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§ 1. Imtroduction

The object of this paper is to study the behavior of paths of an analytic

two-dimensional autonomous system in a neighborhood of an isolated critical
point.

First I. Bendixson [17]V treated this problem systematically. He showed
that, by a finite number of quadratic transformations, one might reduce the
study of such a problem to that of the case where the critical point is simple
or of the so-called Bendixson type.

Later in 1928, M. Frommer [2] introduced the notions of the orders and
magnitudes of curvature of the paths tending to a critical point and, making
use of these notions and of the exceptional directions, he gave a systematic
method to determine the behavior of paths in a neighborhood of a critical
point. But, as is noticed by V. V. Nemytzkii and V. V. Stepanov [3], his
method seems to be not sufficient.

Recently S.Lefschetz [4] gave a step-by-step process to reduce the study
of the behavior of paths in a neighborhood of a critical point to the study of
the paths in the case where the critical point is simple or of the Bendixson
type. At this juncture, he made use of the coordinate transformations so
often that the behavior of the paths of the initial system is not always clear.

In this paper, making use of a Newton polygon, exceptional directions
and Keil’s theorem, we give a simple step-by-step process to obtain a local
phase portrait of the paths near the ecritical point without using any
coordinate transformation except for a simple one used only once.

“

§ 2. Preliminaries.
2.1 Exceptional directions and Keil’s theorem.

Given a continuous autonomous system

dx

@ 9

P(x5 9’), %‘:Q(x3 }’),

1) The numbers in square brackets refer to the references listed at the end of this paper.
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for which the origin is an isolated critical point. We assume that P(x, y) and
Q(x, y) can be written in the forms as follows: '

P(x, }’) :\I)m<x: }’) +0(7m)>
Qlx, ¥) =Qulx, y) +0(™),

as r=yx?+y?—>0, where P,(x,y) and Q.(x,y) are homogeneous polynomials
of degree m and n respectively. Corresponding to (1), we consider a differ-
ential equation
dy _ Qx, )

@) = 5o ;) .
Then evidently the paths of ( 1) are nothing but the integral curves of (2 ).
Therefore, in the investigation of the behavior of paths of (1), we often use
(2) in place of (1). In the sequel, for simplicity, let us call the critical point
of (1) also that of (2).

For the equation of the form (2), Frommer considered the polynomial
F(x, y) as follows :

Flx, ) =xQ.(x, ¥) — yPu(, ¥) when m=n;
Flx, v) =xQ.(x, ) when n<m;
Flx, y)= —yPu(x, y) when m<n;

and, for any real linear factor / of F(x, y), he called the direction determined
by 1=0" the exceptional direction of (2) at the origin. Then it is well known
that the integral curve of (2) tending to the origin must tend to the origin
either spiraling to the origin or in a certain exceptional direction. Now,
when the origin is not a critical point, it is evident that the integral curve of
(2) tending to the origin tends to the origin in the unique direction [=0.
Therefore we may also call the direction /=0 the exceptional direction of (2)
even when the origin is not a critical point. Thus, for convenience, in the
present note, we always call the direction /=0 the exceptional direction of (2)
at the origin either when the origin is a critical point or not.

In this note, we frequently use the following

Keil’s theorem. Given a differential equation

3 A AT 2

dx  x+f(x,y)
where f(x, y) and g(x, y) are continuously differentiable with respect to x and %
and f(x,y), glx, y)=o0(r) as r — 0. Suppose the origin is an isolated critical point
of (3). Then there exists one and only one integral curve of (3) tending to the
origin in etther direction (positive and negative) of the x-axis.

Further, if we denote the curve made of these two integral curves by L and
put G(y) = g(x(y), y) for x=x(y) such that x(y)+f(x(y),y) =20, then, for the
integral curves lying above L, it holds that

(1) when G(y)<O0 for sufficiently small y>0, one and only one integral

1) In the sequel, we call the direction determined by =0 simply the direction 1=0.
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curve tends to the origin in the positive direction of the y-axis and any other
integral curve does not tend to the origin ;

(ii) when G(y)>0 for sufficiently small y>0, all integral curves tend to
the origin in the positive direction of the y-axis.

For the integral curves lying below L, the same conclusion holds if the
inequality signs are inverted.

For the proof of this theorem, refer to his original paper [5].

2.2 Order and magnitude of an integral curve tending to the origin.

In this note, we are concerned with an analyitec two-dimensional system
@ G =X, =Yy,

for which the origin is an isolated critical point. As is remarked at the be-
ginning of 2,1, the investigation of the behavior of paths of (4) in a neighbor-
hood of the origin is equivalent to that of the behavior of integral curves of
the differential equation '
d Y(x,

©) DY@ Q
in a neighborhood of the origin. For the equation (5), without loss of gener-
ality, we may suppose that X and Y have no common factor vanishing at the
origin.

After Frommer and Lefschetz, we define the order and magnitude of an
integral curve y=y(x) of (5) tending to the origin as follows :
About the order, we say that

an integral curve y=ry(x) is of order u in x, when, for any £>0, there exists
a positive number u such that

y(x)|/|%]** = 0 and |y(x)]/|x|***—> o0 as8x—> +00r —0;

it is of order infinity in x, when, for any great u>0, |y(x)|/|x|*—> 0 as
x—>+0o0r —0;

it 18 of order zero in x, when, for any >0, |y(x)|/|x|°—> o0 asx—+0
or—0.
About the magnitude, we say that, when an integral curve y=y(x) is of order
p (0<pu< o) in x, it is of magnitude p or infinity according as y(x)/|x|*—p
or oo (or—oo) as x —>+0 or —0.

When an integral curve is expressed as x=x(y), its order and magnitude
are defined in the same manner with respect to y.

2.3 Newton polygon.

Since X and Y are analytic at the origin, we can expand them in power
series in x and y in the domain |x/, [y| < A as follows:
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© X(x, y):iz,; a;jx'y’ (a;; = 0),
Y(x, y):}:, buxty! (b1 #+0).

These expansions do not contain constant terms, since X (0, 0)=Y(0, 0)= 0 by
the assumption.

As, in the sequel, we want to make use of the orders of the integral curves
of (5) tending to the origin, for the differential equation (5), after Briot and
Bouquet, we construct a polygon like the Newton polygon in the theory of
algebraic functions. Indeed, introducing the orthogonal coordinates (¢, ) in a
plane, we mark, in this plane, the points X;; (j4+1,i—1) and Y, (, k) corre-
sponding to the terms a2y’ and b,x"y’ respectively, and out of these points
we choose the points V,’s (p=1,2, ..., s+1) so that they may satisfy the
conditions as follows:

(i) the slopes of the segments V,V,.,’s (p=1, 2, ... , 5) are all negative.
(In the sequel, the slope of V,V,., is denoted by —,.)

(1) 0<pi<pa<lero << 00

(iii) all of the points X;; and Y}, lie in the closed domam bounded by ¥V,
Vi, ViVay oo V.V and V.., V.., where V'V, and V,,,V,,, are the half lines
respectively parallel to the positive directions of &- and 5-axes. (If necessary,
the slopes of V,V," and V,,,V,., are denoted by — uo and — u,., respectively. It
is evident that the values of u and u.., are zero and infinity respectively.)

