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In the previous paper [13], the present ~uthors developed the so-called "non­

commutative theory" of integration for rings of operators from a point of view 

resumed as follows. Every semi-finite ring of operators M with a normal, faithful 

and essential pseudo-trace m is normally *•isomorphic to the left ring L of an 

H-system H such that m corresponds to the canonical pseudo-trace of H [ 13 l. 
We have shown that this *•isomorphism can be uniquely extended to a *•iso­

morphic mapping between the sets of measurable operators with respect to M 

and L respectively. Thus the theory of integration for M can be reduced to 

that for L. But in H the ·set of all square-integrable measurable operators 1s 

given a priori, basing on which our. whole theory was built. 

In his investigation on q-applications in a ring of operators,. Dixmier has 

shown ([ 4], Theorem 3) that every normal, faithful and essential pseudo-trace 

defined on a semi-finite ring M has the form m(A) = ,p(A1), where q is a fixed 

normal, faithful and essential pseudo-q-application defined on M+ and ,p 1s a 

normal, faithful and essential pseudo-measure on the spectre Q of the center M 1• 

This leads us to another formulation of the theory_ which is divided into two 

parts : the classical theory of pseudo-measure on the spectre Q of M 1 and the 

extension of ~-application to unbounded operators ,,,M. The main purpose of 

this paper is to develop this theory of extension. The pseudo-q-application defined 

on M+, M+ 3 A-A' E Z, will be extended over the set of all positive, closed, 

dense I y defined opera tors T "l M, r _..,. T' E Z, 

T' = I. u. b. A'. 
M+3A~T 

If we wish the integral of T to be finite, T' must be finite except on a nowhere 

dense subset of Q. Such a T will be measurable in the sense of Segal ([15], [13]) 

and the set of all such T forms the positive part of an invari~nt linear system '5, 

which will play a fundamental role m our present theory. 

§ I is devoted to the proof of a theorem concerning the least upper bound 

of an increasing directed set {Ta} of positive, closed and densely defined operators 
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T8 17M. Then 1.u.b. T8 = T0 exists if and only if 'lJ = {x; {IITai·x[I} is bounded} 

is dense, and if this is satisfied '.!lr0½='.!l and IIT81x-T/1x[l-o for every xE'.!lr0½ 

(Theorem 1). 

In §2 the properties of extended pseudo-~-application defined by (~) will be 

discussed. It is a normal, faithful and essential application if so is the original one. 

It will be proved that the set @5+ of all positive operators 17M such that T 1 is 

finite except on a nowhere dense subset of Q forms the positive part of an in­

variant linear system 0 which satisfies the conditions ( <{)1 and ( <{)2 introduced 

in [13]. Then the invariant linear system Ei"'(a>O) will conveniently be defined, 

arid hold the relations (Ei"')-8 = ®"'11, ®"'·®13 =®"'+/J for every a, fJ>O. Besides we 

shall prove that our extended pseudo-q-application defined on ®+ can be uniquely 

extended to an "extended q-application" on @5. It is noted that the extended 

pseudo-q-application is an application onto the set of all functions E Z, finite 

except on a nowhere dense set. We show that @5 is an algebra if and only if 

M is of type I. Various special properties concerning the extended q-application 

are proved. Finally, as an example, the canonical q~application of an H-system 

(=Ambrose space [ 14 ]) will be considered. 

As an application of these results, the theory of integration will be developed 

'in §3. ® contains every "integrable operator" with respect to a normal, faithful 

and essential pseudo-trace. We shall define, as usual, the space L1 of all integra­

ble operators and the space L2 of all square-integrable operators. The monotone 

convergence theorems for them will be proved, and by using these results we 

show that L1 and L2 are complete. Finally the Radon-Nikodym theorem in the 

sense of Segal [15] ·will.be proved anew. 

§ I. Preliminaries 

Throughout this paper the following· conventions will be used. Let .t) be a 

Hilbert space of arbitrary dimension. Unless otherwise stated, operator will 

always mean a linear closed operator on ,\:) with dense domain. The domain of 

an operator T will be denoted by '.!lr. A ring of operators M on ,\:) will mean 

an algebra of bounded everywhere defined operators which 1s self-adjoint (i.e. 

closed under adjunction), closed in the weak (operator) topology and contains 

the identity operator I. Mu and Mp denote the set of all unitary operators 

and the set of all projections in M respectively. M+ and M 1 stand for the 

positive part of M and the center of M respectively. p.i. is the orthocomplement 

of a projection P. : If A is a bounded operator, II Al/ will denote the operator 
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norm of A. The strong sum, strong difference and strong product of two meas­

urable operators S and T are denoted as S + T, S - T and S • T respectively ([ 13], 

[ 15 ]). 

DEFINITION 1. (cf. rs]). Let S and T be positive operators. We write S < T 

if mr½ c :Ds½, and 11s1 xii .:s:: ii r1 xii for every x E mr½. 
We note that this condition is equivalent to that mT c ms½ and 1: s1 x II < 

/[Tix[[ 'for every xE mr. 
In our previous paper [ 13], we have defined the order between two self­

adjoint measurable operators S and T as follows : S < T if and only if the strong 

difference T- S is positive. But in case of positive measurable operators it can · 

be easily seen that these two notions are identical. Moreover, in this case 

S<T if and only if (Sx, x)<(Tx, x) holds on a dense set :D contained in 

msn :Dr. For, let S' and T' be the respective restriction of S and T on m, 
then (T'-S')** exists and agrees on :D with T-S, and hence (T' -S')**=T-S 

([13], Lemma 1.2). Thus T-S is the closure of T'-S'. From this we can 

easily see T-S>O. 

Before stating Theorem I, we cite the following two propositions which will 

be used repeatedly in the proof. 

1. (Lemma of E. Heinz. [8]). 

T2c for some positive constant c. 

Let S and T be operators such that S2c and 

Then 7' <S and 1'-l >s-1 are equivalent. 

2. (Theorem of I. Kaplansky [9]). Let h(t) be a continuous bounded real­

valued function of the real variable t. Then the mapping A-h(A) is strongly 

continuous on the set of all bounded self-adjoint operators. 

THEOREM I. Let {Ts} be an increasing directed set of posiiiue operators 17 M. Then 

the following conditions (I), (2), (3), (4) and (5) are equivalent: 

(I) There exists a positive operator T such that T8 .:S:: T for every o ; 
(2) l.u.b. 1'0 = To exists in the sense of the ordering of the positive operators on ,\3; 

0 

(3) SD= {x; {[[T0 ixii} is bounded} is dense in .\:); 

( 4) There e.tists a positive operator T' such that Ts½ < T' for every o ; 
(5) l.u.b. Ts I= S 0 exists in the sense of the ordering of the positive operators on j). 

ll 

Moreover, if any one of these conditions is satisfied, then To{= S017M and T0 i is characterized 

as the operator S1 such that Stlsl=m and iiTs~x-S1xl[-o for every xEm. 

PROOF. First we shall prove the equivalence of (1)-(5). 

Ad (1)- (2) : By the lemma of E. Heinz cited above, we have (I+ T0f 1 

> (I + T)-1 for every o, and {(I+ T,,)- 1} is a decreasing directed set of bounded 
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positive operators. Hence by a theorem of Dixmier [4], g.l.b. (I+T15 )-1=A exists 
0 

with AEM and (I+T0)-1 converges strongly to A. Since A2(I+T)-1, it is 

easy to see that A-1 has a dense domain and T0 = A-1 -l17M is the desired least 

upper bound. This proves (1)--+ (2). 

Ad (2)--+ (3) : SD is dense, since SD) SDr0½ and SDr0½ is dense. This proves 

(2)--+ (3). 

Ad (3)--+ ( 4) : Construct the filter of sections g:0 on the directed set {o} of 

indices, and inflate it to an ultra filter g:_ For every x E SD and y E Sj, we have 

l<T/1x, y)I <!ITr;½xll llyll <cf/yll for some positive constant c depending on x. 
Therefore by the Riesz representation theorem for bounded linear functionals, we 

can write lim(T,1½x, y)=(Sx, y), where Sis a linear, positive operator whose 
g; 

closedness is not assured for the present. As the domain SD = SDs of S is dense 

and hence S is symmetric, it has Freudenthal's self-adjoint extension S ([16], p. 

35). Sis the restriction of S* on '.ti= SDs*nSD', where SD' is the completion of 

SD by the norm f/xll1 = ((I +S)x, xi and is considered as a linear subset of ,5 in 

an obvious way. For any x E 1) = SDg, we select a sequence {x,.} from SD such 

that llxn-xl11--+0. Then /lxn-x/! <l/xn-x//1--+0(n--+=), and from the inequality 

1:xn - Xm//r2 =((I+ S) (xn - Xm), Xn - Xm) 2 (S(xn - Xm), X,. - Xm) 

> (Tai(xn - Xm), Xn - Xm) = lfTa{(Xn- Xm)/f2, 

we see that x E SDr8¼ and ffS1xf/ > /IT/ xf/. Thus SDs C SDr0¼ and lls½x/1 > f:T/ xii 

for every xESD5. Hence by the remark after Definition 1, it follows that S>Ts½ 
for every o. This proves (3)--+ ( 4) with T' = 5. Later we will show that S = S. 

