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1. Let Ebe a compact set in the z-plane and let Q be its complement with 
respect to the extended z-plane. Then it is well known that Eis of capacity 
zero0 if and only if Q is a domain and admits no Green's function on it. 
Suppose that Eis of capacity zero. We shall consider a single-valued mero
morphic function w= f(z) on Q which has an essential singularity at each 
point of E, that is, the cluster set of f(z) at each point of E is the whole 
w-plane. 

We shall say that a value w is exceptional for f(z) at a point l; of E if there 
exists a neighborhood of l; where the function does not take this value w. It 
is well known that the set of all exceptional values of f(z) at a point l; of Eis 
a K.,.-set, by which we mean the union of an enumerable number of compact 
sets, and is of capacity zero. Here arises the following question: Can we 
replace "a K.,.-set of capacity zero" by "at most two" or "at most enumerable"? 

In this paper, we shall show that, for every K.,.-set K of capacity zero in the 
w-plane, we can find a function f(z) which has K as the set of its exceptional 
values at each singularity. From this fact we can of course conclude that 
the above question is answered in the negative. Furthermore we shall show 
by an example that, even if Eis of logarithmic measure zero, the set of ex
ceptional values is not always enumerable. 

2. THEOREM 1. For every K.,.-set K of capacity zero in the w-plane, there 
exist a compact set E of capacity zero in the z-plane and a single-valued mero
morphic function f(z) on its complementary domain Q such that f(z) has an 
essential singlarity at each point of E, and the set of exceptional values at each 
singularity coincides with K. 

Proof.2) Let {Kn}n-i,2, ... be a non-decreasing sequence of compact sets whose 
union is equal to Kand let R,. be the complement of K,. with respect to the 
extended w-plane. We observe first that each Rn can be considered as a 
Riemann surface with null boundary. The Dirichlet integral, taken in a 
domain (or an open set) G, of a function g will be denoted by Dc(g). If, in 

l) In this paper, capacity is always logarithmic. 
2) When K itself is a compact set, the proof is considerably simpler. See the remark of Theorem 3. 
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particular, g is a harmonic measure defined with respect to G, we shall write 
simply D(g) for DG(g). Before determining an exhaustion {Rn,k} k•o, 1, 2, ... of Rn, 
we assume that it will always satisfy the following conditions: 

1) the relative boundary oRn,k of Rn,k consists of a finite number of closed 
analytic curves, 

2) each component of R,. - R,.,k is non-compact. 

We shall denote by N,.(k) the number of closed curves which are the compo
nents of oR,.,k, and by ro,.,iw) the harmonic measure of oR,.,k with respect to 
the open set R,.,k-R.n,k-1• If we denote the components of R,.,k-R.n,k-1 by 
{J~,k}Y=1,2, ..• ,N,.(k-1J, then ro,.,k(w) is equal, in each J~,k, to the harmonic measure 
of aJ!,kn aR,.,k with respect to J~,k-

We shall determine {R,.,k} by induction as follows: First {R1,kh=o, 1, 2 , .•. are 
,chosen so that 

1 
D(©1,k) ~ 2k. 

We take a small slit SLk in each JLk such that 

sr,knKk+1 =cp 
N 1(k-1) 

and, for the harmonic measure ©;,k(w) of 0R1,k+ v sr,k with respect to 
Y=l 

N 1(k-l) 

R1,,. -R.1,k-1 - v sr,k, 
Y=l 

,. 
P,.+1= ~PiNj(n-1). 

j=l 

Let us assume that we have chosen {Ri,k} ;-1,2, ... , .. ,k=o,1,2, ..• and {S1,k} ;-1,2, .•. ,,.1 

1c=o,1,2, ... 1 y=1,2, .•. ,Nj(k-1) with the following properties: 

1) 

and 
2) 

Nj(k-1) 
where © 1,iw) is the harmonic measure of oR;,k + v S1,k with respect to 

>=1 
Nj(k-1) 

R;,k-R.i,k-1- v S1,k• We choose {R,.+1,kh-0,1,2, ... so that 1) and 2) are satis-
>=1 

:fled for j=n+l. 

