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§ 1. Introduction

Between the periodic system

(L.1) Zx—;in(x, t):JZ:ci,-(t)xj—i—Zp"cm(t)xf’- cam (i=1,2, -+, 1)

and the autonomous system ‘

(1.2) %:Ei(x):gcﬁxj+§”%x§"v st (i=1,2, -, n)

where ¢;{t), ¢,,(t) are continuous for — oo <¢{< e and periodic with period
w>0 and >}’ denotes summation over p=(p,, »s, -+, P.) Where D, D, - - -,

b
D, are non-negative integers such that s(p)=p,+p,+ -+ +0.=>2, there is

known till now a considerable amount of parallel properties. But, for lack
of the principle connecting the two systems, such parallel properties must
have been proved till now on each system respectively, even though the
proof may be carried on in parallel. In this paper, we would establish
such a principle.

For this purpose, we consider to transform the system (1.1) to the
system (1.2) by the transformation of the form

1.3)  x=F(y, t):ﬁku(t)%+Z"lczp(t)yf”-'- o (0=1,2, -+, m),
J=1 p

where k;(t), ki, (t) are continuous for — e <¢< e and periodic with period
w. If this is possible, then the systems (1.1) and (1.2) correspond to each
other by the correspondence (1.8), namely a principle connecting both
systems is established. But, as is seen later,  transformation like (1.8) is
not always possible. In this paper, we show that transformation like (1.3)
18 possible when and only when the certain finite transformation can be
tmbedded in a one-paramter group of transformations.

This result can be applied to various problems. The problem of re-
ducing the periodic system to that of the simplest form is one of them.
As an example of application of our result, this problem is attacked from
our standpoint. As another important application of our result, the so-called
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stroboscopic method used often in practical application [1, 2, 8]" is studied
and its mathematical legality which does not seem to have been given
thoroughly till now is discussed in detail from our standpoint.

& 2. General theory

1. Necessity

We assume that the periodic system (1.1) can be transformed to the
autonomous system (1.2) by the transformation of the form (1.8). Since
(1.8) expresses a transformation in the neighborhood of ¥,=0, it is required
that det.|k;(¢)|3F0 for —co<t< o, In the sequel, we assume this. Let
the inverge of (1.8) be

(21) yt:Gi(x’ t) (7':1: 2, s ’Il) ’

then, evidently, Gi(x, t) are of the forms :

(2.2) Gy, t):_ﬁlu(t)x,-+Z”l,p(t)x§”- cein (4=1,2, .-, m),
=1 P

where [, (t), {,,(!) are continuous for —co <f{< e and periodic with period
w. From (2.1) follows
dy;, 3 0G(x, t) oG, (x, t
e 332 g;j“Xf(””»tH’aj*)'

If we write the functions of the right-hand side as Y,(w, t), then, evidently,
Y, {F(y,?),t} are regular with respect to y; and vanish for y,=0. Conse-
quently, the system ‘(1.1) is certainly transformed to the regular system
of the form (1.2) by the transformation (1.8). ‘

By means of the functions F,(y)=F,(y,0) and G,()=G\(z,0), we
consider the transformation
(2.8) Y;=G(2) or z;=Fy(y) (i1=1,2,---,m). o
By this transformation, the form of the system (1.2) does not alter.
Consequently, superposing the transformations (1.3) and (2.3); the initial
system (1.1) is transformed to the system of the form (1.2) by the trans-
formation of the form (1.8) satisfying F(y, 0)=y,, because

Fi{G(), 0} =F,{G(z)} =2, .

Thus, without loss of generality, we may suppose that the transformation
(1.8) satisfy Fi(y, 0)=y,. In the sequel, we assume this.

Let the solution of (1.1) taking a set of values @, for =0 be ¢(x, ?)
(¢=1,2, ---,n). Then, by the assumption, the set of functions
(2'4) ‘Pi(x’ t):Gi {QD(CC, t)’ t} (i’:l’ 2, -, %)
becomes a solution of (1.2) and moreover it is valid that

"Pz(xa 0):G1{¢(x7 0)’ 0} :Gt(fl/', O):xz .

Consequently ¥,(x, ) becomes a solution of (1.2) such that (z, 0)=a,.
Then, for {=w, from periodicity of Fi(y,?) follows

- i) The numbers in crotchets denote the references listed at the end of the paper.
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v (z, w):Gi{(P(IU, w), o}
:Gi{¢(w’ (:)), O}

:¢i<x’ (0) .
This expresses that the transformation
(2.5) =92, w) (¢=1,2,---,m)

is imbedded in a one-paramter group of transformations d}:\h(x, t) with
the operator functions® &,(z).
From (2.4), it is evident that
(2°6) ¢i(x: t):Fi{‘P(x, t)’ t} (7':1) 2; M) n) .
Now, if we put y,=V(z,t), then x,=v,(y, —t), because x;=v,(z,¢t) is a
transformation belonging to a continuous group with canonical parameter
t. Then, from (2.6) follows
¢i{\l’(y’ _t>> t} :Fz(y: t) . ,
This expresses that the transformation (1.8) by which the system (1.1) is
transformed to the system of the form (1.2) must be
(2°7) xt:¢t{¢'(y’ _t): t} (7::17 2: ttty 7’&) ’
provided that F,(y, 0)=y, .

