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Abstract. In this paper we show the validity of Stein’s interpolation theorem on

variable exponent Morrey spaces.

1. Introduction

The Stein interpolation theorem, where the interpolation is given with

regards to an analytic family of operators, is an essential tool pervading

modern Fourier analysis. For example, the first non-trivial progress on

spherical summation of multiple Fourier series was obtained with the usage

of this theorem, see [7] for more details. Stein’s interpolation theorem is given

in the framework of Lebesgue spaces and we were not able to find such an

interpolation theorem for Morrey spaces. It is interesting to note that the

Riesz-Thorin interpolation theorem when the domain space is a Morrey type

space does not hold for appropriate counter examples see [18]. Hence, the

proved Stein type result will deal only when the target space are Morrey

type spaces but the domain is a Lebesgue type space. For interpolation type

results on Morrey-Campanato spaces, we refer to [9, 17, 28] and references

therein.

In 1938 C. Morrey [19] studied Morrey spaces for the first time in con-

nection to its applications in partial di¤erential equations. Until recently, a

rapid growth has been seen in the study of Morrey type spaces because of its

applications in major fields of engineering and sciences (see e.g. [8]). For a

comprehensive study of Morrey spaces we refer to [2, 22, 21]. Function spaces

with non-standard growth has seen a major focus in recent times (see e.g.

[14, 15]) because of its wide range of applications e.g. in the area of image

processing [1, 27], the study of thermorheological fluids [4] and modeling of

electrorheological fluids [23].
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Let X and Y be two quasi-metric measure spaces (QMMSs). In this

manuscript, a version of Stein’s interpolation theorem is proved in the frame-

work when the target space is a variable exponent Morrey space Lqð�Þ;lð�ÞðY Þ
and the domain space is the variable exponent Lebesgue space Lpð�ÞðX Þ. It is

worth mentioning that these results are new even for the constant case.

Throughout the paper, constants (often di¤erent constants in the same

series of inequalities) will mainly be denoted by c or C; by the symbol p 0ðxÞ we
denote the function

pðxÞ
pðxÞ�1

, 1 < pðxÞ < y; the relation aAb means that there

are positive constants c1 and c2 such that c1aa ba c2a.

2. Preliminaries

Let X be a non-empty set. A function d : X � X ! ½0;yÞ is said to be

quasi-metric if the following conditions are satisfied:

(a) dðx; yÞ ¼ 0 for all x A X .

(b) dðx; yÞ > 0 for all x; y A X and x0 y.

(c) There is a constant c0 > 0 such that dðx; yÞ ¼ c0dðy; xÞ for all

x; y A X .

(d) There is a constant c1 > 0 such that dðx; yÞa c1ðdðx; zÞ þ dðz; yÞÞ for

all x; y; z A X .

Let m be a complete measure such that the set of all compactly supported

continuous functions are dense in L1
mðXÞ. We refer the triplet ðX ; d; mÞ as

quasi-metric measure spaces (QMMS), where d is a quasi-metric.

Let dX ¼ diamðXÞ ¼ supfdðx; yÞ : x; y A Xg. Let us denote by Bðx; rÞ ¼
fy A X : dðx; yÞ < rg a ball of radius r > 0 and centered at x. Throughout this

paper, it will be assumed that 0 < mðBðx; rÞÞ < y for every r > 0 and x A X .

It is evident that the assumption that all balls have finite measure together

with the condition dX < y imply mðX Þ < y.

Variable exponent spaces. Let W be a m-measurable set in ðX ; mÞ with positive

measure. We denote:

p�ðWÞ :¼ inf
W

p; pþðWÞ :¼ sup
W

p

for a m-measurable function p on W. Suppose that 1a p�ðWÞa pþðWÞ < y.

We say that a m-measurable function f on W belongs to Lpð�ÞðWÞ (or to

LpðxÞðWÞ) if

Spð�Þ;Wð f Þ ¼
ð
W

j f ðxÞjpðxÞdmðxÞ < y:
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It is a Banach space with respect to the norm (see e.g. [11, 16, 24, 25])

k f kL pð�ÞðWÞ ¼ inf h > 0 : Spð�Þ;W
f

h

� �
a 1

� �
:

For the following propositions we refer to [16, 24, 25].