Ad (4)--+(5): We need only to apply (1)--+(2), already proved, to the 

increasing directed set {T01}. 

Ad (5)--+ (l) : Since I.u.b. (I+ Ta 1) =I +So, we have g.l.b. (I+ T0½)-1 = (I +S0)-1 

by a further application of the lemma of E. Heinz: Hence (I+ T0½t1 converges 

strongly to (I+S0)-1. By the theorem of I. Kaplansky, applied to the continuous 
p 1 

bounded function h(t)=tz+(l-t)2' (I+Tr;)- 1 =h((l+Ta"Y 1) converges strongly to 

h((I+S0)-1)=(/+S02)-1• Hence g.l.b.(I+T0)-1=(l+So)-1. Thus l.u.b.(I+Ts)= 

I +S02 by the lemma of E. Heinz, and hence l.u.b. T8 = So 2. This proves (5)--+(l). 

And the equivalence of (l)-(5) is thus established. 

Next we show the last statements. T0 1 = S0 17M is seen from the proof of 

(l)--+ (2) and that of (5)--+ (1). To obtain the characterization of To\ we proceed 

as follows. First, using the notations in the proof of (3)--+ ( 4), we will prove 
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S = T/i. We have already seen that 

The proof of S < To'2 goes as follows. 

SDr,½ C :ti by the proof of (2)- (3), it 

S> Ts 1 for every o. Hence s;;::,,_so = To 1. 

Let x be any element of SDr0½. Since 

follows that x E SD = '.tis C '.tis. Hence 

Thus '.tlr 0½CSD.s½ and !/S:'ix[f<l[T/xll for every xE'.tir,J. This shows us that 

S<T/i by the remark after Definition 1. Therefore S=T0 1. Since SDr 0~('n, it 

results that SD.s = '.tlr,½ C SD= '.tis. This and the fact that S is a extension of S 

imply S = S. In particular, '.tis,= '.tlr.½ ='.!);='.tis= SD. Since lim (T/1 x, y) = 
g: 

(Sx, y) = (Sox, y) for every ultrafilter g: containing the filter of sections :To, we 

see that, along the given directed set {o}. lim (Ts¼ x, y) = (Sox, y) for every 
ll 

x E '.tl and y E ,5. Let x E SD. Then 

llm 1/Taix - T/1x/1 2 = lim(![Ta1xl/ 2 -(Taix, Ta1x)- (To1x, Ta½x) + !ITo½x/1 2) 
o ll 

<II "',,. 11 2 <"'}. ,.,.., "· > <1" .,. "'-'· • + II"'-'· 11 2 o _ .io"x,, - 10 2 x, .io"x - o"x, .io"x) 10 2 x,, = . 

That is, lim IJT/1 x - To1 xJ[ = 0 for every x E '.!)_ Conversely, if S1 has the property 
. ll 

that '.tls1 ='.ti and I/T/ix-S1xli-o for every x.E'.ti, then lim(T/x,y)=(S1x,y) 
ll 

for every x E :ti and y E ,5. Hence S1 = S = S = T01. This proves the last state-

ment. The theorem is thus completely proved. 

From this theorem it follows easily that every increasing directed set {Ts} 

of self-adjoint measurable operators with a measurable upper bound T17M has 

the measurable l.u.b. Ts= T0 17M in the sense of the ordering of the measurable 

operators. Similar statement holds for a decreasing directed set {Ts}. 

COROLLARY. Let {Ta} be an increasing directed set of measurable operators 17M with 

the measurable operator T 0 as its least upper bound in the sense of the ordering of the measurable 

oj;erators. Let T be an arbitrary measurable operator 17 M. Then I. u.b. T* ·Ts• T= T* • T0 • T 
ll 

in the sense of the ordering of the measurable operators. Similar statement holds for a decreasing 

directed set {Ts}, 

PROOF. With no loss of generalities, we may restrict ourselves to the case 

Ts;;::,,_ 0, so that the ordering in question may be identified with that m the sense 

of the positive operators. By the remark after Definition 1, {T* •Ta• T} is an 

increasing directed set of positive measurable operators with a measurable upper 

bound T* • T0 • T. Hence l.u.b. T* • T8 • T = So exists with measurable So, The 
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proof of S0 = T* • To • T goes as follows. If x E '.nT*raT, then 

II (T* •Ts· T)~ xil 2 = (T* ·Ta· Tx, x) = (Ta'-'Tx, T/ Tx) = [IT/1 Tx/1 2• 

Since '.:tlT*TsT is (strongly) dense, we may easily see that II (T* • T0 • T)'1 xi1 2 = 

/1Ts 1•Txll 2 for every xE'.:tlT151-T='.n(T*·To·1')½• As mr,½cm1's½ and '.ns.tcm(T*•Ts·T)½ 
for every o, we have l[(T*•Ts•T)½x;: 2 = //Ts1Txll 2 for every xEmT.trnmso} and 

o. Thus by Theorem 1, l!So1xll 2 = IITo1Txll for every xE mTJTn:1)s0½. In par­

ticular (Sox, x) = (TTo Tx, x) for every XE '.:tlsofl m1'*1'oT, and hence (Sox, y) = 
<T*ToTx,y)foreveryx,yE'.i)sonmT*ToT· As '.:tlson.'.:tlr*ToT is dense in Sj, we 

have Sox=T*ToTx for every xE'.:tls,nmr*r,T• Thus So=T*·To·T [13]. 

REMARK I. Let {Ts} be an increasing directed set of positive operators, and p 

be an arbitrary real number such that 0 < p <I. Then the following conditions 

(I) and (2) are equivalent: 

(l) l.u.b. Ts= To exists in the sense of the ordering of the positive operators 
Ii 

on Sj; 

(2) l.u.b. T,,P = So exists m the sense of the ordering of the positive operators 
6 

on Sj. 

Moreover, in this case So= T0 P. The proof is sketched as follows. Ad (I)-+ (2): 

Since O <p:5:, L we have T8P<T0P for every o [8]. Hence Theorem assures 

the existence of S0 • Ad (2)---+ (1) : In this case the proof is quite similar to that 

of (5)---+(l) for Theorem I. Let hp(t) be the continuous function defined as 

follows: 

J. 
tP 

hp(t) = tJ,+(I-t)], for 0 < t < I, 

=0 for t < 0, 

=l for t > I. 

Then hp (t) will serve for h(t) in the proof (5)---+ (I) cited above, and details are 

omitted. 

REMARK 2. Let {Ts} be an increasing directed set of positive operators, 

and p be an arbitrary real number such that O <p< I. Let :!l = {x; {IIT1/x[I} 

is bounded} is dense in Sj. Then 1.u.b. Ts= T0 exists in the sense of the ordering 
Ii 

of the positive operators on Sj. It is proved in much the same way as in the 

proof of (3)---+ ( 4) for Theorem 1. Take the ultrafilter g in that proof, and con­

struct the operator S with :!l = :!ls such that lim <Tsp x, y) = <Sx, y) for every 
g 
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x E 'l) and y E ,5. Then S has Freudenthal's self-adjoint extension S. It 1s easy 

to see that 82 T8P for every o so that 1. u.b. T8P = S0 exists by Theorem 1. Hence 

1.u.b. Ta= T0 exists by Remark 1. 

REMARK 3. As for a decreasing directed set of positive operators 'l]M, we 

mention the following fact. Let {Ta} be such a directed set. Then g.l.b. Ta= T0 

/5 

always exists in the sense of the ordering of the positive operators on ,5. T0 7JM 

and g.l.b. TaP = T0P for every real number p such that 0 < p <I. Let 'l) be the 
Ii 

set-theoretic union of all 'l)Tal· Then lim(Ta½x,y) exists for every xE':.D and 
Ii 

y E ,5. Hence this limit defines a linear, symmetric, positive _and not necessarily 

closed operator S with dense domain ':.Ds = 'l): lim (Ta 1x, y) = (Sx, y) for every 
Ii 

x E 'l) and y E ,5. Let S be Freudenthal's self-adjoint extension of S. Then S= T/1 

and Ta½x-+To1x weakly for every xE':.D. • 

§ 2 Extended pseudo-~-application 

Let M be a ring of operators on ,5, and SJ, a hyp~rstonian space [3], be 

the spectre of the center M'. In the canonical fashion M' will be identified with 

the ring C(Q) of all continuous, finite- and complex-valued functions on SJ. 

