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1. Introduction.

In the investigation of the infinite groups, the groups in which all the

classes of conjugate elements are finite have received an attention in recent
years. Such groups were named “FC-group” by R. Baer and studied by
R. Baer, B. H. Neumann, J. Erdos and F. Haimo. And it is known that
these groups have many similar properties with abelian groups and finite
groups. ‘
In this paper, we shall investigate some properties of FC-groups. First,
we require the necessary and sufficient conditions in order that a group be
an FC-group. Next we prove that in FC-groups the division hull of an
arbitrary subgroup, that is, the set of all elements for which there exists
a positive integer m such that the m-th power of it is contained in the
subgroup, is also subgroup. This is a common property of FC-groups with
abelian groups and finite groups. Moreover we show that the simple FC-
groups are finite groups. Finally we prove that some FC-groups decompose
in the product of a finite number of its subgroups.

We use the following notations: When S and T are two subsets of a
group G, SN T is the intersection of S and T. And P(S) means the set of
all elements of S each of which has a finite order, that is, the periodic
part of S. Next, let S be a subgroup of G. S’ is the derived group of
S. And the division hull of S in G is denoted by D(S:G) which due to
F. Haimo [8].” Moreover, if a and b are two elements of G, [a,b] is the
commutator of a and b.

2. Characterization of FC-groups.

If G is an FC-group, then its subgroups and factor groups are FC-
groups. But the converse is not true. In this section we obtain the necessary
and sufficient conditions in order that a group be an FC-group. And each
of them is corresponding to the converse. .

First, we prove a lemma.

LEMMA 1. If a group G has a normal subgroup N such that NNG s

1) The numbers in brackets refer to the references at the end of this paper.
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a finite subgroup and the factor group G/N is an FC-group, then G is an
FC-group.

Proor. Let N be a normal subgroup of G which satisfies the conditions
of the lemma. ,

Now we choose an element x of G arbitrarily and fix it. The set &N
is an element of G/N and contains the element x. As the group G/N is an
FC-group, the element N has a finite number of conjugate elements. We
can denote these conjugate elements as follows:

aN, gi'wgiN,- -+, 932439, 1N (1)
Let g 'zg (g G) be an element which is conjugate to . Then we have:
9 'wgeg-'zgN=(gN) '(N)(gN),

that is, g~'zg is contained in one and only one coset of N in G, an element
of the factor group G/N, in (1). Therefore any conjugate element to 2 in
G is certainly contained in one coset in (1). '

Now we assume that g 'zg is contained in the coset g;'xg,N (where the
suffix ¢ is a fixed number). Then there exists an element n of N such that
g 'xg=g;'xzgm. Therefore we have [z, g,] ‘[, g]=n, that is, [x, g.]7 [, g]
is contained in N. On the other hand, [z,g,] '[%, g] is contained in G'.
Thus [z, g.] ‘[, g] is contained in NNG'.

Let H be the set {g; g 'xgeg:'zg,N, gc@G, 4:fixed}. Then the number
of the elements with the form [, g,] '[x, g] (9¢H) is finite, for by the
assumption of the lemma, NG is a finite group. But, as the suffix 7 is
fixed, the element [z,9,]" is the fixed element of G. Therefore, when g
runs over the elements of H, the number of the element [z, g] is finite, that
is, the number of conjugate elements to 2 which is contained in the coset
g7 wg,N is finite. By the same argument, the number of conjugate elements
to = which is contained in each coset in (1) is finite. Therefore the number
of conjugate elements to ¢ in G is finite. Thus we have proved the lemma.

REMARK. From the above lemma, the following two propositions follow:

i) If G has a finite normal subgroup N such that the *factor group
G/N is an FC-group, then G is an FC-group.

ii) If the derived group G’ of the group G is finite, then G is an FC-
group.

THEOREM 1. For a group G, the following three propositions are
equivalent.

1) G is an FC-group.

2) G has a finitely generated normal FC-subgroup N such that the
SJactor group G/P(N) is an FC-group, where P(N) is the periodic part of N.

