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§ 1. Introduction 

Between the periodic system 

(1.1) <lx, =X1(x, t)= ±c;lt)x;+ ~ 11 c,it)xf1 • • -x~n (i=l, 2, · · ·, n) 
dt J-1 \J 

and the autonomous system 

(1.2) rl,dxti =e:;(X)= i,;c,jx;+ ~. 11 c1\Jxf1• • -x~n (i=l, 2, • • •, n) 
J-1 l! 

where c,;(t), c1i,(t) are continuous for - co< t< co and periodic with period 
w >0 and ~ 11 denotes summation over JJ=(Pi, P2, • • ·, Pn) where Pi, p2, • • ·, 

\J 
Pn are non-negative integers such that s(1J)=p1 +p2 + · · • +p,,.>2, there is 
known till now a considerable amount of parallel properties. But, for lack 
of the principle connecting the two systems, such parallel properties must 
have been proved till now on each system respectively, even though the 
proof may be carried on in parallel. In this paper, we would establish 
such a principle. 

For this purpose, we consider to transform the system (1.1) to the 
system (1.2) by the transformation of the form 

" (1.3) x1=F/y, t)=~k.;(t)Y;+ ~ 11 ktµ(t)yf 1 • • •Y;." (i=l, 2, · · ·, n), 
j-1 \J 

where k;it), k1\J(t) are continuous for - co <t< co and periodic with period 
w. If this is possible, then the systems (1.1) and (1.2) correspond to each 
other by the correspondence (1.3), namely a principle connecting both 
systems is established. But, as is seen later, transformation like (1.3) is 
not always possible. In this paper, we show that transformation like (1.3) 
is possible when and only when the certain finite transformation can be 
imbedded in a one-paramter group of transformations. 

This result can be applied to various problems. The problem of re­
ducing the periodic system to that of the simplest form is one of them. 
As an example of application of our result, this problem is attacked from 
our standpoint. As another important application of our result, the so-calied 
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stroboscopic method used often in practical application [l, 2, 3J 1J is studied 
and its mathematical legality which does not seem to have been given 
thoroughly till now is discussed in detail from our standpoint. 

§ 2. General theory 

I. Necessity 

We assume that the periodic system (1.1) can be transformed to the 
autonomous system (1.2) by the transformation of the form (1.3). Since 
(1.3) expresses a transformation in the neighborhood of y1=0, it is required 
that det.]ku(t)l=f'O for - co <t< co, In the sequel, we assume this. Let 
the inverse of (1.3) be 
(2.1) y1=Gi(x, t) (i=l, 2, · · ·, n) , 
then, evidently, G1(x, t) are of the forms 

" (2.2) Gi(x, t)= ~ l,;(t)x1 + ~" lq,(t)xf' .. •X::" (i= 1, 2, .. •, n) , 
j~l lJ 

where l1_;(t), lq,(t) are continuous for - co <t< co and periodic with period 
r,i. From (2.1) follows 

dyt = ± 8G1(x, t) X; (x, t) + 3(!:A?_,j)_ • 
dt ;~, ax1 at 

If we write the functions of the right-hand side as Yi(x, t), then, evidently, 
Yi{F(y, t), t) are regular with respect to y1 and vanish for YJ=0. Conse­
quently, the system (1.1) is certainly transformed to the regular system 
of the form (1.2) by the transformation (1.3). 

By means of the functions F,(y)=F1(y, O) and G;(x)=G1(x, 0), we 
consider the transformation 
(2.3) Y1=G1(z) or Z1=F1(Y) (i=l, 2, · · ·, n). 
By this transformation, the form of the system (1.2) does not alter. 
Consequently, superposing the transformations (1.3) and (2.3), the initial 
system (1.1) is transformed to the system of the form (1.2) by the trans­
formation of the form (1.3) satisfying F1(y, 0)=Yt, because 

Fi {G(z), 0} =Fi {G(z)) =zi • 
Thus, without loss of generality, we may suppose that the transformation 
(1.3) satisfy Ft(y, O)=y1• In the sequel, we assume this. 

Let the solution of (1.1) taking a set of values Xi for t=O ~e cpi(x, t) 
(i=l, 2, • • •, n). Then, by the assumption, the set of functions 
(2.4) 'ti(x, t)=G1 {cp(x, t), t) (i=l, 2, • • •, n) 
becomes a solution of (1.2) and moreover it is valid that 

'ti(x, O)=Gi{cp(x, 0), 0) =Gi(x, O)=xi . 
Consequently 't,(x, t) becomes a solution of (1.2) such that 'ti(x, O)=x,. 
Then, for t=w, from periodicity of F,(Y, t) foUows 

1) The numbers in crotchets denote the references listed at the end of the paper. 
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1Y1(X, w)=Gi {<p~X, w), w} 

=Gd,p(x, w), O} 

= 'Pi(x, w) • 

This expresses that the transformation 

(2.5) x;='Pt(x,w) (i=l,2, •··,n) 
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is imbedded in a one-paramter group of transformations x;="1'i(x, t) with 
the operator functions 1) f 1(x). 

From (2.4), it is evident that 
(2.6) 'Pt(x, t)=Ft {"1'(x, t), t} (i=l, 2, • • •, n). 
Now, if we put Yt='f't(x, t), then x 1 ="1';(Y, -t), because x;="1';(x, t) is a 
transformation belonging to a continuous group with canonical parameter 
t. Then, from (2.6) follows 

'Pt {'Y'(Y, -t), t} =F;(y, t) . 
This expresses that the transformation (1.3) by which the system (1.1) is 
transformed to the system of the form (1.2) must be 
(2.7) x 1=,p;{"1'(y, -t), t) (i=l, 2, • • •, n), 

provided that F;(Y, O)=Yt • 

2. Sufficiency 

We assume that the transformation (2.5) is imbedded in a certain one­
parameter group of transformations with the operator functions of the forms 
of the right-hand side of (1.2). Let the operator functions of this group 
be f 1(x) (i=l, 2, • • •, n) and the transformation belonging to this group be 
(2.8) x;=+;(x, t) (i=l, 2, • • •, n) , 
where t is a canonical parameter of the group. According to (2. 7), we 
consider the functions 
(2.9) F;(y, t)=,ptf'f'(Y, -t), t) (i=l, 2, · · ·, n). 

Since ,pi(x, t) and "1'i(x, t) are respectively the solutions of the 
differential equations (1.1) and (1.2) such that ,p;(x, 0)="1'1(x, O)=x1, the 
functions ,p;(x, t) and "1'i(x, t) are expanded with respect to X; as follows: 

" 
{ 

rp1(x, t)=~a;1(t)x.1+ 2j11 a,lt)xf1 • • ·xf.", 
J-' \! 

. " 
'f'1(X, t)= 2j a;;(t)X.1 + 2j11 a1t,(t)Xf1 • • • X;." • 

J~l \! 