Evidently, as in the case of algebraic functions, such choice of points V,’s
(p=1,2, ... ,s+1) is possible. In this note, let us call the broken line V7, ...
V.+1 the Nowton polygon of (5) and call the points V,’s (p=1,2,...,s+1) and
the segments V,V,.,’s (p=1, 2, ..., s) the wertices and the sides of the polygon
respectively. Needles to say, the Newton polygon of (5) is determined unique-
ly, because X and Y are supposed to have no common factor vanishing at the
origin.

A vertex-of the Newton polygon is a certain X;; or a certain ¥;,. But it
may happen that the vertex is a certain X;; and at the same time a certain
Y, In such a case, for any vertex V,such that it is an X, and at the
same time a Y, , as will be seen later, it is convenient to introduce also the
quantity uqzbkq,q/aiqjq, if g > bigry/ Wiy > prg-1-

On a transformation of variables turning the Newton polygon to that of
simple characters, let us prove the following

Lemma 1. When a positive integer L\, 18 chosen suitably, by applying the
transformation w=x" to (5), we can make the Newton polygon of the trans-
formed differential equation satisfy the conditions as follows :

4y) s (p=1,2, ... ,5) are integers and p, = p,_1+2;
(4y) for any ¢ A < q <s+1) for which v, is introduced,
<i) /‘l'q_1>vq2l1}q_1+2;
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(ii) i—1+v,(G+1) =i—1+v,(,+1)+2,
ktul = kq+vqlq+2
Sfor any points X;; and Y, other than the vertex V, for which v, is defined.

Proof. By the transformation w=x«''*, the differential equation (5) is
transformed to the equation as follows :
dy _ w™ Y™, y)
dw w” X(w™, ¥) ’
where o is 1 -, or 0 according as X(x, y) has a factor x or not. Here w”X(w™, y)
and w™ 1+°X (w", y) cannot have any common factor vanishing at the origin.
For, since X(w™, y) and Y (w", y) have no such common factor from the as-
sumption, X(w, y) and w™ ™' Y(w", y) evidently have no such common factor, pro-
vided X(x,y) has not a factor x. When X (x, y) has a factor x, if we write X(x, y)
as xX(x, y), then evidently Y(w",y) and w!' “X(w, y)zwf(w"“. v) have no
common factor vanishing at the origin. Thus w”X(w™,y) and rew™ '+ Y(w™, )
cannot have any common factor vanishing at the origin either when X(x,y) has
a factor x or not. Then the Newton polygon of (7) is constructed uniquely
corresponding to the terms of w” X(w”, y) and Now™ ™+ Y(w", y) themselves. As
is readily seen, by the transformation w=x'/", the points X,;(j+1,i—1) and
Yu(l, k) are shifted to the points (j+1, XeG—1)+xo—140) and {, Xk +Ao—1+
o) respectively and the coefficients 5,,’s in (6) are multiplied by »\,. Hence it
follows that, by the transformation w=x"'", the slopes of the Newton polygon
and the quantities v,’s are multiplied by X,.

Then we can choose )\, sufficiently large so that \ou,’s (p=1,2, ... ,s) may
all become integers and Xo(p, —p,_1) = 2 (p=1, 2, ..., s) may hold. (This is evi-
dently possible because u,’s (p=1,2, ... ,s are all rational numbers.) This
means that the condition (4,) is valid for the Newton polygon of the trans-
formed equation (7).

For ¢ for which v, is introduced, let us consider the straight lines of the
slope —v, passing through the points X;; and Yi;. Then, as is readily seen, the
distances from the origin to these lines become

' i—14u,(j+1) k4+uvgl
T e v
Now, since u,>v,>p,.1, by the property of the Newton polygon, the above
parallel lines cannot lie below the line

n+vg E=i,~1 +vq(]'q+ D=k, +v,1,

passing through 7,. Therefore there exists a positive number § such that
i—1+v,(j+1) = ig—1+v,(,+1) +3,
ktv,l = kytvl,+8

for any points X;; and Y;; other than V,, because the set of marked points is

discrete.v ‘Then we can choose the preceding )\, still larger so that, for any
points X;; and Y, other than ¥, it may hold that

()
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7\‘0(/1’:; - Uq) > 1: XO(Uq T Pg- 1)22:
Mol = 1) Fhovg G+ 1) = Nolig—1) +hov o+ 1) +2,
)\40’9 +X()Uq l _Z }V()kq + 7\»0Uq lq -+ 2.

This says that the condition (4,) is also valid for the Newton polygon of the
transformed equation (7). Thus lemma 1 has been proved.

In this mote, we consider the case where x>0, because the case where
x=0 is reduced to the former case by réplacing x by —x. Then, since the
transformation w=x''* becomes a real transformation, by the present lemma,
without loss of generality, we may assume that the Newton polygon of the
given equation (5) satisfy the conditions (4,) and (4,).

24 Differential equations (E,) and (F,).

Let (E,) be the differential equation obtained from (5) by the substitution
y=x"y,, where y is a positive number such that. p, =>p=>=m, ;=max(u,_4, &
and ¢ is any small positive number less than 1/2. This substitution y=x"y,
is really possible when (x, y,) € £,:0 < x < 44|y, | < 4,, provided 4, < 4 and
444, < 4. In the sequel, assuming (x, y,) € £,, we investigate the characters
of (E.).

) Substitution of y=x*y, into (5) entails

® dyu_ Y(x, 2y,) — pa "y, X, 2y,)
dx %X (2, 2y ) ’

which is an (E,). But this equation can be reduced to that of a simpler form.
In fact, from (6) x*~'X(x, x"y,.) and Y(x, x*y,) are written as follows:
x“_lX(x, x#yﬁ)zz aijxi—1+#(j+1)y5{:
&j
Y(x,x"y,) “——; bux L
2L

Then, if we draw the straight line L, of the slope —u through 7, and con-

sider the marked points X;; and ¥,; lying on L, (these points are, if any, denoted

by X5, (m=1,2, ... ) and Yy, (=1, 2, ..., f) respectively), then, by the

same reasonings as in the proof of lemma 1, we see that the quantities
an—14+p(B,.+1) and v,+pd,

and Y, , are all equal to

9

corresponding to X,

(10) dp) = I0f {i=14uG+1), k+pl},
ij, Ykl
and that
i—1+p(+1) = d(p) + &,
Et+pl>=dp) +&

for any points X;; and Y}, lying outside L,. Here &, is a positive number de-
pending on x such that its value is > 1 or > 2 according as y is an integer or
v, (by lemma 1). Then the right hand sides of (9) are expressed as follows :

11
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7 Xy 2,) =X O LS g,y 2+ Al 3},
12) P m
Y(x, x“yy) = ") {Zjl byna,ﬁ” + B'(x, y#)} )
where .
A(x, J’ﬂ), B/(xa }’;J =0(x81) D,
Consequently, if we put

A, (y W) = ’%}lawmsmy ﬁm’a
the numerator of the right hand side of (8) is written as follows :

(13) Y(x7 x“}’#) — et I%LX(x, x“}’u) = {B;L (y,u) + B<x5 y,u> } 5
where

f
(14) B#-(:YM) = él bynsny::” - ,wypAg(yu%
and
B(x, y.) = 0(x%).
Now, as is readily seen, B,(y,) can vanish identically only when 7, is an
X;,;, and at the same time a Y;,, and moreover u=b,/a;;,- In this case,

is an integer or v,, consequently the value of & in (11) is=1or > 2,

therefore, when B,(y.)=0, we have

Y(x, x"y,) — pat ™y, X (x, Y u) ="+ 1C(x, Yus

where ‘
Clx, y,) =0("71).

