.. + iPr /J,1 0:,/J,O ] d p--i V A1A,Aa c,,.1/J,2 e /J,l O(At aA,Aa) e ,,.. a(AtA• 0Aa) 

+ cX1A2Aa eiP Cr1,., +r1,., +rAa> ' 

1) ar is J{ronecker's delta. 
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d a~, .. ·AN 

(9.9) dp 
... + e'iPr,,_. a"' ,;-µ.2 J " O,, ... AN-1 Di-N) 

+ V "'C"l /Ll µ.2 a"' c,,.1,,.,,,., L..J a<A, ... a ..... ... Ap> 

+······ 

(not summed by v and x) 

By these equations, aX,A, (p ), a~,A,A, (p ), .. · are successively determined, making 
use o( the initial conditions that al1A2 (O) = ar,~2Aa (0) = ... =0. From the first, 
we have: 

Consequently we have : 

(9.10) 
~ for r, "F r,, + r,,, 

l for rv = r/,.1 + YA, 1 

Therefore it follows that 

(9.11) { 
for 

for 

Substituting (9.10) into the second of (9.9) and again substituting the obtained 
results into the third, and so on, we easily get : 

(i) when any one of the relations r,=r/,.1+r/,.., ... , rv=rA,+ .. '+r),,N does not 

hold, 

ar,A: (p); ... , at ... ),,;, (p) are respectively of the forms 

(ii) when any one of the relations rv=r/,.1 +r1,.., ... , rv=rA, + ... +r),,N-r does not 

hold and r,=r/,.1+···+r/,.N holds, a~1 .. J,,N(p) is of the form as fo11ows: 

where 

----·--- ---···--

1) The term. having indices ),1, ).2, .. , ).N enclosed by round brackets expresses the mean of all 
the terms having indices of permutations of ).1. ).z,··, ).N. 

2) L [··· J denotes a linear combination of the arguments with constant coefficients. 
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Consequently, when "~,--1'N=0 for any v and i\.1,···, i\N, at.-1-.N(p) is of the form 

L[eirvP, .. , eip(r>-,+···+r,\N)], consequently at .. >-N (p0)=aX1 ... 1-.N (0) = 0, na~ely T(pt}) 

becomes an identity. In this case, the group @ is majorized.m When 

KX1-·>-N =½= 0, a~,--·>-u (pJ)= "~,-- 1-.N PJ =l= 0. 

In the case (ii), it is easily seen that, whether "Xi••·>-N=0 or not, for 

L > N, aK, .. ,.L (p) is of the form as follows: 

where L' [ · · J is a linear combination of the arguments with the coefficients 
. ' • r. .. • •' 

which are polynomials of p. Consequently, in general aX, .. ,.L (p0) =p 0. Now, 

by our assumption, r11 ···, rn are all mutually commensurable and moreover 
some are positive and some are negative, _therefore the relations of the form 

r,=r>-, + · · · + r>-N arise certainly infinite times. Thus, the necessary and 

sufficient condition that T(pJ) becomes an identity, namely, @ is majorized, 

is that "K, .. ,.N=0 for v and i\1,···, i\N such that rv=r>-, + ··· +r,\N. When ()5 is 

majorized, the integral curves are completely determined.<2> Thus we exclude 

this case, consequently, for certain v and i\.1, .. ·, i\ N' "X,--·>-N=F 0, therefore there 

exists non-vanishing aX,--,.u (p0). Then,· the discrimination whether the desired 

domains~specially hyperspheres or cylindrical domains-exist or not, is got by 
applying the results of the preceding chapters tn at, -->-N (p,i) determined in the 

above way. 

§ 10. Examples. 

In this paragraph, we . give two simple examples, where the desired 
domains exist. 

Example _ 1. One of the eigen values µ,1 is zero and ct,.., ct,,.,>-, are as 
follows: 

(i) c~1>-2's are all zero except for_ cf,; 

(ii) c~1>-,1-..'s are all zero except for cYrv. 

Since r1=0, it is valid that r,=r1+r, for any -v. Thus, by (~.10), 
for a~1,.2 (p), we have: 

1) M. Urabe, APPlir;ation of Majorized Group of Transformations to 1Functi_onal Equations, 
this journal,_ 16 (1952), pp. 267-283. 

2) M. Urabe, do, 
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(10.1) atv (p)=crv p eirvP and other ar,;1.. (p)'s vanish. 

The second of (9.9) is written as follows : 

for v=l: 

(10.2) 
for V =F 1: 

In the first of (10.2), if at least one of (Xi, X2, X3) is not 1, then the right• 

hand side vanishes, consequently, for such (X1, X2, X3), aL._2;1., (p)=0. If X1=X2 

=X3=1, then it follows that 

da1u 2 ( 1 )2 + 1 -. --= en P cm , 
dp 

consequently we have 

(10.3) 

We consider the second of (10.2). When at least one of (X1, X2, X3} is neither 
dav 

1 nor v, we have ;·;•X• irv ar, ...... , consequently a~, ...... (p)=0. When the set 

(Xi, X2, X3) is one of (1, 1, 1), (1, v, v) and (v, v, v ), we have the same equation 

for at ... 1... (p), consequently aX,1- 21.., (p)=0. When (Xi, X2, X3) is (1, 1, v), we have: 

dar, v __ ,·r· a" + -2_ CV [2a" + al eirvP] + CV eiPrv d p - v llv 3 Iv Iv 11 nv 

_ • v + 2 v [2 v + 1] ir P+ v iPr -tr,, a11,, 3 C1v c,,, Cu p e ll Cnv e ll, 

consequently it follows that 

(10.4) 

We determine du and ctiv so that 

(10.5) (ch)2 Po+clu=0, + er,, (2cr,, + ch) Po+ Cftv = 0 . 