Consequently, from (2.9), the functions F;(y, t) are expanded with respect 
to Y1 like (1.3) and the coefficients k,it) of the linear terms of their 

" expansions become 2jau,(t)ak;( -t). 
k~I 

Now, if we substitute the expansions of ,p1(x, t) and +1(x, t) into (1.1) 
and (1.2) respectively and compare the coefficients of x.1 in both sides, we have 

1) For brevity, when the operator of a one-parameter group of transformations is 

i~1~i(x)~1 , we call the functions ~;(x) the operator functions of this group. 
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{ 
_d,_a;;(t)=±c1it)a.k;(t), · 

dt k~l . 

dai;(t)_= ±c;kak;(t) ' 
dt k~I 

(i,j=l, 2, · · ·, n). 

Moreover, from cp;(x, 0)=+1(x, O)=x1, aiiO)=a;,{O)=Sd\ consequently 
{ai;(t)} and {aiit)) (j=l, 2, · ··,n) become respectively the fundamental 
systems of the solutions of the linear differential equations 

dx " 
dt k~l 

{ 

~ 1 = ~ctit)xk , 

dx ,, . (i=_l,2, •·•,n). 
---:/- = ~ C1kXk , ut k~I . 

Then det.la1.;(t)I and det.[iiij(t)I do not become zero for any t, consequently, 
we see that, for - oo <t< 00 , det.jk,_;(t)l=\=O. 

Since cp1(x, t) is a solution of the periodic system (1.1), it is valid that 
(2.10) cpdcp(x, w), t) =<p;(X, w+t) (i=l, 2, • • •, n). 
Since (2.8) is a transformation belonging to the continuous group of trans­
formations with canonical parameter t, it is valid that 

(2.11) +d+(Y, t1), t2l =+1(Y, t1 +t2) (i=l, 2, · · ·, n). 
Then, from (2.9) follows 
(2.12) F'.i(Y, t+w)=<pi{"Y(Y, -t-w), t+w) 

=<pi[<p{"f'(Y, -t-w), w}, t] 

=<p;[<p{"f'("f'(Y, -t), -w), w), t] 

Now, by the assumption, it holds that 

(by (2.10)) 

(by (2.11)) • 

+ 1(x, w)=q>t(x, w) (i=l, 2, · · ·, n). 
Consequently, since x;=+tCx, -©) is an inverse of 

x;=+1(x, w)=cp1(x, w) 
because of (2.11), it is valid that 

<pi{"f'("f'(Y, -t), -w), w} =o/1(Y, -t). 
Then, from (2.12) follows 

F'.i(y, t+wf=<p1["Y(Y, -t), t]=F'.i(Y, t), 
namely F'.i(Y, t) become periodic- with respect to t with period w. 

Thus the functions F;(y, t) become the functions of the same character 
as those of the right-hand side: of (1.3). 

If we put X; =+tCY, -t) in (2.9), then, since Y; =+1(x, t) from (2.11), 
we have 
(2.13) <p1(X, t) = F'.i(y, t) 

= Fi { +(x, t), t) • 
Now, by the assumption, + 1(x, t) satisfy the equations 

(2.14) dxi_=~;(x) (i=l, 2, • • •, n) 
dt 

1) b,; is Kronecker's delta. 
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and "f'/X, O)=x1, in other words, "¥'/x, t) is a solution of the autonomous 
system (2.14) such that "f'1(x, O)=x1• Then, (2.13) says that the solution 
<!Ji(X, t) of (1.1) is transformed to the solution "¥'1(x, t) of (2.14) by the 
transformation 
(2.15) X1=F1(Y, t) (i=l, 2, · · ·, n), 
in other words, the periodic system (1.1) is transformed to the autonomous 
system (2.14) by the transformation (2.15), which is of the form (1.3) by 
the preceding results. 

Since cpi(x, O)="f'1(x, O)=x1, from (2.9), it is evident that F/y, O)=Yt• 
Then, by the preceding section, the transformation (2.15) for F'i(Y, t) defined 
by (2.9) is a unique one satisfying F1(y, O)=Y1 by which (1.1) is transformed 
to (2.14). 

3. Conclusion 

The results obtained in the preceding two sections are summarized as 
follows: 

The necessary and sufficient condition that the periodic system (1.1) can 
be transformed to the autonomous system of the form (1.2) by the trans­
formation of the form (1.3) is that the transformation (2.5) can be imbedded 
in a one-parameter group of transformations with the operator Junctions 
regular in the origin and vanishing there. 

When the condition is fulfilled, there exists one and only one trans­
formation of the form (1.3) such that F'i(Y, O)=Y1, by which the system (1.1) 
is tranformed to an autonomous system of the form (1.2). 

§ 3. Reduction of linear periodic system 

Given the linear periodic system 
dx1 " • 

(3.1) dt-=~ci.;(t)x; (1,=l, 2,. • •, n). 

Let us consider the fundamental system { &i.;(t)) (j = 1, 2, • • •, n) of the 
solutions such that ai;(0)=8iJ• Then the solution cp1(x, t) of (3.1) such that 
<p1(x, O)=x1 is expressed as follows : 

,, 
(3.2) <p;(x, t)=''2]Jli;(t)x; (i=l, 2, • • •, n). 

j=1 

Consequently the transformation (2.5) becomes a linear transformation 

x;=<p.(x, w)= ~&1;(w)x;, 
J=1 

or, in matrix form, 
(3.3) 

➔, C ➔ 

x =A(w)x, 
n -+ -+ 

where A(w)~ii&dw)II and x, x' are the column vectors. 
Since {a;.;(t)) (j=l, 2, • • •, n) is a fundamental system, 

consequently there exists a matrix B=)ibdl such that 
det.lA(w)l=\=O, 
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(3.4) e"'8 =.A(w). 
This expresses that the transformation (3.3) is imbedded in the one­
parameter group @ of transformations 

(3.5) 
· The operator functions f;(:l;) of @ are evidently 

,. 
(3.6) f 1(x)=::Ebijxj (i=l, 2, · · ·, n). 

j-1 

Thus, by the general theory, we see that the linear periodic system 
(3.1) is tranformed to the linear autonomous system 

dx " . 
(3.7) -cft-=r?uX; (i=l,2, ·:•,n) 

by the linear periodic transformation 
+ 0 + 

(3.8) x=A(t)e-'8 y 
where A(t)=lla1;(t)II, This is a well known result. The characteristic roots 
of B are called the characteristic exponents of the system (3.1). 

§ 4, Reduction of nonlinear periodic system 

1. Preliminaries 

Given the nonlinear periodic system (1.1). Then, from the preceding 
paragraph, it is readily seen that, by the linear periodic transformation of 
the form (3.8), the system (1.1) is transformed to the system of the form 

dx ,. 
(4.1) ~ 1 =X1(x, t)=::Eb,;x.;+ ::E"b1v(t)xf1 • • •X;." (i=l, 2, • • •, n), 

& ~I ~ 

where b1µ(t) are continuous for - oo <t< oo and periodic with period w. 