We shall construct a covering surface b. of the extended w-plane such that 
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it is of planar character, belongs to the class OG and covers infinitely often 
no point of K but does all points lying outside K. 

First we connect R2 with R1 crosswise across the slit SL 1 and denote by b.2 

the resulting surface. Next we take P3 =Ni(l)+N::z(l) replicas of R3 and con
nect each one of them with b.2 crosswise across each s1,2 (j=l, 2; v=l, 2,-··• 
Nj(l) ). Thus we obtain a surface J?.3 which contains b.2 as its subsurface. 
Supposing that b.11 is obtained, we connect each one of Pn+l replicas of R .. +1 

with b.11 crosswise across each S1,,. (j=l, 2, ... , n; v=l, 2, ... , Nj(n-1)) so that a 
surface b."+1 of planar character is obtained. Here we note that, for each j 
and JJ, the slit S1,,. appears on b.11 just Pi times and hence we need P,.+1 

= ~ PiNj(n-1) replicas of R,.+ 1 • The limiting surface b. is of planar character 
j-1 

too. We shall show that b. belongs to OG, 
We take the part of b. corresponding to R1,o as the first domain of exhaus

tion and denote it by b.o, We consider the part of b. corresponding to R1,1 and 
R2,1. Then it is a domain containing b.o, and is taken as the second domain 
of exhaustion. It will be denoted by b.1• Next we consider the part of b. 
corresponding to R1,2, R2,2 and Rs,2• This domain contains b.1 and will be 
denoted by b.2. In this manner we obtain an exhaustion {b.,.} of b.. We shall 
use the following criterion due to Sario (6J : 

A Riemann surface belongs to OG if there is an exhaustion {F,.} with the pro
perty that 

---. 1 
~--=00 

11-1 D(ro,.) ' 

where w,. is the harmonic measure of oF,. with respect to the open set F,. -F,._1• 

We shall denote the harmonic measure of ab.,. with respect to b.,. - R,._ 1 by w,.. 
We observe that b.1 -Ro consists of R1,1-R.1,o and R2, 1 connected crosswise 
across Sf.i. We define a continuous function u1 on b.1 - Ro by 

on R1,1-R.1,o-SL1, 

elsewhere. 

This function has the same boundary value as w1 and is piecewise continu
ously differentiable. Therefore, by the Dirichlet principle, 

To evaluate D(w2) we note that b.2 -R1 has two connected components; one 
consists of R1, 2 - R.1, 1 and Ni(l) replicas of R3 , 2 connected crosswise across 
{St2L-i,2, ... ,N,(i), and the other consists of R2,2-R.2,1 and Nil) replicas of Ra,2, 
connected crosswise across {S~, 2}~-1, 2 , ... ,N,(tl• We define a continuous function 
u2 on b.2-R1 by 
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N 1 (1) 

on R1,2-R1,1- vSt2, 
v-1 
N,(.t) 

on R2,2-R2,1- v Sb, 
V=1 

elsewhere. 

'This function has the same boundary value as w2 and it follows by the 
Dirichlet principle that 

D(w2) :::;.Db.,-fl.,(u2)=D(w'i,2) + D(w;,2) 
2 2 < 2D(w1,2) + 2D(w2,2) .< 2_2 + 2_2 = 1. 

We continue this calculation. By the construction of J?.n we attach one each 
replica of Rn to J?.n-i at each slit S1,,._ 1 (1.:S:j.:S:n-1, l.:S:11.:S:Nj(n-2)). The 
number of these replicas is equal to P,. which was defined before. We define 
.a continuous function u,. on I?.,. -R,._1 by 

_ N;(n-1) 

u,.= f Wj,k on the replicas of Rj,n-Rj,n-1- ~1 s;,,. 

t 1 elsewhere. 