Following Dixmier [ 4] we denote by Z the set of all continuous, non-negative, 

finite- or infinite-valued functions on SJ. Z admits the operations: sum and product 

of two elements, and multiplication by non-negative constants. More precisely, 

if f, gEZ and a>0, then f+g and af are defined in the ordinary manner. Jg is 

defined as follows. Under the convention 0•(+ 00)=0, the function w-+J(w)g(w) 

is defined everywhere on SJ. As is easily verified it is lower semi-continuous. 

Hence there is a uniquely determined function h E Z such that h(w) = J(w)g(w) 

except on a nowhere dense set. We will define f g by h. In particular, if f=0, 

then 0 • g= 0. 

An application ~ of M+ into Z, M+ 3 A-+ A' E Z, will be called pseudo+ 

application [ 4] if the following conditions are satisfied: 

1. If AEM+ and A1EM+, then (A+A1)'=A'+A1'; 

2. If A EM+ and :\, is a constant 2 0, then (:\.A)=:\, A'; 

3. If AEM+ and UEMu, then (UAU*)'=A'; 

4. If A EM'+ and BE M+, then (AB)'= AB'. 

A pseudo-q-application q is called normal, provided that for every increasing 

directed set {Aa} CM+ with the least upper bound A EM+, A'= l.u.b. Aa' holds. 
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q is called faithful, if A 1 = 0 implies A = 0, and is called essential, if for every 

AEM+, A=\=O, an A'=\=O, O<A'<A, exists such that A' 4 EC(!2). A ring of 

operators M will be called semi-finite [7] provided that every non-zero projection 

EM contains a non-zero finite projection EM. It is known that a ring of opera­

tors M is semi-finite if and only if M has a normal, faithful and essential pseudo­

q-application [ 4]. 

In the sequel we always assume, unless otherwise stated, that M is a semi­

finite ring of operators and q is a fixed, normal, faithful and essential pseudo-b,­

application. 

DEFINITION 2. Let T be a positive operator ,,,M. We define 

T 4 = 1. u. b. A 4, 
M+3AST 

where l.u.b. is taken in Z. 

Clearly, for every TE M+, 7'4 defined by (q) is the same as the original 7' 1 

and hence (q) is an extension of the pseudo-q-application q on M+ to the set of all 

positive operators ,,,M. Put 

e;+ = {T; T is a positive operator, and 1'1 (w) 1s finite except on a nowhere 

dense subset of .Q}, 

and 

m+ = {A; A EM+ and A' E C(.Q)}. 

It is known, by Dixmier [4], that ~+ and m+ are, respectively, positive parts of 

ideals 5-3 and m. As q is essential we have mr=m=W=~=M, where mr and 5r 

are restricted ideals associated with m and 5, respectively, and " " is the closure 

m the strong topology. 

LEMMA 1. T' = I. u. b. A1• 
111'+ 3A<c~T 

PROOF. Put g = I. u. b. A 4 E Z. Clearly g<T4• Now for any A EM+, A< T, 
mr+3AST 

we have AEM+=Jl(+=mr+, and A= l.u.b. B, where 5:FA={B; mr+3B<A}. As 
BE'=FA 

':±A is an increasing directed set we get A1 = I. u. b. B 4 by the normality of ~- Thus 
BE::FA 

T 4 <g. The proof is complete. 

The set of all continuous, finite except on nowhere dense sets, and complex­

valued functions defined on .Q will be denoted by Z'. If /E Z' and gE Z' then 

J(w) + g(w) is defined and finite on a dense open set C Q. Hence there 1s a 
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unrque function h E Z' such that J(w) + g(w) = h(w) except on a nowhere dense 

set ([12], p. 57). We define f + g by h. Similarly Jg and af, where a is a 

constant, are defined. With these operations Z' has a structure of an algebra 

over the complex number field. In an obvious manner we can regard Z' as the 

set of all (measurable) operators ?JM1• It is to be noted that for any f, g~ ZnZ', 

f g defined on Z' coincides with that defined on Z. The same will hold for f + g 

and af (a~O). As Dixmier [4] observed we have the following 

LEMMA 2. The application q defined on ;3+, ;3+ :3 A-+ A' E Z, can be uniquely extended 

on i3, i3 3 A--+ A' E Z', so as to have the foll owing properties : 

(l) If A E i3 and A, E i3, and a, a1 are complex numbers, then (aA + a1 Ar)'= 

aA1 + a1A1'; 

(2) If A E i3 and BE M, then (AB) 1 = (BA)' ; 

(3) If AEi3+, then A 120; 

(4) If AEM1 and BEi3, then (AB)!=AB'. 

PROOF. The proof goes in a similar manner as that of Lemma 4.7 of Dix­

mier T 4 J, and the details are omitted. 

REMARK 4. From this lemma we can show that (AA*)'= (A* A) 1 for every 

A EM. The proof is sketched as follows. First we infer that if AA* Es+ then 

A*AEi3+ and (AA*) 1 =(A*A)1• In the general case, put O={w; (AA*)1(w)<+=}, 

0' = {w; (A* A)1(w)< + oo}, and denote the corresponding central projections by 

P and P' respectively. It follows at once that PAA* E i3 and 

P(A* A) 1 = (PA* A) 1 = ((PA*) (PA)) 1 = ((PA) (PA*))'= (PAA*)'. 

Hence P<P'. By symmetry P' s,P and so we have P = P' or O = O'. Hence 

(AA*) 1 = (A* A) 1• Note that this remark holds as well for every not necessarily 

normal, faithful and essential pseudo-q-application. 

We can now prove the normality of the extended pseudo-q-application in the 

most general form. 

THEOREM 2. If an increasing directed set {Ts} of positive operators 'lJ M has the least 

upper bound T0 in the sense of the ordering of the positive operators, then 

T0 1 = l.u.b. Ts'-
o 

PROOF. Let Z3g= l.u.b.T81• Then it follows from the definition of T 1 

that g<T'. The opposite inequality is proved as follows. Let T0 = ~:)cdE,1. 

be the spectral resolution. By Theorem l, //T0 }E,1.x// t 1/To~E,1.x// for every E/\x• 

In particular (Ts½E")*(TaIE,1.)<(To½E,1.)*(To½E,1.)=ToE/\, and hence (T/'E,1.)*(T8½E,1.)EM+. 
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Since <(Ta2E;,..)*(Ta½E,..)x, x)= //Ta 1E;,..x// 2 t //To½E1,.x// 2 =<ToE1,.x, x) for every xE,f.), 

we see that (T8½E;,..)*(T8½E;,..) t T0 E;,... By normality of q in M+, we have ((T81E;,..)* 
1 ~ 1 1 1 1 

(Ts'lE;,..)) 1t(ToE;,..). But by Remark 4, we have ((Ta 2E1,.)*(T8'1E1,.)) 1=((T82E1,.)(T81E;,..)*) 1• 

And //(Ta½E;,..)*x//<//Taix[I for every xE'.tlr6½, since (Ts½E1,.)*x=E1,.T/1 x for every 
l .1 * 1 1 

xE mr8½. Hence (T8 2 E1,.) (T8 1 E1,.) <T8 and consequently ((T8 2 E1,.)*(T8 2 E1,.)) 1 <T01• 

Thus we see that (T0 E;,..)'<I.u.b.Ts 1 =g. Let M+3C<T. Then 

for every:\. But C=l.u.b.ClE,._C1. Hence C4 =1.u.b.(C}E,_C1)1 <g. This shows 
A A 

T 4 <g. Thus T 4 = g = l.u.b. Ts'• The proof is complete. 

REMARK 5. This proof shows us that Theorem 2 holds as well for every 

normal, but not necessarily faithful and essential, pseudo-q-application. 

LEMMA 3. If TE (5+ and T= 100 -x,dE,._ is the spectral resolution, then E,._..1. is a finite Jo . 
projection for every ),, > 0, and hence T is a measurable operator. 

PROOF. For every:\> 0, :\E,._..1.<T. Hence (E,\..1.) 1(w) 1s finite except on a 

nowhere dense subset of f2, and therefore E,._ ..1. is finite. Hence T is measurable 

(cf. [ I 3] Lemma 1.1). 

REMARK 6. From Dixmier's construction of q-application [ 4] a projection 

PE M is finite if and only if PE;:;+. Therefore ;:;r = mo (=the ideal generated 

by all finite projections in M [ 13]). 

The set of all measurable operators 17M forms a *-algebra with respect to 

the strong sum S + T and strong product S • T, the scalar multiplication (except 

that O • T= 0) and adjunction S* [15]. Relations between these operations and 

our extended pseudo-q-application are given in the next 

LEMMA 4. If T and Tr are positive measurable operators r7M, then 

(I) (T+ Tr) 1 = 1' 4 + Tr 1 ; 

(2) (:\ T) 1 = :\ 1' 1 for every non-negative consant A.,; 

(3) (UTU*) 1=T4 forevery UEMu; 

(4) (A·T) 1 =AT1 for every AEM1+. 