Thus, according as B,(y,) + 0 or =0, dividing the denominator and the
numerator of the right hand side of (8) by x™ or x**+! we have

%: B.(y.) + B(x, y.) ‘ .
(16) do ~ 2{A,(y) + Al v} when Buly.) + 03
(16) Yu_ Clx, y,) when B,(y,)=0.

dx  Auy.) +A(x, v,)

In the sequel, we call these equations (E,). Evidently the critical points of
these equations lying on the y,-axis are, if any, isolated.

So far we are concerned with the order with respect to x of the terms
contained in the denominator and the numerator of the right hand side of (8).
Now let us turn our attention to the orders with respect to x and y, and let us
consider the case where 4 <u,—1. In this case, we consider the line L,,, and
denote the points X;; and Y, lying on L,.,, if any, by X,,;n,g;” (m=1,2,..., 9
and Yy (n=1, 2, ..., h) respectively. Then, as before, it follows that the
quantities

Wn—1+@p+D(Bn+1) and ¥, +@E+D¥,

1./.(”’ v) |
| u,).

1) In this note, the symbol f(u,v)=0(u?*) means that, as u—0,
bounded.

is bounded, provided |v]| is
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corresponding to X, - and Y, are all equal to d(x+1) and that
i—1+(,u-|-1)(j+1) =du+1)+&,

E+(u+1)l =dlp+1)+&

for any points X;; and Y, lying outside L,.,. Here &, is a positive number
depending on x such that its valueis = 1lor = 2 accordmg' as p is an integer
or v,—1 (by lemma 1).

Since V, lies on L,.; and L,, if we write the coordinates of ¥, as (¢, «), it
is evident that d(u)=«+ ¢ and d(u+1)=«+(x+1)¢, consequently also that
d(p+1) —d(w)=¢.

Now, since the orders with respect to » and y, of the terms contained in
the right hand sides of (9) are respectively

i—1+uG+1)+j=[i-1+@E+D({+1)]-1

an

and
k+pl+l=k+(u+1)l,
the terms of the lowest orders among these terms are those corresponding to
Xw; e and Yy;s,, consequently their orders are respectively
dp+1)—1=dw)+(¢—-1) and d+1)=dw) +¢.
By the way, by (17), the orders of the terms other than the above ones are

higher than the above least orders by at least &. Hence, taking (10) into
consideration, if we put

M(x’yﬂ-) >—la 87 a1 B"’y

(18) .
Ko.(x, y.) =§ byrsra "Pny N
we have
(19) 27 X (%, 2*y,) =" {H,(x, y.) + H(x, y.)},
Y(x, xy.) = 2" {K(x, y.) + K(x, y.)},
where

H(x, y.), K(x, y.) =0(@.5+%)
as r,=yx*+y.2— 0. Then, from (12) and (18), it follows that
20) Aulyw) + Alx, y) = Hu(x, y,.) + Hx, y..),
Bn(yn) + B(x, Vo) = [Ku(x, Vi) — 1Y bl (, yu):l + L(x, ),
where
L(x, y,) = 0@, *%).

Therefore, when p <X 11, —1, the equations (15) and (16), namely the equations
(E,), can be written in the forms as follows :

(21) §ﬁ= [K.u-(xa )’n) _ILyMH,u(xa yu):[ + L(x5 yﬂ) .
dx x{HM(x’ yn) +H(x, yﬁt)} ’
(22) iy_l"'z [K,,,(x, Y —l"ynHﬂ(x, yﬂ)]x—l + L(x, y/&)x—l

dx H,u.(xa y/v.) + H(x) yﬂ-)
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As is seen from the way of formation, these equations are of the same form
as that of (2) and, as we have seen, the origin of the (x, y,)- plane cannot be a
critical point without being an isoloated one. Therefore we can consider the
exceptional directions of (E,) at the origin. Indeed, for (E,) (ux < wp—1), the
polynomial defined in 2.1 becomes as follows :

(23) F,,,,(x, y,u-) =x{Ky-(x, _’}’;:.) - (/1' + 1)yan(x, yn)} when Bﬂ(yﬂ-) =+ 0 5

Fu(x, yu) =Ku(%, yu) — (p+ 1)y Hu(x, y.) when B,(y,) = 0.

In the sequel, let us consider the case where <X u,—1 and B.(y,) + 0.

In this case, evidently the direction x=0 is an exceptional direction of (E,) at

the origin. So, in the following, let us study the integral curves tending to

the origin in the direction of the y,-axis. For this purpose, putting x=zy, in
(E.), let us make differential equations as follows :

(24) d_zz z{y,“-AlJ-(le«) —Bu(yn)_}y;‘+z-a(ym 2)
dyu yﬁ{Bﬂ<yﬂ~)y#<+b(7#’ 2)}, ’
" (25) dz _ —z{Du(z) +d(y,, 2)} '
dy. yﬂ.{Cn(Z) + C(}’m 2}
where
a(ym z)a b(}'#, z)= 0(291)’
' c(ylt, z) =01(ny) + c2(ym Z), d(}’m z) :dl(y,u-) +d2(ym z),
cl(y#)a dl(yl") = 0(}’51)’ 02(1)’#’ 2), d2(ym 2)=2z"0(y.?),
and
(26) Culz)=K,(z, 1) — pH,(z, 1),

D@ =Ku(z, 1) — (u+DH(G, 1).
In the sequel, let us denote the differential equations (24) and (25) by (F.,).
Evidently the constant terms of H,(z, 1) and K,(z, 1) are, if any, the coefficients
of the terms in (6) corresponding to 7 ,, because
H,(z, 1)=§g] Ay g 2571 PR
27) " o
K.(z,1)= n};jlby;s;'z‘ 8.

From (25), a lemma can be proved about integral curves of (E,) tending
to the origin in the direction of the y,-axis as follows:

Lemma 2. When C.(0)D.(0)>0 or D.(z) =0, the integral curve of (E,)
tending to the origin in the direction of the y,-axis is only x=0.

Proof. If we put y,=u* and z=+" for any odd positive integer A such
that a&;, A&, =1, then the equation (25) becomes equivalent to u=0, v=0
and

@28) dv _ —v{D,0" +d@ vV}

du u{C.(0" +c@?, vV}
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But =0 and v=0 are evidently integral curves of (28), consequently (25) be-
comes equivalent to (28) itself.

In general, x is not an integer, consequently c(”, v") and d (@, v") are not
always defined in the 2nd and 4th quadrants of the (, v)-plane. But, from the
manner of choosing ), it is evident that the denominator and the numerator of
the right-hand side of (28) are continuously differentiable with respect to u
and v in the part uv = 0 of a neighborhood of the origin.

Hence, when C,(0)D,(0) >0, since u=0 and v=0 are integral curves, by the
same reasonings as in the case of a saddle-point, it is readily seen that the
integral curves of (28) tending to the origin are only u=0 and »=0. Then it
follows that the integral curves of (25) ténding to the origin are only z=0
and y,=0.