2. Sufficiency

We assume that the transformation (2.5) is imbedded in a certain one-
parameter group of transformations with the operator functions of the forms
of the right-hand side of (1.2). Let the operator functions of this group
be &(x) (¢=1,2, ---,n) and the transformation belonging to this group be
(2.8) x;:"l’i(w, t) (t=1,2,.--,m),
where ¢ is a canonical parameter of the group. According to (2.7), we
consider the functions
(2.9) Fy, =9 ¥y, =)t} (=1, 2, S, M)

Since @z, t) and +{x,t) are respectively the solutions of the
differential equations (1.1) and (1.2) such that @,(z, 0)=v(x, 0)=x,, the
functions ¢,(z, t) and V¥,(x, t) are expanded with respect to x; as follows :

{ P, 1) =310 fE) T+ 5 Ay B - -2
=i p
yry(e, t):g&,.j(t)xﬂrZ”&,b(t)xfl. i,
= p
Consequently, from (2.9), the functions Fi(y,t) are expanded with respect
to y, like (1.3) and the coefficients %, t) of the linear terms of their
expansions become 3a () (—t).
k=1
Now, if we substitute the expansions of ¢,(z,¢) and ¥,(x, ¢t) into (1.1)
and (1.2) respectively and compare the coefficients of x; in both sides, we have

1) For brevity, when the operator of a one-parameter group of transformations is
Efi(“‘)gx—’ we call the functions ¢;(x) the operator functions of this group.
i=1 i
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Vdalf,j(t> :iéik(t)akj<t) s
it |

,@FZ.;‘(Q:Z;C! #0(E) ,
Moreover, from ¢, 0)=Y(z, 0)=2;, @, (0)=d,(0)=S;;°, consequently
{a:;/t)} and {a,;{6)} (j=1,2, ---,n) become respectively the fundamental
systems of the solutions of the linear differential equations

(ZI; = g Cut)Ts ,

(fi,j:]v 2’ "')n) .

) » (Z:]-) 2,--,m).
((i;t‘b :gcw% ’

Then det.|a;(t)| and det.|a,(f)] do not become zero for any ¢, consequently,
we see that, for —co<t< o, det.k,(t)|30.
Since @,(z,t) is a solution of the periodic system (1.1), it is valid that
(2°10) P {q)((b‘, w); t} :¢i(x, w+t) (/Lzl, 27 R} n) .
Since (2.8) is a transformation belonging to the continuous group of trans-
formations with canonical parameter ¢, it is valid that
(2.11) Y (¥, t), &} =V¥ly, t,+8) (=1,2,--.,m).
Then, from (2.9) follows
2.12)  F,t+eo)=p{¥y, —t—w), t+o}
:()DLE‘?){‘,’(?/’ ""t_‘a’)’ w}y t] (by (2'10))
=p[p{¥(¥(y, —1), —w), o}, ¢] (by (2.11)).
Now, by the assumption, it holds that '
"Pi(x) w)iji(x: (1)) (7’:1’ 2} Y n) .
Consequently, since x;=v,(x, —w) is an inverse of
T =V(%, 0) =9, »)
because of (2.11), it is valid that
Py {‘P‘(‘P‘(y, _t); ﬁw)) (0} :\Iri(y) '—t) .
Then, from (2.12) follows
‘ E(y) t+(">:¢z["l’<y, _t>, t]:E(y’ t) )
namely F,(y, t) become periodic with respect to ¢ with period w.
Thus the functions Fi(y,t) become the functions of the same character
as those of the right-hand side of (1.3).
If we put 2,=v¥,(y, —¢) in (2.9), then, since ¥, =¥z, t) from (2.11),
we have _ ‘ -
(2.13) i, t)=Fi(y, t)
:E {ll"(xy t); t} .
Now, by the assumption, ¥,(x, t) satisfy the equations

(2.14) o %;:sm (i=1,2, ", n)

1) 4;; is Kronecker’s delta.
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and V,(x, 0)=x,, in other words, ¥ (z,¢) is a solution of the autonomous
system (2.14) such that ¥,(x, 0)=x,. Then, (2.183) says that the solution
@z, t) of (1.1) is transformed to the solution VY, (x,?) of (2.14) by the
transformation

(2.15) rn,=Fy,t (=12 ---,n),

in other words, the periodic system (1.1) is transformed to the autonomous
system (2.14) by the transformation (2.15), which is of the form (1. 3) by
the preceding results.

Since ¢z, 0)=v;(z, 0)=x,, from (2.9), it is evident that Fi(y, 0)=y,.
Then, by the preceding section, the transformation (2.15) for Fi(y,t) defined
by (2.9) s a unique one satisfying Fy(y, 0)=y, by which (1.1) is transformed
to (2.14).

3. Conclusion

The results obtained in the preceding two sections are summarized as
follows : :
The mecessary and sufficient condition that the periodic system (1.1) can
be transformed to the autonomous system of the form (1.2) by the trans-
Jormation of the form (1.3) is that the transformation (2.5) can be imbedded
i a one-parameter group of transformations with the operator functions
regular in the origin and vanishing there.

When the condition is fulfilled, there exists one and only one trans-
Jormation of the form (1.8) such that F,(y, 0)=y,, by which the system (1.1)
s tranformed to an autonomous system of the form (1.2). .

A § 3. Reduction of linear periodic system

Given the linear periodic system
3.1) B —Steft)s; (=1,2, -+, 0.
Let us consider the fundamental system ({&¢)} (j=1,2,---,n) of the
solutions such that @,,0)=3$,;. Then the solution ¢,(z, t) of (8.1) such that

ije

@i(x, 0)=w, is expressed as follows :

(3.2) P, O)=3100)z; (i=1,2, -+, ) .

Consequently the transformatmn (2.5) becomes a linear transformation
=iz, (0) Za’ij(w)x./ ’

or, in matrix form,

(3.3) ¥ =AWz,

where A(w);”&”(m)ll and %, ' are the column vectors.

Since {a,;;(¢)} (j=1,2, .--,7n) is a fundamental system, det. IA(w)I:\:O
consequently there exists a matrix B=||b;;|| such that
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(3.4) P =Aw) .
This expresses that the transformation (3.3) is imbedded in the one-
parameter group & of transformations

(8.5) T'=e"z .
" The operator functions §,(z) of & are evidently
(3.6) §@)=3bn; (=12, -+, m) .

Thus, by the general theory, we see that the linear periodic system
(8.1) is tranformed to the linear autonomous system

8.7) d”f ' =Stums (=12, -0, m)

by the linear periodic tmnsformatwn

(3.8) r=A@)e "y

where A(t)=|a;;t)||. This is a well known result. The characteristic roots
of B are called the characteristic exponents of the system (3.1).