PROOF. Ad (I): Let A <T+ Tr and A E mr+, then A= C ·TC*+ C • Tr C* 

for some CEM with //C//<I ([13], [5]). Since 

(C ·Tl)· (C· T~)* = C • TC* <C· TC*+C • TrC* = AE M+, 

we have C•T1EM. And (T½C*) (C•T~)<T follows from //Ci/ <I. Hence 

T 4 > ((T'"C*) (C • T½)) 1 = ((C • Tii) (T1C*)) 4 = (C • TC*) 4• 



Extension of ~-Application to Unbounded Operators 283 

A 4 = (C · TC*) 4 + (C • T1C*) 4 < T 4 + T1 4 

This shows (T+T1) 4.:-S:::T 4 +T/. Evidently (T+T1) 4:2:1' 4 +T14, and we have 

(T+ T1) 4 = T 4 + T1 4-

(2) is clear. 

Ad (3) : It is sufficient to remember that, A< UT U* and U* AU< T are 

equivalent for every A EM+. 

Ad (4): Put A1=BEM4+. Then for any CEm'+, C<T, we have BCE< 

B•TB, so that AC4=(BCB) 4<(B·TB)4=(A·T) 4• This shows that AT4 <(A•T)4• 

On the other hand if m'+ 3C1 <B•TB = A•T, then C\ = (DB)·TBD* = (DA)•TD* 

=A• D • TD* for some DEM with !/Dj! .:-S::: I. If P,, is the central projection corres­

ponding to the open-closed set {w; -A(w) > I/n_}, then C1 P,,=(TiBD*Pn)*(T1BD*P,,) 

E m' and hence 

(C1Pn) 4 = ((T 2 BD* Pn)* (T 2 BD* Pn)) 4 = ((T 1 B D* P,,) (T 1 B D* P,,)*) 4 

=(A· Pn • T 2 • D* D · r1y_ 

But P,, • D • TD* EM+. Therefore P,, • T½ · D* D · Ti EM+. So we see that 

And as C1Pn = (APn) · D • TD* t A• D •TD*= Ci, it follows from the normality of 

the mapping ~ that l.u.b. (C1Pn) 4 = Cr'• This leads to the inequality C1 4 <AT 4• 

Hence (A• T) 4 <AT 4, completing the proof. 

LEMMA 5. ®+ has the following properties: 

(I) If TE®+ and UE Mu, then UTU* E ®+ and (UTU*) 4 = T\ 

(2) If TE®+ and S is an opeator, 0 <S_<;J, then SE®+; 

(3) IfTE®+ and TrE®+, then T+T1 E®+ and (T+T1) 4 =T 4 +T1 4• 

PROOF. It is evident from the previous lemma. 

A linear set 2 of measurable operators 17 M is called an invariant linear system 

of M if TE£ implies UT, TUE S3 for every U E Mu. We have shown [I 31 that 

a set Bx of positive measurable operators r7M is the positive part of an invariant 

linear system if and only if £ x satisfies the following conditions : 

1. If TE 2x and UE Mu, then UT U* E £x; 

2. If TE Bx and Sis a measurable operator such that O<S<T, then SE2x; 

3. If SE S3 x and TE £ X, then S + TE S3 x. 

:Hence Lemma 5 shows that s+ is the positiYe part of an invariant linear 
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system @,, More precisely, 

THEOREM 3. There is a unique invariant linear system ~ whose positive part is @5+. 

And the a_pplication q defined on 15+, 15+ 3 T-T1 E Z, can be uniquely extended on @5, 

6 3 T-T' E Z', so as to have the following properties: 

(I) IfTE®andT1E6,anda, a1 are complex numbers, then (aT+a1 T 1)1= 
aT' + a1T1'; 

(2) If TE @5 and AE M, then (A• T) 1 = (T A) 1 ; 

(3) If TE®+, then T'20; 

(4) If AEM1 and TE®, then (A•T) 1=AT'; 

(5) (T*) 1 = Ti for every TE®; 

(6) If SS* E@, for an operator S, then S* SE @5 and (SS*l = (S* S)1• 

PROOF. As pointed out in [13] (p. 320), existence and uniqueness of @5 can 

be proved in much the same way as Dixmier ([4], Lemma 4.7). Thus details 

are omitted. Every TE~ can be expressed as a linear combination of elements 

in 15+. Hence q can be uniquely extended on @5 so as to satisfy (1). (3), ( 4) 

and (5) are evident from the way of extension. (2) is proved as in a usual 

fashion : first by A E Mu, next by self-adjoint A EM and lastly by general A EM. 

( 6) is proved as follows : Let S = U /SI be the polar decomposition of S. Then 

SS* = US* SU*. Hence 

(SS*) 1 = (US* S U*)1 = (U* US* S) 1 = (S* S)I. 

The proof is complete. 

REMARK 7. From the property (6) of this theorem, we can show, more 

generally, that (SS*) 1 = (S* S) 1 for every operator S. The proof goes in much 

the same way as in Remark 4. 

In our previous paper [13] we defined the powers B"' (a> 0) of an invariant 

linear system B as the invariant linear system generated by all T"' with TE£+. 

But, in general, it was an open question whether or not the set {T"'; TE£+} 

coincides with £"'+. Hence we were forced to give the sufficient conditions, ( {:)1 

and (,() 2• To state this, we need the following notation [5], [13]. Let S and 

T be positite operators 17M, and S= \ 00:X.,dE,1., T= \ 00 "\,dF>. be their spectral re-
JO Jo 

solutions respectively. Put G,1. = E>.nA, then {G>.} defines an operator ~:>-,dG,1. 

which will be denoted by SV T. 

({:)1 If T= ~:"X,dAEB+ and if o<S= ~:"X,dE~ 1s an operator such that 



Extension of ~-Application to Unbounded Operators 

E1,. ..L ;:;;;;; F1,. ..L for every positive A, then SE 2+. 

(<()2 If SE 2+ and TE B+, then SVTE 2+. 

THEOREM 4. S satisfies ( <()1 and ( <()2. Hence 

(I) (§3•>+ = {T"' ; TE (§3+}; 

(2) (®"')fl= ®"'11, S"' • ® 11 = S"'+,a for ei•ery a, (3 > 0; 

(3) If ®"' is an algebra for some a> 0, then so are all the other (SI>_ 
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PROOF. Let T= f=:\,dF1,.Ee5+, 0<S= fc"\,dE1,., and assume E;..+:::;F,,_..L for Jo ~ Jo 
every A>O. Put S,.=(l/2")(E~2n+Et2n+•··+E~n;2n) and T,,=(I/2")(F'ti2n+F"t2n 

+···+F~2n12n). Then S,,<S,,+i. T,,<T,,+i, 1.u.b.S,,=S, and 1.u.b.T,,=T. Then 

by normality (Theorem 2) it follows that l.u.b. S,,1 = S' and l.u.b. T,,1 = Tl, while 

from the assumption E;.. ..L;:;;;;; F1,. ..L we obtain that (E/·)' < (F1,. ..L)' for every :\, > 0. 

Hence S,.'<T,,', so that S'<T'. This proves that SES+. Thus S satisfies (<()1 • 

Next we turn to the proof of (<()2• Let S, TE 2,+ and S= ):\.dE;.., T= )::\,dF;.. 

be their spectral resolutions. 

Now for any projections P, Q in M we have (PVQ)' <P' + Q' because (PVQ)1 

=P1 +(PVQ-P)'<P'+Q' since PVQ-P;:;;;;;Q [lOJ. Hence G1,...L 1_:s;:E1,...L'+F1,...L1• 

From this inequality we have (SVT)'<S'+T', so that SVTE0+. That is, S 

satisfies (<()2. The rest of the statements were proved previously [131-

For the later use we put @3° = M. 

Next we show that the mapping T---+T1 of (3+ info ZnZ' is onto. 

THEOREM 5. For each function f E Z, finite except on a nowhere dense set, there exists 

an operator TE (§3+ such that T' = f. 
PROOF. From the proof of the existence theorem of the pseudo-q-application 

given by Dixmier ([4] Theorem 1), we may assume that E'(w) "== I for a finite 

projection E with I as its central envelope. Under this assumption we may con­

st~uct an operator T of the theorem as follows. For every :\,> 0, {w; J(w) <\.} 

is an open-closed set O;.. modulo a nowhere dense subset of .Q. The central pro­

jections corresponding to O;.. are denoted by P;,,.. Put E;.. = EP;.. + EJ.. for :\,> 0 

and E;.. = 0 for A<O. Then {E;..} is a spectral resolution of the identity, and 

defines an operator T = ~::\,dE;,,_. We show that T is a desired operator. To 

this end we put 
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Then l.u.b. T" = T. Hence from the normality of a (Theorem 2) we have 1.u.b.Tn' 

= T 1• On the other hand, 

It is not difficult to see that Tn1 t / as n t =. Thus T 1 = J, completing the 

proof. 