When D,(z)=0, as is readily seen, ¥V, is an X, and at the same time a
Yi,, and moreover bi,1,— (+ 1)“ipip=0' In this case, the value of &, in (17) is
>1 or >2, because y is an integer or v,—1. Hence, dividing the denominator
and the numerator of the right hand of (25) by y., we can write (25) as follows:

(29) ‘ (;i;“ =z'f(ym z)’

where

o A 2yt
f(y,‘" Z)— C,:,(Z)+C(y,,;,, Z)

and
Cu(0) =bip, — piyjp,=aipj, # 0.

Then, since zf(y,, z) is continuously differentiable with respect to z in the part
y.22=0 of a neighborhood of the origin, one and only one integral curve of (29)
passes through the origin. But from the form of (29), this unique integral
curve must be z=0. Consequently it follows that the integral curve tending
to the origin is only z=0.

Thus, in either case, returning to the (x, y,.)-plane, we see that the integral
curve of (E,) tending to the origin in the direction of the y,-axis is only x=0.
This proves the lemma.

§ 3. Order and magnitude of a certain integral curve tending to the origin.

In this paragraph, corresponding to the vertices 7,’s (p=1,2, ..., s+1) of
the Newton polygon of (5), let us consider the integral curve y=y(x) of (5)
such that y(x) =o(x"?-*) as x— +0, and let us study its behavior near the origin,
making use of the subsidiary equation (E,) for psuchthat m,_, < p < p,—1

For the vertex V,, there arise three cases as follows:
Case I. V,isacertain Yy (this point is denoted by Y,,,) and not any X;;;
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Case II. V,isa certain X;; (this point is denoted by X;,;,.) and not any Y, ;

Case III. 7, is a certain X;; and at the same a certain Y.

Casel. V,isa Y,,P,P and not any X;;.

At first, let us consider the vertex ¥V, for p such that p <s. Then
evidently /, > 1.

Now, for any u<p,—1, there is no marked point on L,., other than V,.
Therefore, for (E,) with such p, from (23) and (26), we have

(30) Fu(x, yu) =by,1,27 ZFy Cu®)=D,()= b,
consequently it is evident that C.(0)D,(0)=(bs,1,)>>0. Then the exceptional
directions of (E,) at the origin are only x=0 and y,=0 and, by virtue of
lemma 2, the integral curve tending to the origin in the direction of the
yu-axis is only x=0. Therefore, if an integral curve of (E,) other than x=0
tends to the origin, it must do so in the direction of the x-axis. In other
words, if the integral curve y=y(x) of (5) is such that y(x)=o(x*)", then it
must be that y(x) =o(x**").

Now, we choose a positive integer » so that u,—1 < m,_;+n<pu,. Then,
if y=y(x) is an integral curve of (5) such that y(x)=o(x"-), it follows from
the preceding result that y(x) =o(x™-1"") =0(x""-"*) = ... =0(x"P-+*"), consequent-
ly that y(x) =o(x"?""). This says that the integral curve y=y(x) such that y(x)=
~ o(x"-*) must.be the one such that y(x) =o(x"7™").

Now, for (E,) with p=pu,—1, the side ¥,V ,., of the Newton polygon lies
on L., therefore, from (26) we have C.(0)=D,.(0)=0:,, consequently
C.(0)D,.(0) = (bx,;,)*>0. Then, as before, the integral curve of (E.) tending to
the origin in the direction of the y,axis is only x=0. But, in this case, as is
seen from (18) and (28), there may exist exceptional directions of (E,) at the
origin other than x=0, namely it may happen that an integral curve tends
to the origin in a certain exceptional direction y.=px. Thus we see that
the integral curve y=y(x) such that y(x)=o(x" »~') must be the one such that
y(%) = px"? 4 o(x'). '

Then, combined with the preceding result, it is concluded that the integral
curve y=y(x) of (5) such that y(x)=o0(x"7-') (p <s) is either the one of order
up in x and of a finite non-zero magnitude or the one such that y(x) =o(«7).

Next, let us consider the vertex V,.,. For this vertex, it may happen that
l,+1=0, but, when /,., # 0, it must be that /,.,=1, because otherwise j > 1,
which implies the existence of a common factor y between X(x,y) and Y(x, y).

When /,,;=1, by the same reasonings as for the vertex Ve, (p<s), it
follows that the integral curve y=y(x) such that y(x)=o(x"P-) must be the
one of order infinity in x.

When [.;=0, from (80), for p=m,_,, we see that the exceptional

1) In the sequel, unless otherwise stated, y(x) =o(x+) implies y(x) =o(x+) as x — +0.



182 Hisayoshi SHINTANI

direction of (E,,,P_l) is only x=0, consequently, by the same reasonings as
for ¥V, (p<s), we see that there exists no integral curve y=y(x) such that
y(x) =o(x"P-1).

Case II. V,is an X, ; and not any Y;,.

pip

As in the preceding case, for (E,) with p<u,—1, we have C.(0)= — ua;,;,,

D,(0)=—(u+1)a;,;,, consequently C.(0)D.(0)=p(u+1)(a;,;,)">0. While, in
particular, for (E,) with p<p,—1, it is valid that
Fn(xﬂ’#) = (l"* + l)aipipxy.ujpﬂ'

Therefore, by the same reasonings as for 7, (p=<\s) in the preceding case, there

is obtained the same conclusion as that in Case I except for the case where
l5+ 1= 0.

Case IIL. V', is an X,

ipip and at the same time a YkPlP'

In this case /,>1, because /,=j,+1.

Now, for (E,) with u<{u,—1, we have

Cu<0) =kalP T Mipjps Du(O) :bk}lp - (M + 1)aipj1, 5
, (bry, — patsyj,)y 7 (> prp-1)
(31) Byo=y
Guyr, — piys)y 7+ 00 F7) (p=pp-1>0)

In particular, for (E,) with x<pu,—1, it is valid that

(32) Fu(xt, yu) = {biyu, — (p+ Dy, ey i when B,(y.) + 0,

(33 Fulx, y)=— aipjpy:’ when B.(y,) = 0.

From these formulas, it is evident, for (E,) with y such that p<p,—1and-
e bkplp/aipjp— 1, Fbit,/aiyjps that B.(y.) =0 and that the exceptional directions
at the origin are only x=0 and y,=0.

In the sequel, for (E,) with x <u,—1, we shall attack the problem
separately according to the magnitude of the quantity b;, o/ Qipjpe

1°. Case where bi,/a;,;,>p, or <pp1 In this case, evidently
bii,/a:,,— 1 and bkplp/aip,-p are at the same time greater than or less than u,
consequently it is valid that C,(0)D,(0)>0. Then, by the same reasonings
as for ¥, (p < s), there are obtained the same conclusions as those of Case I
except for the case where I,.,=0.

2" Case where u,>bi,,/a:,;,>p,-1.  In this case, by definition b,,,/a
=v, and so, by lemma 1, it holds that

ipip

[LP—‘1>VP Z Mp-1 +2>mp_1+1.
For (E,) with p<v,—1, it is evident that C.(0)D.(0)>0 and that the
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exceptional directions at the origin are only x=0 and y,=0. On the other hand,
for (E,) with p=v,—1, evidently F.(x, y.)=D.(z)=0. Consequently, for such
an equation, all directions are exceptional directions at the origin and more-
over, by lemma 2, the integral curve tending to the origin in the direction of
the y.-axis is only x=0. Then, by the same reasonings as for ¥, (p <s) in Case
I, it is seen that the integral curve y=y(x) of (5) such that y(x) =o(x"7~!) must be
either the one of order v, in x and of a finite non-zero magnitude or the one
such that y(x)=o(x?). From this, it is evident that there does not exist any
integral curve of (5) of order v, in x and of the magnitude infinity.