8 4. Reduction of nonlinear periodic system

1. Preliminaries

Given the nonlinear periodic system (1.1). Then, from the preceding
paragraph, it is readily seen that, by the linear periodic transformation of
the form (8.8), the system (1.1) is transformed to the system of the form
@) =X =3jbumt S by O (=12 m),
where b,,(¢) are continuous for ——oo<t< o and periodic with period w.

Owing to (8.4), the characteristic roots g, (¢=1,2, --.,n) of BbewH
are determined from the characteristic roots 4, (:=1,2, --+,n) of A(w) by

(4.2) e“’w :21
or
_1
(4.3) : Mg =— log 4
_i log |4, |+1/f—~1 Arg 4, .

The characteristic roots p, of B are called the characteristic exponents of
the nonlinear system (1.1) as is so for the linear system.

By the suitable linear transformation with constant coefficients, the
system (4.1) is transformed to the system of the same form with B of
Jordan’s canonical form. But, by this linear transformation, the charac-
teristic roots u; of B do not alter, consequently, without loss of generality,
we may suppose that, in (4.1), B is of Jordan’s canonical form and the
characteristic roots of B are p, (:1=1,2,.-.,n) determined from 2, by (4.3).
In the sequel, we assume this.
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Case I. The case where the real parts of the characteristic
exponents are either all negative or all positive

2. Correspondence between 2, and y;

From (4.2), |4|’s are either all <1 or all >1. Among 2, --:, 4,
there may occur the relation of the form
(4.4) A =P o JPn

for a certain p=(p, ps, -+, »,) Where p, p,, -+, D, are non-negative
integers such that s(b)=p,+p,+---+p,=>2. We arrange 2,’s so that, for
=1, 2, ---, s (s<m), the relation (4.4) does not occur and, for t=s+1, - -, n,
the relations (4.4) certainly occur and |A;(|=]2spsl= - =14, Or [Aesq| <1250l
<-..<|a,] according as |A|<1 or >1. Then it is easily seen that the
relations (4.4) which really occur are of the form

(4.5) A=A A

When (4.5) occurs for 2;,, from (4.2), there occurs a relation

2 S
(4.6) Pe=Dipy+Doptot -+ o+ +pi—1l‘1—1+%‘md/—1

for u,, where m, is a integer. Now, as is seen from (4.3), the imaginary
part 3(u) of p, has arbitrarity of integral multiple of 271" —1/w. Then,
can we determine each J(g;) so that, corresponding to any relation (4.5),
the relation (4.6) may always hold for m,=0, namely there may always
hold the relation

(4.7) Pe=D1ps+Deplat - - + Do ? :
This is not always possible and there is needed a condition. This condition
was sought for previously by the present writer®. A necessary and suf-
ficient condition is found in Theorem IV*® of the paper [4] by the present
writer. In the sequel, for brevity, we shall call this condition the con-
dition (p).

3. Imbedding theorem

Let the solution of (4.1) taking a set of values x, for =0 be @, (z, t)
(¢=1,2, ---, n). Then the functions ¢,(x, ) can be expanded with respect
to x; as follows:

(4.8) P, )= aO)a+ 5 ag (O - ke .
= v

Substitute these into (4.1), then, from comparison of the coefficients of
the linear terms in both sides, it follows that '
O ..
%ngika%j(h (/I’; -7=1’ 2: ) n) ’
or, in matrix form,

1) (4], Chap. III, pp. 203-210.
2) [4]. pp. 209-210.
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dAG) _
(4.9) S =BA®),

where A(t)=||a,?)||. Since ¢z, 0)=w,, from (4.8), A(0) must be a unit
matrix. Then, from (4.9), it must be that
(4.10) Al)=6"% .
From this, on account of (8.4), follows
Alw)=e"*=A(w) ,

consequently the characteristic roots of A(w) are 2, (¢t=1,2,-..,n) and, by
the assumption, |4,]’s are either all <1 or all >1.

By (4.8), in the present case, the transformation (2.5) is of the form

(4.11) Zi=p @ o) =)z, + (o), (=12, -, m),

where [x], denotes a sum of the terms of the second and higher orders
with respect to x;. Consequently, by the general theory of §2, it becomes
a problem to imbed the transformation (4.11) in a one-parameter group
of transformations with regular operator functions. This problem was
already studied by the present writer. The answer is given in Theorem
VIIT'® of the paper [4] as follows:

When the condition (u) is fulfilled and each () is chosen so that the
relation (4.7) may always hold corresponding to any relation (4.5), the
transformation (4.11) can be imbedded in a one-parameter group G of
transformations with regular operator functions &,(x) which are determined
by
(412) 35@ 7 =ugi+801+00) (=12 -+, n; §=1 or 0).

- J
Here @,(9) are the linear combinations of go'«--gist for p=(py, -+, D) for
which (4.7) hold, and g,(x) are related to the solutions f,(x) of the equations
of Schrider '

(4.18) filp®, o)} =4 fi+8 fi; +@(f) (i=1,2, -+, n)

n such a way that

(4.14) fi=31kug; (i=1,2, -+, n)

Jor |k, |l=K such that KA(w)K™" ts of Jordan’s canonical form. In (4.18),
2,(f) are the linear combinations of fF---fPict for p=(py, +-+,p,) for

which (4.5) hold.

4. Reduction of the initial system

In this section, we consider the case where the condition (u) is ful-
filled and each 3(u,) is chosen so that the relation (4.7) may always hold
corresponding to any relation (4.5). ‘

Since the absolute values of the characteristic roots 2, of A(w) are
either all <1 or all >1, by the previous paper [5] of the present writer,

1) [4]. pp. 225-226.
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the equations of Schrider (4.13) have the regular solutions of the forms
fi@)= kax +[z], (=1, 2, n) .

For these solutions, by (4 14), g.(x) become the functions of the forms

(4°15) gi(x) xl+[x]2 (7/_1: 2; ) ) .
Then, by (4.12), the operator functions 5,(:0) become
(4.16) &@)=mx, +8, % +[x], (=1,2,..-,m).

Thus, by the general theory of 82, we see that there exists a transfor-
mation of the form (1.8) by fwluch the system (4.1) s transformed to the
autonomous system
(4.17) dg—‘zi(az) G=1,2, «--, n)
for &(x) of the forms (4.16).

