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§ I. Introduction 

Let R be a linear normed space and F be a complete subset of R. Let T be a 

functional defined on F such that T(F) CR. We assume that T is Lipschitz bounded, 

namely that there exists a positive constant K such that 

for any Jr, / 2 E F. 

In F, let us consider the equation 

(1.1) x = Tx. 

\Ve assume that 

(i) 

(ii) 

(iii) 

K< I; 
for a selected Xo E F, Xr = Txo belongs to F; 

K 
the sphere S{h: llh - xi//< f-K/!xi - xo/l} is contained in F. 

L. Collatz 1> has shown that the iteration x,.+ 1 = Tx,. (n = 0, I, 2, •··) can be 

continued idefinitely and the sequence {x,.} converges to a certain limit x which 

gives a unique solution of (I.I) in F. But, when x is a numerical quantity, there 

arises an error in computation of Tx, consequently, in numerical iteration, the 

obtained sequence is not the sequence {x,.} determined by Xn+I = Tx,., but the 

numerical sequence {x;} determined by x!+r = T* x';;, where T* is a certain 

approximate functional of T. Then, as is shown in this paper, the numerical sequence 

{ x!} . does not necessarily converge contrary to convergence of the true sequence. { x,.}. Then, 

in order to seek for the solution of ( 1. 1 ), at what step the iteration process slwuld be 

stopped? When the iteration process is stopped at the favorable step in this sense, with lww 

I) L. Collatz, Einige Anwendungen funktionalanalytischer Methoden in der praktischen Analysis, Z. 
Angew. Math. Phys., 4, 327-357 (1953). 
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much error is the obtained approximate solution attended? In this paper, we discuss on 

these problems. 

On these problems, Sibagaki 1> has studied the case where R is a real line. He 

has said that the numerical sequence {x;} is in the state of numerical convergence when the 

iteration process reaches the step at which x!+1 = x; occurs. He has shown 

that, when the numerical sequence {x!} reaches the state of numerical convergence 

by sufficiently accurate computation and rounding thereafter, the approximate 

solution is obtained from that state of numerical convergence, and he has given 

the bound of the error of that approximate solution. But his discussions are 

confined to so simple and favorable cases that they are not sufficient for practical 

application. 

In this paper, m order to obtain the theory applicable to almost all practical 

cases, in general form, we study the problems proposed above for general R. 

First, we investigate the behavior of the numerical sequence {x!} and define 

anew the state of numerical convergence. When R is an Euclidean space, the state of 

numerical convergence in new sense becomes an oscillating state where x!+m = x; 

for a certain fixed positive integer m. For general R, it is shown that the 

numerical sequence {x;} always reaches the state of numerical convergence in new 

sense after finite times of repetition of iteration. If the sequence {x!} reaches the 

state of numerical convergence m Sibagaki's sense, it evidently converges actually, 

but, as is remarked just now, m general, the sequence {x!} does not necessarily 

converge although it reaches the state of numerical convergence in new sense. 

Next we determine the approximate solution from this state of numerical con

vergence and seek for the bound of error of the approximate solution thus deter

mined. 

Lastly we show that, specially when R is a real line, the state of numerical 

convergence becomes an oscillation where x! takes only two values at most, provided 

that the computation is carried on sufficiently minutely and accurately. 

§ 2. The behavior of numerical sequence 

Let the composite error committed in computing Tx be 'Y/· 'Y/ 1s a sum of 

the truncation error and the. rounding errors. Let the bound of 'Y/ be E, namely 

I} W. Sibagaki, On the idea of "numerical convergence" and its some applications. Mero. Fae. Sci. 
KyusM Univ., Ser. A, 5, 89--97 (1950). 



suppose that 

(2. 1) 

Put 

(2.2) 
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lh II ::;;. s. 

o = c/(1 - K). 