Now the integral curve of (5) of order v, in x and of magmtude I
corresponds to the integral curve of (E,,) tending to the point (0, p) on the
yo,-axis. But, since 4,,(y.,,)= iYL and B,,(y.,)=0, by (16), (E,,) is written
as follows.

‘ Aoy Clxy.,)

dx Qipjpy? p+A(x, yup)

Evidently A(x, ¥v,) and C(x, y,,) are contmuously differentiable with respect to
x and y,, in a neighborhood of any point (0, p) (p # 0), because & = 2 from
the definition. Then, since the critical point lying on the y, -axis is only the
origin, we see that, through any point (0, p) (0 == 0), there passes one and only
one integral curve, which evidently differs from x=0 as is seen from the
form of (E,), This says that, for any number p( = 0), there exists always
one and only one integral curve of (5) of order v, in x and of magnitude p. .

Lastly, let us consider the integral curve y=y(x) such that y(x)=0(x"?). By
(33), for (E,)), the exceptional direction at the origin is only y,,=0. But, for
(E.,) with p>uv,, by (82), the exceptional directions at the origin consist of x=0
and y,=0. Then, since C.(0)D.(0)>0 for (E,) with u>v,, by the same reason-
ings as in Case I, it is seen that, when p <s, the integral curve y=y(x) of (5)
such that y(x) =o(x"?) must be either the one of order ., in x and of a finite
non-zero magnitude or the one such that y(x)=o(x"?) and that the integral
curve y=y(x) such that y(x)=o(x"**!) must be the one of order infinity in .
From this, it is evident that there does not exist any integral curve of (5) of
order v, in x and of the magnitude zero.

Thus, summarizing the above results, we have the conclusion that the
integral curve y=y(x) such that y(x)=o0(x"?-1) must be the one of order v, in x
and of a finite non-zero magnitude or otherwise, when p<s, it must be either
the one of order u, in x and of a finite non-zero magnitude or the one such
that y(x)=o0(x"?) and, when p=s+1, it must be the one of order infinity in x.

In addition, about the integral curves of order v; in x, there holds '

Theorem 1. When v, exists, for any number -p (== 0), there exists always
one and only one integral curve of (5) of order v, in x and of maymitude p, and
there does not exist any integral curve of order v, in x and of the magnitude
either zero or infinity.

3°. Case where byu,/a;;,=u,- In this case, evidently it cannot be that
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=s5+1, because p,.,= co. :

Now, for (E,) with nx<u,—1, evidently b, /a;,;, and bi,,/a;,;,—1 are
both greater than ., consequently C.(0)D.(0)>0. Then, as for 7, (p <s) in
Case I, it follows that, for an integral curve y=y(x) of (5), y(x)=o0(x*) implies
y(x)=o(x**!), consequently that, for an integral curve y=y(x), y(x)=o(x"r-1)
implies y(x)=o0(x"s""). Then, if y=y(x) is an integral curve such that y(x)=
o(x"r-1), for any v such that x,>v>p,—1, it is valid that y(x)—o(x"l’") =o(x""Y)
=o(x’). This says that, for an integral curve y= y(x), y(x)xo(x '»~1) implies

y(x)=0(x") for any v<pu,. ;

Now, for p=pu,—1, as for V,(p<s) in Case I, an 1ntegra1 curve of (E,)
tending to the origin in the exceptional direction different from the y -axis
yields an integral curve y=y(x) of (5) such that y(x) is of the form px"?+0(x"7).
While, an integral curve of (E,) tending to the origin in the direction of the
yu-axis yields an integral curve of (5) of order , in x and of the magnitude
1nﬁn1ty, provided the former does not coincide with the y.-axis. Because, for
such an integral curve y =y(x) of (5), as x— +0, it holds that |y(x){/x"*—c0 and,
as is proved at first, also that y(x)/x"—0 for any v<u,.

Thus we have the conclusion that the integral ecurve y= y(x) of (5) such
that y(x) =o(x"-!) must be the one such that y(x)=0(x"?) or otherwise must be
either the one of order ., in x and of a finite non-zero magnitude or the one
of order y, in x and of the magnitude infinity.

Remark. When D#P_l(z)EO, there does not exist any integral curve of
order i, in x and of the magnitude infinity, for, as is seen from lemma 2,
except for x=0, there does not exist any integral curve of <E"p‘ 1) tending to
the origin in the direction of the y, _;-axis.

4°. Case where by,1,/a;,;,= Prpo1. In this case, as a matter of course, p=2,
because bkp,p/a,-p,-pﬂFO and po=0. Therefore it is evident that m,_;=pu,_,. '

Since b, otp— (p_1+Da;,; 30 from the assumption, for (E,,_), by (32) and
(83), the exceptional directions at the origin are either x=0 and y#P =0 or
only Vupr=0 according as B,,_ 1(y,JLP_ )0 or =0.

Now, for (E,) with x> pu,_;, evidently bi,,/a;,;,—1 and by,,/a;,;, are both
less than u, consequently C.(0)D,(0)>0. Therefore, by the same reasonings
as in Case I, it is seen that, when p<(s, the integral curve y=y(x) of (5)
corresponding to the integral curve of (E, b1 which tends to the origin in the
direction of the x-axis must be either the one such that y(x) =0(x"?) or the one
of order 4, in x and of a finite non-zero magnitude, and that, when p=s+1,
such an integfal' curve must be the one of order infinity in «.

On the contrary, if any, the integral curve [ of (E.,_,) which differes from
x=0 and tends to the origin in the positive direction of the y,,_,-axis yields
an lntegral curve y=y(x) such that y(x)/x7-1"' >0 as x—+0.

Now, if we mark the points (k+1, I—1) and @, j) in the (£ #)-plane
corresponding to the terms b,y'x* and a;;y’x’, and consider the Newton polygon
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-of the differential equation

afy Y(x, y)
considering x as a function of y, then it is readily seen that this polygon and
the Newton polygon of: (5) are symmetric with respect to the line n=£—1.
Therefore evidently the slopes of the sides of the Newton polygon of (34) can
be expressed by wi=1/p; (j=1, 2, ... ,s). For convenience, let us put u,’=oc,
1e1=0 and also m,;_l—max (=159, where 8 is a sufficiently small posmve
number less than 1/(u,-,+1).

Although .,’s are not integers, the relations of order between x and y
obtained in the preceding cases are also valid for these x)’s without any
altering, for such relations are invariant for the transformation of the vari-
able used in the proof of lemma 1 in order to let the inclinations have integral

values. Then, by the results in case 3°, it is seen that, for an integral curve

x=x(y) of (34), x(y)zo(ym;’) implies x(y)=0(y") for any v<y,.,. But, since
1/(pp-1+1)>8=m, when p=s+1and 1/(u,-;+1)>1/u,=p,=m, when p=<s,
it holds that 1/(u,-,+1)>m,. Therefore it is evident that, for an integral
curve x=x(y) of (84) such that x(y)=o(x!/"“r-1""), there holds x(y)=0(y") for
any v<up-;. This says that, for an integral curve y=y(x) of (5) such that
y(x)/x'P-1""—> oo as x— +0, it holds that y(x)/x*— oo for any u>p,_, as x—> +0.
Now, for the integral curve /, it evidently holds that y(x)/x"r-1—0 as x— +0.
Therefore it is seen that the integral curve [ yields an integral curve of (5) of
order ,_, in x and of the magnitude zero. If we replace y by —y in (5), the
same result is also obtained for the integral curve of (E,,_) which differs
from x=0 and tends to the origin in the negative direction of the ¥ p,~BXIS.