Since &,(x) are the functions determined by (4.12) for g,(x) of the forms
(4.15), if we transform the variables z; to y, by

. yi:gi(x) )
the system (4.17) is transformed to the system
(4.18) W py 8+ 0) (=12, m).

Thus, superposing successively the transformations proposed up to the
present in our discussions, we see that the initial periodic system (1.1) is
transformed to the autonomous system (4.18) by the transformation of the
Sorm (1.8).

5. Remarks

The general case where the condition (x) is not fulfilled seems to be
difficult for treating from the theory of §2. But, if we adopt the method
of formal transformation, we can reduce the system (4.1) to the system
similar to (4.18) as will be seen later. Reduction itself of (4.1) is not the
purpose of this paper, but, taking its significance into account, we shall
explain it in the last paragraph as the complement.

Case II. The case where the characteristic exponents
are all pure imaginary

6. Imbedding theorem

In the present case, from (4.2) follows
=1 (¢=1,2,.--,m).
We consider the case where the solution th(IL‘, t) of (1.1) such that @i(z,0)
=g, is majorized”. Since, by §3, (4.1) is a transform of (1.1) by the
transformation of the form (1.8) such that Fi(y, 0)=y,, from the discussions

1) Here we mean that there exists a set of functions @(x) régular in ;=0 such that
¢(%,t) € 04(w) for —co<t<eo. For reference, see {7] and [8].
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in 1. of 82, the solution ¢,(z, ¢) of (4.1) such that ¢,(z, 0)==x, also becomes
a transform of ¢i(x,?) by the same transformation. Then, from majorized-
ness of giz,t) follows majorizedness of qu(.’L‘, t), because the majorizedness
of a set of functions is invariant for the transformation of the form (1.8).
Since the solution ¢,(z,t) is expanded as (4.8) and (4.10) is valid, B
must be of the diagonal form because of majorizedness of @,(x,t). Then,
from (4.10) and (4.11), in the present case, the transformation (2.5) becomes
(4.19) T:2i=p(, 0)=4z,+[x], (¢=1,2,---,0):
Since ¢.(z, w +t)=@, {p(x, w), t}, the transformation T* is expressed by ;=
@, kw). Then, from majorizedness of ¢,(x,t) follows majorizedness of
the group of transformations {T%} (k=0, =1, 2, --+.). Then, by Theorem
3" of the paper [7], there exists a set of regular functions fi(z) (¢=1, 2,
-, n) of the form

(4~2O) ft(x): T+ fx]2

satisfying the equations of Schroder

(4.21) Filolz, o)} =4 filx) (=12, .-, m).
This expresses that 7' becomes the linear transformation
(4.22) zi=h2, (t=1,2, -+, m)

by the transformation of the variables

(4.23) z=filx) (=1,2,---,m).

The transformation (4.22) is evidently imbedded in a one-parameter group
& of transformations

(4.24) zi=eé%z, (1=1,2,--+,n)

because of (4.2). From (4.24), it is evident that the operator functions of
& are

(4'25) Ei(z):/‘izi (/":17 2,--c,m).

7. Reduction of the initial system

From (4.20), it is seen that, by the transformation (4.28), the system
(4.1) is transformed to the system of the form
(4.26) %?:Zi(z, H=mz,+[2;t]y (2=1,2,---,m).
Now, by the preceding section, in terms of the variables z,, the trans-
formation T is expressed as (4.22), which is imbedded in a one-parameter
group ® of transformations with operator functions

E'l(’z):/"‘lzl (@:17 27 ""n) .

Then, since the solution v (y,t) of
(4.27) Wt @)=my. G=1,2-,m)
such that ¥,(y, 0)=y, is y.,¢*, by the general theory of §2, it is seen that
the system (4.26) is transformed to the system (4. 27) by the transforma-
tion of the form (1.3) as follows :

1) [7]. p. 271. Also see Theorem 1 in [8], p. 469.
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(4'28) zi:E(?/) t)=¢, {yje_m“;a t} (7/) 9:1: 2) ) n) ’
where @;(z,t) is the solution of (4.26) such that .z, 0)=2,. Since (4.26)
is a transform of (4.1) by (4.23), it is evident that p,(2, t)=/f;[p{ f1(2), ¢} 1.

Superposing the transformations proposed up to the present, ultimately
we see that, when the solution @ix,t) of the initial periodic system (1.1)
is magorized, the initial system (1.1) can be transformed to the autonomous
system of the form (4.27) by the transformation of the form (1.8).

This result is the first half of Theorem 3© of the paper [8], which
has been proved first by Y. Sibuya [9] and later in a different method by
the present writer [8]. Here is presented another new proof, which is
far simpler than either of the previous two.

& 5. Stroboscopic method

1. Preliminaries

Given the real system
(5.1) B eX(@,t,6) (=1,2,-,m).

Here, for simplicity, we assume that X,(z,t,¢) are

1°  integral with respect to x;;

2°  continuous and periodic with period o>0 with respect to t for
—co <o ’

3° analytic with respect to € tn €=0.

The so-called. stroboscopic method [1,2,8] advocates that, for suf -
fictenty small |g|,
1° the system (5.1) is approximately equivalent to the system

dz, =iS“’ X(@, 7, 0dr (i=1,2, -+, n)
dt  oJo
called ‘‘ stroboscopic image’’ by N. Minorsky [1];

2°  the periodic solution of (5.1) with period w corresponds to the critical
point of (5.2);

8° the stability of the periodic solution of (5.1) is same as that of the
corresponding critical potnt of (5.2).

But, for the present writer, such a proposal does not seem to have
been justified thoroughly till now in strict mathematical manner. In this
paragraph, making use of the idea of imbedding a finite transformation in
a one-parameter group, we would give a mathematical justification for the
above proposal. '

(5.2)

2. Legality within the first order with respect to €

Let the solution of (5.1) taking a set of values z; for ¢=0 be ¢,(x,¢,¢)
(1=1,2, ---,n). Then, by the assumption on X(z,t,¢), @(x,t,€) can be
expanded as follows :
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(5.8) Pi(, ¢, €)=, 1) +ep((x, )+ (@, 1) + - -
Here, from the initial conditions, it is evident that
64 PP, 0)=x,, Pz, 0=, 0)="--=0.

