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1. Introduction 

In this note, we consider a real system of n nonlinear differential equations 
of the form as follows: 

(1.1) 7t; = cf;(x, t, c) (i=l, 2 ... , n), 

where f;(x, t, c) (i=l, 2, ... , n) are such that 
1 ° they are continuous with respect to (x, t, c) in the domain 

n 

D: lxl =blx;I <L, -=<t< +=, lcl <o; 
i-1 

2° they are periodic in t with the period T( > 0) ; 
3° they are once continuously differentiable with respect to x; (i = 1, 2, ... , n) 

and c. 
For such a system, N. Minorsky proposed an interesting method [2]-­

the so-called stroboscopic method -- to seek for periodic solutions and to 
decide their stability. After his proposal, his heuristic method was proved 
to be mathematically legal too by some writers [3, 4]. The stroboscopic method 
guaranteed mathematically advocates that, for sufficiently small I c I, 

1 ° to each simple critical point of the system -- the so-called stroboscopic 
image of (1.1) --

(1: 2) dx- ( ) _ _!__=SF- X 
dt ' 

(i=l, 2, ... , n), 

where 
T 

(1. 3) F;(x)=-f-1 J;(x, t, O)dt (i=l, 2, ... , n), 
0 

there corresponds one and only one periodic solution with period T of the initial 
system (1.1); · 

2° the stability of the corresponding periodic solution of the initial system 
is the same as that of the corresponding critical point. 

Recently, R. Faure [1] considered the case where some of F,(x) (i=l,·2, 
... , n) vanish identically -- in this case, evidently there does not exist any 
simple critical point -- and he has found to seek for a periodic solution of 
the initial system making use of Haag's successive approximations. But his 
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method seems to be insufficient owing to some assumptions which he laid for 
simplification. 

In this note, we are concerned with the same case as that of R. Faure 
and we shall show that the problem can be solved more simply without any 
excessive assumption laid by R. Faure if we make use of the method which 
M. Urabe [ 4] used to prove mathematical legality for a stroboscopic method. 

· On the initial system (1.1), as R. Faure has done, we assume that 
1° J;(x, t, c) (i=l, 2, ... , n) are continuous with respect to (x, t, c) in the 

domain D; 
2° f;(x, t, S) (i=l, 2, ... , n) are periodic int with the period T(>0); 
3° J;(x, t, c) (i= 1, 2, ... , n) are twice continuously differentiable with respect 

to x, (i=l, 2, ... , n) and c; 
T 

4° ~ f,ix, t, 0)dt=0 
0 

(a=l, 2, ... , p, ps;;.n). 

2. Existence of a periodic solution 

Let x,=<p,(u, t, c) (i=l, 2, ... , n) be the solution of (1.1) such that 

(2.1) <p,(u, 0, c)=u, (i=l, 2, ... , n). 

Then, by the assumptions on f, (x, t, c), in any finite interval of t, <p, (u, t, c) . 
can be expressed as follows : · 

(2.2) <p, (u, t, c) = <p<~>(u, t) + c<pq>(u, t) + c2<p<7>(u, t) + q;(u, t, c), 

where q;(u, t, c)=o(c2) as c--+0. Here, from the initial conditions (2.1), it is 
evident that 

{
<p<~>(u, 0)=u,, 

(2.3) 
<pq>(u, 0) = <p<7>(u, 0) =q;(u, 0, c) = 0, 

. (i=l, 2, ... , n). 

Now, if we substitute (2.2) into the initial equation (1.1) it follows that 

d d <0 > d <1> d <2> -le' (u, t, c) = -~/ (u, t) + c ~/ (u, t) + c2 ~/ (u, t) + o(l?) 

=c[f,(x, t, 0)+cf';(x, t, 0)+o(c)] 

=c[f,(<p<0 >, t, 0)+ s±J,k(<p<0>, t, 0)<p<i>+cf',(<p<0 >, t, 0)+o(c)], 
k-1 

where 

Ju,(x, t, c) = J/i (x, t, c), 
uXk 

j';(x, t, c)= ~ (x, t, c). 