We consider the sphere }.;{h: llh-xfll< 1 iKl!x'l'-xoll +o}. Since llxf-xrl/ = 

lhll<c, for any point hES, it holds that 

II h - x! II :5:. II h - X1 II + if X1 - x'l' II 
K < -C--K II X1 - Xo II + c 

< 1i/([/ix1 - xf II+ llx! - xollJ + c 

:5:. ~1 ~K II xf - Xo II + o, 

consequenty SC}.;. We assume that the a-neighborhood U of }.; is contained in F. Then 

evidently the o-neighborhood of S is contained in UCF. 

If xf, x!, · · ·, x';;. belong to U, it is valid that 

x! = T* Xo = T Xo + 'l]r, 

x! = T*xf = Tx! + 172, 
(2.3) 

x'::.+1 = T*x';;. = Tx';;. + 1/m+I, 

where 

(n = 1, 2, · · ·, m + 1). 

Since XnES (n= I, 2, ···) by Collatz 1>, it is valid that 

(2.4) Xn+'I = Tx,. (n = 0, 1, 2, ···). 

Due to Lipschitz boundedness of T, from (2.3) and (2.4), it follows successively 

that 

(2.5) llx! - x,.II ~ K llx!-1 - Xn-I II + c < c (I + K + ··· + K"- 1) 

I) L. Collatz, ibid. 

?) xri'=xo. 

< o 2l (n = 1, 2, · · ·, m + 1) . 
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Then, since Xm+1 ES, it follows that x!+i EU. Thus, by induction, it is seen that 

the nu1P.erical iteration 

(2.6) x:+1 = T* x":, = T x":, + ?Jn+l (n = 0, I, 2, · · ·) 

can also be continued indefinitely and all x!'s (n = I, 2, ···) belong to U(F. 

(2. 7) 

Likewise as (2.5) is deduced, from (2.6) follows 

.:s;: Kn II x! - Xo II+ 2c (1 +K + ... + Kn-l) 

< Kn llx! - xolJ + 2o. 

Consequently we have 

from which it is evident that the numerical sequence {x;} does not necessarily 

converge contrary to convergence of the true sequence {xn}. 

From (2.7), it follows that 

Jlx;-x!-1ll-[[x!+1-x::'li 2 [lx;-x!-1/[-Kllx;-x;_11[-2E 

= (1 -K) ( [Ix! - x!-1 II - 28). 

Consequently, so long as [[x; - x:!'-111 > 2o, the quantity llx;+ 1 - x;[I decreases 

monotonely. Also, from (2.7), if we take a positive number N so that 

(2.8) K N II * I'< 2 II X1 - Xo j , e 

where e is an arbitrary positive number, then, for n 2 N, it holds that 

(2.9) 

where D1 = o + c. In other words, when we continue the iteration process starting from x0 , 

after certain finite times of repetition, (2.9) lwlds always. 

(3.1) 

§ 3. The state of numerical convergence 

1 ° The case where U is totally bounded. In this case, it is $hown that the relation 

* - * Xn+m - Xn 

surely occurs for certain n2 N and m > 0. For, if not so, the points x;'s (n = 
N, N + I, · · ·) are all distinct. Then, from the totally boundedness of U, there 

exists a subsequence {x:!'m} forming a Cauchy sequence, namely a subsequence 
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such that, for any small positive number t, there holds the relation 

(3.2) 

for p, q > G G being a sufficiently large positive number. Since x;'s are the 

numerical quantities, if ~ is chosen sufficiently small, then, from (3.2), x;'~ must 

coincide with xfq. This contradicts the initial assumption. Thus we see that the 

relation (3.1) surely occurs. 

The relaion (3.1) shows that the iteration returns to the state of x; after 

m-times of repetition thereafter, consequently it holds that 

(3.3) x!+m+i = x!+i, (i = 0, I, 2, ·· ·, m - I) 

namely the sequence {x;} oscillates taking m values. We call this state of oscil

lation of the sequence {x;} th£ state of numerical convergence. When m = I, this state 

of numerical convergence coincides with that of Sibagaki. 

Since Jim Xn = x is a true solution of (I.I), from (2.5), it 1s evident that, 

when the numerical iteration IS used for solution of (I.I), the most accurate values 

are offered by those of x; in the state of numerical conervgence. Let us find 

the bound of errors of x; in _the state of numerical convergence. From (3.3), in 

the state of numerical convergence, it holds evidently that 

x!+mi == x! (i = 1, 2, ... ). 