The invariant linear system e is not in general an algebra. It is the case 

if and only if M is of type I ([IO], [11], [2]). To the proof we need the following 

lemma. 

LEMMA 6. Let M be a ring of t_ype I, and let {Pn} be a decreasing sequence of finite 

projections in M such that Pn t 0. If we denote the central envelope of P,. by Qn, then Q,. t 0. 

PROOF. First we remark that, in a ring of type I, the q-application can be 

normalized as follows: pi (w) 2 I and I'' (w) > 0 are equivalent for each projection 

P in the ring. This follows from Dixmier's construction of Q-application (cf. [ 4] 

Theorem I and [1], [2]). Now we turn to the proof of the lemma. If the. 

contrary holds, we may assume that Q" = I for n = I, 2, 3, •··· As the support 

of Pn1 becomes Q, we have Pn1 (w) > I everywhere on S2. While Pn are finite 

and Pn t 0, so that by the normality of q we obtain Pn1 t 0, a contradiction. 

The proof is complete. 

THEOREM 6. The following statements for a semi-finite ring M are equivalent: 

(1) M is of type I)· 

(2) S 2 Ce, that is, S is an algebra. 

PROOF. Ad (1)-(2): Let T= ~:XdE"' be any operator Ill 1~+ =. Put T1 = 

~>dE" and 1'2 = ~~XdE,\. Then T/~Tl so that Ti2Ee. Denote the central 

envelope of E" .L by Q,\. Then by the preceding lemma, Q,\ t 0. But Q,\ .L < E,\. 

Hence Q,\.LT2 is a bounded operator. Thus Q1c.LT22 =(Q,\.LT2)•T2 Ee+, that is 

Q1c .L (Tl)1 (<u) < + = except on a nowhere dense set. By letting x- =, we have 

(T/)1 (w) < + = except on a nowhere dense set, that is T22 ES+. Thus T2 = 
T/ + T/ Ee+. This proves (1 )- (2). 

Ad (2)-(1): It is sufficient to show a contradiction under the assumption 

that M is of type II. Then there IS a finite projection P with central envelope 

I [2]. Let 9JI: be the range of P. MIJJl, the reduction of M on 9.11:, is finite and of 

type IL There is a partition {9Jl:n} of 9J1: such that P'IJJl,,(w) = (l/2")P1(w). Let 
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~ 

T = ~2~Pmn• Then T becomes a positive operator 17M by Theorm 1. T 1 (w) < + oo 
n=I 

by the construction of T. On the other hand T2 = ~ 2n PIJJln, and (T2) \ w) '= + 00 
n=l 

identically, that is, T 2 EE IS, a contradiction as desired. 

Next we prove 

THEOREM 7. The following statements for a semi-finite ring M are equivalent : 

( I ) M is finite; 

(2) IS 2 ) IS. 

PROOF. Ad (1)-(2): As M is finite, we normalize the q-application so that 

I 1(w) '= I identically. Let T be any operator in 1S+. Then (T*) 1s(T1) 1 by a 

usual calculation [l]. This shows us that TE IS2• 

Ad (2) ➔ (1) : If the contrary holds, we may assume that M is properly 

infinite. Then there exists an orthogonal sequence {Pn} of finite projections such 

that Pn ~ P,,. and Pn1(w) == 1 (m, n = I, 2, 3, ... ) [2]. Put T =}.:, (l/n2) Pu. Then 
n=l 

T is a positive operator 17M by Theorem 1, and T 1 = ~(1/n)Pn- Normality 
n=l 

of q shows us that T1 (w) = h I/n2 < + oo and (T 1)1 (w) = h I/n = + oo, That is 

TE6 and T 1EEIS. This. proves that IS::!)E,l or IS2 ::!)6, a contradiction. 

Combining the last two theorems we obtain the °following 

THEOREM 8. The following statements for a semi-finite ring M are equivalent: 

(1) M is finite and of type I; 

(2) IS= e,2_ 
PROOF. Clear. 

Here we will mention some special properties concerning the extended q­
application. Some of them will interest us directly in . their own nature, and 

others will reveal their meanmg more clearly when applied to the theory of 

integration in the next §. 
, , I 

LEMMA 7. If AEM+ and TE IS+, then (A•T)'=(TA)'=(A<l•TA 2 ) = 
(TLA•T½)'>O. 

PROOF. The first two equalities are clear from Theorem 3. It remams 

only to prove that (S1 • S2) 1 = (S2 • S1) 1 for every S1 E IS 1 and S2 E e;l_ With no 

loss of generalities, we may assume that S1 > 0 and S2 2_ 0. Then the equality : 

((S1 + iS2) • (S1 - i S2)) 1 = ((S1 + iS2) (S1 + iS2)*)1 

= ((S1 + iS2)* (S1 + iS2))' = ((S1 - iS2) • (S1 + iS2))', 

shows us that (S1 • S2) 1 = (S2 • S1)\ as desired. 

THEOREM 9. If TE (5+, then the mapping A- (A• T)1 of M into Z' zs normal. 
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PROOF. Let {.Aa} be an increasing directed set of operators EM+ with the 

least upper bound A EM+. Then 

by Lemma 7 and Corollary of Theorem 1, completing the proof. 

COROLLARY. If TE rs, then the mapping P-(P• T) 1 oj Mp into Z' ZS completely 

additive. 

PROOF. Since T can be expressed as a linear combination of operators E t.S+, 

the statement is clear from the preceding theorem. 

LEMMA 8. Let a and fJ be non negative real numbers such that a + f3 = l. If 

SE l.S"' and TE ®13, then the following statements hold: 

(1) IfS>o and Tz-_0, then (S•T)'=(S'2·T·S'2)'z-.O; 

(2) (S•Tl=(T•S)'. 

PROOF. In case that a= 0 or fJ = 0, the statements are already proved in 

Lemma 7 and Theorem 3 ; (Note that (0° = M). Hence we may assume that 

a> 0 and fJ> 0. 

Ad (I): Let T=~;xdE,_ be the spectral resolution. Then, as Pn=EnEt";,. 

1s a projection in ®13, it is also a projection in (SY for every ry>0. Since S·TE lS 

and 1.u.b. Pn = EoL we have lim (Pn • S • T)' = (S • T)' by Corollary of Theorem 9, 

and 1.u.b. sL T Pn • s½ = SL T • siz by Corollary of Theorem 1. On the other 

hand, as T Pn EM+ n (SY for every ry > 0 and hence S • (T Pn)i_, E l.S, it follows that 

by Lemma 7. Thus (P,.•S•T)'=(SLTP,.·S½)' t (SLT,S~)\ (n- oo), whence (S•T)' 

= (S1, T • S~)'. This proves (1). 

Ad (2): Since S and T are linear combinations of positive elements of l.S"' 

and (S~ respectively, it suffices to assume that S>o and T>0. Then (1) yields 

the equality (2), completing the proof. 

LEMMA 9. Let a and (3 be non-negative real numbers such that a+ fJ = I. Let 

{Ss} and {T8 } be increasing directed sets of positfre operators in em and ®·8 resj1eclii-ely. If 

l.u.b.Ss=SE-0"' and l.u.b.To=TE@:/3 exi.1i, then 1.u.b.(S;,·Ta)'=(S·T)'. 
o o o 

PROOF. Let g= l.u.b. (Ss•Ts)'. Since (Ss•Ts)' <(S0 °1'0,l <(S0 1 •T0,i <(S•T)' 

for o<o' (Lemma 7), it follows that g<(S•T)' and gz-_(S8 •Td' for every o 
and o'. Thus 
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for every o. It is not difficult to see that g>(S• T)'. This completes the proof. 

Concerning the invariant linear system @3 and (5~, we obtain the following 

properties summed up in 

THEOREM I 0. In @3 and @3 z, the following statements hold: 

(I) If TE@3, then I.u.b. /(A·Tl/=/T/1, and in particular /(A•T)'/<[!A!I/T/ 1 

IIAIJ:Sl, AEM 
for every A E M ; 

(2) If S, TE @3, then / S + T / 1 < / S / 1 + / T / 1 ; 

(3) If S, TE@3~, such that S·T*=O, then (/S+7'1 2)'=(/S/ 2)'+(/T/ 2)'; 

(4) If TEC5, then T>O if and only if (A•T)'>O for every AEM+; 

(5) If AE M, then A>O if and only if (A• T/>O for every TE@3+; 

(6) If SE@31, then S>0 if and only if (S•T)'>0 for every TE@3½+; 

(7) If S, TE@3-l such that /S/</T/, then (/S/ 2/<(/S/•/T/)'<(/T/ 2)'; 

(8) If Sand Tare selj:adjoint elements of @,i such that (S2) 1..S:(T2) 1, then (S· T)' 

s:-;: (T2)1; 

(9) lfTEC51 and UE:M:u, then (/T/ 2)'=(/UTU*/ 2)'; 

(IO) IfS,TE@31, then /(S,T)l/ 2 <(/T/•/S*i)'(/S/•/T*/)1</T•S/ 1 /S·T/'; 

(11) If S, TE@3J, then /(S·T)'/ 2 <(1S·T/ 1) 2 :::;:(S*S)l(T*T)1 (Schwarz's Ine-

quality), and ((S* S) 1) 2 = I. u. b. I (S • T) 1 /. · 
(T*T)i:S:I 

PROOF. First we shall prove a part of (II): j(S·T)1 / 2 ..S:(S*S)1(T*T) 1• For 

any complex numbers a and /3, 

I a I 2 (SS*)' + 2 fil a (3 (S • T)' + I (3 I 2 (T* T) 1 = ((aS* + (3T)* • (aS* + (3T))' 2 O 

By means of this inequality, we do the trick in the usual c~nonical fashion. 

