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I. Introduction. In the previous paper 1l, by means of majorized group of 

transformations, we have proved the following two theorems: 

Theorem I 2J. Given an analytic transfr,rmation 

T: x/ = cp; (x) = X-; X; + [x]z, 

where i ,\,; / = 1 and [x] 2 denotes a sum of the terms of the second and higher orders with respect 

to x j· Then there exists a set of analytic functions J;(x) of the form 

(*) f; (x) = X; + [x]2 

satisfying the relation 

(**) 

if either of the following two conditions is fulfilled: 

a set of {Tk} (k = 0, ± I, ± 2, · · ·) is majorized, namely there exists a set of analytic 

functions (/);(x) such that <p; (x, k) <(__ (/); (x), where <p; (x, k) are the functions such that 

x/ = <p; (x, k) represents a transformation yk; 

2° the arguments of X-;' s are all commensurable with 27l' and there exist formal series 

f; (x) of the form (*) satisfyi,ng the relation (**) formally. 

A set of functions f;(x, meeting the requirement is given by 

. 1 n -; I 
f (x) = hm --- h -pep, (x, p). 

n-xi 7l p=O ;\.i 

In the case 2°, the above functions can be written in the finite form as follows : 

I) M. Urabe, Application of majorized group of transformations to fuoctional equations. J. Sci. Hiro

shima Univ., Ser. A, 16, 267-283 (1952). In the sequel, we denote this paper by [PJ. 
2) [PJ, p. 271 and p. 273. 
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where q is a positive integer such that Aiq = l. 

Theorem 2 3l. Given a system of differential equations 

dxi [ J dt- = X, (x) = Aixi + x 2, 

where ffi (:\,.) = 0. Then there exists an analytic transformation 

(*) y, = f, (x) = x; + [x]2 

by which the initial system zs reduced to the system 

(**) dy, -dt .. - A; y,, 

if either of the following two conditions is Jitlfilled: 

1 ° The solution cp, (x, t) such that cp, (x, 0) = x; is majorized with respect to x j, namely 

there exists a set of analytic junctions (/);(x) such that cp;(x,t)«:._{f);(x); 

2° ;\/ s are all mutually commensurable . and there exists a formal transformation of the 

form (*) by which the initial system is reduced to the system (**). 

A S£t of junctions f (x) meeting the requirement is given by 

f; (x) = lim _I In e-~;7 rpi (x, T) dT. 
n~oo n Jo 

In the case 2°, ihe abou jimctions can be written in the finite form as follou's : 

where o:, is a positive number such that A;W are all integral multiples of 2ni. 

Afterwards, in 1954, making use of formal transformations, Y. Sibuya 4l has 

given another proof to Theorem 2 just mentioned and, besides, he has shown that 

the analogous results are valid also for a system of differential equations with 

periodic coefficients. His results are as follows: 

Theorem 3. Given a system of difjerential equations 

(1.1) dx• ( 
dt'-- = X; x, t) (i = I, 2, ···, n), 

where Xi (x, t) fulfill the conditions : 

3) [P], p. 278 and p. 281. 
4) Y. Sibuya, Sur un systeme des equations differentiPlles ordinaires non lineaims a roPjficients rorzstants 

ou periodiqnes. J. Fae. Sci. Univ. Tokyo, Sec. I, 7, 19-32 (1954). 
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(i) X;(x, t) are analytic with respect to x j at x j = 0 ; 

(ii) X; (x, t) are continuous with respect to t for - co < t < co ; 

(iii) X;(x, t) are periodic with respect to t with period w > 0 ; 

(iv) X;(0, t) = 0. 

Then there e-;;ists an analytic transformation with periodic coefficients of the form 

(1.2) J; = f; (x, t) = X; + [x; t] 5>, 

by which the system (I. I) is reduced to the system 

(1.3) 
dy. _, =:\-y. 
dt ' '' 

if either of the following two conditions is fulfilled : 
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1° the solution cp;(x, t) of (1.1) such that cp;(x, 0) =x, is majorized with respect to 

X· 6). 
J ' 

2° the products :\;w of the characteristic exponents :\; and the period w are all integral 

multiples of 2-rri and there exists a formal transformation of the form (1.2) by which the system 

(I.I) is reduced to the system (1.3). 

In this note, we show that Theorem 3 is simply proved from Theorem 1 if 

we make use of the majorized group of. transformations. Lastly, as supplement 

to Theorem 3, we add a theorem corresponding to Theorem 7 of [P] 1>. 