Then, from (2.5) follows 

11 x; 11 
- II * - Xn+mi ir - Xn+rni - Xn+m; II < O, 

consequently, letting i- oo, we see that 

(3.4) r: x; - xii < o, 
namely the bound of error of any x; in the state of numerical convergence 1s 

given by o. 
When R is an Euclidean space, since U is bounded, U becomes totally bounded, 

consequently the above results are valid.' The case where the algebraic or tran

scendetal equations are solved by the method of iteration falls under this case. 

Example. 

Adopting -0.444+0.770 i as the approximate value of -}~2,r;;3 and rounding off all numbers 
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to three decimal places, let us compute the root of the above equation. If we take 0.010 as z0, then 

the results of computation are as follows: 

- --------

n z* n n z* n n 
I 

z;f 
- --------

0 0.010 9 0.002 18 0. 001-0. 002 i 

-0. 004+0. 008 i IO -o. 001 +o. 002 i 19 0.002+0.002 i 

2 -0. 004-0. 007 i II -0. 002-0. 002 i 20 -0.003 +0.001 i 

3 0.007 12 0.003-0.001 i 21 -0. 002 i 

4 -0. 003 +0. 005 i 13 +o. 002 i 22 0.002+0.00I i 

5 -0. 003-0. 004 i 14 -0.002-0.001 i 23 -0. 002 +0. 002 i 

6 0.004 15 o. 002-0. 002 i - 0. 001 - 0. 003 i 

7 -0.002+0.003 i 16 0.001+0.003 i 

8 - 0. 001 - 0. 003 i 17 -0.002 
-------------

Thus zfs in the state of numerical convergence are zt, zt. •··, zf3• In this example, s=✓2 x 10-3 

and K=8/9, consequently li=9✓z x 10-3• The maximum of errors of zf, zi, •··, zf3 is ✓fox 10-3 

=3.2 x 10-3, which is evidently less than Ii. 

This example is equivalent to solving the real simultaneous equations 

assuming that the norm of the vector (x,y) is ✓xi+y2. 

2° The case where the relation (3.1) occurs. In this case, the same conclusion as 

m the case I O holds and the sequence {x!} oscillates taking m values. 

When the functional equation (I.I) is to be solved in the set F'( CF) consist

ing of the certain definite interpolation formulas - for example, polynomials of 

the definite degree or Fourier series consisting of only a definite finite number of 

terms -, U' = U nF' becomes totally bounded because U' CU is bounded. In 

such a case, since x! EU', the same discussions as in the case 1 ° prevail and we 

see that the relation (3.1) surely occurs for a certain n and m > 0. Thus such a 

case falls under the present case. 

3° The case where the relation (3.1) never occurs for any n and m > 0. In this case, 

from the discussion in the case I 0 , it is evident that the sequence {x!} cannot 

oscillate nor converge, in other words the sequence {x!} diverges - contrary to 

the convergence of the true sequence {xn}, Then, can we determine the solution 

from this divergent sequence? 
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Subtracting x = Tx from (2.6), we have: 

llx!+1 - xii S:.K /Ix! - xii + c. 

Putting n = N, N + I, ···, N + m - I, from the above formula, we have: 

II Xfe+m - X lj < K II Xfe+m-1 - X II + C 

,;:;;;;: K 2 /I Xfe+m-2 - X I/ + C (I + K) 

< Km II Xfe - X /j + C (I + K + · · · + Km-l) 

;;,;; K"' llx%+m -x%ll + Kml/Xfe+m-xll + C. \-=._1f. 
Consequently it follows that 

(3.5) 
Km 

II xX+m - X II ,;:;;;;: 1 _ K'" IJ Xfe+m - Xfe Jj + O. 

Put 

then 

This expresses that o is the least value of the bounds of errors for all m, in other 

words, the approximate solution corresponding to Em= o is best of the approximate 

solutions obtained by the method of iteration. J'his is also seen from (2.5) because 

limxn;,,,x. 

