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1. Introduction.

By a generalized continuum we mean a locally compact, connected, separable,
metric space. If a generalized continuum is locally connected and compact, it
is called a continuous curve or sometimes a Peano continuum. We say that a
space R having a metric d(x, y) is finitely compact if, for each positive number
a and a point p in R, the closure of the set {x/d(p, x) < a} is compact. Finitely
compact spaces are complete. It is known that each pair of points in a con-
tinuous curve can be joined by an arc. A metric d(x, y) is called convex if p
and ¢ .are points in R, there is a point r in R such that d(p,r)=d(q, ) =d(p, ¢)/2.
If d(x, y) is a convex metric for a compact (or more generally, complete) space
R, then for each pair of points p, g of R there is an arc pg in R from p to g
such that pgq is isometric to a straight line interval. (Such arcs are called seg-
ments.)

In 1928, K. Menger [4] had proposed the following question: Whether or
not each continuous curve has a convex metric that preserves its topology? By
R. H. Bing [1] and E. E. Moise | 5] the question was answered in the affirmative.

It this paper, we shall consider the convexification problem for the case
where the space is locally compact, not necessarily compact, and prove the
following theorem : '

THEOREM.  Each locally connected generalized contimuum has a convex metric and each
pair of points can be joined by a segment.

The method of this theorem is a modification of the method used by Bing.

LAy

2. Definitions.

For convenience we shall arrange the definitions used in this paper. Most of

them were introduced in the papers [1] and [2].

Property S. A set has property S if, for each positive number &, the set is
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the sum of a finite number of connected subsets each of diameter less than &

Local property S. A set M has local property S provided that, for each point
p of M, there is a neighborhood of p which has property S.%

Chain. Let X and Y be sets. By a chain from X Y is meant a finite
sequence of sets X, X, ﬂ, X, such that X=X,, Y=X, and X;+X; + ¢ if |[i—]]
=1. Xj is called a link of the chain. A chain is said to be simple provided that
X;*X;+¢ if and only if [i—j|=1. Let K and K’ be chains from X to Y and
from X’ to Y respectively such that XD X', YD Y. If each link of K is con-
tained in a link of K, K’ is said to be in K.

Partitioning. A partitioning B of M is a collection of mutually exclusive con-
nected open subsets of M whose sum is dense in M and each point p in M has
a neighborhood which is covered by the closure of the sum of a finite subcollec-
tion of ‘B.

Mesh of a partitioning. The mesh of a partitioning P is the least upper
bound of diameters of the elements in B.

Finite partitioning.”” If the elements in a partitioning ¥ are finite in num-
ber, B is called finite.

Refinement. If P and L are two partitionings of a set, B is called a refine-
ment of L if each element of B is a subset of an element of Q.

Regular. An open subset of a space is regular if it is the interior of its
closure.

Regular partitioning. A partitioning is regular if each of its elements is re-
gular.

Border and interior elements. If the partitioning B is a refinement of the
partitioning ¥, the elements of P which have a boundary point in common with
the boundary of an element of B are called border elemenis. Other elements are
called interior elements.

Core refinement. Let B and £ be regular partitionings. We call B a core
refinement of L0 if P is a refinement of L, each border element of P is adjacent to
an interior element, and the sum of interior elements of B in each element of

has a econnected closure.

3. Preliminary Lemmas.

LEMMA 1. If G is an open set, then R—G is regular (cf. [3], p. 278).

(1) It is readily seen that if a neighborhood of p has property S, there exists an arbitrarily
small one having property S.
(2) We use finite partitioning here in the sense of the paritioning of Bing.
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LEMMA 2. Each componeni M of a regular subset G of a locally connected space is
regular.

PROOF. M is open because of locally connectedness of the space. We denote
the interior of M by 4(M), then M y(M)SM<=G. Furthermore (M) < 9(G)
= (. Since $(M) is connected, M= g(M)

LEMMA 3. Let B be a partitioning of R. For each point p in R, an open neighbor-
hood of p is covered by ihe closure of the sum of the elemenis of B whose closure coniains p.

PROOF. By virtue of the definition of the partitioning, there exists an open
neighborhood ¥V of p and a finite subcollection Q= {g,, & -+, g} of B such that

k
USvg,. Let &' ={g, g ---» g1} be the subcollection of all elements in B
i=1
each of whose closure contains p. Suppose p is not an interior point of Ng';,
j=1

[
then there is a sequence {p,} such that lim p,=p and p,&\Ug’;. Then there
j=1

exists an infinite subsequence of {pm} in U which is contained in the closure of
an element g of & — X, and therefore p€g. This contradicts the definition of
Q.