Ad (1): Let T=U)T/ be the polardecompositionofTand 1/A//<L Then 

I (A·T)1 12 = I (A•UIT/) 1 I 2 = I (AU• IT/ i. /Tl i)' / 2 <(/Tl½. U* A* AU•/ T/ i)' /Tl' 

by Schwarz' s Inequality just proved. But as is easily verified, / T /I. U* A* AU· / T / i 

<IT/. Hence (/T/LU*A*AU•/T/Ji:S::/T/'. Thus we have /(A·T)'/..S:/T/' 

for every AEM, //Ai/<I. /T/=U*T shows that /T/ 1 is the least upper bound 

really attainable by an A= U*. 

Ad (2): Let S+T= U/S+T/ be the polar decomposition of S+T. Then 

by using ( 1) we obtain 

/S + T/ i = (U*(S+T))i = (U* •S)' + (U* • T)1 <IS/ i + /Tl 1• 
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Ad (3): From the assumption, we have (S • T*) 1 = 0. Hence 

(JS+ Ti 2) 4 = ((S* + T*) (S + T)) 4 = (S* S) 4 + (T*•Sl + (T•S*) 1 + (T*T) 1 

= (ISl 2)' + (ITl 2) 1 + (S· T*)' +CS· T*) 4 = (ISi 2)' + ( I Tl 2) 4• 

Ad (4): By Lemma 7, it is sufficient to prove the "if" part. If T=T1+iT2 

with T1 =T1* and T2 =T2 *, then (A· T2) 4 =0 for every A EM+. Let T2 = \ 00 MFA 
J-00 

be the spectral resolution. Then for any :X.<0, FAT2 <0. But, as FAE M+, we 

have (F,.1'2) 4 = 0. Hence F,._T2 = 0 since the mapping q is faithful. This shows 

us that F,._ = 0 for every :X. < 0. In the same way, we can prove that for any 

:X.>0, F;...1.. = 0. Thus we have T2 = 0. Let T1 = \:00 :X.clE/,_ be the srectral resolu­

tion. Then for any :X.<0, E;,.T1 <o and (E;,.T1) 1 = (E;,.T) 1~0 since EA EM+. This. 

shows (E;,.1'1)\ = 0 so that E,._T1 = 0, and hence EA= 0 for every :X. < 0. Thus 

T=T1 = (00 :X.dE;,.>0. This proves (4). Jo -
Ad (5): By Lemma 7, it is sufficient to prove the "if" part. If A=A1 +iA2 

with A 1 = A1* and A2 = A2*, then (A2 · T)' = 0 for every TE e;+. Hence (A2 • T)' 

=0 for every TE6, so that (jA2 /•T) 1=0 for every TE6. Thus r1/A 2 [T2=0 

for every TE :5+. Let j A2 j = ~: :X.dF;.. be the spectral resolution. If F,._:-=f= 0 for 

some :X.o> 0, then there is a non-zero projection Q E 6 such that Q ~FA~-. For 

every x E .\) we have 

Hence 0 = F;..~Q = Q. This is a contradiction. Therefore F;,. .1.. = 0 for every :\,> 0. 

That is A2 = 0. Let A1 =}: = :X.d E" be the spectral resolution. If E;,_ 0 ='f. 0 for 

some :X.o> 0, then there exists a non-zero projection PE® such that P<E;..,. As 

PA1P<0 and 0s(PAP) 4 =(PA1 P)\ we see that (PA1 P) 1=0 and hence PA1P=0. 

From this we can prove in the same manner as above 0 = E1. 0 P= P. This 1s a 

contradiction. · Thus we have A= A1 = ~::X,dE,._. The proof is complete. 

Ad (6): The "only if" part is evident by Lemma 8. The proof of the 

"if" part is nearly the same as that of ( 4). Hence details are omitted. 

Ad (7): ITI-JSl>0. Hence (IS/·(/T/-ISl))1>0. This leads to the 

first inequality (jSj 2) 1 <(ITI • ISi)'. The second is similarly proved. 
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Ad (8): 0 < ((T-S)2)1 = (T 2)1 - 2 (T • S) 1 + (S 2)1 < 2 ((T 2)1 - (S • T) 1). Hence 

(T • S) 1 < (T 2) 1• 

Ad (9): [ UTU*[ 2 = UT*U*UTU* = U/ T /2 U*. Hence (/ UTU* [2)q = 

(U[T[2U*)I = (/7'[ 2)q. 

Ad (10): Let S= U[S[ and T= VITI be the polar decompositions of Sand 

T respectively. Then [S*/=UIS[U*=SU* and [T*[=VITIV*=TV*. Hence 

I (S • T) q I 2 = I (U I s I • VI TI ) q I 2 = I ( ( I TI L u. I s I 1) • ( I s I L V. I TI 1W i 2 

<(ISJLU*• ITl •U• ISl?;)q (IT[i.V*IS/ ·V• /T/JY 

= (U*• /Tl •U• [SI )1 (V*· I Sf· V• I Tl )q=CI Tl •UI Sf U*)I( I SI· VI TIV*)q 

=(/Tl. IS*li (ISi. IT*[)1 = (/Tl •SU*)q (ISi •TV*)1 

= (V*•T•SU*)1 (U*•S•TV*) <IT·SI q IS·TI q 

Ad (11): Consider the polar decomposition WIS• TI of S • T, where W is a 

partially isometric operator. Then 

I CS•T)q 12= 1 cw1s•TI )1 12 < 11 w11 2 c1 s-TI q)2 < Cl s-TI 1)2 = ccw* •S) •T)q)2 

~(S* •WW*• S)q (T*T)1 = (WW* SS*)q (T*7')1 <(SS*)1 (T*T) 1 

· This proves Schwarz's Inequality. The proof of the last statement goes as follows. 

Put g = 1. u. b. [ (S • T) 1 I. Then, by Schwarz's Inequality just proved, it follows 
(T*T)IS.1 

that g<((S*S)q)½. Let S= U[S[ be the polar decomposition and Pn be the cen-

tral projection corresponding to the open-closed set {w~((S*S)4)J(w)> 1/n}. Then 

~ ( ~ q 
((S* S)l)i EC !2) and hence we may regard ((S* S)l)il as an operator EM . Thus 

Tn = ((S:S)i)½ [SIU* E @Jil, (Tn * Tn)q < 1 and 

[ (S • Tn) 1 [ = ((S;S)i)-J [ (U/S[ 2 U*) 4 [ = ((S;S)l)i(SS*)I = Pn((S* Sil 

Therefore g>Pu((S*S)1)1 for every n, and hence g>((S*S)1/;, completing the proof. 

The theorem is thus completely proved. 

In the rest of this §, we consider, as an example, the canonical ~-application 

of an H-system ( = Ambrose space [14]). Let H be an H-system, and B, L and 

R be its bounded algebra, left ring and right ring respectively. The partial appli­

cations y-+xy and y-+yx are denoted by Lx and R~ respectively. An element xEH 

is called central if xb = bx for every b EB, that is, Lx11L4 = R 1• The set of a·ll 
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central elements forms a closed linear subspace H 117lLUR.' Let x--+xi be the 

projection of x on H 1• It is known that B 1 CB and xi>0 for every x~O. Put 

Luq=Lb, for bEB. Then Lb--+Lb1 is an application of the ideal lLB={Lb; bEB} 

of lL into the center JL 1 of lL with the following properties : 

I. If BE lLBnO, then B 4 = B; 

2. B--+R4 is a positive, linear and normal mapping; 

3. (AB)1 = (B A)4 for every A E lL and BE JLB ; 

4. (AB) 4 = AB4 for every A E O and BE LB ; 

5. //B 1 I/ <I/BI/ for every BE LB. 