Thus we see that the integral curve y=y(x) of (5) such that y(x)=o(x"r-1)
(p=1) must be the one of order x,_, in x and of the magnitude zero or other-
wise, when p <s, it must be either the one of order p, in x and of a finite
non-zero magnitude or the one such that y(x)=o(+"*) and, when p=s+1, it
must be the one of order infinity in «.

Remark. When B, _ (y,, ,)=0, there exists no integral curve of (5) of
order y,_; in x and of the magnitude zero, because the direction x=0 is not an
exceptional direction of (E.,_,) at the origin.

The preceding results of this paragraph are summarized as follows:

The integral curve y=y(x) such that y(x)=o(x"r-1) must, if any, be one of
the following types:

1. the integral curve of order pn,inx and of a finite non-zero magmtude
(p=9), |

2. " of order p,in x and of the magnitude infinity (p<s),

3. " of order v, in x and of a finite non-zero magnitude
( 14 -_é—. s+ 1) >

4, ’ of order ju,_, in x and of the magnitude zero (p=2),
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5. " of order infinity in x (p=s+1),

6. " y=y(x) such that y=o0(x'?) (p < s).

The integral curve of the 2nd type may appear only when u,= biyt,/ ipjp
and D,,L _1(z) = 0.

The integral curve of the 3rd type always appears when v, exists and there
always exists such an integral curve of the arbitrary magnitude p (3= 0).

The integral curve of the 4th type may appear only when p, ,=by,,/a,;,
and B,,_ (y,,_.,) * 0.

From this result, taking p=1, 2,..., s +1 successively, we have a conclusion:
the integral curve y=y(x) of (5) such that y(x)=0(x") for any small £>0
must, if any, be either of order », (p < s) in x or of order v, (¢<s+1) in x or
otherwise be of order infinity in «.

Now, if x is replaced by —x in (5), there is obtained a differential equation

d Y(—=x, )

@5) dgc’ T —X(~ x?,y)

This equation is (5) itself but with a;; and b, replaced by a;=(—1)"*'a;; and

by=(— 1)*,, respectively. Consequently the Newton polygon of (35) coincides
with that of (5) and moreover, for any vertex ¥, Whlch is an Xz and at the
same time a Y, it holds that

"q’q/a‘-ﬂq_( l)kqb"q q/( ]‘)’ Halqlq'_b"q’q/a'qlq’

because k,=i,—1. Therefore the values of x,’s and »,’s for (34) determined
by its Newton polygon are same as those for (5). Hence the same conclusion
is valid for the integral curve y=y(x) of (85) such that y(x)=0(x") as x— +0,
in other words, is valid for the integral curve y=y(x) of (5) such that y(x)——_
o(|x|®) as x——0.

Now, as is remarked in 2.1, the integral curve of (5) tending to the origin
tends to the origin either spiraling to the origin or in a certian exceptional
direction. While, the integral curve of (5) tending to the origin in the di-
rection y=px (x =0) is expressed as y =y(x) = px +o(x) (as x— +0) and that tend-
ing to the origin in the direction x=0 is expressed as x=x(y) =o(y) (as y—>+0 or
—0). By the preceding conclusion, the integral curve y=y(x) such that y(x)=
px+o(x) must be either of order x, (p <s) in x or of order v, (¢ <s+1) in »
or otherwise be of order infinity in ». For the integral curve x=ux(y) such
that x(y) =o(y), if we interchange the roles of x and y, from the preceding dis-
cussions on (34), it follows that this integral curve must be either of order
wo=1/p, (p <) or of order v';=1/v, (¢ <s+1) in y or otherwise be of order
infinity in y. This implies that the integral curve x=ux(y) such that x(y)=0(y)
must be the integral curve y=y(x) either of order p, (p <s) in x or of order v,
(¢ <s+1) in x or otherwise be the integral curve x=ux(y) of order infinity in

y.

aJq

Thus, summarizing these, we have
Thorem 2. The integral curve of (5) tending to the origin in a fixed
direction must, 1f any, be one of the following types :
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that of order p, (p < s) in x and of a certain magnitude,

that of order v, (¢ < s+1) in x and of a finite non-zero magnitude,
that of order infinity in «,

that of order infinity in y.

Ll S =

§ 4. The integral curve of order infinity.

First, let us consider an integral curve of (5) of order infinity in x. By
the results of the preceding paragraph, we can suppose that such an integral
curve is the one yielded by an integral curve of (E,) tending to the origin in
the direction of the x-axis for x which is an integer greater than m, and
further greater than v,., if this exists. Consequently, taking the vertex V..,
of the Newton polygon of (5), let us seek for an integral curve of (E,) tending
‘to the origin in the direction of the x-axis for the above-mentioned value of
.

When V.., is a vertex of Case I, as we have already seen, it must be that
liy1=00rl,,=1.

When [,,,=0, namely when ¥Y(x, 0) & 0, there exists no integral curve of
(5) of order infinity in x.

When [,.,=1, it must be that X(x, 0) 5 0, for otherwise X(x,y) and Y(x,y)
would have a common factor y. Then X(x,0) and Y,(x, 0) can be written as
follows : '

X(x, 0)=aqex + o(x*),
Yy(xa 0) =bgix+ 0(908)9
where B=k,.; and a>B+1. Then, by the definition,

Al&(yﬂ) =0, Bn@’.u) =bg1Yps
A(xa }’n) =auox" +0(xN> + 0<yy)a B(x, yu> =y#'0(x),
where N=a—8-1>1. ' ‘

Now, since p is an integer, 4(x, y.) and B(x, y,) are analytic in x and y, at
the origin. Hence, applying Keil’s theorem, we see that, when a..bs; <0, the
integral eurve of (E,) tending to the origin in the positive direction of the
x-axis is only y,=0, and, when a,bs, >0, all the integral curves lying on the
right side of the y,-axis tend to the origin in the direction of the x-axis.

This says that, when a,ebs, <0, the integral curve of (5) of order infinity
in x is only y=0 and that, when a,obs, >0, infinitely many such integral curves
really exist. N

When V., is a vertex of Case II, it must be that j,., =0, because otherwise
1 = 2, which implies the existence of the common factor between X(x,y) and
Y(x, y). Further it must be that Y(x, 0)=0, because / = 1. Thus we see that

A#<y#) =Qiyjps Bn(yﬁ) = T HGipjY s B<x> ¥) =yu'0(x) (P=S+ 1.