(1.:S:j<n), 

It follows that 

D(w,.) <Db.,.-fl.n_, (u,.)=D(w'i,,.)+D(w;,,.)+P3D(w~,,.) + · · · · · · +PnD(w:,,.) 

<2P1D(w1,,.)+2P2D(w2,n)+ ··· +2PnD(w,.,,.).:S:± _!pk =l. 
k-1 n k 

Consequently 

Therefore I?. belongs to Ocon account of Sario's criterion. 

Since I?. is of planar character and belongs to the class Oc, we can map I?. 
-one-to-one conformally onto a domain Q on the z-plane which is the comple
ment of a compact set E of capacity zero. If we denote by f and <p this 
mapping function of I?. onto Q and the projection of I?. into the extended w

plane, respectively, then f(z)=<pa/- 1(z) is a function satisfying the conditions 
-of the theorem. In fact, let t; be an arbitrary point of E and let r be a posi
tive number such that the circle c: I z -t; I = r does not pass any point of E. 
Since the image J- 1(c) of con I?. is a compact set, there exists an n such that 
I?.,. contains J-1(c). Hence the circular disc (c): I z-t; I< r contains the image 
-of at least one component of I?. - R,., but every component of I?. - R,. contains 
.at least one replica of Rm for every m greater than n as its subdomain. It 
follows from this that, for each point t; of E and its arbitrary neighborhood 
v(t;), /(z) takes in v_(t;) infinitely often each value contained in the complement 
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of K with respect to the extended w-plane. Hence we can conclude that J(z) 
has an essential singularity at each point t of E and has K as the set of ex
ceptional values at t. Thus our theorem is established. 

3. REMARK 1. From our theorem, we see that there exists a set of excep
tional values which is everywhere dense in the w-plane. For one point is a 
compact set of capacity zero and hence the set of all rational points is a Kcr
set, which is everywhere dense in thew-plane. 

REMARK 2.3) Let D be a domain in the z-plane, let I' be its boundary and 
let Ebe a closed set of capacity zero contained in I'. We suppose that w= J(z) 
is non-constant, single-valued and meromorphic in D, and associate with 
every point z0 of I' the following sets of values. 

i) The cluster set Cv(J, zo). a E Cv(J, zo) if there exists a sequence of points 
{zn} with the following properties: 

Zn f D, lim z,.=zo and limf(z,.)=a. 
n----,.ao n-,.oo 

ii) The boundary cluster set Cr-IAJ, zo). a E Cr-E(J, zo) if there is a sequence 
of points {t,.} of I'-(z0 VE) such that 

w,. f Cv(J, t,.) for each n, 

zo= lim tn and a= lim w,.. 

When z0 is a point of E such that U (zo) n ( I' - E) =I= <f, for any neighbor hood 
U(zo) of z0 and the open set J2=Cv(J, zo)-Cr-E(J, zo) is not empty, it is known, 
that J(z) takes every value of Q infinitely often in any neighborhood of zo ex
cept for a possible set of capacity zero. We raise the question as to whether 
the number of exceptional values in each component of .Q can be reduced at 
most to two. This is actually true if we -add some condition on E, for in
stance, "E is contained in a single boundary component of I'" 4 ) or "each point 
of E belongs to a boundary component of I' consisting of a non-degenerate 
continuum"5). Here we remark that our quention is not true in general. In 
fact, we use the same notations as in the proof of Theorem 1 and suppose 
that K itself is compact and non-enumerable. If we denote by s a closed 
segment in thew-plane not touching K, then there exist an infinite number 
of segments sn on R whose projections are just s, and their images ry,.=J(sn) 

cluster to E. Hence we can find a point z0 of E such that any neighborhood 
= 

U(z0 ) of z0 contains an infinite number of ry,.'s. Set D=f2-Vry,.. 
n~l 

Then Dis a 

3) This remark is due to Kuroda. 
4) Cf. Noshiro [5J. 
5) Cf. Herve [4]. 
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-domain and has I'=E+ V"fn as its boundary. The point z0 satisfies that 
n=1 

U(zo)n(I'-E)=l=qy for any neighborhood U(z0) of z0 • For f restricted to D, 

Cn(f, zo) is the whole w-plane, Cr-E(/, z0)=s and hence Q consists of a single 
component which is the complement of s with respect to the extended w-plane. 
But f(z) does not take any value belonging to K; this is contained in Q and 
non-enumerable. 