Now, in the present case, jjx%+m - x%11 = 0 never occurs, consequently Em can 

not become o. But, if we take m sufficiently large, we can make Em - o as small 

as we desire. For, from (2.9) follows 

and mK"'-O as m- =. Then, for any preassigned small positive number e, we 

can determine M such that, for m 2 M, Em < e + o = 01, namely we can determine 
' the solution within the error 01 = o + e taking any one of Xfe+m's (m=M, M+ I,···) 

as the solution. 

Thus we see that, although the sequence {x!} diverges, all Xfe+m's (m=M, M+ 1,-··) 
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lies in the Di-neighborhood of the true solution and that, for determination of the 

solution within the error 01 , it is only necessary to compute x; till x%+M and 

the further computation of x! is unnecessary. From this feature, we call the state 

of the sequence {x!} after XR+M also the state of numerical convergence within the error 

01. 

Summarizing the above three cases, we have the conclusion: 

The numerical iteration process necessarily attains the state of numerical convergence after finite 

times of repetition of the process. The approximate solutions are offered by any of x!' s in the 

state of numerical convergence. The bound of errors of these approximate solutions is o = c/( I - K) 

or 81 = o + e according as the sequence {x;} oscillates or diverges, where e is any preassigned 

small positive number. 

§ 4. The case where R is a real line 

In the present case, the equation (I.I) is written as 

( 4. I) X = <p (x). 

Here we assume that rp(x) IS continuous with its derivative of the first order in 

the closed interval F. By §3, x; in the state of numerical convergence lies m 

the interval /: [x - xj.:S:o where xEF is a root of (4.1). On computation, we 

assume that the computation of rp (x) IS carried on so accurately that the bound 

c of the error of the obtained value may be equal to that of rounding errors. 

Then, if the computation is carried on so minutely that c may be sufficiently 

small, then the state of numerical convergence becomes an oscillation where x; 
takes only two values at most. In the sequel, we shall prove this. 

Let a and b be the rounded numbers nearest to x in such a way that a.:S: 

x<b. 

I 0 The case where rp'(x) = 0. Since rp'(x) is continuous, there exists a closed 

neighborhood F' of x such that I <p' (x) I < 1/2 in F'. If the computation is carried 

on so minutely that c may be small and the interval I[x -f!i_K, x + l!KJ 

may be contained in F', then x; in the state of numerical convergence lies in F'. 

In F', we may suppose that K < 1/2, consequently, from (3.4) follows 
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From this, it must be that x! = a or b, namely the state of numnical, convergence be

comes an oscillation where x! takes only two val,ues at most. 

2° The case where <p'(x) > 0. Since <p'(x) is continuous, there exists a closed 

neighborhood F' of x such that <p' (x) > 0 in F'. If the computation is carried on 

so minutely that c may be small and the interval I[x - l ~ K' x + l ~ K] may 

be contained in F', then x! in the state of numerical convergence lies in F'. 

Now, from mean value theorem follows 

<p (x!) - x = <p1 (g) (x! - x) 

where g E F'. Also it is evident that 

I <p (x!) - x I ~KI x! - x I < Ix! - x I. 

Consequently <p(x!) lies between x! and x. Then it must be that 

(4.2) 

according as x! S.a or x! z b. 

Let us consider the case where x! ~a. If x!+1 = x!, then the sequence {x!} 
converges. Otherwise x! < x!+ 1 ~b. Then, repeating this process, we see that the 

sequence {x!} converges or certain x! becomes b after finite times of repetition. 

Now certain x! can become b only when a+ c < x~b. Then, since x<<p(b)<b, 

the rounded number of <p(b) must be b, consequently the sequence {x!} must 

converge to b. Thus it is seen that the sequence {x!} always converges. Then, 

since initial x! S.a is assumed to be in the state of numerical convergence, the 

limiting value of the convergent sequence {x!} must be x! S.a itself, consequently 

it never happens that certain x! becomes b. 

The case where x!zb is treated in the same way and the same conclusion 

is deduced. 