Then, since 4 is an integer, A(x, y,) and B(x, y.) become analytic in x and y,

at'the origin, consequently, for the equation (15), the origin of the (x, y,)-plane
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becomes a saddle-point and only the integral curves x=0 and y,=0 tend to
the origin. This says that the integral curve of (5) of order infinity in x is only
y=0. )

When 7., is a vertex of Case III, as above, it must be that j,.,=0,
consequently also that /,.,=1. Then we see that

Aulyw) = ipjps Bu(y,)= (bkplp —#aipjp)}’m B(x, y.) =y, 0&) (p=s+1),
because Y(x, 0)=0. ‘

Now, (b, — piy,)a:,;,<0, as is seen from the way of choosing ..
Therefore, as in the former case, for the equation (15), the origin of the (x, y.)-
plane becomes a saddle-point and only the integral curves x=0 and y,=0 can
tend to the origin. This says that the integral eurve of (5) of order infinity
in x is only y=0. ‘

Thus there is obtained :

Theorem 3. When Y(x, 0) == 0, there exists no integral curve of (5) of order
nfinity in x. When Y(x, 0)=0, if X(x, 0) and Y,(x, 0) are written as

X(%, 0)=aqox+0(x%), Y,(x,0)=0bs2"+0(x°
and it holds that
a>B+1 and auebs; >0,
then there exist really infinitely many integral curves of (5) of order infinity
in x. But, when Y(x,0)=0, if any one of the above conditions is not satisfied,
then y=0 is a unique integral curve of (5) of order infinity in x.

Since the variables x and y are mutually interchangeable, the analogous
theorem is evidently valid for the integral curves of (5) of order infinity in y,
but it is omitted here for brevity.

$ 5. The integral curves of order ., in x.

1°. The integral curve of order y, in x and of the magnitude infinity.

By the result of § 3, the integral curves of (5) of order y, in x and of the
magnitude infinity can appear only as the one yielded by an integral curve of
(E"p’l) tending to the origin in the direction of the yﬂp_l-axis for the vertex

V, (p = s) of Case III, 3° such that D,Lp_l(z) == 0. But, by the reasonings of §2,

such an integral curve of (E,;P_l) is yielded by the one of (FP'P—I) tending to

the origin. So, in this section, let us seek for such an integral curve of (F,Lp_l).
For brevity, put u,—1=pg. Then, comparing (14) with (26), we see that
(36) D.(2)=2"B,,,(1/2),

from which follows that B,Lp(ygp)$0 because D.(z) 0. Put

By up) =coyiip+cryly o tcp (0F0),
then, from .

37 ll»=bk,,zp/aipjp,
follows that 8<,, and, from (36) follows
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D,.(z) =coz” +0(2%),
where o=I[,—3>0. On the other hand, due to (37), from (26), follows

Cu@)=ai,j, + 0.
Thus the equation (F,) becomes that of the form as follows :

dz _ —z{cz” +0(z%) +d(y,, 2)}

dyl"' yi‘-{aipjp + O(Z) + C(Ym z)}

Now, since p is an integer, c(y,, z) and d(y,, z) are analytic in y, and z at
the origin. Hence, by applying Keil’s theorem to the above equation, we have
the assertion as follows:

the integral curve of (F,) tending to the origin in the direction of the y,-
axis is only z=0;

when o is even, if cw;,;,<0, all the integral curves of (F,) except for z=0
tend to the origin in the direction of the z-axis and, if cotipjp >0, the integral
curves of (F,) tending to the origin are only z=0 and y,=0;
when ¢ is odd, if cotiyj, <0, all the integral curves lying above the y,-axis
tend to the origin in the direction of the z-axis and only the integral curve
¥.=0 can tend to the origin from below the z-axis ; when ¢ is odd, if coa,p,p>0
the integral curves behave in the same manner but the sides of the z-axis
are interchanged.

If we return to the equation (E,), from the above assertion, there is
obtained

Theorem 4. The integral curve of order u, in x and of the magnitude
nfinity can exist only when
) Mp=bkpzp/aipjp
and By, (y.,) s of the form

Bﬂp(yﬂp)=coyﬁp+c1yﬁ;l .t (co7=0, B<L,).

When o=1,—8 1is even, if coa;,;,<0, such integral curves exist infinitely
many on both sides of the x-axis, but, if coa;,j,>0, such an integral curve does
not exist.

When o=1,—B 1is odd, such.integral curves exist infinitely many only on
the upper or lower side of the x-axis according as coa;,;j,<0 or >0 and there
exists mone on the opposite side.

2°. The integral curve of order x, in x and of the magnitude zero.

By the result of §3, the integral curve of (5) of order x, in x and of the
magnitude zero can appear only as the one yielded by an integral curve of
(E,) tending to the origin in the direction of the y, -aixs for the vertex V,.,
A=p=y) of Case IIIL, 4° such that B, (y“P) = 0. But, by the reasonings of §2,
such an integral curve of (E,) is yielded by the one of (F,,) tending to the
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origin. So, in this section, let us seek for such an 1ntegra1 curve of (F, P
For brevity, put gp=g, Then, from

b"p+1’p+1/aip+1fp+1=/l”k .
4,(y,) and B.(y.) become the polynomials of the forms as follows:
4 <yﬂ) -a'P+1Jp+1y#P+1 +0(ylp+1)
B (yn)_o(y +1)
Now, on account of B.(y,) 0, we can put
B;L(yu)=do}’1+0(y1) (do=0, Y>lpa1)-
Then, since
: {yﬂA @’/x) B/-L(Q'u)}_')’# 111+1lp+1+0(y#-)3
and
B;;.(_’)’;L)y; l"“-——doyi-l-o(yi) (8:7'—lp+1)7
by (24), the equation (F,) becomes that of the form as follows:
dz z{aip+1ip+1 + 0(%) + a(ym z)}
dy. . yuldoyl+o(yd+b(y. 2)}

But, since y is an integer, a(y,, z) and b(y,, z) are analytic in y, and z at the
origin. Hence, if we apply Keil’s thorem to the above equation, there is
obtained the assertion as follows:

the integral curve of (F,) tending to the origin in the direction of the
z-axis is only y,=0;

when 3 is even, if doa,, j,.,>0, all the integral curves of (F,) except for
y.=0 tend to the origin in the direction of the y.-axis and, if doa;,,,;,.,<0,
the integral curves of (F,) tending to the origin are only z=0 and y,=0;

when 8 is odd, if doa:,, j,.,>>0, all the integral curves lying on the right
side of the z-axis tend to the origin in the direction of the y,axis and.only
the integral curve z=0 can tend to the origin on the left side of the z-axis;
when § is odd, if doa;,,,;,,,<0, the integral curves behave in the same
manner but the sides of the z-axis are interchanged.

From this assertion, returning to the equation (E,), we obtain

Theorem 5. The integral curve of (5) of order 11, in x and of the magnitude
zero can exist only when

:MP.=bkp+11p+1/aip+1ip+1
and B, (y.,) s of the form : ’
B;/LP(}’,LI,) =do}’ZLP +0(}’,7LP) (do =0, v> lp+ s

When 8=v—l,., .18 even, if doa,,,j,.,>0, such integral curves exist
wnfinitely many on both sides of the x-axis, but, if doai,,,j,., < 0, such an inte-
gral aurve does not exist.

When 8=7v—1,.1 ts odd, such integral curves exist infinitely many only on
the upper or lower side of the x-axis according as dea;,, j,.,>>0 or <0 and there
exists none on the opposite side.

3°. The integral curve of order x, in x and of a finite non-zero magnitude.
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The integral curve y=y(x) of order x, in x and of a finite non-zero
magnitude is also evidently that of the same type even when the transfor-
mation w=ax!'* used in the proof of lemma 1 is not acted. So, in this section,
we suppose that the equation (5) is the initial equation itself, namely the
equation for which the transformation w=x''* is not yet acted. Consequently,
of course, in this section, the values of 4,’s are not necessarily integers.