4. In this and the following sections, we shall be concerned with functions 
which have as the set of singularities a compact set E of finite logarithmic 
measure. 

We shall state the definition of logarithmic measure. Let e be a bounded 
set in the z-plane. We cover e by an at most enumerable number of discs 
{S;} with diameters d;<p and put 

1 
m0(e, p)=inf ~ ---1-, 

i log -
d, 

where the lower bound is taken over all the {S;}. mo(e, p) increases as p-O, 
so that 

lim m0 (e, p)=m0 (e) (O~m0 (e)<oo) 
p-o 

exists. We call this quantity mo(e) the logarithmic measure of e. 

By a theorem of Erdos and Gills [1] 6\ a set of finite logarithmic measure 
is of capacity zero. But we shall see in the following that there _exists a 
single-valued meromorphic function such that the set of singularities is of 
logarithmic measure zero and yet the set of exceptional values at each singu
larity is non-enumerable. First we prove the following lemma. 

LEMMA. Let ry be a continuum in the unit disc I z I < 1 whose diameter is 
equal to d. If D(w-y) is sufficiently small, then 

where w-y is the harmonic measure of ry with respect to the unit disc. 

Proof. We map the unit disc by a linear transformations= T(z) onto itself 
so that a certain pointz0 =re'8 of ry is transformedto the origin. Set p=max Isl. 

T(Y)J ( 

From Teichmuller's result concerning extremal region 7l, we see that 

6) Cf. Kametani [2). 
7) See Teichmiil!er [7). 
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where% is a radius of the circle cp: I I;! =p. As D(wy)-0, p-O and 

1 _ 1 l 4 O( 2) s) 
D(wyr)- 21t ogp + p · 

149 

By the inverse transformation z= r- 1(/;), the disc I I; I .S:p is mapped onto a 

disc containing 'Y, whose diameter is equal to 2p l-:2 
2 • 

1-pr 

Therefore 

l-r2 

d.S:2p l-p2r2 .S: 2p, 

and we see that 

1 1 1 1 2 
D(wy) < 21t logd + 21t log 8+0(p ). 

Henc(l there exists a positive number o such that, if D(wy).S:o, then 

l_ log 8 + O(p2) < !_ log l_ 
21t =21t d' 

and we have 

D(wy)L 1t 
log_!_ 

d 

Next we give a sufficient condition for a compact set E to be of finite 
logarithmic measure. 

THEOREM 2. Let E be a compact set in a complex plane and let .Q be the 
component of the complement of E which contains the point at infinity. Assume 
that there is an exhaustion {Rn}n-o, 1 , 2 , ... which satisfies conditions 1) and 2) 
stated in the proof of Theorem 1 and satisfies the following condition: 

+=>lim N(n)D(w,.)=d, 

where we denote by N(n) the number of closed curves which are components of 
oR,. and by w,. the harmonic measure of oR,. with respect to the domain R,. -Ro. 
Unless E consists of a finite number of continuums and contains at least one 

non-degenerate component, the logarithmic measure of E is not greater than !i. 
7t 

Proof. The case where E consists of a finite number of points is trivial. 
Therefore we assume that N(n)-= as n-= and hence that D(w,.)-0 as n- 00 • 

Without loss of generality, we may assume that Ro is the outside of the unit 
disc. For the positive number o stated in the proof of Lemma, there is an no 

8) Cf. Hersch [3). 
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such that D(ron,)<o. Let n be larger than Tlo· The complement of the domain 
Rn covers E completely and has N(n) components Lin,; (i=l, 2, ... , N(n)). If we 
denote by {d;} the diameters of these components, then we have by Lemma 

N(~) 1 
N(n)D(ron)27t~1-1- 1-, 

og
d; 

because the harmonic measure of one component of oR,. has of course a 
Dirichlet integral less than D(ro,.). As n-00 , max d; tends to zero and hence 

l~i;;;N(n) 

we see that 
d= lim N(n)D(ro,.) 2 7t TTZo(E). 