2. Case I°. Let the expansions of X; (x, t) be 

(2.1) X; = ~ C;j Xj + h II C;~ (t) X1 Pl X2P• ••• XnPn, 

' lJ 

where ~" denotes summation over .\)=(pi, p2, •• ·, Pn) such that s(-1)) = p 1 + p2 + 
ll 

··· + Pn > 2. By our hypotheses, the coefficients C;j and C;p(t) are periodic with 

period w > 0. Applying a suitable linear transformation with periodic coefficients, 

without loss of generality, we may suppose that the coefficients C;j are constants 

and moreover the matrix C= //c;j/1 is of the Jordan's canonical form. Since X; 

are analytic with respect to x j, for / t / < T where T is an arbitrary fixed positive 

5) [x; t]2 denotes a sum of the terms of the second and higher orders with respect to Xj, the 
coefficients of which are periodic functions of t. 

6) In this case, the set of transformations x;' =q>;(x, t) does not make a one-parameter group 
unlike in the case of Theorem 2. Consequently, here, we do not mean the majorizedness_ of the 
group of transformations, but merely mean the majorizedness of the set of functions y:>;(x, t), namely 
the existence of a set of analytic functions <D;(x) such that q>;(x, t)<;'.<D(x) for -oo<t<oc. 

7) [P], p. 281. 
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number, the solution cp;(x, t) of (I.I) is analytic with respect to Xj at xi= 0. Let 

the expansions of rp; (x, t) be 

(2.2) 

then, substituting (2.2) into (I.I) and comparing the coefficients of Xj, we have: 

cla;j _ , , 
-d - - L..J cik akj• 

t k 

Consequently 

(2.3) II a;j II = e'c K, 

where K is a constant matrix. From the initial condition for the solution <p;(x, t), 

it must be that 

(2.4) a;j (0) = O;j a;t, (0) = 0 (s (lJ) ~ 2), 

where O;j 1s a Kronecker's delta. Then, from (2.3), we see that 

(2.5) II a;j (t) Ii = c'/:. 

Now, by the hypotheses, the solution <p; (x, t) is majorized, consequently a;j(t) must 

be bounded for- oo < t < oo, consequently C must be of the diagonal form and 

the real parts of all the characteristic roots A-/s of C must be zero. Thus, from 

(2.5) follows 

and, from (2.2) follows 

(2.6) 

Substituting (2.6) into (I.I) and comparing the coefficients of the products of x/s, 

we have: 

(2. 7) 

where L;v denote the linear combinations of the arguments with per1odic coefficients 

for ~q(k) ~ 2 and rkj = (rkjh rkj2, ···, rkjn) such that ~rkjt = Pr From (2.7), owing 
k,J, 

to (2.4), the coefficients a1v(t) are uniquely determined by successive integration. 

Now let us consider the transformation 

(2.8) T: x/ = <p; (x, w) = e~,'" X; + [xL. 
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Since Xi are periodic with respect to t, it is evident that 

<J)i [cp (x, w), t] = <p, (x, t + w). 

From this, it 1s seen that the transformation 

x/ = <J)i (x, kw) 

represents a k-iterated traiisformation Tk of T. Since the solution </Ji (x, t) is 

majorized, the group of transformations {Tk} (k = 0, ± I, ± 2, · · ·) 1s majorized. 

Then, by Theorem I, there exists a set of analytic functions 

(2.9) Ji (x) = xi + [x]2 

such that 

(2.10) J; [,p (x, w)] = cAi"' f (x). 

Making use of these functions, we consider the coordinate transformation 

( 2.1 I) Y; = f; (x), 

and put 

J: [cp u-1 (y), t} J = ti cy, t). 

Then ,[r; (y, t) becomes the solution of the transformed differential equations such 

that 'f; (y, 0) = Yi• Since I (x) are of the form (2.9), the differential equations 

do not alter in the linear parts by the transformation (2.11 ), consequen ti y the 

functions '[r;(y, t) are also expanded like (2.6) and do not alter in the linear parts. 

In the sequel, for brevity, instead of Yi and '[r;(y, t), we use the letter X; and the 

expression <pi (x, t). Then the results obtained till now are valid also for newly 

defined xi and ,p; (x, t), and moreover the functions J,(x) defined by (2.9) become 

x;. Then, from (2.10) and (2.6) follows 

(2.12) a;u (w) = 0 (s(tJ)z:2). 