Comparing the coefficients of powers of c, there result the equations 
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j dgi~> =0 ·· 
dt ' 

dqiP = ~-(<p(O) t 0) 
dt J' ' ' ' l ~l' -Y .. < ,/''' t, O),p'l' + f ,( ,p'''' t, 0), 

(i=l, 2, ... , n). 

There£ ore, solving these equations under the initial conditions (2.3), we 
obtain 

cp<~>(u, t)=u,, 

• 

(2.4) 
cp<P(u, t) = ~f.(u, t', 0)dt', 

0 

t ., 

qi;>(u, t) = r [~/.iu, t', ol Jiu, t", 0)dt" + f',(u, t', 0)]dt', J A:-1 J 
0 0 

(i=l, 2, ... , n). 

Now, if the solution x, = cp;(u;, t, c) (i= 1, 2, ... , n) is periodic int with peri­
od T, it must be that 

(2.5) <p,(u, T, c) =u, (i= 1, 2,- .. , n). 

This condition is written from (2.2) and (2.4) as follows : 

(2.6) cpq>(u, T)+ccp<;>(u, T)+o(c)=0. 

Then, by the assumption 3° and 4°, this condition is written as follows:. 

(2.7) {
cp<;>(u, T)+o(l)=0 (a=l, 2, ... , p), 

cp<t>(u, T)+ccp<e>(u, T)+o(c)=0 (J.J=p+l, ... , n), 

since cp<!>(u, T)=0 (a=l, 2, ... , p) by (2.4). Thus we see that a periodic solution 
of the initial ~ystem (1.1) is the solution of (1.1) such that their initial values 
u, (i=l, 2, ... , n) (lu.1 <L) may satisfy the above equations (2.7). 

There£ ore, if there exists no real solution u, of the equations 

(2.8) {
cp<;>(u, T)=0 (a=l, 2,-··, p), 

cp<t>(u, T)=0 (J.J=p+l, ... , n), 

such that I u, I <L (i= 1, 2,- .. , n), there exists no periodic solution of the initial 
system (1.1) for a sufficiently small I c J. 

When there exists a real solution u,=c, (i=l, 2,-··, n) of (2.8) such that 
Jc.I <L (i=l, 2, ... , n), does there exist always a solution u,=u,(c) of (2.7) such 
that u,(0)=c,? As-is readily seen from the assumption 3°, the left-hand sides 
of (2.7) are continuously differentiable with respect to u, (i=l, 2, ... , n) and c, 
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consequently cp<t>(u, T) and cp<e>(u, T) are evidently continuously differentiable 
with respect to u, (i=l, 2, ... , n). 
The ref ore, if the Jacobian 

(2.9) J=det 

ocp<;>(c, T) 
OCj 

ocp<!>(c, T) 
OCj 

[
a= 1, 2,- ..• P• l 
1,1.=p+ 1, .. :, n, 

1=1, 2, ... , n. . 

of the left-hand sides of (2.7) for 8=0 does not vanish, then, by the theorem 
on implicit functions, there exists a unique real solution u,=u.(8) of (2.7) such 
that u.(O)=c,, namely there exists a periodic solution of the initial equation 
(1.1) corresponding to the initial values u,=u,(8). 

Now, if we put 

• 
F,(u, t) = ~ J.(u, t', O)dt', 

0 

, T 

<P,(u) = f [±J,/u, t, O)Fiu, t) + f' .(u, t, O)]dt, J k-1 
0 

then, since F.(u) = i F.(u, T), (2.8) can be written as 

(2.10) {
<P,.(u)=O 

F,,(u)=O 

(a=l, 2, ... , p), 

(1,1=p+ 1, ... , n), 

therefore, the condition (2.9) can be written as 

(2.11) 
o<P,iu) I 

J,,(<Pd, F,,) j •-c = det oui ,,_c =I= 0 

oF,,(u) 
1
, 

OUj u-c 

(a= 1, 2, ... , p, 1,1=p+ 1, ... , n, j= 1, 2, ... , n). 