Owing to (3.4), the characteristic roots µ1 (i=l, 2, · · ·, n) of B=[lb1;ll 
are determined from the characteristic roots A1 (i= 1, 2, · .. , n) of A(w) by 
(4.2) 
or 

(4.3) 

1 v=1 =-logJA1l+ -~ArgA,. 
w w 

The characteristic roots µ1 of B are called the charaeteristic exponents of 
the nonlinear system (1.1) as is so for the linear system. 

By the suitable linear transformation with constant coefficients, the 
system (4.1) i'l transformed to the system of the same form with B of 
Jordan's canonical form. But, by thig linear transformation, the charac­
teristic roots µ1 of B do not alter, consequently, without loss of generality, 
we may suppose that, in (4.1), B is of Jordan's canonical form and the 
characteristic roots of Bare µ 1 (i=l,2,· • •,n) determined from A, by (4.3). 
In the sequel, we assume this. 
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Case I. The case where the real parts of the characteristic 
exponents are either all negative or all positive 

2. Correspondence between A; and µ 1 

19 

From (4.2), IAil's are either all <1 or all >1. Among A1, An, 
there may occur the relation of the form 
(4.4) A1=Af1Ar• • -,l;.n 
for a certain +J=(P1, P2, · · ·, p,.) where Pi, P2, · · ·, Pn are non-negative 
integers such that s(t1)=p1 +P2+ · · · +Pn>2. We arrange Ai's so that, for 
i=l, 2, • • •, s (s<n), the relation (4.4) does not occur and, for i=s+l, • · ·, n, 
the relations (4.4) certainly occur and l)..+1l>l..l,+2I> · · · >IA,,I or IAs+1l:SPs+2I 
< • • • <i..l,,.I according as IA;l<l or >1. Then it is easily seen that the 
relations (4.4) which really occur are of the form 
(4.5) A;=Af1A~2 •• ·..lf~11 • 

When (4.5) occurs for At, from (4.2), there occurs a relation 

(4.6) µ; =P1µ1 +P2µ2+ ••• +Pt-lµi-1 + 27rm,v=-r 
(i) 

for µ;, where m 1 is a integer. Now, as is seen from (4.3), the imaginary 
part 3(µ1) of µ1 has arbitrarity of integral multiple of 2rri/ -1/w. Then, 
can we determine each 3(µ1) so that, corresponding to any relation (4.5), 
the relation (4.6) may always hold for m 1 =0, namely there may always 
hold the relation 
(4. 7) µI =P1µ1 +P2µ2+ ••• +P1-1P1-1? 

This is not always possible and there is needed a condition. This condition 
was sought for previously by the present writer11. A necessary and suf­
ficient condition is found in Theorem IV2) of the paper [ 4] by the present 
writer. In the sequel, for brevity, we shall call this condition the con­
dition (µ). 

3. Imbedding theorem 

Let the solution of (4.1) taking a set of values x 1 for t=O be <p/x, t) 
(i=l, 2, • • •, n). Then the functions <p1(x, t) can be expanded with respect 
to Xj as follows: ,. 
(4.8) <p1(x, t)=:Ea;;(t)xj+ :E" aq1(t)xf1 • • •X;.". 

J-1 lJ 

Substitute these into (4.1), then, from comparison of the coefficients of 
the linear terms in both sides, it follows that 

da;;(f;_)__=±b1kak/t) (i, J0 =l, 2, · · ·, n), 
dt k-1 

or, in matrix form, 

1) [4], Chap. III, pp. 203-210. 
2) [4], pp. 209-210. 
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(4.9) ~A(t) =BA(t) 
dt ' 

where A(t)=[lau(t)/1. Since <fJ1(x, O)=xi, from (4.8), A(O) must be a unit 
matrix. Then, from (4.9), it must be that 
(4.10) A(t)=ern. 
From this, on account of (3.4), follows 

A(w)=e'" 11 =.A.(w), 
consequently the characteristic roots of A(w) are .<, (i=l, 2, • • •, n) and, by 
the assumption, 1-<1 l's are either all < 1 or all > 1. 

By (4.8), in the present case, the transformation (2.5) is of the form 
,. 

(4.11) x;=cp1(x; w)=::Ea,;(w)x5+ [xL (i=l, 2, • · ·, n), 
J=l 

where [xL denotes a sum of the terms of the second and higher orders 
with respect to Xj• Consequently, by .the general theory of §2,. it becomes 
a problem to imbed the transformation (4.11) in a one-parameter group 
of transformations with regular operator functions. This problem was 
already studied by the present writer. The answer is given in Theorem 
VIII' 1i of the paper [ 4] as follows: 

When the condition (µ) is fulfilled and each 3(µ1) is chosen so that the 
relation (4.7) may always hold corresponding to any relation (4.5), the 
transformation (4.11) can be imbedded in a one-parameter group @ of 
transformations with regular operator functions ~\(x) which are determined 
by 

" ogi . (4.12) :;Ef5(x)- =µ1g1 +81g1 _ 1 +<P1(g) (i=l, 2, • • •, n; 81 =1 or 0). 
,_, OXj 

Here <P,(g) are the linear combinations of gf 1 • • •gf~,1 for 1J=(p1, • • ·, Pn) for 
which (4.7) hold, and g1(x) are related to the solutions f,(x) of the equations 
of Schroder 
(4.13) fi{cp(x, w)) =J.J,+8J1_1 +1Jl;(f) (i=l, 2, · · ·, n) 
in such a way that 

" (4.14) f1=::Ekug; (i=l,2, •·•,n) 
J=l 

for llkdl=K such that KA(w)K- 1 is of Jordan's canonical form. In (4.13), 
1Jl1U) are the linear combinations of ft 1 • • •f:_::11 for P=(Pi, · · ·, p,.) for 
which (4.5) hold. 

4. Reduction of the initial system 

In this section, we consider the case where the condition (µ) is ful­
filled and each -3(µ,) is chosen so that the relation (4.7) may always hold 
corresponding to any relation (4.5). 

Since the absolute values of the characteristic roots -<, of A(w) are 
either all <1 or all >1, by the previous paper [5] of the present writer, 

1) [4]. pp. 225-226. 
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the equations of Schroder (4.13) have the regular solutions of the forms 
,. 

f,(x)=~k,;x;+[:l:] 2 (i=l, 2, · · ·, n). 
j=l 

For these solutions, by (4.14), g1(x) become the functions of the forms 
(4.15) g1(x)=x1 + [x] 2 (i=l, 2, • • •, n). 
Then, by (4.12), the operator functions ~,(x) become 
(4.16) ~i(x)=µ,x,+<\xi_ 1 +[x] 2 (i=l, 2, · · ·, n). 
Thus, by the general theory of §2, we see that there exists a transf or­
mation of the form (1.3) _by which the system (4.1) is transformed to the 
autonomous system 

(4.17) d~=~i(~) (i=l, 2, · · ·, n) 

for Mx) of the forms (4.16). 
Since ~\(x) are the functions determined by (4.12) for g;(x) of the forms 

(4.15), if we transform the variables x, to y 1 by 
Yi =g;(X) , 

the system ( 4.17) is transformed to the system 

(4.18) d,y_L=µ 1 y1 +8,y,_1 +([J/y) (i=l, 2, · · ·, n). 
dt 

Thus, superposing successively the transformations proposed up to the 
present in our discussions, we see that the initial periodic system (1.1) is 
transformed to the autonomous system (4.18) by the transformation of the 
form (1.3). 