Then, from (10.3) and (10.4), it follows that 

alu (pJ)=at,,, (pJ)=0. 

Thus, we see that ar,;.,;.3 (pa)=O for any V and X1, X2, X3. Then, when ch=cr2= 
.. ·=cfn=c is real and not zero, we see that, T(pa) of (9.8) becomes the trans-
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formation of Example 2 in § 1, for Po> 0 when c < 0 and for Pu< 0 when 
c > 0. Thus we see that, when cfiv satisfy (10.5), there exists the desired 
hypersphere. 

Example 2. ~v = (x>)2 [ c> + c~ x>- + · · · ], where c> ;:/:=: 0. 

In this case, all the eigen values are zero, and the necessary properties 
for our purpose are obtained by the following way rather than by means of 

(9.9). The functions <pv (x, p) of (9.8) are formally determined by <pv (x, p) 

=ePX (x>) where X = t/J,_a__ Then it follows that 
ax/J, 

X(x>)=t>=(x>)2[c>+c~x>-+ ···]. 

We assume that X P (x>) contains the factor (x>)2 for positive integer p. Put 
XP (x>)=(x>)2 t> (x), then 

xp+l (x>)=X[(x>)2 t> (x)]=tv 2x" t> + (x>)2 X t> 

=(x>)2 [2x> (c> + c~ x>-+ · · ·) t> + X t>J. 

Consequently XP+I (x>) also contains the factor (x>)2. Thus we see that 
<p>(x,p)-x" contains the factor (x>)2. From (9.11), we see, that a~v.(p0)=c>p0 

and other a~1.,_2 (p0) vanish. Then T (p0) of (9.8) becomes the transformatio11 

of the form in Theorem 3. From c" =t 0, a~v (p0) =t 0. Thus, by Theorem 3, 
we see that there exists the desired cylindrical domain. 

§ 11. Integral curves in the case where 
the desired domains exist. 

In §§ 9 and 10, we have considered the iteration of T (p0) corresponding 

to the radial variation of t in the direction of t0• In this paragraph, when 
there exists the domain considered in the preceding paragraphs-namely the 
domains, of which all the points converge to the origin remaining in it when 
T(p0) is infinitely iterated on these points-, we investigate the properties of 

the integral curves corresponding to the radial variation of t. 
The integral curve passing through the point x> is determined by (9.8). 

The functions <pv (x, p) of (9.8) are also expressed as 

(11.1) <pv (x, p)=ePX (x>), where X = ~ /x/J, . 

We take the functions gv such that sv » t>, and put B,,._a - == X'. Then 
ax/J, 
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it is evident ,that, when F» f, X' F » Xf. Consequently X'P (xv)» XP (xv). 
Therefore, for positive p, pP X'P (xv)» pP XP (xv). Put 

ePX' (xv)= </)v (x, p) =A~ (p) x,\ + At,,\. (p) x,\ 1 x,\• + · · · , 

then we have : 

Now A~1,\2 (p ), · · ·, Ar, ... ;1.N (p ), · · · are the power series with positive coefficients 

with regard to p, consequently, for p such that Os.. p < Po, we have: 

Thus we see that, for p such that O ~ p ~ PJ, 

(11.2) I a~,>.., (p) I < AXi>..2 (po),···, I a~1-·>..N (p) I < A~, ... ,,N (po),··· . 

Now, taking o0 sufficiently small, for Ix I.< o0, there exists a positive number 
K such that 

where Ix !=max. I xv I. Consequently, from (11.2), for Ix I .:S:: o0, it follows that 

Then, for p such that O < p ~ p0, we have : 

(11.3) I 'xv I ~ I xv I+ KI X 12 s:: I X I (1 +KI X I) . 

We take o such that o < min. (1/K, o0), then, for xv such that Ix I< o/2, 
from (11.3), we have: 

(11.4) I 'xv I< o. 

Then, in the space E 2n of xv's, we consider the hypersphere V, of which the 

center is the origin and the radius is o. When there exists the domain ex
plained in the outset of this paragraph-specially the domain of the preceding 

chapters-, by the reasonings in these chapters, we see that it can be made 
so small as we desire. We take such a domain which lies in the interior of 

the hypersphere V' with radius o/2 and having the origin as the center. Let 
this domain be D. Then, from (11.4), when xv e D, 'xv e V, namely the integral 
curve C passing through the point xv, lies in V for p such that O s.. p :;:;:; p0• 

Now, from the properties of D,, T(pJ) xv=xv e D. Then, for p such that 
1 
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Po ;;;;,, p :::;, 2p0, T (p) xv= T (u + p0) xv= T ( u) xv and O ~ u :::;_ Po,. Consequently, 
1 

again from (11.4), we see that T (p) xv e V. Repeating this process, we see 
that, for any p, T(p) x" e V. Thus, we have 

Theorem 8. When there exists a domain D of the Preceding chapters, of 
which all the Points converge to the origin remaining in it when T (p0) is 
infinitely iterated on these poin_ts, the integral curve Passing through any 
Point of D approches indefinitely the origin remaining in the certain neigh
borhood of the origin. 

Department of Mathematics, 
Faculty of Science, Hiroshima University. 
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