Proposition 1 (Hölder’s inequality). Let W be a m-measurable subset of X

and let 1a p�ðWÞa pþðWÞ < y. Then for every f A Lpð�ÞðWÞ and g A Lp 0ð�ÞðWÞ
the following inequalityð

W

f ðxÞgðxÞdmðxÞ
����

����a 1

p�ðWÞ þ
1

ðpþðWÞÞ0
� �

k f kL pð�ÞðWÞkgkL p 0 ð�ÞðWÞ

holds.

The following lemma has been taken from [5, p. 27].

Lemma 1. Let W be a m-measurable subset of X and let 1a p�ðWÞa
pþðWÞ < y. Then the following inequality

k f kL pð�ÞðWÞ aSpð�Þ;Wð f Þ þ 1;

holds.

Definition 1. We say that a m-measurable function p : X ! ½1;yÞ
belongs to the class P log

m ðXÞ if for every x; y A X such that mBðx; dðx; yÞÞa
1=2 the following inequality

jpðxÞ � pðyÞja �A

ln mðBðx; dðx; yÞÞÞ
holds.

The following lemma can be found in [22, 14].

Lemma 2. Let ðX ; d; mÞ be a QMMS with mðXÞ < þy and let

p A P log
m ðX Þ. Then

kwBðx; rÞkL pð�Þ aCðmðBðx; rÞÞÞ1=pðxÞ:

Morrey spaces with variable exponent Lpð�Þ;lð�ÞðWÞ where W is an open

subset of Rn were introduced simultaneously by Almeida et al. [3], Kokilashvili

et al. [12, 13], Ohno [20] and X. Fan [6] in more or less similar manner. Let

1a pð�Þ < pþðWÞ < y and 0a lð�Þa 1 be m-measurable functions. We say

that a m-measurable function f A Lpð�ÞðWÞ belongs to Lpð�Þ;lð�ÞðWÞ if

Ipð�Þ;lð�Þð f Þ ¼ sup
x AW; r>0

1

ðmðBðx; rÞÞÞlðxÞ
ð
Bðx; rÞ

j f ðyÞjpðyÞdmðyÞ < y:
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The norm on variable exponent Morrey spaces can be introduced in the

following ways (see e.g. [3, 12, 13, 22]):

k f k1 ¼ inffh > 0 : Ipð�Þ;lð�Þð f =hÞa 1g;

and

k f k2 ¼ sup
x AW; r>0

kðmðBðx; rÞÞÞk�lðxÞ=pð�Þ
f wBðx; rÞL pð�ÞðWÞ;

and

k f k3 ¼ sup
x AW; r>0

ðmðBðx; rÞÞÞ�lðxÞ=pðxÞk f kL pð�ÞðBðx; rÞÞ:

It can be checked easily by means of simple computations that

k f k1 ¼ k f k2. Further, if the exponent p is such that p A P log
m ðXÞ (see e.g.

[22]) then both the norms k f k2 and k f k1 are equivalent to k f k3. We define

the norm on variable exponent Morrey space as:

k f kL pð�Þ; lð�ÞðXÞ ¼ k f k3:

It is easy to see that if the parameter l ¼ 0, then Lpð�ÞðXÞ ¼ Lpð�Þ;0ðX Þ.
When pðxÞ1 const and lðxÞ1 const then Lpð�Þ;lð�ÞðX Þ is reduced to the case

of classical Morrey space Lp;lðXÞ.
The following lemma gives the embedding of variable Morrey spaces into

variable Lebesgue space in the case dX < y. Here we present the proof of this

lemma for the sake of completeness.