5. Remarks 

The general case where the condition (µ) is not fulfilled seems to be 
difficult for treating from the theory of §2. But, if we adopt the method 
of formal transformation, we can reduce the system (4.1) to the system 
similar to (4.18) as will be seen later. Reduction itself of (4.1) is not the 
purpose of this paper, but, taking its significance into account, we shall 
explain it in the last paragraph as the complement. 

Case II. The case where the characteristic exponents 
are all pure imaginary 

6. lmbedding theorem 

In the present case, from (4.2) follows 
!tl,[=l (i=l, 2, • • •, n). 

We consider the case where the solution cp;(x,t) of (1.1) such that cp~(x,O) 
=x1 i,;i majorizedl). Since, by §3, (4.1) i'3 a transform of (1.1) by the 
transformation of the form (1.3) such that F;(y, O)=Yi, from the discussions 

1) Here we mean that there exists a set of functions IP1(x) regular in Xj=O such that 
q,;(x, t)~ (l);(x) for -oo<t<oo. For reference, see [7] and [8]. 
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in 1. of §2, the solution cp;(x, t) of (4.1) such that cpt(x, O)=x1 also becomes 
a transform of cp7(x, t) by the same transformation. Then, from majorized­
ness of cp1(x, t) follows inajorizedness of cp1(x, t), because the majorizedness 
of a set of functions is invariant for the transformation of the form (1.3). 

Since the solution cp1(x, t) is expanded as (4.8) and (4.10) is valid, B 
must be of the diagonal form because of majorizedness of cp1(x, t). Then, 
from (4.10) and (4.11), in the present case, the transformation (2.5) becomes 

(4.19) T: x'.=cp1(X, ro)=J1X1 + [x] 2 (i=l, 2, · · ·, n); 
Since cp1(x,w+t)=cp1{cp(x,ro),t}, the transformation Tk is expressed by x;= 
cp;(x, kw). Then, from majorizedness of cp1(x, t) follows majorizedness of 
the group of transformations {Tk) (k=O, ±1, ±2, • • • ). Then, by Theorem 
31) of the paper [7], there exists a set of regular functions ft{x) (i=l, 2, 
• • •, n) of the form 
(4.20) f1(X)=X1 + [X]2 
satisfying the equations of Schroder 
(4.21) fdcp(x, w)} =2d1(x) (i=l, 2, · · ·, n). 
This expresses that T becomes the linear transformation 
(4.22) z;=21 z1 (i=l, 2, • • •, n) 
by the transformation of the variables 
(4.23) Z1=f1(x) (i=l, 2, · · ·, n). 
The transformation ( 4.22) is evidently imbedded in a one-parameter group 
® of transformations 
(4.24) z;=e1µiz1 (i=l, 2, • • •, n) 
because of (4.2). From (4.24), it is evident that the operator functions of 
® are 
(4.25) !;1(z)=µ;Z; (i=l, 2, · · ·, n). 

7. Reduction of the initial system 
From (4.20), it is seen that, by the transformation (4.23), the system 

(4.1) is transformed to the system of the form 

(4.26) 1/-=Z1(z,t)=µ 1 zi+[z;tJ 2 (i=l,2,··•,n). 

Now, by the preceding section, in terms of the variables Z1, the trans­
formation T is expressed as (4.22), which is imbedded in a one-parameter 
group ® of transformations with operator functions 

f;1(z)=µ,1Z1 (i=l, 2, • • •, n). 
Then, since the solution 't1(Y, t) of 

(4.27) r/,Yi =f;1(y)=µ1Y1 (i=l, 2, · · ·, n) 
dt 

such that ,t1(y, O)=Y1 is y1e1µ1 , by the general theory of §2, it is seen that 
the system (4.26) is transformed to the system (4.27) by the transforma-
tion of the form (1.3) as follows: · 

- ----- - -- ~--
1) [7]. p. 271. Also see Theorem 1 in [8], p. 469. 
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(4.28) z1 =F't(y,t)=rp1 {y;e-tµ;,t} (i,j=l,2, .. ,,n), 
where rpi(z, t) is the solution of (4.26) such that 'q)i(z, O)=z1 • Since (4.26) 
is a transform of (4.1) by (4.23), it is evident that cpi(z, t)=f1 [cp{f- 1(z), t} ]. 

Superposing the transformations proposed up to the present, ultimately 
we see that, when the solution cp;(x, t) of the initial periodic system (1.1) 
is majorized, the initial system (1.1) can be transformed to the autonomous 
system of the form (4.27) by the transformation of the form (1.3). 

This result is the first half of Theorem 31) of the paper [8], which 
has been proved first by Y. Sibuya [9] and later in a different method by 
the present writer [8]. Here is presented another new proof, which is 
far simpler than either of the previous two. 

§ 5. Stroboscopic method 

1. Preliminaries 

Given the real system 

(5.1) ~}=ex;(x, t, e) (i=l, 2, • • •, n). 

Here, for simplicity, we assume that x;(x, t, e) are 
1 ° integral with respect to X; ; 

2° continuous and periodic with period w > 0 with respect to t for 
-co<t<co; 

3° analytic with respect to e in e=O. 
The so-called stroboscopic method [1, 2, 3] advocates that, for suf­

ficienty small [e[, 
1 ° the system (5.1) is approximately equivalent to the system 

(5.2) dx, =~J'" X 1(x, r, O)dr (i=l, 2, · · ·, n) 
dt w Jo 

called "stroboscopic image" by N. Minorsky [1] ; 
2° the periodic solution of (5.1) with period w corresponds to the critical 

point of (5.2); 
3° the stability of the periodic solution of (5.1) is same as that of the 

corresponding critical point of (5.2). 
But, for the present writer, such a proposal does not seem to have 

been justified thoroughly till now in strict mathematical manner. In this 
paragraph, making use of the idea of imbedding a finite transformation in 
a one-parameter group, we would give a mathematical justification for the 
above proposal. 