Substituting (5.3) into (5.1) and comparing the coefficients of powers of ¢,
we have :
d¢<0>

=0,
. dt
(5.5> 'dgg“:X-i(¢’(0)y t: 0) )

------

Then, from (5.4), it follows that
¢§0)(x’ t):xi 3

(5.6) #(a, t)=§t X,(x, r, 0)dr ,
0

Consequently the expansions (5.3) become
G0 et e)zxﬁ—SYXi(x et re (G=1,2, -+, 0).

Then, except for the second and higher orders with respect to €, the
transformation
(5.8) x;;g’i(m, w,€) (1=1,2,---, n)
is imbedded in a one-parameter group & of transformations with the
operator functions

(5.9) Ei(x):%S: Xz, 7, 0dr (i=1,2, -+, 7).

Consequently, except for the second and higher orders with respect to ¢,
by the general theory of §2, the system (5.1) is transformed to the-system

(5.10) W e)=2{" X, 7, 0 (=1,2,-+,m)

by the transformatmn
(5'11) mi:E(y, t, e)ngi[\b‘(y, —t, 5): t, 6] (?':1’ 2; tt n)
where ¥, (y,t,€) is a solution of (5.10) such that (v, 0, &)=y,. This re-
sult says that the initial system (5.1) is equivalent to (5.2) within the first
order with respect to €.

If the solution @,(z,t, €) is periodic with period o, then it must be that
(5.12) : o(Z, 0, )=x, ((=1,2,---,n), ,
consequently, from (5.7), for the initial values x,’s of a periodic solutmn

of (5.1), j X,(x, v, 0)dr must at least be of the first order with respect to

¢. Then, within the first order with respect to €, y,=x, where z,’s are
the initial values of a periodic solution of (5.1) becomes a solution of (5.10),
consequently, from uniqueness of solutions of (5.10), the solution ¥,(y,t,¢)
corresponding to the periodic solution ¢,(z,%,€) must be V. (y,t,¢)=x, be-
cause V¥, (y, 0, £)=¢(x, 0, e)=x,. This says that, within the first order with
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respect to €, to the periodic solution of (5.1) with period o coresponds a
ceritical point of (5.2). The converse is evident from (5.11).

Since the system (5.2) is a transform of (5.1) within the first order
with respect to €, the stability of the periodic solution of (5.1) is evidently
same as that of the corresponding critical point of (5.2) within the first
order with respect to €.

Thus, ultimately we see that the stroboscopic method is mathematically
correct so long as it ts used within the first order with respect to e.

Since the solution ¥,(y, ¢, ¢) of (5.10) is expanded with respect to ¢ as
follows :

(5.13) VY, t, &)=y, +&Wt+ - -
from (5.7), within the first order with respect to €, the transformation
(5.11) becomes

(5.14) = F(y, t):y1~$,(y)t+eSOX,(y, -, 0)dr

=y, +5U 0 Xy, =, O)dr—_i_j: Xy, r, O)df} .

This is an explicit form of the transformation under which the system
(5.1) is equivalent to the autonomous system (5.2) within the first order
with respect to €.

3. Strict legality of periodic solution and its stability

The periodic solution with period e of (5.1) is a solution such that its
initial values w, satisfy (5.12). By (5.8), the equations (5.12) are written as
(5.15) Pz, 0) +epP(@, w)+ =0 (¢=1,2, -+, n).
Consequently, for sufficiently small |e|, the real solution x;=«; of (5.12)
is found in the neighborhood of the real solution z,—=a) of the equations

(5.16) PP@, 0)=0 (=1,2, -, n) ,
which, from (5.6) and (5.9), are equivalent to
(5.17) g(@)=0 (i=1,2,---,n).
Put
(5.18) T, =al+c; ,
then, from analyticity of ¢{Y(z, ), (2, w), -+ --- due to the assumptions

on X,(z,¢,¢), for sufficiently small |¢;|, (5.15) are written as follows :
(5-19) E a¢i (a CO)C +€€D$ )(a w>+ =0 (/&':1, 2, . n)

J=1 8 0
on account of go‘;“(a", w)=0. Then, when
(5.20) J=det. 2% a(“(, “’)]ﬂFo

the real quantities ¢; are determined uniquely so that (5.19) may hold, in
other words, when (5.20) holds, the real solution z,=a, of (5.12) is deter-
mined uniquely in the neighborhood of the real solution x;=af of (5.16),
namely, the periodic solution of (5.1) is determined uniquely corresponding
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to the real solution z,=«} of (5.16) which is a critical point of the strobo-
scopic image (5.2).

The stability of such a periodic solution of (5.1) is determined by
convergence of iteration of the transformation
(5.21) ri=pla+r w0, &)—a; (1=1,2,++:,0)
for sufficiently small |r,|. Since «, is a solution of (5.12), the above trans-
formation is of the form
(5.22) r=31 OO 1, (=12, - m)

Now, by (5.8), it is valid that
1D
(5.23) ?j’%f’_f"{ﬁ:&ﬁe%«:a(&@lﬂe]g @G,§=1,2, -, n).
a;

a;
Since ¢, satisfying (5.19) are of the order of ¢ because of (5.20), substituting
a;=aj+c, into (5.23), we have

8¢1(a? (1), 6) 8 +an)b (a C()) +[€12
. 8 b

Oa; o
. ‘ i a¢1(a; w, < 5) l
from which the matrix = Ba " can be expressed as
| 2, @,8) u | e, )
+(el. .
e i
a ?) 0 I
Then, if we write the characteristic roots of ‘a%(“’ @ e) h and h—%ﬂl‘
J i
as 4, and u, (¢=1, 2, -.-, n) respectively, it is valid that
(5.24) ztze““ 2 (5=1,2, .-+, m).