Thus we see that, in the present case, the numnical, sequence {x!} al,ways con

verges. 

3° The case where <p' (x) < 0. As in the case 2°, if the computation is carried 

on sufficiently minutely, we may suppose that <p'(x)<0 in the interval /[x- 1 ~K' 

. X + C~KJ. 

Suppose that x! 1s m the state of numerical convergence. Let us consider 
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the case where x! ~a.· From mean value theorem follows 

<p (x!) - x = <p' (~) (x! - x) 

where <p'(~) < 0. Consequently cp(x;)~x. Then, since 

/ cp (x;) - x / :S: K / x; - x / < [ x; - x [, 

. it is valid that 

( 4.3) 

Put 

and 

then, from ( 4.3) follows 

77=b-x>0 

a - x; = 2Nc, 

<p (x;) - b < x - x; - IJ = 2 (N +-1) £ - 2 77. 

Consequently we have: 

(i) when 7J < c/2, 

(ii) when c/2 < 77:S:c, 

(iii) 

(iv) 

3 
when c < 7J <- 2-c, 

3 when - 2 c < 77_< 2c, 

b <x!+1:S:b + 2(N + l)c; 

b<x!+r <b + 2Nc; 

a<x!+1<b+2Nc; 

a:S:x!+1 <b + 2(N - l)c. 

When x!"2 b, the analogous results are obtained. Consequently, when x;:S:a; 

repeating the above process, we see that, 

1 
in the case (i), (ii) and (iii), x! < x!+2 < b; 

( 4.4) 
m the case (iv), x;_<x!+2 <a. 

If x!+2 = x;, then the sequence {x;} oscillates taking at most two values. Other

wise x;!'<x!+2 <b. Consequently, after finite times of repetition of iteration, ·the 

sequence {x;} oscillates taking at most two values or certain x; becomes b. 

In the same way, it is shown that, when x; 2 b, the sequence {x;} oscillates taking 

at most two values or certain x; becomes a. 

Let us consider the case where certain x; becomes a. 

In the case (i), cp* (a)= b 1> or b + 28. If <p* (a) = b, then, since cp* (b) = b, 

the sequence {x;} must converge to b. Now, since x; = a is assumed to be in 

I) <p*=T*, namely <p*(x!)=x!+1 
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the state of numerical convergence, the limiting value of the convergent sequence . . 

{x;} must be a. This is a contradiction. Thus it must be that <p*(a) = b + 28. 

Now <p* (b + 28) = a or b. But, if <p* (b + 2 8) = b, then, since <p* (b) = b, the 

sequence {x;} must con verge to b. This is a contradiction as is pointed out just 

now. Therefore it must be that <p*(b + 28) = a. Thus we see that the sequence {x;} 

oscillates taking two values a and b + 2 8. 

In the case (ii), <p*(a)=b and <p*(b)=b or a. But, if <p*(b)=b, the sequence 

{x!} must converge to b. This is a contradiction as is pointed out in the above. 

Thus it must be that <p*(a) = b and <p*(b) = a. This expresses that the sequence 

{x;} oscillates taking two values a and b. 

In the case (iii), <p*(a)=a orb. When <p*(a)=a, the sequence {x;} converges. 

When <p*(a)=b, since <p*(b)=a, the sequence {x;} oscillates taking two values a and b. 

In the case (iv), <p*(a) = a, consequently the sequence {x;} converges. 

Thus, when certain x; becomes a, the sequence {x;} oscillates taking at most two values. 

Likewise, when certain {x;} becomes b, the sequence {x;} oscillates taking at most two values. 

Thus, in all cases, it is seen that the sequence {x;} oscillates taking at most two values. 

Summarizing the above three cases, we have the conclusion: 

When the computation is carried on so minutely that the bound 8 of errors may be sufficiently 

small and <p (x) is computed so accurately that the error may not exceed 8, after finite times of 

repetition of iteration, the numerical sequence {x;} necessarily attains the state of numerical 

convergence where x; takes at most two values. 

Department of Mathematics, 

Faculty of Science, 

Hiroshima University. 
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