Thus_ R--+B4 is a normal and essential q-application defined on LB, Owing 

to the property (5), B--+R4 1s uniquely extended to a normal and essential q. 
application defined on L We have called this extended application the canonical 

q-application of H [13]. The pseudo.q.application, obtained by restricting it to 

JL+, can be extended by means of (q) to an extended pseudo-q-application defined 

on the set of all positive operators T on H: 

T 1= I. u. b. A4• 
L+3A:S:T 

As remarked earlier, every element of Z' is identified with an opei-ator 171.} and 

vice versa. With this identification we obtain the following 

THEOREM 11. Lx 4 = Lx\ for every XE H. 

PROOF. We need only to consider the case x> 0. Let Lx = \ 00 'AdE;.. be the Jo . 
spectral resolution. Then l.u.b. LEAx = Lx, Thus by the normality of the extended 

7' 

pseudo-~-application (Remark 5), we have 

l.u.b. Lu,Ax)I = l.u.b.LE!x = 'l}. 
7' 7' 

As {E,1,x} is an increasing set with an upper bound x, {L(E;..x)i} 1s a commutative 

and increasing set with an upper bound Lxi• Hence ,{L2(E,1,x)i} is an increasing 

set of positive operators with an upper bound L;1. It follows that, by Theorem 

I, l.u.b.L(E,1,x)i=T0 <Lxi, where l.u.b. is taken m the sense of the ordering of 

the positive operators 17L. To is a measurable operator 17L with mr,) mL)) B 

and lim<(E;..x)1b, b)=(T0 b, b) for every bEB. On the other hand, as li(E;..x) 1 ~ 

xill--+0 for \,-+co, we have lim((EAx)1b, b)=<x1b, b) for every bEB. Hence 

To and Lxl are identical on the dense set B. Measurability of To and Lxi assures 

that T0 =Lx1 [131, Thus l.u.b. L(E,1,x)i = Lxi in the sense of the ordering of the 

positive operators on H, and a fortiori in the sense of the ordering of the real 
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elements of Z'. Thus we have Lx4 = Lxl, completing the proof. 

§ 3. . Application to the theory of integration 

In this § some applications of the previous results to the theory of non-com­

mutative integrations will be considered. In contrast to our previous paper [13], 

we assume the classical theory of integrations over an abstract measure space. 

Let m be a normal, faithful and essential pseudo-trace defined on ·M+. Then 

there exists a unique normal, faithful and essential pseudo-measure <p on fJ such 

that m (A) = cp (A 4) holds for every A EM+ [ 4]. Put 

m (T) = 1. u. b. m (A) 
M+3AST 

for every positive operator T77M. Then 

T= ~: l'cdEA is the spectral resolution and 

normality of cp we obtain 

by Theorem 

(n 
T,.= Jo>-.dEA. 

2, T 4 = l.u.b. T.\ where 

Hence on account of the 

LEMMA 10. If T is a positive operator 17 M with m (T) < + oo, then TE s;+ and 

the support of T 4 is of countable genre, thai is every family of disjoint non-void open-closed 

sets contained in this support is at most countable [3]. 

PROOF. Essentiality of the pseudo-measure <p shows us that cp(T 1) = m(T) 

<+oo implies T 4(w)<+oo except on a nowhere dense set, that is' TE'5+. If 

the support of T 4 is not of countabl.e genre, it is not difficult to see that m(T)= 

+ oo, a contradiction. 

LEMMA 11. Let TE e,+. Then following statements are equivalent : 

( 1) There is a normal, faithful and essential pseudo-trace m such that m (T) < + oo ; 

(2) The support of T 4 is of countable genre. 

PROOF. The lemma is evident from the classical theory of integration. So 

the proof is omitted. 

A positive operator T,,,M is integrable only if TE (5+. The converse does 

not hold in general. For this we have 

LEMMA 12. The following statements are equivalent : 

(1) For every TE '5 +, there is a normal, faithful and essential pseudo-trace m such that 

m(T)< + oo; 

(2) !J is of countable genre; 
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(3) M1 is countably decomposable. 

PROOF .. Ad (l)-(2): Let f be an arbitrary element of Z such that O<f(w) 

< + oo except on a nowhere dense set. Then there exists a positive operator 

T17M with T' = f by Theorem 5. Hence by assumption, a normal, faithful and 

essential pseudo-trace m on M+, and hence the corresponding normal, faithful and 

essential pseudo-measure <p on .Q exist, such that <p(f) =<p(T') = m(T)< + oo. Put 

<p I (g) = <p (f g). Then <p I is also a normal faithful and essential pseudo-measure 

on Q. <pj(l)=rp(f)< + oo shows us that <pJ is a measure with support Q. Hence 

Q is of countable genre [3]. 

Ad (2)- ( I) : If .Q is of countable genre, there exists a bounded normal 

measure [3]. Hence for every f E Z, there exists a normal, faithful and essential 

pseudo-measure <p such that rp(f) < + oo. This shows (2)- (1). Equivalence of 

(2) and (3) is obvious. The proof is thus complete. 

In the sequel, m is a fixed normal, faithful and essential pseudo-trace defined 

on M+, and <p is the corresponding pseudo-measure on Q. 

DEFINITION 3. An operator T17M is called integrable if m(/T/)< + 00 • T 

1s called square-integrable if m(T* T) < + oo, The set of all integrable operators 1s 

denoted by L1 and that of all square-integrable operators by L2• 

L1 and L2 are invariant linear systems satisfying (<()1 and (<()2. L2 = L1 1, 

L1 C 8 and L2 C CS½. The proof is not difficult and the details are omitted. By 

a canonical fashion m(T) is uniquely extended as a linear form on L1. Then 

we have 

for every TE L1 • m (T) is called the integral of T. 

As an immediate consequence of Theorem 3 we have 

THEOREM 12. The integral m(T), TE L1 has the following properties: 

(I) If TEL1 and T1 EL1, and a, a 1 are complex numbers, then m(aT+ a1T1) = 
am(T) + 0'.1 m(T1); 

(2) IfTEL1 and AEM, then m(A·T)=m(TA); 

(3) If TEL1+, then m(T)>O; 

(4) m(T*)=m(T) for every TEL1; 

(5) JJ SS* E L1 for an operator S, then S* SE L1 and m(SS*) = m(S* S). 

REMARK 8. The statements in Theorem IO may be transferred to the rela­

tions in terms of integrals. For instance: /m(S·T)/ 2 <m(/T/ • /S*/)m(/S/ • /T*I) 

for every SEL2 and TEL2 (IO); /m(S·T)/ 2 <m(/S•T/)2<m(S*S)m(T*T) for 
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every SE L2 and TE L2 (Schwarz' s Inequality). Details are omitted. 

As in our previous paper [13], we denote IITl! 1 = m( IT I) for TE L,1 and 

I/Tll2=m(T*T)1 for TEL2• Then it is clear that L1 and L2 are normed spaces 

with norms //Tlf 1 and IITli2 respectively (Theorem IO). First we show 

THEOREM 13. (Monotone Convergence Theorem). Let {Tn} be a monotone zncreas­

ing sequence of positive operators E L1- Then there exists a TE L1 such that l.u.b. Tn = T, 

if and only if {/[Tnf/1} is bounded. In this case lim !IT- Tn//1 = 0, T 4 = l.u.b. Tn\ and 

{Tn} converges n. e. to T in the star sense. 

PROOF. If {I/Tnlf 1} is not bounded, no such T exists. Assume that {lfT,.//1} 
1s bounded. By taking a subsequence, if necessary, we may assume that 

//Tn+l -T,.l/1 < l/4n (n = I, 2, 3, ... ). Let Tn+I -T,. = ~:xdEin) be the spectral re­

solution of Tn+I - Tn>o. Then 

(l/2n) m(Et1;;) = -~:2,. (1/2") dm(Ein)-'-) < - ~~~2 n Xdm(E';.._n)_i_) 

< -~:Xdm(E';.._n)-'-) = IIT,.+1 - T,.f/i < l/4n 

Hence m(Ef~t;';-)< 1/2,.. Put P,.= (\Emk. Then m(P,.-'-) < I/2n-1• Thus we have 
k=n 

P,.-'- t O and P,.-'- is finite. Since ll(Tn+1 - T,.)P,.11 < l/2n and {P,.} is increasing, 

we have ll(Tm-T,.)P,.11 <I/2n-l for every m>n. Let~ be the intersection of 

all '.nr,. (n= I, 2, 3, ... ) and the set-theoretic sum of all P,.,D (n= I, 2, 3, ... ). 

Then '!) is strongly dense [ 13]. Now, for every x E ~. {T,.x} is a Cauchy sequence 

of elements of $5. Hence Jim T,.x exists which we will denote by Sx. Clearly S 

is a lineqr not necessarily closed operator with strongly dense domain ~. and 

has the adjoint S*) S. Therefore S has its own closure T. Evidently T> 0. 