8) The periodic part P(G) of G contains the derived group G' and G
has a finitely generated mormal FC-subgroup N such that the factor group
G/N s an FC-group. ’



On Some Properties of FC-groups ’ T 101

ProoF. Let G be an FC-group. If g is an¢arbitrary element of G,
then the number of its conjugate elements is finite and we denote them
9:(=9), 9+ *, 9... Let N be the subgroup which is generated by g,, g5, *, gon-
Then N is a finitely generated normal FC-subgroup. And, as the periodic
part P(N) is a characteristic subgroup of N, it is a normal subgroup of
G.» Hence there exists the factor group G/P(N) and it is an FC-group.
Therefore 2) follows from 1).

Let N be a finitely generated normal FC-subgroup such that the factor
group G/P(N) is an FC-group. As G/P(N) is an FC-group, the derived
group (G/P(N)) of G/P(N) is periodic. And it holds that (G/P(N))=
G -P(N)/P(N). Therefore, for an arbitrary element ¢ of G’ there exists a
positive integer » such that (¢ P(N))*=P(N). Then it follows that ¢"e P(N)
and hence ¢ belongs to P(G). Thus we have proved that G’ is contained
in P(G). ‘

Moreover, as G/P(N) is an FC-group and P(N)C N, the factor group
G/N is an FC-group. Therefore 3) follows from 2).

Finally we assume that P(G) contains the derived group G’ and G has
a finitely generated normal FC-subgroup N such that the factor group G/N
is an FC-group. As G’ is a periodic group, we have NNG'=P(N)NG'. On
- the other hand, as N is a finitely generated FC-group, P(N) is a finite
group.* Therefore, from the lemma 1, we have that G is an FC-group.
Thus 1) follows form 3).

3. Division hull of FC-groups.

In this section we shall investigate the properties of the division hull
which is introduced in a group by F. Haimo [3] and P. Alexandroff [6].
In abelian groups and finite groups, the division hull of an arbitrary sub-
group is also subgroup, but in general infinite groups the division hull need
not be a subgroup. We show that in FC-groups, as well as abelian groups and
finite groups, the division hull of an arbitrary subgroup is also a subgroup.

We define the division hull as follows which is due to F. Haimo.

Let K be a subgroup of a group G. By the division hull of K in G,
D(K: G), we mean the set of all ze G for which there exist positive integers
n=n(x) with z"e¢ K.

Then we have the following lemmas:

LEMMA 2. Let G be a group with the pertodic derived group G'. If K
is an arbitrary mormal subgroup of G, then D(K:G) is a subgroup of G.

ProoF. Let # and y be two elements of D(K:G). From the definition
of the division hull, there exist the positive integers s and ¢ such that z*c¢ K
and y'¢e K. Then we have *

2)' A characteristic subgrou; of a group means the subgroup which is invariant under
all the automorphisms of the group.
3) cf. [4] Theorem 5-1
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$xy)t=c-z'y" (where ce@G’)
=c-k (where ke K)

Now, let » be the order of the element ¢. As K is a normal subgroup of
G, we have that (zy)"=(c-k)"=k' ¢ K, that is, 2y D(K: G).

And it is clear that there exist the unit and inverse elements in D(K: G).
Therefore, D(K:G) is a subgroup of G.

‘ Next, in the following lemma, we shall show that in the above lemma
D(K:G) is a normal subgroup.

LEMMA 8. Let G be a group and K be a subgroup of G. And let
D(K:G)=L be a subgroup of G. Then L is a normal subgroup of G if and
only if for any element xc K and geG there exists a positive integer m
such that g 'z™ge K. :

, Proor. Let L be a normal subgroup of G. And let x and g be an

arbitrary element of K and G respectively. From x¢ K and KC L, it holds
xeL. As L is normal in G, g 'zg is contained in L. Therefore there exists
a positive integer m such that g-'z™ge K.