LEMMA 4. Let R be a locally connecied generalized conlinuum. — Then ihere exisis an
increasing sequence Ey CEy CEs--- as follows:

(i)  E, is a connected open subset.

Gi) K, is locally connected, compact, connected.

Gii) E,CE.1 (=1,2,3,...).

(iv) E,—E,..=G, (Eo=1¢) has properiy S.

(v) If Vo is the collection of all components of E, — E,_1, it is a regular pariitioning
of R. ‘

(vi) R= C;E,L.

PROOF. Since R has local proprety S (cf. [6], p. 22), there exists a countable
sequence B = {V, V3, ---} covering R whose elements are all conditionally com-
pact, connected and has property S. Set Fi=1V, and let ¥, be the first element
of B which is not contained in F;. Then F, and V;; can be joined by a chain
C, whose links are the elements of B, because R is connected. Obviously C,*
(which means the sum of links in C;) is compact and connected. Hence there exists
a finite subcollection 1, of B covering CF. Let BF¥=F, In general, let Vi,
be the first element of B which is not contained in F, ;. We can join F,;
and V;, by a chain C, whose links are elements of B. Since C* is compact,'

there is a finite subcollection U, of B covering Ck. Let UF=F,  Continuing
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this process infinitely we obtain a sequence Fi, F,, Fs, ---- which has the follow-
ing properties :
(i)Y  F, is a connected open subset.

. (i)Y  F, is locally connected, compact, connected.
Gii) F.CFu (=12, 3, ).

(v) R=UF,

Since F, and g(Fn+1)(l) are two disjoint closed subsets in -F,.1, there are two
mutually exclusive, relatively open subsets K and H of F,,; containing F. and
F(F,+1) respectively such that cach of K and H has property S and F,.,=K+H.
(See [1]). Let E,=.(K). We note that K may be so chosen that it is connected.

It is readily seen that E,’s satisfy the conditions (i), (ii), (iii) and (vi). To
prove that E,—E, ; has property S, it is sufficient to show that E,,,—E,,-l has
property S and E,—F, ,=FE,—E,.;. Suppose on the contrary that E,—F__, =
-E,—E,_;. Then there exists a point p of E,—FE,; not belonging to E,—F, ..
Let U be an open neighborhood of p such that UNE,—F,_,=¢. Since E,—E,-,
gm and E,DF, 1, UNE,=¢ or UCE,_,. If UNE,=¢, contrary to pEE,.
If UCE,-1 [because of regularity of E,_,], then p€E,.,, contrary to p&E,_;.
It remains to show that E,—F£,.; has property S.  Since K>E, DK and K has
property S, E, does so. Furthermore, since E, —E, ,=(E,— F) + (F, — E,_)) =
(E,—F,)+H, where H' is obtained by division of F, as above, it follows that
E,—F,_, has property S.

Now, by Lemma I, E,—FE,_; is regular and therefore each component of
E,—E,; is regular on the basis of Lemma 2. Since E,—£,_; has property S,

the components of E,—E,., is finite in number. Thus Py is a regular partition-
ing of R.

4. Proof of Theorem.

In this section we shall use the same notations as in the previous section.

By Lemma 4, R has a sequence o, By, By, --- of partitionings such that (1)
B, is a core refinement of Bi_;, (2) the mesh of P, is less than 1/2°, (3) the
diameter of any element of B, in G, is less than one third the minimum of the
distance of any two non-adjacent elements of ®B;_; in G, and the distance between
E,_, and the closure of the sum of the elements in 5, whose boundary has no

point in common with E,_;, and (4) the diameters of elements of B; contained

(1) This means the boundary of F,,;.
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in G, are less than d(Epy1, F(E,))/N, where N, is the number of elements of
B; which is contained .in E,. Here we note that the subcollection of B; ‘whose
elements are in E, is a finte partitioning of £, and each element of B, contains
only finite elements of YB,,;.

The element of B, are assigned a size of 1. Each border element of B,,, is
assigned a size equal to one-half the size of the element of ¥, containing it.
Each interior element of ®B;.; which is contained in G, is given a size equal to
1/(2%4""« Nii1,,) where Niii, is the number of elements of V.1 in G,.