From this follows that, when |¢| is sufficiently small, |4,]<1 or >1 ac-
cording as ef(y,)<0 or >0.

Now, from (5.6) and (5,10), the eritical point z,=a} of (5.2) is stable
or unstable according as eR(w)<0 for ¢=1, 2, -+, n or eR(y)>0 for at
least one ¢ of 1, 2, ---, n. Consequently, so long as the stabity is decided
according to the signs of eR(y,), the stability of periodic solution of (5.1)
is same as that of the corresponding critical point of (5.2).

Now, the condition (5.20) is equ1valent to

det. ‘88 %j X,(a® r, o>dT!ﬂFo,
consequently, when the condltlon (5.20) is valid, the critical point x,=a}
of (5.2) becomes an elementary critical point. Thus, summarizing the
above results, we have the conclusion: ‘

To each elementary critical point of the stroboscopic tmage (5.2), there
corresponds one and only one periodic solution with period o of the tnitial
system (5.1) and, so long as the stability is decided according to the signs
of characteristic roots of the matriz composed of coefficients of linear parts
in expansions of the right-hand sides of (5.2) in the critical point, the sta-
bility of the periodic solution of (5. 1) is same as that of the corresponding
eritical point of (5.2). :
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This conclusion says that the stroboscopic method certainly stands to
reason for determination of the periodic solution (in mathematical proper
sense) and for decision of the stability of that solution, when the strobo-
‘seopic image of the initial system has only elementary critical points and
moreover, in each critical point, the real parts of the characteristic roots
of the matrix composed of coefficients of linear parts in its expansions are
all negative or at least one of them is positive.

4. Remarks on approximation

When the condition (5.20) does not hold, the real quantities ¢; satisfying
(5.19) do not always exist. Consequently, when (5.20) does mnot hold,
corresponding to the critical point of the stroboscopic image, there does
not always exist a periodic solution of the initial system.

But, when [¢| is sufficiently small, the solution corresponding to z,=a!
is periodic approximately—within the first order with respect to &, since
@y, w, €)—aj are of the second and higher orders with respect to ¢ be-
cause of (5.8). Consequently, corresponding to any critical point of the
stroboscopic image, even if there may not exist a mathematically—strictly
—periodic solution of the initial system, there always exists an approxi-
mately—within the first order with respect to eé—periodic solution. This
is the result obtained in the approximate process—in the reasonings within
the first order with respect to e.

When (5.20) does not hold, even if there may exist a periodic solution
of (5.1), it is not always unique. Either (5.20) holds or not, suppose that,
corresponding to the critical point #;,=a! of the stroboscopic image, there
exists a unique periodic solution of the initial system. Then, as is stated
before, the stability of such a periodic solution is determined by con-
vergence of iteration of the transformation of the form (5.22) and, when
eR(p)<0 for ¢=1, 2, --+, n or eR(y,)>0 for at least one ¢ of 1,2, ---, n,
the stability of the periodic solution is same as that of the corresponding
critical point. But, when eR(p,)<0 for ¢=1,2, ---, % and eR(y,)=0 cer-
tainly occurs for at least one ¢, from (5.24), for ¢ such that eR(w,)=0, it
may be that |2,|]<1, =1 or >1 owing to ¢“%, though |4,|<1 for ¢ such that
eR(p,)<0. Therefore, in such a case, the stability of the periodic solution
does not necessarily coincide with that of the corresponding critical point. -
Consequently such a case is not one where the former approximate process
— reasonings within the first order with respect to £ —is effective.

The case where eR(u;)<0 and eR(y,)=0 certainly occurs, is a critical
case for the stroboscopic image. In such a case, as is well known, the
stability of a critical point can not be decided only by the feature of linear
parts of the expansions of the system in the ecritical point. Now, the
solution V(x,¢,¢) (¢=1,2, ---,n) of the stroboscopic image (5.2) such that
¥ (z, 0, €)=z, can be sought for readily from the theory of continuous group
of transformations as follows :
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2 2 o (l) )
‘I’i(x: t;ve):xi +t'i¢§0(x’ w)+ i' e2 Z q)‘(;i)(x’ a’) aq)b (x,(t)) +o-
. © : 2! @?i= : 'a’L‘j :

) ; "(7::1,2,"',7’0,
because S : X, (x, v, 0)dr=¢{"(z, ») from (5.6). Then it follows that

] 2 n (10
‘I’i(w: @, E)Zmi + €¢§1)(w, w) + %2 ga}u(x, w)§¢1'agﬂ)“ +ee
: i=1 ' Z; ’
If we put x,=a]+r,, the above formula can be written as follows :

n

C1>( 0
(5.25) Y@’ +7, w,8)—ai=r, +e{§3 %g‘i»’—“’) 7+ mz} +§ml :
25). !

=1
Then convergence of iteration of the tranformation
T;f—‘lh(a0+7‘, @, €')—-an ,
namely the stabitity of the ecritical point x;,=a? depends on the terms

2 .
52{7']1 in the right-hand side of (5.25) when the stability depends on the

terms [7], in the braces, because |r;| can be smaller than |¢|. This ex-
presses that, when eR(y,)<<0 and eR(w,)=0 ecertainly occurs, the stability
of a critical point of the stroboscopic image depends on the terms of the
second and higher orders with respect to €, in other words, the stability
of the eritical point is not determined within the first order with respect
to e. Consequently, such a case is certainly not contained in the former
approximate discussions.

The case where eN(u;)=0 certainly occurs is used to be excluded in
practical application because of the structural stability®. Besides, in
practical application, any system is supposed to have only elementary
critical point on analogous account of structural stability, consequently, by
3. of this paragraph, corresponding to any critical point of the stroboscopic
image, there exists a unique periodic solution of the initial system. Thus
we see that, in practical application, for determination of the periodic
solution and for decision of its stability, the stroboscopic method stands to
reason also mathematically. e

§ 6. . Complement. Reduction of nonlinear periodic system

1. Preliminaries : _

As is remarked in 5. of §4, in this paragraph, we consider the system
(4.1), of which the real parts of the characteristic exponents u, are either
all negative or all positive. When the real parts of the characteristic ex-
ponents are all positive, if we put ¢=—r, the system (4.1) is reduced to
the system

dx,

7——:—X1(:’v’ —"7') (7’:17 2) ) n) ’
dr

1) [10], p. 183 and pp. 337-340.
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of which the real parts of the characteristic exponents are all negative.
Consequently, in the sequel, we consider only the system (4.1), of which
the real parts of the characteristic exponents are all negative. Then,
from (4.2) follows

Mil<1 (1'21’ 2) tt Y n) .