Thus our theorem is established. 

5. We shall give a sufficient condition for a compact set Ew in the w-plane 
to be exactly equal to the set of exceptional values of a single-valued mero
morphic function with singularities of logarithmic measure zero. In the next 
section, we shall give an example of a compact set E.,, which is non-enumerable 
and satisfies our condition. Hence we shall be able to conclude that even if 
the set of singularities is of logarithmic measure zero, the question raised in 
§1 is answered in the negative. 

THEOREM 3. Let Ew be a compact set in the w-plane and let R be the compo
nent of the complement of Ew which contains the point at infinity. If there 
exists an exhaustion {R,.}n-o, 1 ,2, .•. of R such that 

+ 00 > limN(n) ch (N(1,1-l) + 1) )2 D(wn)=d, 
;;::::;;;; >-1 

then we can find a compact set E in the z-plane whose logarithmic measure is not 

greater than j,__, and a single-valued meromorphic function J(z) on its comple-
1t 

mentary domain SJ such that it has an essential singularity at each point of E 
and the set of exceptional values at each singlularity coincides with Ew. 

Proof. Let {Rn},.=0,1,2, ... be an exhaustion satisfying the condition (*) .. 
Then, there exist N(n-1) components of the open set R,.-R,._ 1• Denote these 
components by LI,.,"' (m=l, 2, ... , N(n-1)). We take a slit S,.,"' on each LI,.,"' in 
arbitrary way. 

In a similar manner as in the proof of Theorem 1, we construct a covering 
surface of the w-plane which is of planar character. First we connect one 
replica of R with another crosswise across the slit S1,1. If we denote the 
resulting surface by b.1, then b.1 has N(0)+1=2 sheets. Next, we take (N(O) 
+ l)N(l) replicas of Rand connect each one of them with b.1 crosswise across 
each slit S2,k lying on b.1. The resulting surface b.2 has (N(O) + 1) (N(l) + 1) 
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sheets. Supposing that f?.n with /J (N()) -1) + 1) sheets is obtained, we connect 
ll=l 

n 

each one of N(n) ll (N())-1) + 1) replicas of R crosswise across each slit S,.+1,,, 
>-1 

and obtain R."+1. The limiting surface R. of R" as n---HXJ is a covering surface 
of planar character. From our construction, the set of all points, which are 
covered by R infinitely often, is just R. 

We define {R.,.},.-0,1,2, ... as follows: 
Ro: the part of the first replica lying over the subdomain Ro of R, 
R1 : the part of R1 lying over the subdomain R1 of R, 
............... ··········································, 
R,.: the part of Rn lying over the subdomain Rn of R, 

Then it is easy to see that {R,.}n-o, 1 , 2 , ••. form an exhaustion of R. Let wn be 
the harmonic measure of oRn with respect to the domain Rn - R.0 and let u,. be 
the s'ubharmonic function of Rn such that u,.=w,. on Rn-Ro and un=O on Ro. 
By the Dirichlet principle, we have 

n 

D(w,.)=DR,.-fl.(U,.ocp) =(ll (N())-1) + 1)) D(w,.), 
)/=1 

n 

because Rn covers each point of Rn just ll (N()) -1) + 1) times. Here we 
>-1 

denote by cp the projection of R on the w-plane. Let N(n) be the number of 
closed curves which are the components of oRn. Then 

N(n)=N(n) /J (N(1J-l)+l) 
>-1 

and hence from the condition ( *) 

lim N(n)D(w,.)<d. 