Suppose C is a chain each of whose links is the closure of an element of
B, The sum of the sizes of the elements of B, in C is called the i-th length
of C. There is a chain C from p to ¢ whose length gives the minimum of the
i-th length of the chains from p to ¢. The length of such a chain C is denoted
by (l,;(p, (1). If p and ¢ are in £,, then C is contained in E,,;. For there exists
a chain from p to ¢ in E, whose length is less than N,+1. However, the length
of each chain from p to ¢ one of whose links is contained in E, —E,.x ((>1) is
greater than N, +1 (by (4))- ,

It may be noted that if d;(p, q) is the i-th length of C, then C is a simple
chain.

Suppose p-+g¢q is contained in E, and let C be a chain from p to g which
has the length d;(p, ¢) and C, a chain in C such that C' has an (i+ I)th length
but does not contain three border elements of B;,; in the same element of B..
Then the (4 1)th length of €’ is not greater than d;(p, q) +1/27%+ 1/2*%+ ...
+1/2%"2 Therefore disi(p, q) <di(p, q) +1/272+1/2%24- .- 4 1/2%™*2 (by (3)).
Hence limd;(p, ¢ =d(p, q) exists. .

Obviously d(p, 9>>0 and d(p, =0 if p=¢q. Also d(p, ) =d(q, p) because
di(p, q)idi(q, p). That d(x, y) satisfies the triangle condition follows from the
fact d;(p, @) + di(g, 1) >d;(p, r) where p, q, r are three points.

We now show that d(x, y) preserves the topology of R. If p is a limit point
of the .subset 4 of ‘R, then by Lemma 3 there is a point ¢ of 4 such that p+gq
is contained in the closure of the same element of 3, Then d,-(p, q)ﬁl/?i.
Since d(p, @) <d:(p, ¢ + 1/2°, we have d(p, ¢ <1/2°"" and therefore d(p, A)=0.

We next show that if p is not a point of the closed set A4, d(p, A) > 0.
Since thé mesh of B, is less than 1/2f by (2), there exists an integer ¢ such that
any element of B, is adjacent neither to an element of B; whose closure contains
p nor to an element of B; whose closure intersects A. If p is in E, and € is

the least of the sizes of the elements of B, in FE,.;, we assert that d(p, 4)>¢&.
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To prove this, it will be noted that if C is a chain from p to a point a belonging
to A ‘and having an (+#k)th length, C contains 2" elements g of P,z such that
g is a border element of PBier and lies in the border elements of V.1, By, ---,
B.re-1- The size of g is as much as &/2* and the (i+k)th length of C is more
than &. Hence, for each point a of 4, dii(p, @) >& and d(p, a) >€.

Finally, we show that the metric d (%, y) is convex. Let C=[Xi, X, ---, X.]
be a chain from p to ¢ having i-th length d; (p, q). Then there exists an integer
E(1<k=<m) and a point r; such that ,€X, and C,=[X;, X,, ---, X;] and C,=
[ Xi Xis1, -+, Xu] are chains from p to r; and from r; to g respectively each of
whose i-th length differs from one half the i-th length of C by less than 1/2".
Then r; is in £, if p and ¢ are in E,. Since E,,, is compact, there is a limit
point 7 of ri, 73, 13, ---. r is halfway between p and ¢. As d(x,y) is finitely
compact, there exists a segment for each pair of points.

It will be noticed that we have also proved :

COROLLARY. Each locally connected generalized continuum is topologically compleie.

In conclusion, the authors are grateful to Prof. K. Morinaga for his kind

advice and suggestion.

References

[1] Bing, R.H.: Partitioning a sct, Bull. Amer. Math. Soc., Vol. 55 (1949), pp. 1101-1110.

[2] _____: Partitioning continuous curves, Bull. Amer. Math. Soc., Vol. 98 (1952), pp.
536-556.

[3] Lefschetz, S.: Algebraic Topology, Amer. Math. Colloquum Publications, Vol. 27.
New York 1942.

[4] Menger, K.: Untersuchungen ueber allgemeine Metrik, Math. Ann., Bd. 100 (1928),
pp- 75-163.

[5] Moise, E.E.: Grille decomposition and convexification theorems for compact metric
locally connected continua, Bull. Amer. Math. Soc., Vol. 55 (1949), pp. 1111-1121.

[6] Whyburn, G.T.: Analytic Topology, Amer. Math. Soc. Colloquum publications,
Vol. 28, New vyork, 1942.

Hiroshima University




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