We shall prove by induction that a;u(t) are written m the form as follows: 

( 2.13) aitl (t) = eA(P), bro (t), 

where ;\(tJ)=>-..1p1+>-..2p2+•·•+>-..npn and b;u(t) are the periodic functions with 

period w. For s(lJ) = I, (2.13) is evident from (2.6). We assume that (2.13) 

hold for s(tJ)<s. Then, for s(tJ)=s (s:::::-2), by (2.4), from (2.7), a;u(t) are 

expressed as follows : 
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where !ll;p(r) are periodic. Then, from (2.12), it follows that 

= CA((l)w a;p (t), 

from which we see that (2.13) hold also for s(p)=s. Thus the validity of (2.13) 

for any \.1 follows. 

Then, from (2.6), the solution <p;(x, t) can be written as follows: 

(2.14) </J; (x, t) = e"i' X; + ~,, b;) (t) (xi eA•')P• ... (xR e"n')Pn 
p 

where </J;(u1, Zl2, ···, lln, t) denote the functions analytic with respect to the arguments 

ui having the coefficients periodic with respect to t. Thus, returning to the initial 

variables, we see that the solution of the initial system is experessed as 

(2.15) X· = f":-l [</J (C eA•' C e,\'t ••• C eAnt t)] 
i Ji 1 , 2 , , n , , 

where Ci are arbitrary constants. Here, if we put y; = C;eA;t, then it holds that 

(2.16) dy. 
- 1' = >c; J;• ( t 

This says that the initial system (I.I) is transformed to the system (2.16) by the transfor

mation 

(2.17) J; = (/Jil [J(x), t]. 

Now, from (2.9) and (2.14), it is evident that the functions </J;1[J(x), t] are of 

the form (1.2). Thus we see that Theorem 3 is valid for the case I 0 • 

(3.1) 

3. Case 2°. Let the formal tranformation given by the hypotheses be 

J; = X; + ~ 11 k;p (t) Xi Pl ••. XnPn, 
p 

where k;µ(t) are periodic with period w. Then the set of formal series 



(3.2) 
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X; = J; + b // l;u (t) JI Pl • • • Y n Pn 
l) 
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obtained by solving (3.1) inversely with respect to x; becomes the formal solution 

of (1.1) if we put 

(3.3) dy; -
d - Ao; y,. 

(, 

Since the solution of (3.3) 1s expressed as y, = C;e1.,, for arbitrary constants C;, 

the set of formal series 

(3.4) 

becomes the formal solution of ( 1. 1) with respect to Cj. Now, (3.2) 1s a formal 

solution of (3.1), consequrntly l, 0 (t) are priodic with period w. Then, from (3.4) 

and the hypothesis that :\;co are all integral multiples of 2rri, we see that 

(3.5) 'f; (C, w) = ,[F; (C, 0). 

Let the formal senes obtained by substituting 

(3.6) C; = X; + ~ 11 k,i, (0) x1 Pl .. • x,/" 
l) 

into 'f;(C, t) be q;;(x, t), then q;,(x, t) is also a formal solution of (1.1) and more

over 

since (3.2) 1s a formal solution of (3.1). As is seen in §2, such a formal solution 

is unique, consequently it coincides with an actual solution of (1.1), in other 

words, the set of formal series q;, (x, t) converges and expresses the actual solution 

of (1.1) such that <J];(x, 0)=x;, From (3.4), and (3.6), q;;(x, t) are of the form 

(2.6). Moreover, from (3.5), it holds that q;;(x, w) = x,. Then the transformation 

T defined by (2.8) becomes an identical transformation, consequently, of course, 

the group of transformations Tk(k = 0, ± I, ± 2, , .. ) becomes majorized. Then, by 

s2, the conclusion of Theorem 3 follows. Thus we see that Theorem 3 is valid 

also for the case 2°. 

In addition, smce q;;(x, cv) = x; = c1.;w X;, in the present case, the functions f;(x) 

required to satisfy (2.10) may be supposed to be x;, Then, from (2.17), we see 

that, in the present case, an analytical transformation meeting the requirement is given by 

(3.7) J, = rfl; 1 (x, t) 

for (/Ji defined by (2.14). 
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4. Supplement to the case 2°. In the case where X.;w are all integral 

multiples of 2 rri, let us consider the following three conditions: 

1 ° the solution (fl; (x, t) is majorized ; 

2° the relation rp,(x, w) = x; holds; 

3° there exists a formal lransformatio11 of the form (1.2) b_y which the S)'Siem (I.I) zs 

reduced to the S)'Siem (1.3). 