The above results are summarized as a theorem as follows : 

·(1.1) 

Theorem I. Given a real system 

dx- ( ) at' =8f, x, t, 8 (i= 1, 2, ... , n), 

wheref,(x, t, 8) (i=l, 2, ... , n) are thefunctions satisfying.the conditions 1°, 2°, 
3° and 4°. Then, if there exists no real solution of (2.10), there exists no periodic 
solution of (1.1), and, when there exists a real solution u,=c, (i=l, 2, ... , n) of 
(2.10), there exists always one and only one periodic solution of (1.1) with period 
T corresponding to that solution u,=c, of (2.10) providedJ,,(<Pd, F,,)=f=O for u,=c,. 
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3. Stability of the periodic solution 

The stability of a periodic solution of (1.1) whose existence is ascertained 
in Theorem 1, is decided in accordance with convergency of iteration of the 
transformation 

(3.1) r';=rp,(u+r, T, c)-u, (i=l, 2, ... , n), 

where u, is a solution of (2.7). Since u, is a solution of (2.5), the above trans­
formation can be written as follows : 

(3.2) , _ ~~ o<p,(u, T, E) I + ( ) 
r , - -fC-' =·. ~ri o r 

1-1 uu,, u-u 
(i=l, 2, ... , n), 

n 

where r =~Ir, I, Consequently the periodic solution corresponding to u,=u1 
i-1 

(i= 1, 2, ... , n) is stable when the characteristic roots of the matrix 

A= ( orp,~, _T, E) I ) (i, j = 1, 2, ... , n) are all less than unity in absolute values. 
\ U1 u-,. 
Now, from (2.2) and (2.4), it follows that 

{
cp,.(u, T, E)=u,.+E2rp<;l(u, T) +o(E2) • (a=l, 2, .. . , p), 

rp,(u, T, E)=u,+Eq}t>(u, T)+E2cpc;>(u, T)+o(c2) ())=p+l, ... , n), 

consequently the matrix A is written as follows : 

(3.3) A=E+EA1 +c2A2+o(E2), 

where Eis a unit matrix and 

(3.4) 0 
ocp(;>(u, T) I 

OUj lu-a 

(a=l, 2, ... , p, ))=p+ 1, ... , n, j=l, 2, ... , n). 

The matrix A of the form (3.3) can be written in the exponential form as 
follows: 

(3.5) A=exp(EB), 

and the matrix B satisfying the above relation is readily found as follows : 

. I 2) (3.6) B=A1 +.s(A2 ---2-A1 +o(E). 

From (3.5), it is evident that the characteristic roots of A are all· less than 
unity in absolute values when and only when the characteristic roots of EB are 
are all negative in their real parts. 

Let us express the matrix A1 and A2 as follows : 
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{3.7) A -1A<2, A<21] 2-- 11 12 , 

A~;1 AW 

where Ai;>, Ai~ are respectively pxp-, px (n-p)-matrices and A~~>, A~~ 
(i=l, 2) are respectively (n-p)xp-, (n-p)x(n-p)-matrices. Then, from 
(3.7), the matrix B becomes 

(3.8) 

(3.9) 

B = [sAW +o(c) 

A~1/+o(l) 

Now, let us assume that 

cA~~ +o(c) 1 · 
A~~ +o(l) 

detAW=det(o,p<!>(u,t) / .)=1=0 
au,,. u-ii 

(v, µ,=p+l, ... , n). 

Then, by the lemma1> due to M. Urabe [5], the characteristic rooots of the 
matrix B are the numbers of the forms 

c(>..+o(l)) and µ,+o(l), 

where >.. and µ, are respectively the characteristic roots of the matrices 

Thus the real parts of the characteristic roots of the matrix B become all 
negative when I c I is sufficiently small and the real parts of the characteristic 
roots of the matrices 

(3.10) 

are all negative. But here AW. AW, Ai;1 and Ai~ ~re the matrices as follows: 

(3.11) 

(a=l, 2, ... , p, v=p+l, ... , n, j=l, 2, ... , n). 

l) The lemma due to M. Urabe runs as follows: 
When det B(O) :!;= 0 and IE I is sufficiently small, the characteristic roots of the continuous matrix 

of the form 

r A1(E) A(E)] 

LB1(E) A(E) 

are the numbers of the forms 
E[i\+o(l)] and µ+o(l) 

as E➔O, where i\ and µ are respectively the characteristic roots of the matrices 
A1(0)-A(O)B-1(0)B1(0) and B(O). 
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When I c I is sufficiently small, the condition (3.9) can also be written as 
follows: 

(3.12) det( oF,(u) \ ) =I= 0. 
OUµ. u-c 

Thus, on the stability, there is obtained 

Theorem 2. The periodic solution whose existence is ascertained in Theorem 
1, is stable when real parts of the characteristic roots -0/ the two matrices of 
(3.10) are all negative. 