2. Legality within the first order with respect to e 
Let the solution of (5.1) taking a set of values x1 for t=O be cp,(x, t, e) 

(i=l, 2, ... , n). Then, by the assumption on X 1(x, t, e), cp1(x, t, e) can be 
expanded as follows : 
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(5.3) cp1(x, t, e)=<p?0l(x, t)+ecp~1l(x,t)+e2 ;p~2)(x, t)+ ... 
Here, from the initial conditions, it is evident that 
(5.4) <JJi0l(x, 0)=xi , cp;1l(x, 0)=<pi2l(x, 0)= • • • =0. 
Substituting (5.3) into (5.1) and comparing the coefficients of powers of e, 
we have: 

(5.5) 1 
dcp;") =0 

dt ' 
Cl) 

dcpj -= X: (cpcn) t O) 
dt t ' ' ' 

Then, from (5.4), it follows that 

(5.6) { 
<p~O)(X, t)=X; , 

~:•:~x: .t)_-J: X,(x, ,, O)d, , 

Consequently the expansions (5.3) become 

(5.7) cpt(x, t, e)=x1 +e J: .Xi(x, r, 0)dr+ • • • (i=l, 2, • • •, n). 

Then, except for the second and higher orders with respect to e, the 
transformation 
(5.8) x~=<p1(x, w, e) (i=l, 2, • • •, n) 
is imbedded in a one-parameter group W of transformations with the 
operator functions 

e J'° . ~i(x)=~ x;(x, r, 0)dr (i=l, 2, · · ·, n). 
(1) 0 

(5.9) 

Consequently, except for the second and higher orders with respect to e, 
by the general theory of §2, the system (5.1) is transformed to the-system 

(5.10) c!,_yt = ~i(y)=~rw x;(y, T, 0)dr (i=l, 2, · · ·, n) 
dt ro Jo 

by the transformation 
(5.11) Xt=Fi(y, t, e)=cp1['1r(y, -t, e), t, e] (i=l, 2, • • •, n) 
where 'ti(y, t, e) is a solution of (5.10) such that 'ti(Y, 0, e)=Y1• This re­
sult says that the initial system (5.1) is equivalent to (5.2) within the first 
order with respect to e. 

If the solution cpi(x, t, e) is periodic with period ro, then it must be that 
(5.12) cp;(x, ro, e)=x1 (i=l, 2, · • •, n), 
consequently, from (5. 7), for the initial values xi's of a periodic solution 

of (5.1), f x;(x, r, 0)dr must at least be of the first order with respect to 

e. Then, within the first order with respect to e, Y1 =xi where x;'s are 
the initial values of a periodic solution of (5.1) becomes a solution of (5.10), 
consequently, from uniqueness of solutions of (5.10), the solution 'ttCY, t, e) 
corresponding to the periodic solution <p;(x, t, e) must be 'Yi(Y, t, e)=xr be­
cause -t1(y, 0, e)=cp1(x, 0, e)=x;, This says that, within the first order with 
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respect to e, to the periodic solution of (5.1) with period w coresponds a 
critical point of (5.2). The converse is evident from (5.11). 

Since the system (5.2) is a transform of (5.1) within the first order 
with respect to e, the stability of the periodic solution of (5.1) is evidently 
same as that of the corresponding critical point of (5.2) within the first 
order with respect to e. 

Thus, u]timately we see that the stroboscopic method is mathematically 
correct so long as it is used within the first order with respect to e. 

Since the solution 't;(y, t, e) of (5.10) is expanded with respect to e as 
follows: 
(5.13) 't;(Y, t, e)=Yi + My)t + · · · , . 
from (5.7), within the first order with respect to e, the transformation 
(5.11) becomes 

(5.14) xt=F'i(Y, t)=Y1-~1(Y)t+eJ: Xi(Y, T, O)dT 

=Y1+{f:X1(Y,r,O)dT-{f: X;(y,T,O)dT]. 

This is an explicit form of the transformation under which the system 
(5.1) is equivalent to the autonomous system (5.2) within the first order 
with respect to e. 

3. Strict legality of periodic solution and its stability 

The periodic solution with period w of (5.1) is a solution such that its 
initial values x1 satisfy (5.12). By (5.3), the equations (5.12) are written as 
(5.15) cpi1)(x, w)+ecpI2\x, w)+ • · · =0 (i=l, 2, · • ·, n). 

Consequently, for sufficiently small JeJ, the real solution Xi=«; of (5.12) 
is found in the neighborhood of the real solution x1 = aJ of the equations 
(5.16) cp?)(x, w)=O (i=l, 2, • • •, n) , 

which, from (5.6) and (5.9), are equivalent to 
(5.17) ~1(x)=O (i=l, 2, • • •, n). 

Put 
(5.18) X 1 =a~+c1 , 

then, from analyticity of cp?)(x, w ), cpf:\x, w ), • , • • • • due to the assumptions 
on Xi(x, t, e), for sufficiently small led, (5.15) are written as follows: 

" ,::, (1)( 0 ) 
~ ucpi a , w C")( o ) 0 ( · 1 2 ) - -· c- + ecp. · a w + • • • = i = • • • n 
• ':::i O J I, ' ) ) 1 
3-1 ua; 

(5.19) 

on account of cp;1)(a0, w)=O. Then, when 

(5.20) 
' ,::, ,1)( o ) I 

J =det. u<p., o ao' w _I =\=O , 
«j I 

the real quantities c1 are determined uniquely so that (5.19) may hold, in 
other words, when (5.20) holds, the real solution x1 = a 1 of (5.12) is deter­
mined uniquely in the neighborhood of the real solution X; = ai of (5.16), 
namely, the periodic solution of (5.1) is determined uniquely corresponding 
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to the real solution x1 =a1 of (5.16) which is a critical point of the strob:>­
scopic image (5.2). 

The stability of such a periodic solution of (5.1) is determined by 
convergence of iteration of the transformation 
(5.21) r;=cp1(a+r, w, e)-ai (i=l, 2, • • •, n) 
for sufficiently small lril, Since «i is a solution of (5.12), the above trans­
formation is of the form 

(5.22) r'. = ~ Gcp;(a, w, e)_r.+ [r]o (i =1 2 .. · n) 
/, ~ c::i J .. ' ' ' • 

,- 1 ua; 

Now, by (5.3), it is valid that 

(5.23) _GCJJic:,r,i_,e) =01;+e~cp((a,w)_+[e] 2 (i,j=l,2, .. ,,n). 
ua; uaj 

Since Ci satisfying (5.19) are of the order of e because of (5.20), substituting 
a1=a1+c1 into (5.23), we have 

ocp,(a, w, e) -oij +e_o<p;~(~:• w) + [eJ2' 
Ga; Ga; 

from which the matrix II O<JJi~~;w, e) \i can be expressed as 

,!_clcpi(a, w, e) ![=exp. I' ec:lcpf)(aoo,r,,) +[eJ211 • 
11 Ga; 11 II Oa5 ,[ 

Then, if we write the characteristic roots of !!~<JJi(:, :•_e2_I\\ and j:I ocp~1~a;, w) I! 
1 uaJ I aJ 

as A1 and P.1 (i=l, 2, • • •, n) respectively, it is valid that 
(5.24) ).1 =e•v-, •eC•J~ (i=l, 2, • • •, n) • 
From this follows that, when lel is sufficiently small, j).1 j<l or >1 ac­
cording as eVc(µi)< 0 or >0. 