Lemma 3. Let ðX ; d; mÞ be a QMMS. Suppose that 1a pð�Þ < pþðXÞ
< y and 0a lð�Þa 1. Then for every f A Lpð�Þ;lð�ÞðXÞ, x A X and r > 0 we

have

k f kL pð�ÞðBðx; rÞÞ a ðmðBðx; rÞÞÞlðxÞ=pðxÞk f kL pð�Þ; lð�ÞðX Þ:

Moreover, if mðXÞ < y then

k f kL pð�ÞðXÞ a cp;l;mk f kL pð�Þ; lð�ÞðX Þ:

Proof. Suppose that f A Lpð�Þ;lð�ÞðXÞ. Let x A X and r > 0, then

k f kL pð�ÞðBðx; rÞÞ ¼ ðmðBðx; rÞÞÞlðxÞ=pðxÞ 1

ðmðBðx; rÞÞÞlðxÞ=pðxÞ
k f kL pð�ÞðBðx; rÞÞ

a ðmðBðx; rÞÞÞlðxÞ=pðxÞk f kL pð�Þ; lð�ÞðX Þ:

Since p is bounded, hence taking supremum with respect to x A X and r > 0 we

have the following estimate
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k f kL pð�ÞðXÞ amaxf1; ðmðXÞÞðl=pÞ
þðX Þgk f kL pð�Þ; lð�ÞðX Þ

a cp;l;mk f kL pð�Þ; lð�ÞðX Þ:

Consequently, via Hölder’s inequality, for f A Lpð�Þ;lð�ÞðX Þ and g A Lp 0ð�ÞðX Þ
there is a positive constant c such that,ð

X

f ðyÞgðyÞdmðyÞa ck f kL pð�Þ; lð�ÞðXÞkgkL p 0ð�ÞðX Þ ð1Þ

holds.

3. Interpolation of analytic family of operators in variable exponent

Morrey spaces

In this section we prove the main result of this paper. We prove the Stein

interpolation type theorem for analytic family of operators.

Definition 2. A function f ðzÞ analytic on an open strip 0 < ReðzÞ < 1

and continuous and bounded on the closed strip is said to be of admissible

growth if for a < p the following inequality

sup
jyjar

sup
0axa1

j f ðxþ iyÞjaCear;

holds, where C is a positive constant.

The next lemma is due to Hirschman and can be found in e.g. [10].

Lemma 4 (Hirschman Lemma). Let f ðzÞ be analytic on an open strip

0 < ReðzÞ < 1 and continuous and bounded on the closed strip and of admissible

growth there. Let

logj f ðiyÞjaA0ðyÞ; logj f ð1þ iyÞjaA1ðyÞ;

then for 0a ta 1 the following inequality

logj f ðtÞja
�
1

2

ðy
�y

sinðptÞ
coshðpyÞ � cosðptÞA0ðyÞdy

þ 1

2

ðy
�y

sinðptÞ
coshðpyÞ þ cosðptÞA1ðyÞdy

�
;

holds.

Definition 3 (Analytic Family of Operators). Let ðX1; d1; m1Þ and

ðX2; d2; m2Þ be QMMSs. Consider a family of linear operators

fTzgz AC. We shall call this family of linear operators to be analytic if:
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(1) For each z A C, Tz maps simple functions in ðX1; d1; m1Þ on measur-

able functions in ðX2; d2; m2Þ.
(2) For z A S, r > 0 and a.e. y A X2, the function Fy; rðzÞ defined by

Fy; rðzÞ :¼
ð
Bðy; rÞ

Tz½am1ð�Þzþb1ð�Þ
1 wA1

ð�Þ�ðx2Þ

� a
m2ðx2Þzþb2ðx2Þ
2 wA2

ðx2Þdm2ðx2Þ; ð2Þ

exists, is continuous and bounded on the strip S ¼ fz : 0aReðzÞa
1g and analytic on intðSÞ, where ak are positive real numbers and mk,

bk are measurable functions for k ¼ 1; 2.

We shall call fTzgz AC of admissible growth if Fy; rðzÞ is of admissible growth in

the sense of Definition 2.

Remark 1. Although the definition of an analytic family of operators given

in Definition 3 seems cumbersome at first sight, but it should be noted that in the

non-variable framework this definition coincides with the definition given by Stein

in [26].

We now formulate and prove the Stein interpolation theorem in the

variable exponent framework.