Our method is similar to that used by the present writer [6] for re-
duction of the nonlinear autonomous system. First, for arbitrary funection
0(x,t) expansible as the sum of the terms of the second and higher orders
with respect to z; with continuous coefficients periodic with period w, we
consider the equation :

6.1) Z‘,X(x o 9f %@L,wa(x £)

and seek for the solution f(x, t) regular in the neighborhood of x;=0,
vanishing with z; and periodic Wlth respect to ¢ with period w. Here 4’ is
any one of w,’s. '

2. Case where the relation (4.4) does not occur

In this case, since the condition () is fulfilled automatically, reduction
of the system (4.1) is already solved in §4. But, here, in preparation for
treating the general case, we study again this case but in the other way
—namely making use of formal transformation. We write the system (6.1)
as follows :

of of -, . af} of
2 { B O oy _
(62 2 T e T T
— of af}
Z{xl o0, + +x,,,,_1a .
_Z{vl a,LV+.. +,Um af }+0 ,
ox, -
where

S denote summation over blocks of the canonical form of B;

the indices are those numbered in any representative block ;

v, -, Uy are the sums of the terms of the second and higher orders
with respect to z; in X;, +--, X,. ‘

First, for (6.2), we seek for the formal solutlon with respect to «;
with periodic coefficients.

Differentiating both sides of (6.2) with respect to x; and putting all
x;'s zero thereafter, we have:

N af 87 of __ of

[ (=)

‘ at ow,  om,
af L9 of __of
(=n )a ot ow,  om,
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of + of __of
o Ot O%y_y Oy
' af 2 of
) 2 9
G o T o
Evidently these equations are all satisfied if we choose of so that of

, o, o,
corresponding to the block containing x’ may be an in.determinate constant

and other f ~<%-’s may be all zero. From this, in the sequel, we suppose

that of are chosen S0.
o,

In order to determine the derivatives -of higher orders of f, we
differentiate both sides of (6.2) P, Dy **+, Dn times (P=V(Py+ - - - Pu)=2)
with respect to x,, ., - - -, x,, respectively and thereafter put all xj’s Zero.
Then we have:

68 (Somw) 242 o

IoxP. . - 3xkm ot IIoxP. - . Oxim :
— orf . orf
”*2{”’...axfl—*axgwaxgs--- e S }
+ L) ,
where L(f) is a linear expression of the derivatives of at most (p—1)-th
order with periodic coefﬁcients. Putting
(6.4) K=2pt#i—
of

ox?- - -oxlr
briefly as follows : p
6.5) ot fi=LiFu 1),

and writing briefly as fy, we express the equation (6.3)

where f; are the derivatives of f appearing in the right-hand side of (6.3)
and L(fs;, t) is a linear expression of fy’s with periodic coefficients. The
equation (6.5) is readily integrated as follows:

17
(6.6) o=t | Lo, i+ |
where ¢y is an integration constant. Then, if f;’s are all periodic with
period , it follows that o _
w wti
fit+a)=er e |” e Lifo et |7 e Lify, i +0)]

w t -
:e""[e"‘“’s e’“Ld7-+S e“‘qu-+c;,e"‘“’] .
0 0 :
Consequently, in order that f, may be periodic with period o, it is neces-
sary and sufficient that
6.7) cpe " e Sw ¢ Ldr=cy .

0
Now, if e**=1, from (6.4), the relation of the form (4.4) is valid. This
is contrary to the assumption. Therefore ¢ **3-1, consequently c, satis-
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fying (6.7) is uniquely determined, in other words, the periodic solution f5
of (6.5) is uniquely determined if fi’s are given periodically. Then, from

the form of (6.3), it is readily seen that, if the constant value of af

correspondmg to the block containing ' is arbitrarily given, the deriva-
tives of the second and higher orders of f are successively uniquely de-
termined so that they may be periodic with period w. Thus we see that
the formal periodic solution f(z,t) of (6.2) of the form

(6.8) Sflx, t)=az,+[2;t],

can be uniquely sought for, when the value of a is given arbitrarily.

In the following, by means of the method of majorant, we shall prove
convergence of the formal solution f(x,t) obtained now. Since v,, ---, v,
and 6 are bounded in the sufficiently small neighborhood of z;=0 for —co <¢
< o, there exist the regular functions V(z) and 6(zx) such that v, V(x),
0 0(z) and V(0)=V"(0)=0, 6(0)=0'(0)=0. Taking sufficiently small positive
number &, we consider the equation

(6.9) 62{:1:1 25 +oe +xmaaF}——eF=2{x1 oF R o 8F}
1

m axz axm
IR 4 WY
o, Oy,

As is proved by the present writer [6], the above equation has a regular
solution of the form
(6.10) F=Ax+[x],,
where A is an arbitrary constant. We take A so that |a|<A.

Now the values of the derivatives of F for x,=0 are obtained analo-
gously as those of f differentiating (6.9) with respect to z; and putting 2,=0
thereafter. The formulas for determining these derivatives are of the forms

(6.11) ko Fy=L{ Fy)

where x,=¢(p—1). Since v, { V and 60, if | fi|<F,, then it is valid that
(6.12) |L( fa, D)= L(Fy) .