For every xE'.n, l.u.b.(Tnx, x)=(Tx, x). Hence by Theorem I, l.u.b.Tu=T, 

and by normality of a, ]. u. b. Tn4 = T 1• Thus II T !I 1 - !! T,. II 1 = 1: 1'- Tu!! 1 = 
<p (T1 -T})---)> 0. This proves the theorem. 

COROLLARY I. Let {T,.} be a monotone increasing sequence of positive operators 7JM. 

If l.u.b. T,.4 = gE Z' and the support of g is of countable genre, then 1.u.b. T,. = T17M exists 

with T 4 = g. And {T ,.} converges n. e. to T in the star sense. 

PROOF. Since the support of g is of countable genre, there is a normal, 

faithful and essential pseudo-measure <p' such that <p' (g)< + 00 • Let· m' be the 

corresponding: normal, faithful and essential pseudo-trace. Then the norm :rrnll~ 
=m'(T,.)<<p'(g), that is, {I/T,.lli} is bounded. To complete the proof we have 
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only to apply the preceding theorem. 

COROLLARY 2. Let {Tn} be a manotone increasing sequence af pasitive operators 77 M. 

If l.u.b; T,,4 = gE Z', then 1.u.b. Ta== T17M e"ists and T 4 = g; 

PROOF. As M is a central direct sum of countably decomposable centers, 

the proof follows' from the preceding corollary. 

THEOREM 14. . L1 is · a Banach space. 

PROOF. The only point to be proved here is. the completeness of L1 with 

respect to the norm II Iii- Let {Tn} be a Cauchy sequence, that is, !IT,;,-Tn//1-+0 

(m, n-+=). We have to prove the existence of TEL1 such that IIT--:Tall1-0 

(n- oo ). With no loss of generality, we may assume that (I) : Tn=Tn* for every 

n and (2): 1/Tn+l - Tn!/< l/2n for every n. Put 

Then {Sn} is an increasing sequence and, 

for every n. Hence by Theorem 13, there is an SE L1 such that /:s - Snli-+ 0 

and l.u.b. Sn= S. Put Tu'= Ta -T1 + Sn-i for n = 2, 3, ... and Tr'= 0. Then 

T~+1-T~=Tn+1-Tn+ITn-Tn+1/2:0 and I/T~ll1<IITn-T1ll1+IIS,._1lli<c for 

some constant c. Again Theorem 13 is applicable to the sequence {T~}, and there 

exists aT'EL1 such that l.u.b.T,.'=T' and IJT'-T~//1-+0 (n-=). T=T'+T1-S 

is the desired limit. In fact 

T - Tn = T' + T1 - S - Tn = (T' - T,.') + (S,.-1 - S) 

and IIT' - T~lf1-+ 0, I/Sn-1 -~1/i- 0. This completes the proof. 

From this proof we have 

COROLLARY. If Tn-T in Li, then Tn'-T' zn the star sense and Tn-+T n. e, tn 

the star sense. 

PROOF. T 4 - Tn4 = T' 4 - T~ 4 + S!-1 - S4 and T~'-+T'', SL1 -54• Hence the 

first assertion holds. By using T-Tn = T' - Tn' + Sn-I - S, the second assertion 

may be similarly proved. 

As for L2 we have the next analogue to Theorem 13. 

THEOREM 15. Let {Tn} be a monotone increasing sequence of positive operators E L2. 

Then there exists a TE L2 such that l.u.b. T,. = T, if and only iJ {IIT,.1'2} is bounded. In 

this case lim //T~ T,.•// 2 = 0, T 1 = l.u.b. Tn\ (1'2) 4 = l.u,b. (T/•l, and -{T;,} converges n.e. 

to 'I' in the star sense. 
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PROOF. If T = l.u.b. Tn exists in L 2 , then (1' 2) 4 > (T,.2) 4 (Theorem 10, (7)) 

implies that {//T,.// 2} is bounded. Assume the converse. If m>n, ihen 

Hence /ITm-T,.l/z2 S IIT,,.//z2 - IIT,.flz2 ,for m > n. Thus by taking a subsequence, 

if necessary, we may assume that //T,.+1 -T,.l/2 < 1/4,. (n = I, 2, 3, •··). As in the 

proof of Theorem 13, we can construct a T11 M such that {T,.} con verges n. e. to 

T and l.u.b. Tn = T. Hence l.u.b. T,.1 = T 4• We are now to show that TE L2 and 

Jim /IT - T,.// 2 = 0. Since {T,.2} is a Cauchy sequence in Li, there is an SE L1 

such that l[T,.2-Slli- 0. Hence by the preceding corollary T,,2-S n. e. in the 

star sense. On the other hand, as T,.-+T n. e. in the star sense, T,.2-T2 n. e. 

in the star sense [13]. Hence S=T2• But ((T-T,.)2)'=(T 2)'-?(T•Tn)'+(T,.2) 4 

and Tn<T. This shows us that ((T-T,.)2)'<(T2)'-(T,.2) 4 =S4 -(T,.2)'. Hence 

[/T-T,.//2-0, Thus I/T//2= l.u.b. /lTnl/2 or rp((T2)4)= l.u.b.<p((T,.2)') which Im­

plies (T2)' = l.u.b. (T,.2)'. This completes the proof. 

THEOREM 16. L2 is a Hilbert space with an inner product <S, T) = m (S • T*). 

PROOF. The proof of the completeness of L2 is the same as that of L 1, 

except that II Iii is replaced by II 1/2, and that Theorem 15 is used in place of 

Theorem 13. Details are omitted. 

To each A EM corresponds a mapping 0(A) of L2 into itself, defined by 

the relation 0(A) T =A• T for every TEL~. It is easy to see that 0 is a normal 

*-isomorphism, so that 0(M) is a ring of operators on L 2 [6]. We can also show 

that L2 is an H-system whose left ring is 0(M). But this will not be used in 

the sequel, so the proof is omitted. 

THEOREM 17. (Radon-Nikodym's Theorem). For eve1y TE L 1, ifh(A)=m(A•T) 

is a linear form on M continuous in. the ultraweak topology on M. Conversely, every such 

linear form on Mis a (/Jr, TEL1, and /[(fJr/1 = jjT//1. Mis the conjugate space of L1, 

PROOF. First we prove that (/JT is continuous in the ultraweak topology on 

M. Since TE L 1 is a linear combination of positive operators E Li, we may assume 

that T>0. We note that a positive linear form on M is _pormal if and only if . 

it is continuous in the ultra weak . topology· on -M [67, Hence the problem Is 

reduced to prove that @r(A) = m(A • T) is normal for T> 0. But we have shown 

that A- (A• T)' is a normal mapping (Theorem 9). Hence the normality of 
; 

(/JT follows directly from that of rp. Conversely, let (/J be a linear form continuous 

in t.he ultraweak topology. We may assume that (/) is positive. Then (/) is 

normal. Define @(0(A)) = {f)(A). ii; is a normal linear form on 0(M), so that 
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we may write 

= ~ 

@(A) = <P(0(A)) = Li (A· S,., Sn) = Li m(A • S,.2), 
n=l n=l 

n n 

where S,.EL2+ and ~!;S,.[[l<+ 00 [6]. Let T,.=~S/. Then ::r;.[[1 = b i1S;JJ22, 
i=l i=l 

Theorem 13 shows us that T= I.u.b.T,. exists and /IT-T,.[/ 1 -0. Thus d>(A)= 

Iimm(A•T,.)=m(A•T), or d>=d>T, [[@1'[1= l.u.b. fm(A•T)j=/iT[[1 1s obvious 
AEM, IIAll::;1 

from Theorem 10, (1). 

It remains to prove the last statement. For each A EM, IJI' A (T) = m (A • T) 

1s a bounded linear form on L,. That jjlJl'Aj[ = ![A[j may be proved in the follow­

mg way. Since [IAi/=!JJA[jj and l.u.b. jm(A•T)j= l.u.b. jm(fAJ•T)j we 
TEL1,IITll1$l TEL1,IITI1i::s.;;1 

may assume that A EM+. Clearly j[IJl' Ajj < [JAi/ by Theorem 10, (I). If 0 < 

a<l)Ajj for some a, then aE/-<AE/- where A=~~Ail:\dE1- is the spectral resolu­

tion of A. As E/-=1=-0, there exists a projection P<E~..1.. such that 0<m(P)< + oo. 

Put T=mlP)P. Then /;TJ[1=l and aT<PA•T. Hence a=am(T)<m(PA·T) 

=m(A•T). Thus J/Ai[<I.u.b.jm(A•T)j=//IJl'A!/, That is jjAJJ=l[IJl'Ajj. That 
TE L1, IITl/iSI 

every bounded linear form on L1 is of the form IJI' A with A EM is obvious from 

Dixmier's Theorem (L6J, Theorem 1), since we have already shown that L1 may 

be regarded as the set M* of all ultraweakly continuous linear forms on M. 

Thus the theorem is completely proved. 
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