When 1 ° is fulfilled, by (2.10) it is valid that 

f; [cp (x, w)] = f; (x;, 

from which follows 2° since f;(x) are of the form (2.9). 

When 2' is fulfilled, if we take sufficiently small o > 0, then there exists a 

positive ,number M such that 

( 4.1) /<p; (x, t)/ < M 

for Ix I< o and - = < t < =, because, from the present conditions, follows the 

periodicity with respect to t of the functions (f);(x, t). From (4.1) readily follows 

IO. 

When 3° is fulfilled, by the reasonings of §3, 2° 1s valid. 

Now, when 1 ° is valid, by the reasonings of §2, the conclusion of Theorem 

3 is valid, consequently, of couse, 3° is valid. 

Thus, corresponding to Theorem 7 in [P] 8l, we have 

Theorem 4. When X.; w are all integral multiples of 2 rr i, the above three condiiio11s 

1 ", 2° and 3° are equivalent to one another and, provided that one of these conditons is fulfilled, 

the s_ystem (I.I) is reduced to the system (1.3) by an analytic transformation of the form (1.2) 

giiien b_y (3.7). 

5. Remarks. Of the functions f; (x) for which (2.1 0) holds, the functions 

given by Theorem are 

(5. I) 
. J n -,I - p ivw 

f; (x) = hm - 2..J r ' <p; (x, pw). 
n-C>Q n p=O 

But if we adopt the method of proof of Theorem 2 9>, we can obtain another 

functions satisfying (2.10). Namely we consider the functions 

(5.2) 

8) [P], p. 281. 
9) [PJ, pp. 278-280. 
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where n is an arbitrary positive integer. Since the set of functions cp;(x, t) is 

majorized, by the reasonings of [P] p. 278, for a suitable sequence {ni}, there 

exist limit functions f;(x) independent of t such that 

(5.3) f; (x) = Jim Ft'·' (x) = x, + [x]2. 
1-~ 

:'.\Jow, from (5.2), Ft·' [rp (x, w)] are calculated in the following way: 

J lt+nw 
~ e->--;• cp; [cp (x, w), T J dT 

nw 
t 

J lt+nw 
7zw t e-/..;• cp; (x, T + w) dT 

I lt+w+nw 
= n;,; e-/..;(•-w) cp; (x, T) dT 

t+w 

Consequently, putting n = n1 and making l-+ oo, from (5.3), we have the relation 

(2.1 O). Therefore the functions f; (x) given by (5.3) also meet the requirement. 

Now, from (2.10), as in [P] pp. 279-280, it is easily shown that the limit of 

Ft·'(x) as n-+ oo is unique, consequently the functions f;(x) given by (5.3) can 

be expressed as 

(5.4) 

since J;(x) are independent of t. Since the set of rp; (x, t) 1s majorized, the right 

hand side of (5.4) can also be expressed as follows: 

(5.5) 

Thus we see that the functions given by (5.4) or (5.5) are also the functions for 

which (2.1 O) holds. 

The set of functions given by (5.4) or (5.5) does not necessarily coincide with 

that of functions given by (5.1 ). The following example illustrates this fact. 



478 M. URABE 

Example. 

(E) 

where ffi(,\;)=O, w=2it and ,\2=2,\1. 

The solution <p;(x, t) of (E) is easily obtained as follows: 

( <p) { 
<p 1 (x, t) = x1 e,\1t, 

<p2 (x, t) = x2 e1,.,, + x12 e2/..1t (1 - cost). 

The sets of functions given by (5.1) and (5.5) are respectively as follows: 

(/) 

It is easily verified that both sets of functions satisfy (2.10) for same <p;(x, 2ir) =x,e2",\i. From (/), 

the sets of functions lb; are calculated and it is seen that two sets of lb; coincide with each other. 

The common set of lb; is as follows: 

{ 
lb1 = xi e,\tt, 

lb2 = X2 eAet + x1 2 e2A1t ( 1 - cost). 

Lastly, corresi:;onding to two sets of Jj, the transformations given by (2.17) are sought as follows: 

{ 
Yl = XJ, • 

Y2 = X2 + X12 cost. 

It is easily verified that both transformations reduce the system (E) to the system 

• 
Department of Mathematics, 

Faculty of Science, 

Hiroshima University. 
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