Now, from '(5.6) and (5.10), the critical point x1 =a~ of (5.2) is stable 
or unstable according as e!lt(µ 1 ) < 0 for i = 1, 2, • • •, n or e~c(µ1 ) > 0 for at 
least one i of 1, 2, • • •, n. Consequently, so long as the stabity is decided 
according to the signs of eV1(µ 1), the stability of periodic solution of (5.1) 
is same as that of the corresponding critical point of (5.2). 

Now, the condition (5.20) is equivalent to 
! G t: jw O i det. ! ~ - ~(a, r, O)dT I =\=O , 
, ua3 w o 

consequently, when the condition (5.20) is valid, the critical point x1 =a1 
of (5.2) becomes an elementary critical point.. Thus, summarizing the 
above results, we have the conclusion : 

To each elementary critical point of the stroboscopic image (5.2), there 
corresponds one and only one periodic solution with period w of the initial 
system (5.1) and, so long as the stability is decided according to the signs 
of characteristic roots of the matrix composed of coefficients of linear parts 
in expansions of the right-hand sides of (5.2) in the critical point, the sta­
bility of the periodic solution of (5.1) is same as that of the corresponding 
cruical point of (5.2). 
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This conclusion says· that the stroboscopic method certainly stands to 
reason for determination of the periodic solution (in mathematical proper 
sense) and for decision of the stability of that solution, when the strobo­

. scopic image of the initial system has only elementary critical · points and 
moreover, in each critical point, the real parts of the characteristic roots 
of the matrix composed of coefficients of linear parts in its expansions are 
all negative or at least one of them is positive. 

4. Remarks on approximation 

When the condition (5.20) does not hold, the real quantities c1 satisfying 
(5.19) do not always exist. Consequently, when (5.20) does not hold, 
corresponding to the critical point of the stroboscopic image, there does 
not always exist a periodic solution of the initial system. 

But, when I e I is sufficiently small, the solution corresponding to x1 = a~ 
is periodic approximately-within the first order with respect to e, since 
<p,(a0, ro, e)-a~ are of the second and higher orders with respect to c: be­
cause of (5.3). Consequently, corresponding to any critical point of the 
stroboscopic image, even if there may not exist a mathematically:-:-strictly 
-periodic solution of the initial system, there always exists an approxi­
mately-within the first order with respect to c:-periodic solution. This 
is the result obtained in the approximate process-in the reasonings within 
the first order with respect to c:. 

When (5.20) does not hold, even if there may exist a periodic solution 
of (5.1), it is not always unique. Either (5.20) holds or not, suppose that, 
corresp9nding to the critical point x1 = a~ of the stroboscopic image, there 
exists a unique periodic solution of the initial system. Then, as is stated 
before, the stability . of such a periodic solution is determined by con­
vergence of iteration of the transformation of the form (5.22) and, when 
c:!R(µ1)<0 for i=l, 2, ·••,nor e!R(µ,)>0 for at least one i of 1, 2, • • •, n, 
the stability of the periodic solution is same as that of the corresponding 
critical point. But, when c:!R(µ,)<O for i=l, 2, • • •, n and c:!R(µ1)=0 cer­
tainly occurs for at least one i, from (5.24), for i such that c:!R(µ1)=0, it 
may be that J,l1 J<l, =1 or >1 owing to 6C•}1, though J,l,]<l for i such that 
e!R(µ,)<0. Therefore, in such a case, the stability of the periodic solution 
does not necessarily coincide with that of the corresponding critical point •. 
Consequently such a case is not one where the former approximate process 
- reasonings within the first order with respect to c: - is effective. 

The case where c:!R(µ,)<O and c:!R(µ1)=0 certainly occurs, is a critical 
case for the stroboscopic image. In such a case, as is well known, the 
stability of a critical point can not be decided only by. the feature of linear 
parts of the expansions of the system in the critical point. Now, the 
solution "Y1(x, t, e) (i=l, 2, • • •, n) of the stroboscopic image (5.2) such that 
't,(x, 0, c:)=x, can be sought for readily from the theory of continuous group 
of transformations as follows : 
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~ t2 c:2 .. 3 c1)( ) 
'V'i(x, t, e)=x1 +t•---"'--<pll)(x, w)+- -• -::8 cp51\x, w) <p, · x,w + ... 

. w 2! w2 J-1 · oxj 

· (i=l 2 · · · n) , ' , ' 
because f Xi(x, r, O)d7=cp$1)(x, w) from (5.6) .. Then it follows that 

O) c: 2 " ci) ocp)')(x, w) o/;(x,w,e)=x;+ecpi (x,w)+-2 ?JcpJ (x,w)-:::; ·--+•··. 
J-1 uXj 

If we put X1=a;+r1, the above formula can be written as follows: 

{ " ocpCl)(a:0 w) } c. 2 
(5.25) 't1(a0 +r, w, e)-a~=r1 +e ::8 ' / r.;+ [r] 2 + -[rJi. 

j-1 oa,; · 2 
Then convergence of iteration of the tranformation 

r;=t'1(a0 +r, w, e)-ai, 
namely the stabitity of the critical point x1 = a1 depends on the terms 

; [r] 1 in the right-hand side of (5.25) when the stability depends on the 

terms [r] 2 in the braces, because ir1! can be smaller than !el, This ex­
presses that, when ellt(µ 1)<0 and ellr(µ 1)=0 certainly occurs, the stability 
of a critical point of the stroboscopic image depends on the terms of the 
second and higher orders with respect to e, in other words, the stability 
of the critical point is not determined within the first order with respect 
to e. Consequently, such a case is certainly not contained in the former 
approximate discussions. 

The case where e\Jr(µi)=O certainly occurs is used to be excluded in 
practical application because of the structural stability0 • Besides, in 
practical application, any system is supposed to have only elementary 
critical point on analogous account of structural stability, consequently, by 
3. of this paragraph, corresponding to any critical point of the stroboscopic 
image, there exists a unique periodic solution of the initial system. Thus 
we see that, in practica! application, for determination of the periodic 
solution and for decision of its stability, the stroboscopic method stands to 
reason also mathematically. 

§ 6. Complement. Reduction of nonlinear periodic system 

1. Preliminaries 

As is remarked in 5. of §4, in this paragraph, we consider the system 
(4.1), of which the real parts of the characteristic exponents µ1 are either 
all negative or all positive. When the real parts of the characteristic ex­
ponents are all positive, if we put t= -r, the system (4.1) is reduced to 
the system 

: =-X1(x, - r) (i=l, 2, • · •, n), 

1) [10], p. 183 and pp. 337-340. 