Since R is of planar character, we can map R one-to-one conformally onto a · 
domain Q on the z-plane which is the complement of a compact set E. We 
denote by / this mapping function of R onto Q. From the relation ( **) and 

Theorem 2, we see that E has a logarithmic measure not greater than !i. By 
n: 

the same reasoning as in the proof of Theorem 1, we see that the function 
J(z)=cpoJ-1(z) has an essential singularity at each point of E and has Ew as the 
set of its exceptional values at each singularity. Thus our theorem is estab
lished. 

REMARK. When Ew is a compact set of capacity zero, then there is always 
an exhaustion with the condition that 

n 

lim ll (N()) -1) + l)D(wn) = 0. 
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For the number jj (N(1,1-l)+l) is determined by only Ro,R1,-··,R,._1 and we 
11=1 

can take R,. so that _h (N(1,1-l)+l)D(w,.) <1-. Hence, if we construct b. in 
>=1 n 

the same manner as above, then lim D(@,.)=0 and hence Eis of capacity zero. 

Thus we have Theorem 1 in the particular case that the set K itself is 
compact. 

6. In this section, we shall give an example of compact sets in thew-plane 
which are not enumerable and satisfy the condition(*) in Theorem 3. From 
this example, we see that the case stated in Theorem 3 is not empty. 

Let 81 be a closed segment on the real axis in the nuit disc I w I < 1 such 
that its harmonic measure wC 1> with respect to the unit disc has a positive 
Dirchlet integral less than l/(l •2(2° + 1)2). Next we exclude an open segment 
from the middle of 81 so that, for the remaining segments being denoted by 
Si and 8~, the harmonic measure w<2> of their union 82 with respect to the 
unit disc has a positive Dirichlet integral less than 1/(2 • 22 (23 + 1)2 (2 + 1)2). 
Continue these constructions inductively; that is, if after n times of these 
constructions, we have 2"- 1 subsegments 8'i, (k= 1, 2, ... , 2"- 1) of S1 of equal 
length such that the harmonic measure c,/"> of their union 8" with respect to 

n 

the unit disc has a positive Dirichlet integral less than 1/(n• 2"(ll (2'- 1 + 1) )2), 
>=1 

then we exclude an open segment from the middle of every S;;(k= 1, 2, ... , 2"- 1) 

so that the harmonic measure w<"+ 1> of the remaining part S"+ 1 with respect 
to the unit disc has a positive Dirichlet integral less than 1/( (n + l) • 2"+ 1 

n+l 

<ll c2,- 1 + 1))2). 
>=1 

Now, we put as follows: 
= 

Ew= n Sn, 
n=l 

Ro= {w; lwl >1} 

and 

R,.= { w; o>(nl(z)< ~} V Ro. 

Evidently Ew is a non-enumerable compact set. 

We shall show that the sequence {R,.},.~o, 1 , 2 , .•• just obtained is an exhaustion 
which satisfies the condition ( *) in Theorem 3. Since wC"l(w) tends to zero as 
n--+ 00 at every point w of R, oR,. tends to Ew and hence the sequence {R,.} is 
an exhaustion of R. Let w,. be the harmonic measure of oR,. with respect to 
the domain R,.-R.0 • Then w,.=2wc"> there and hence we have the following: 

D(w,.)=4DR,.-fl.(w(n))= 2D(w(n)) < 2/(n • 2"(Jl (2>-l + 1))2). 
>=1 
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Since the number N(n) of closed curves which are components of the relative 
boundary oR,. is not greater than 2", we have 

n 

lim N(n)(ff(N(!,)-1) + 1))2D(wl') 
~ '\1=1 

.:S:lim N(n)(ll (N(7,)-1)+1))2•2/(n•2"(ll c2v- 1 +l))2).:S:lim 2/n=0. 
,;;:;;;; '\1-1 11•1 ll-400 

Thus the condition(*) is satisfied. Our proof is now complete. 
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