Since the value of y, is a rational number, u, can be exprssed as ¢./p.
with positive integers p, and ¢;. Then the substitution of x=¢' and y=us
into (5) entails .

(38) ' _di= plBFp(u) +t1g(t1, u) .

dty  t1{d W) +8:fs, w),}
It is evident that the integral curve of (5) of order 4, in x and of a finite non-
zero magnitude p is yielded by the integral curve of (388) tending to the point
0, p) as t;—+0.

‘When B, (u) +0, let the non-zero real roots of B, (z)=0, if any, be p;’s
(j=1,2, .-, f), and let the multiplicty of p; be «;. Then, as is seen from the form
of (38), the integral curve tending to any point (0, p) such that p=<0, ==p,’s is
only ¢,=0, in other words, there exists no integral curve of (5) of order n, in
x and of magnitude p such that p=£0, 5=p/’s. )

But, for p=p;, when 4,,(p;) 0, the equation (38) becomes

" % PuBEP (00T +0(w9) +11(t1, p;+0)
dt; A (pt+t20@) +6fts, pj+v)

where u=p;+v. Then, when «;=1, as the origin is a simple critical point,
about the integral curves of this equation, we have the assertion as follows :

if 4,,(py)B,,(p;)>0, all the integral curves lying on the right side of the
v-axis tend to the origin;

if 4,,(p;)B.,(p;)<0, one and only one integral curve tends to the origin
in the direction {p,B,(p;) — A4.,(p;)}v—g(0,p;)s;=0 and any other integral curve
lying on the right side of the v-axis does not tend to the origin.

When «; =2, the behavior of integral curves is known by Keil’s theorem
as follows : .

only one integral curve tends to the origin in the direction A (pj)o—
g0, p))t;=0 (we shall denote this integral curve by v=uv,(,)) ;

when «; is odd, if 4,,(p;)B{(p;) <0, only the integral curve z,=0 tends to
the origin on each side of the integral curve v=uv,(,) and, if 4,,,(p;)BL)(p;) >0,
all the integral curves tend to the origin on both sides of the integral curve
v=0,(t1) ;

when «; is even, if 4,,(0)BL(p;) <0, only the integral curve ¢,=0 tends
to the origin on the upper side of the integral curve v=wv,{,) and all the
integral curves tend to the origin on the lower side of the integral curve v=
vo(ty) 5 if AMP(pj)ijfP’(pj)>0, the behaviors of the integral curves on each side
of the integral curve v=w,(;) are interchanged.

)
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From this result is known the behavior of the integral curves of (5) of
order u, in x and of magnitude p; such that 4, (p;) 5 0.

When B, (z)=0, the equation (38) becomes

du gty w)

©9) A~ A+ fn 0)

But, as is readily seen from the definition, 4, () and B,,(u) cannot vanish
identically at the same time, so, at present, 4,,(u) + 0. Hence let the non-zero
real roots of 4,,(u)=0, if any, be o’s (=1, 2, ..., g). Then, since the point
(0, p) such that p==0, #o.’s is an ordinary point of (39), there exists one and
only one integral curve of (39) passing through such a point. Evidently such
an integral curve is distinct from z,=0. This says that, for any p such that
p=+0, =a.’s, there exists one and only one integral curve of (5) of order y,in x
and of magnitude p. ‘

Thus, summarizing the above results, we obtain

Theorem 6. The non-zero value p such that B, (p) +0 cannot be a magni-
tude of the integral curve of (5) of order p, in x.

For the mon-zero value p such that B, ,(p)=0 but 4,,(p) 50, when B, (u)=0,
there exists one and only one integral curve of (5) of order u,in x and of magni-
tude p, and when B, ,@u) + 0, if we denote the multiplicity of the root p by «, the
portrait of the integral curves of (5) of order p, in x and of magnitude p is ex-
pressed as follows :

when « 1s odd and A,Lp(p)Bﬁ:‘}(p)<0, there exists one and only one integral
curve of order u, in x and of magnitude p ;

when « is odd and A, ,(0)B)(p) >0, there exist infinitely many such integral
curves ;
when « 1s even, there exists one and only one integral curve—say ['—of the
Sform :

(40) y=y(x)=(p +v,(x))x"?,
where v,(x)=0('"") asx—>+0 (u,=q1/p1);
if A, (p)BL(p)<0, on the upper side of I', there does not exist any integral
curve of order u, in x and of maguitude p, but, on the lower side of I, there
exist infinitely many such integral curves, all of which are of the form

(41) y=y(x) = (p +va(x))x">,
where va(x) > 0 but |v.(x)|/x''P*—>o00 asx—+0;
if A.(p)BL)(p)>0, the portraits of the integral curves om one side of I are
mutually interchanged with those on the other side. ,

For the non-zero value p such that B, (p)=0 and 4,,(p)=0, if we put u=
p+wv, then (38) or (39) becomes the equation of the same form as (5), but, in
this case, it may happen that the origin is not a critical point.

When the origin is not a critical point of the equation with respect to v,
the behavior of the integral curves of that equation, consequently of the
equation (5) is known readily.
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When the origin is a critical point of the equation with respect to », we
can construct again the Newton polygon of that equation. Then, by theorems
1-6, we can know the behavior of integral curves of that equation tending to
the origin in the fixed directions as ¢,— +0, except for those for which B, (u)
=0 and 4,,(u) =0 have real non-zero common roots. For such integral curves,
we again repeat the above process. Then, as is shown by M. Urabe [6], in a
finite number of steps, the initial equation becomes that of either of the
forms:

(42) dv _ av+pi+~~_ﬂ; =2, a0,

dt t

dv _ Nav“+ptm ) a, p+0,n, =0, m>0,and A >1
(43) 7 H]

de t when n=0.

‘The behaviors of the integral curves of (42) is readily known by Keil’s theorem
as follows :

the integral curves tending to the origin in the direction of the v-axis is
only :=0; when a<0, one and only one integral curve tends to the origin in
the direction av+pt=0 and any other integral curve lying on the right side of
the v-axis does not tend to the origin; when o>0, all the integral curves
lying on the right side of the v-axis tend to the origin in the direction av+pt
=0.

By the same réasomngs as in the proof of theorem 6, it is seen that the
behavior of integral curves-of (43) is as follows:

when n+X\ is odd, if <0, one and only one integral curve tends to the
origin on the right side of the v-axis and, if a>>0, all the integral curves lying
on the right side of the »-axis tend to the origin ;

when n+X\ is even, there exists one and only one integral curve of the
form v=v()=0@) and, if a<0, only the integral curve :=0 tends to the origin
on the upper side of the integral curve v=o(t) and all the integral curves lying
on the lower side of the integral curve v=uv(¢) tend to the origin; if a>0, the
behaviors of the integral curves on each side of the integral curve v=o() are
mutually interchanged.

Thus, combined with theorems 1-6, we see that the behavior of all the
integral curves of (5) tending to the origin in the fixed directions is completely
known by the process consisting of a finite number of steps.

In conclusion, the writer wishes to acknowledge his indebtedness to Pro-
fessor: Minoru Urabe for his kind guidance and constant advice rendered
during the preparation of this paper.
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