Reduction of Periodic System to Autonomous One 29 

of which the real parts of the characteristic exponents are all negative. 
Consequently, in the sequel, we consider only the system (4.1), of which 
the real parts of the characteristic exponents are all negative. Then, 
from (4.2) follows 

/-11/<l (i=l, 2, · · ·, n). 

Our method is similar to that used by the present writer [6] for re­
duction of the nonlinear autonomous system. First, for arbitrary function 
0(x, t) expansible as the sum of the terms of the second and higher orders 
with respect to x1 with continuous coefficients periodic with period w, we 
consider the equation 

(6.1) 
n of 3f I 

~ X/x, t)-+-=µf+0(x, t) 
1-, ox1 at 

and seek for the solution f(x, t) regular in the neighborhood of x_;=O, 
vanishing with x1 and periodic with respect to t with period w. Hereµ' is 
any one of µ/s. 

2. Case where the relation (4.4) does not occur 

In this case, since the condition (µ) is fulfilled automatically, reduction 
of the system (4.1) is already solved in §4. But, here, in preparation for 
treating the general case, we study again this case but in the other way 
-namely making use of formal transformation. We write the system (6.1) 
as follows: 

(6.2) ~ µX1-·+µX2---+ · • • +µXm-- +--µf { Of Of . <Jj } <Jj I 

OX1 OX2 OXm 3t 

-- -~Xi--+••• +Xm-i--__ { of of} 
OX2 OXm 

-~{v1 of+ ... +vm of }+0' 
OX1 OXm 

where 
~ denote summation over blocks of the canonical form of B ; 
the indices are those numbered in any representative block ; 
v1, · · •, Vm are the sums of the terms of the second and higher orders 

with respect to x1 in X1, • · ·, Xm, 
First, for (6.2), we seek for the formal solution with respect to x1 

with periodic coefficients. 
Differentiating both sides of (6.2) with respect to x1 and putting all 

x/s zero thereafter, we have: 

r (µ-µ') oL+j}_ ?.L= - of , 

I ax1 at ax1 ax2 
I of (J of_ Of I (µ - µ ) ox~+ at OX2 - - OX3 1 

{ .......................... . 
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(µ-µ') of_•+-~ of 
OXm-1 ot. OXm-1 

of --, 
OXm 

(µ-µ') of +l of =O. 
OXm ot OXm 

Evidently these equations are all satisfied if we .choose !f so that !f 
uXt uX1 

corresponding to the block containing µ' may be an .in. determinate constant 

and other !f~'s may be all zero. From this, in the sequel, we suppose 
uXi 

that !f are chosen so. 
uXz 

In order to determine the derivatives ·of higher orders of f; we 
differentiate both sides of (6.2) Pi, P2, · · ·, Pm times (p=~(P1+ · · ·Pm)>2) 
with respect to x1, x2, · · ·, Xm respectively and thereafter put all x/s zero. 
Then we have : 

(6.3) (~Piµt-µ')· oPf +~ . oPf 
i Jloxf J ••• ox~m ot Iloxf 1 • •• o~m 

= - "7{P·. oPf - + ... +p 3Pf } 
L..J l '=>xP1-l'=>XP2+l'=>XP3 m-l ,:::,XPm-1-1,:::,XPn,+l 

• • • U 1 U 2' U 3 • • • • • • U m-1 U m • • • 

+L(t), 
where L(t) is a linear expression of the derivatives of at most (p-1)-th 
order with periodic coefficients. Putting 

(6.4) 

and writing 
17oxf1• · •ox~m 

briefly as fil, we express the equation (6.3) 

briefly as follows : 

(6.5) 

where fq are the derivatives of f appearing in the right-hand side of (6.3) 
and L(fq, t) is a linear expression of /q's with periodic coefficients. The 
equation (6.5) is readily integrated as follows: 

(6.6) fp=e-"fJ: e.,~L(fq, ,-)d,-+cv], 

where Cp is an integration constant. Then, if /q's are all periodic with 
period w, it follows that 

fp(t+w)=e-"we-"fi: e"~L(fq, ,-)d1·+ t+t e"~L(fq, ,-)d,-+c\l] 

=e-"1[e-"wJ: e"~Ld,-+ 1: eMLd,-+cµe-"w] . 

Consequently, in order that fil may be periodic with period w, it is neces­
sary and sufficient that 

(6.7) cpe··Hw+e-l<w t r:,•~Ld,-=Cp. 

Now, if e-"'"=1, from (6.4), the relation of the form (4.4) is valid. This 
is contrary to the assumption. Therefore e.-"w=\=l, consequently cµ satis-
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fying (6.7) is uniquely determined, in other words, the periodic solution fp 
of (6.5) is uniquely determined if /q's are given periodically. Then, from 

the form of (6.3), it is readily seen that, if the constant value of ~f 
uX1 

corresponding to the block containing µ' is arbitrarily given, the deriva­
tives of the second and higher orders of f are successively uniquely de­
termined so that they may be periodic with period co, Thus we see that 
the formal periodic solution f(x, t) of (6.2) of the form 

(6.8) f(x,t)=ax1 +[x;t] 2 

can be uniquely sought for, when the value of a is given arbitrarily. 
In the following, by means of the method of majorant, we shall prove 

convergence of the formal solution f(x, t) obtained now. Since Vi, • • •, v,,. 
and 0 are bounded in the sufficiently small neighborhood of xj=0 for - co <t 
<co, there exist the regular functions V(x) and 0(x) such that v1 V(x), 
e-_:: @(x) and V(0)= V'(0)=0, 0(0)=0'(0)=0. Taking sufficiently small positive 
number e, we consider the equation 

(6.9) e~{x1 oF + · · • +x,,. oF}-eF=~{x1 oF + · · · +x,,._1 oF} 
OX1 ox,,. OX2 ox,,. 

+v~{oF + .. ·+ oF}+ 0 • 
OX1 ox,,. 

As is proved by the present writer [ 6], the above equation has a regular 
solution of the form 

(6.10) 

where A is an arbitrary constant. We take A so that lal<A. 
Now the values of the derivatives of F for xj=0 are obtained analo­

gously as those off differentiating (6.9) with respect to x3 and- putting x3=0 
thereafter. The formulas for determining these derivatives ·are of the forms 

(6.11) ,c0 Fp=L(F'q) 

where ,c0=e(p-l). Since Vi (( V and 0(( 0, if lfql<F'q, then it is valid that 
(6.12) IL(fq, t)!<L(Fq). 

Now, since !R(µ1)<0 (i=l, 2, · · ·, n), there exists a positive integer M such 
that, for any set IJ of vi's such that p=s(IJ)=~p1>M, !R(,c)<0. For a 
set IJ such that s(IJ)<M, from (6.11) and (6.12), we can take e so small 
that lfvi<F11, because 0<,c0 <e(M-l). For a set IJ such that s(!J)>M, if 
lfqi<Fq, then, from (6.6) follows that, for t<O, 

lfvl<e~lllC")t[J: emc">"IL(/q, r)ldr+Jci,I] 

<e-!J!(Rlt[ ~:)) {1-emc"l') +lei,!] 