Conversely we assume that there exists a positive integer m such that
g 'z"ge K for x¢ K and ge¢G. If y be an arbitrary element of L, then
there exists a positive integer s such that y'¢ K. By the assumption, for
any element g of G, there exists a positive integer ¢ such that g-'(y°)ge K.
Therefore g-'yge L, that is, N is a normal subgroup of G.

LEMMA 4. Let G be a group and K be an arbitrary subgroup of G. And
let S be an arbitrary finitely generated subgroup of G and L be an arbitrary
subgroup of S. Then D(K:G) is a subgroup of G if and only if D(L:S)
s a subgroup of S.

PROOF. We assume that the division hull of an arbitrary subgroup of
G is a subgroup of G. From the assumption of the lemma, L is a
subgroup of G. Hence D(L:G) is a subgroup of G. Therefore, if x
and y are two elements of D(L:S), then there exists a positive integer
! such that (xy)'eL. That is, 2y belongs to D(L:S). And there exist
the unit and inverse elements in D(L:S). Consequently D(L:S) is a
subgroup of S. '

Conversely we assume that the division hull of any subgroup L of an
arbitrary finitely generated subgroup S is a subgroup. If x and y are two
elements of D(K: @), then there exist the positive integers s and ¢ such that
e K and y'ce K. We take as S the subgroup of G which is generated by
2 and y, and as L the subgroup of S which is generated by x° and y‘. From
the assumption, D(L: S) is a subgroup of S. Therefore, since x and y belong
to D(L:S), there exists a positive integer ! such that (zxy)'eL. On the
other hand K contains L. Therefore (xy)'c K, that is, 2y belongs to D(K: G).
And there exist the unit and inverse elements in D(K:G). Thus we have
proved that D(K:G) is a subgroup of G.
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LEMMA 5. Let G be a finitely generated FC-group. If K is an arbi-
trary subgroup of G, then D(K:G) is a subgroup of G. ,

PROOF. As G is a finitely generated FC-group, it contains in its center -
a torsion-free abelian subgroup A which has a finite index m in G®. If g, g,
.-+, g, are the representatives of the cosets of A in G, then it holds that
(9.9,)"=9797 1=14,5<m).> For, it holds that (g.,9,)"=c-g7g7 (ceG). On
the other hand, as (g,9,)", g7 and g belong to A, ¢ belongs to A. Hence,
¢ belongs to ANG. But, as G is an FC-group, G’ is a periodic group.
Therefore it holds ANG'=e. Consequently we have c=e.

From the above proposition, for any elements ¢ and b of G, it holds that
(ab)"=a™-b™. '

Now, let z and y be two elements of D(K:G). Then there exist the
positive integers s and ¢ such that z°¢ K and y’c¢ K. Therefore we have
that (xy)™*=g™y™*ec K. That is, xy belongs to D(K:G). And there exist
the unit and inverse elements in D(K: G). Thus we have proved that D(K: G)
is a subgroup of G.

From the lemmas 4 and 5, we have the following theorem:

THEOREM 2. Let G be an FC-group. If K is an arbitrary subgroup
of G, then D(K:G) is a subgroup of G.

4. Some Properties of FC-groups.

In this seetion, we investigate the another properties of FC-groups which
are concerned with the structure of FC-groups.

First, for simple FC-groups we have the following theorem:

THEOREM 3. Simple FC-groups are finite groups.

PROOF. Let G be a simple FC-group. We prove this theorem by divid-
ing in the two cases: ,

Case 1. P(G)=e: As G is an FC-group, P(G) contains G'. Therefore -
G'=e, that is, G is an abelian group. As G is simple, G is a ecyclic group
with a prime order.