Now, since R(w,)<0 (¢=1,2, ---,n), there exists a positive integer M such

that, for any set b of p,’s such that p=s(h)=>p, =M, R()<0. For a
set p such that s(p)<M, from (6.11) and (6.12), we can take ¢ so small
that | fy|< F}, because 0<«x,<e(M—1). For a set p such that s(p)>M if
| fa| < F;, then, from (6.6) follows that, for ¢<0,

e [ L gy, e+l

ée—mcm[ L((F;) (1— em"‘)‘}-l-lcpl:]

— L) | man] L(F)
T em{m() +]c|:|
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Since R(x)<0, as t— — oo, &%, from which follows

L(Fy)
6.13 < -0
(6.13) [fol= R(e)
because f; is periodic with respect to ¢. Now, since R(x)=>]pR(u)—R(x")
<0 and %(w;), R(u')<0, we can take ¢ so small that, for any set p such
that s(h)=M,
RO
p—1
Then, from (6.11) and (6.13) follows
~_LF) _ LFy) _
IS -2« ATV Fy
|f pl‘_ R(e) P b |
Thus, by induction, we see that |fyl<F, for any set p. Then, from
regularity of 7 follows convergence of the formal solution f(x,t).

3. General case

Let us consider the general case where the relation (4.4) may occur.
We arrange 4 as in §4 and consider the equations

é Xj(x’ t)fafa + "af.d :/‘afa_l_ea(x) t) (azly 2) Y S) ’
i= ox; ot

(6.14) {7, o | of
X X ) Lt T = fot O, 0+ 0w, 0) (=4, e, ),

where 0,(x,t) (i=1,2, .-.--,n) are of the same forms as 6(z,t) of the
previous section and @,(x, t) are the linear combinations of 7. - .27 for sets
p of non-negative integers p,, - - -, v,_s (s(p)=2) satisfying (4.5) with periodic
coefficients.

By the discussions of the previous section, the formers of (6.14) have
the regular periodic solutions of the forms

fa:aalwdl +[z;tls.

For the latters, the derivatives of f, of the first order are determined in
the same manner as the formers and the derivatives fy of f, of the second
and higher orders are determined by the formula

(6.15) o ot cfy= L fo )+ 0y
instead of (6.5). The solution fy of (6.15) is readily sought for as follows:
t il
fome] | (Lo, )+ Drldrtar]

For a set p such that (4.5) does not hold, e~**3=1, consequently the arbi-
trary constant ¢y is uniquely determined so that f» may be periodic with
period . For a set p such that (4.5) holds, as is seen from (6.7), in
order that f; may be periodic with period w, it is necessary and sufficient that

1) This inequality is already used in [6]. For proof, for instance, see [11] p. 6.
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(6.16) [ oL fmy+ D} dr=0.

Now @ is of the form
@y=Ip! D)« D)),
where ¢’ is a coefficient of 72}'-..aP~ in @,. Consequently, if we choose

¢’ 80 that ¢’=ce ™ where ¢ is a conslant, the equation (6.16) becomes
‘g: emL(fﬂ; T)d7'+cw(11p1! pz! s 'pm!):O ’

consequently ¢ is uniquely determined, namely the coefficient ¢’ of @, is
uniquely determined. In this case, however, the integration constant cp
is undetermined, so we may put c¢y=0 for simplicity. In the sequel, we
choose ¢y s0. Since e *v=2,/'.--2»=1 owing to the assumption, ¢ be-
comes periodic, consequently the coefficient ¢’ of @, becomes periodic.
Thus, we see that, if the derivatives fi’s are known, the coefficient ¢'=
ce™ of «f---a?»7' in @, and consequently the derivatives f, of f, are
uniquely determined. Then, repeating the above process, it is seen that the
periodic formal solutions are obtained also for the latters of (6.14). Con-
vergence of these formal solutions is proved quite analogously as that of
f.. Thus we see that the equations (6.14) have the regular periodic so-
lutions of the forms

(6.17) fi=ay 2 +[w;t], (1=1,2,---,m).

4, Reduction of the initial system
Making use of the results of the preceding section, it is proved analo-
gously as in [6] that the equations of the forms
Xﬂ1:#lﬁ1 +¢i1(f) s
sz&:f‘ifiz'}—fi] +@i2(f) )

@18 L

Xfin=tfint Fimyt PunlS) .
where XEJZZ]Xj(m, t)aiaxf_}_—gt' and @,(f) are the sums of terms of the
forms ce ™ fPt. .. frist fJ'or sets p of non-negative integers p,, .-+, i,

(s(h)=>2) satisfying (4.5), have the regular periodic solutions f;(x,¢) of the
forms

(6'19) fz—_“xl’*‘[w;t]z (7':17 2: ""n) .

Making use of these solutions fi(z,t), we transform the variables z; to y; by
(6°20) yl:fi(xa t) (7’:17 2: "ty n) .

Then, from (6.18) follows

(6.21) e — oyt 89+00) G=1,2, -, m).

Thus we have the coneclusion :
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When the real parts of the characteristic exponents are either all nega-
tive or all positive, the system (4.1) is reduced to the system of the form
(6.21) by the transformation (6.20) defined for fi(z,t) of the forms (6.19)".

5. Remarks

When the condition (u) is fulﬁlled, if 3(w) are chosen so that «=
210;,— =0 for any set p (s(p)=2) of non-negative integers p,’s for which

(4.5) holds, then, for such p,, the coefficients ¢'=ce™ of @,(y) become
constants, consequently the system (6.21) becomes the autonomous system
(4.18). This expresses the validity of the conclusion of §4.
The solution of (6.21) is eagsily derived as follows :
Y, =e" {c;,+P;(B)} ,
Yi,=€" {c; L +ei,+ Pi(D)}

” tm—l tm—2

Yin=¢ {c"‘(m—1)1+°“(m—2)z _

where ¢;,, ¢y, ***, ¢, are the arbitrary constants and P;(t), - -, P,,(t) are

the definite polynomials of ¢. Then, by (6.20), the solution of the initial

system becomes a set of functions of the forms

(6.23) =0 Ynt) (@=1,2,---,m),

where y; are the functions given by (6.22) and g, are the inverse functions

of f; with respect to x;,, Thus we see that the solution of the initial

system 1is a set of regular functions of the functions (6.22) with the coef-

ficients- periodic with respect to t. This is a well known result®.

(6.22)

F.. +c,m_1t+c,,,,+P,m(t)} ,
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