= _ L(Fq) + 6 -mCR)t[ L(Fq) + lcvl] • 
!R(,c) !R(,c) 
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Since Dr(,c) < 0, as t--+ - co, 

(6.13) 
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e-ut,1<)t--+0, from which follows 

If I<- L(Fq) 
\J = Dr(,c) ' 

because fv is periodic with respect tot. Now, since W(,c)=~p1Dr(µ1)-fil(,u') 
i 

< 0 and tlt(,ut), fil(µ') < 0, we can take e so small that, for any set 1.1 such 
that s(ii)>M, 

. Dr~)-j>e n. 
'p-1 

Then, from (6.11) and (6·.13) follows 

· I/vi<- L\§'q)_< L(Fq) =F'J,). 
Dr(,c) Ko 

Thus, by induction, we see that l/i1l<Fii for any set ,P. Then, from 
regularity of F follows convergence of the formal solution f(x, t). 

3. General case 

Let us consider the general case where the relation (4.4) may occur. 
We arrange .:!1 as in §4 and consider the equations 

{ 
tx;(x,t)i" +~f"=µJ«+0ix,t) (a=l,2, •·•,s), 

(6 14) ,- X; at 
· .. of of 

~ X;(x, t) ,_v + - __'i_=µJ,+0v(x, t)+tPv(x, t) (l.!=S+l, · · · ·, n), 
;-1 ax; at 

where 0;(x, t) (i=l, 2, • • •, n) are of the same forms as 0(x, t) of the 
previous section and tPix, t) are the linear combinations of x\'1• • •x~::,11 for sets 
.P of non-negative integers p 1, • • •, Pv-1 (s(,P)>2) satisfying (4.5) with periodic 
coefficients. 

By the discussions of the previous section, the formers of (6.14) have 
the regular periodic solutions of the forms 

f«=aa1x .. 1+[x;t] 2 • 

For the latters, the derivatives of f, of the first order are determined in 
the same manner as the formers and the derivatives Ill off, of the second 
and higher orders are determined by the formula 

(6.15) !!,f1-+,cfv=L(fq, t)+tPv 
dt 

instead of (6.5). The solution fv of (6.15) is readily sought for as follows: 

/i,,=e-•f{ r:/"'{L(fq, ,-)+<Pi,)d,-+c\!]. 

For a set .p such that (4.5) does not hold, e-"-w=Fl, consequently the arbi­
trary constant c, is uniquely determined so that b may be periodic with 
period ro. For a set .p such that (4.5) holds, as is seen from (6.7), in 
order that f~ may be periodic with period w, it is necessary and sufficient that 

1) This inequality is already used in [6]. For proof, for instance, see [11] p. 6. 
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(6.16) 1: e""'!L(fq, r)+<Pi,)d-r=O. 

Now <P., is of the form 
<Pi,=(17P1! P2! · · ·Pm!)c' , 

where c' is a coefficient of Ilxf1• • •x:"' in (f},. Consequently, if we choose 

c' so that c'=ce-"-' where c is a constant, the equation (6.16) becomes 

lw 6"-"' L(fq, r)dr+cw(llp1! P2! · · ·Pml)=O , J 0 

consequently c is uniquely determined, namely the coefflcient c' of rfl, is 
uniquely determined. In this case, however, the integration constant cv 
is undetermined, so we may put ci,=0 for simplicity. In the sequel, we 
choose ci, so. Since e-•w=J.vfJ.f1 • • •J.~"=1 owing to the assumption, e_,,_, be­
comes periodic, consequently the coefficient c' of <P, becomes periodic. 
Thus, we see that, if the derivatives /q's are known, the coefficient c' = 
ce-"-' of xf • • -x~.'.'_11 in (f}, and consequently the derivatives b of f, are 
uniquely determined. Then, repeating the above process, it is seen that the 
periodic formal solutions are obtained also for the latters of (6.14). Con­
vergence of these formal solutions is proved quite analogously as that of 
fa.• Thus we see that the equations (6.14) have the regular periodic so­
lutions of the forms 

(6.17) f;=a1 1X1 1+[x;t] 2 (i=l, 2, · · ·, n). 

4. Reduction of the initial system 

Making use of the results of the preceding section, it is proved analo­
gously as in [ 6] that the equations of the forms 

{ 
Xh1=µ;f;, +(J)i1Cf), 

(6.18) ~~i:=::•1.~~::~i: :.~i::~~, 
Xfim - µ, f1m + ftm-1 + (/)1m(f) 

. " 3 3 
where X=~X;(x,t) 3x; +ar and (])11(!) are the sums of terms of the 

forms ce-"-'ff1 • • ·f:1:.--; 1 for sets ii of non-negative integers p11 • • •, P1-i 

(s(i,)>2) satisfying (4.5), have the regular periodic solutions f 1(x, t) of the 
forms 
(6.19) 

Making use of these solutions fi(x, t), we transform the variables X; to Y; by 

(6.20) y,=fi(x, t) (i=l, 2, · • ·, n). 

Then, from (6.18) follows 

(6.21) 

Thus we have the conclusion: 
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When the real parts of the characteristic exponents are either all nega­
tive or all positive, the system (4.1) is reduced to the system of the form 
(6.21) by the transformation (6.20) defined for fi(x, t) of the forms (6.19) 1). 

5. Remarks 

When the condition (µ) is fulfilled, if 3'(µ1) are chosen so that ,c= 

~Piµ;-µ,=0 for any set ll (s(ll)>2) of non-negative integers p/s for which 
j 

(4.5) holds, then, for such ,._,,1 , the coefficients c'=ce-11.i of (J)1(y) become 
constants, consequently the system (6.21) becomes the autonomous system 
(4.18). This expresses the validity of the conclusion of §4. 

The solution of (6.21) is easily derived as follows: 

{ 

Yi 1 = e'µ.1 { c,1 + P,1(t)} , 
y,2=e'µ.• {c,1 t+c.,2 +P,lt)} , 

(6.22) • · • · · · · · · ..... • ... 

{ tm-1 tm-2 } 
Y1m=e'µ. 1 c,., (m-l)! +c,2 (m-2)! + · · · +c1m_ 1t+c1m +P1,,.(t) , 

where c,i, c,2, • • •, c,,,. are the arbitrary constants and P,.,(t), • • •, P1,,.(t) are 
the definite polynomials of t. Then, by (6.20), the solu~ion of the initial 
system becomes a set of functions of the forms 
(6.23) X1=Y1(Yi, .. ·,Yn,t) (i=l, 2, ... , n), 
where y3 are the functions given by (6.22) and g1 are the inverse functions 
of f 1 with respect to xi. Thus we see that the solution of the initial 
system is a set of regular functions of the functions (6.22) with the coef­
ficients. periodic with respect to t. This is a well known result 2). 
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