Case 2. P(G)=e: Let g(=re) be an element of P(G)and g,(=g), 92+, 9,
be conjugate elements of g. Then each of gy, g, -+, 9, has a finite order in
G. And, a subgroup N of G which is generated by ¢, gs,**+, g, is a normal
subgroup of G and is not e. But, as G is simple, we have N=G. On the
other hand, as N is a finitely generated FC-group and each of its generators
has a finite order, N is a finite group®. Thus we have proved that G is a~
finite group. '

Next, we consider some decomposition of FC-groups by using the divi-
sion hulls. '

Here, we define a decomposition of a group as follows:

4) cf. [4] Lemma 4.1.
5) J. Erdos has proved this relation by an another method. (cf. [2]).
6) cf. [4] Corollary 5.12; [2] Theorem 4.5.
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A group G has a decomposition GioGyo---0G, into a product of its
subgroups Gy, G- -+, G,, if the following conditions are satisfied:

1) G=G,-G,---G,

2) GN(Gi-Gy -Gy Gyyqn e -G,)=e.

Then we have a lemma.

LEMMA 6. Let G be an FC-group and L be a division hull which is a
proper mormal subgroup of G. If G/L isthe direct sum of a finite number of
cyclic groups, then G has a decomposition A oAzo---0A, oL, where A, (i=
1,2, -+, n) is an infinite cyclic subgroup. And in this decomposition every
element of G is uniquely expressible as a product of elements of subgroups
A, and L.

Proor. First, we prove that the factor group G/L is a torsion-free
abelian group. Now let L be a division hull of some subgroup K of G.
‘Since G is an FC-group and L=D(K: G), it holds that LD P(G)DG’'. Hence
G/L is an abelian group. If an element gL(=L) of G/L has a finite order,
then we have (gL)"=L for some positive integer m, that is, g”<L. Hence
there exists a positive integer n such that (g™)"e¢ K. That is, g belong to
L. This is a contradiction. Therefore, G/L is a torsion-free abelian group.

Next, we show that any element g which is mapped on one element
(% L) of G/L under natural mapping of G onto G/L has an infinite order
in G. For, if an element g which is mapped on the one element (L) (a
coset of L in G) of G/L has a finite order, then the coset has a finite order
in G/L. It is a contradiction. ’

Let G/L be the direct sum of the finite number of cyclic groups C,=
{a,L} (1=1,2,---,m). If G, is the inverse image of C; under the natural
mapping, then G, is a normal subgroup of G and we have G,={a;} L where
{a;} is an infinite cyclic group with generator a, because a.L and a, has an
infinite order in G/L and in G respectively.

And, as G is contained in G,-G,---G,, G is represented as a product of
subgroups A4; and L, that is, G=G,-G;- --- -G,=A,---A,-L, where A;,={a}
(i=1,2,--+,m). '

Further we can show that A,N(4;---4,.,-4,,,---4,-L)=e, where 1=
1,2,---,n+1 and A4,,;=L. For if g(e) is an element 4,MN(4;---4,.,-4;,,
-++A,-L), then it holds that ¢g=b,=b;---b,_;-b;,,--+b,,; (where b,cA)).
Therefore we have b,L=b,L---b,_,L-b,,,L---b,L. This contradicts that G/L
is a direct sum of C;. Thus G has a decomposition A;0A,0.--04,0L.

Moreover, let g be an element of G. If g=b,-b,---b,,,=b;-by--+b,.,
b, EieA,-), we have ngblL.b2L- -.b,L=b,L-b,L.---b L. But, as the factor
gi‘oup G/L is a direct sum of C, we have b,L=b,L. Hence it holds that b,=b,
because A;NL=e. Therefore, every element of G is uniquely expressible

as a product of elements of subgroups A, and L. Thus we have proved
the lemma.
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THEOREM 4. . Let G be a finitely generated FC-group. Then G has the
decomposition AjoAyo---0A,oF, where A ,(1=1,2,---,m) is an infinite cyclic
group and F is a finite group. And every element of G is uniquely expres-
stble as a product of elements of subgroups A, and F. .

PROOF. As G is a finitely generated FC-group, P(G) is the finite normal
subgroup D(e:G)xG. If we put P(G)=F, then G/F is a finitely generated
torsion-free abelian group. Therefore G/F is a direct sum of a finite number
of the infinite cyclic groups. From the lemma 6 we have proved the

theorem 4.

In conclusion I wish to express my thanks to Prof. K. Morinaga for
his kind guidance in the course of the work.
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