In the sequel, let us investigate the meaning of the condition of stability 
in the above theorem. 

In the present case, as is seen from (1.2), the stroboscopic image of the 
initial system is of the form 

(3.13) 

dx,. =0 
dt 

(a=l, 2, ... , p), 

())=p+l, ... , n). 

Therefore, in the neighborhood of the point x;=c; (i=l, 2, ... , n), the critical 
points of the above system make a p-dimensional manifold vP : 

(3.14) F,(x) = 0 ())=p+ 1, ... , n), 

because of (3.12). Then, the condition that the real parts of the characteristic 
roots of the matrix sAW are all negative implies that the manifold VP is stable 
in the sense that any point lying near vP tends to VP along the paths of (3.13) 
as t-+ + oo. 

Due to the assumption (3.12), in the neighborhood of x;=c; (i=l, 2, ... , n), 

the equations (3.14) can be solved with respect to x, ())=p+ 1, ... , n) as follows: 

(3.15) x,=x,(x1,-. •, Xp) ())=p+l, ... , n). 

Now, from (2.2) follows , , · 

cp,.(u, T, 8)=u,.+82cp<;l(u, T) +o(c2) (a=l, 2, ... , p). 

Then, if we consider the transformation T induced in vP by the above trans­
formation, as is readily seen, the- point x,.=c,. (a=l, 2, ... , p) of the VP con­
sidered as a fixed point of the transformation T (except for the terms of 
higher than the second order in c being neglected) is stable under the trans­
formation T when the real part of the characteristic roots of the matrix 

(3.16) M = ([ oq/;>(x, T) + ± ocp<;l(x, T) _ox,] ) 
. OX11 >-P+l ox, OX11 .,-c 

(a, ,8=1, 2, ... , p) 
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-are all negative. 
Since (3.15) is a solution of (3.14), it is evident that 

[ oF,. + ~ oF,. cx/L] = o. 
· OX,. p, OX,,_ OX,. s=c 

This can be written in the matrix from using by the notations of (4.11) as 
follows: 

AW+A~1dH=O 

where H=(-~xv I ) (a=l, 2,-··,p, µ,=p+l, ... , n). Since det.A~1d=l=O from 
uXa, s-c 

·(3.12), the above relation can be solved with respect to Has follows: 

H= -<.A~lJ)-1.Aw. 

Then, by the latter of (3.11), the matrix M can be expressed in the matrix 
form as follows : 

M = .AW - AW (AW)-1.A~1l. 

This is nothing else but the matrix of the former of (3.10). Thus we see that 
the condition that the real parts of the characteristic roots of the former 
matrix of (3.10) are all negative implies the point x,.=c,. (a=l, 2,---,p) of VP 
considered as the fixed point of the transformation T in the precceding sense 
is stable under the transformation T induced in VP by a-ccomponent-paths 
(a=l, 2, ... , p) of the initial system, the terms of higher order than c2 being 
neglected. 

The above remarks are summarized as 
Theorem 3. Theformer matrix of (3.10) is a Jacobianmatrixof(f}i,···,(f)p 

with respect to x1,- .. , xpfor x,=c, (i=l, 2,- .. , n), Xp+i,· .. , x,. being considered as 
the function of xi,- .. , xP satisfying (3.14). 

The condition that the real parts of the characteristic roots of this matrix 
are negative implies tkat the point x,.=c,. (a=l, 2, ... , p) of vP considered as 
the fixed point of the transformation T is stable under the trans/ ormation in­
dueed in VP by a-component-paths (a=l, 2,-··, p) of the initial system, the 
terms of higher order being neglected. 

The condition that the real parts of the characteristic roots of the latter 
matrix of (3.10) are negative. implies that vP is stable as a manifold. 

In conclusion, the auther wishes to express his hearty gratitude to Prof. 
M. Urabe for his kind guidance and constant advice. 
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