Theorem 1. Let ðX ; mÞ and ðY ; nÞ be s-finite, complete QMMSs. For

k ¼ 0; 1, assume that 1a pkð�Þ; qkð�Þ < qþk ðYÞ < y and 0a lkð�Þa 1. Suppose

that we have an analytic family of linear operators Tz : L
pkð�ÞðX Þ ! Lqkð�Þ;lkð�ÞðY Þ

which is of admissible growth in the strip S :¼ fz : 0aReðzÞa 1g. Further

suppose that the following inequalities

kTit f kLq0ð�Þ; l0ð�ÞðYÞ aM0ðtÞk f kL p0ð�ÞðX Þ ð3Þ

kT1þit f kLq1ð�Þ; l1ð�ÞðYÞ aM1ðtÞk f kL p1ð�ÞðXÞ ð4Þ

hold for all simple functions f . Also we assume that

logjMkðtÞjaCejtjl l < p for k ¼ 0; 1: ð5Þ

For z A S :¼ fz : 0 < ReðzÞ < 1g, define pz, qz and lz by

1

pzðxÞ
¼ 1� z

p0ðxÞ
þ z

p1ðxÞ
;

1

qzðxÞ
¼ 1� z

q0ðxÞ
þ z

q1ðxÞ
;

and

lzðxÞ
qzðxÞ

¼ ð1� zÞ l0ðxÞ
q0ðxÞ

þ z
l1ðxÞ
q1ðxÞ

:
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Then, given any y A ð0; 1Þ, the inequality

kTy f kLqyð�Þ; lyð�ÞðY Þ a cMyk f kL pyð�ÞðX Þ

holds for every f A Lpyð�ÞðXÞ, where

log My ¼
�
1

2

ðy
�y

sinðpyÞ
coshðpyÞ � cosðpyÞ log M0ðyÞdy

þ 1

2

ðy
�y

sinðpyÞ
coshðpyÞ þ cosðpyÞ log M1ðyÞdy

�
:

Proof. Since Tz is linear, we may assume that f 0 0, otherwise the

inequality holds for f ¼ 0. By the homogeneity of the norm and the scaling

argument we may assume that k f kL pyð�ÞðXÞ a 1. Now we need to show that

kTz f kLqyð�Þ; lyð�ÞðYÞ a cMy: ð6Þ

We will show (6) for simple functions in X and since the span of simple

functions is dense in Lpð�ÞðX Þ we will have the estimate for all f A Lpyð�ÞðX Þ.
Let us assume f , g are simple and complex valued functions defined on X

and Y respectively by,

f ðxÞ ¼
Xm
j¼1

aje
iajwAj

ðxÞ; x A X

gðyÞ ¼
Xn
k¼1

bke
ibkwBk

ðyÞ; y A Y

where aj; bk > 0 and aj; bk A R, mðAjÞ; mðBkÞ < y, and fAjg and fBkg are,

respectively, pairwise disjoint. Now define,

fzðxÞ ¼
Xm
j¼1

a
pyðxÞ=pzðxÞ
j eiajwAj

ðxÞ;

gzðyÞ ¼
Xn
k¼1

b
q 0
y
ð yÞ=q 0

zðyÞ
k eibkwBk

ðyÞ:

Finally, for every y A Y , r > 0 and z A C, we put

Fy; rðzÞ :¼
ð
Bðy; rÞ

Tzð fzðsÞÞgzðsÞdnðsÞ:

Substituting the values of fz and gz in the last expression we have

Fy; rðzÞ ¼
Xm
j¼1

Xn
k¼1

ð
Bðy; rÞ

Tz½apyð�Þ=pzð�Þ
j wAj

ð�Þ�ðsÞbq 0
y
ðsÞ=q 0

zðsÞ
k wBk

ðsÞdnðsÞ:
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Hence for almost every y A Y , Fy; rðzÞ is analytic on intðSÞ and continuous and

bounded on S and of admissible growth, since Tz is an analytic family of linear

operators of admissible growth.

Since Aj are pairwise disjoint and aj > 0, we have for z ¼ it ðt A RÞ

Sp0ð�Þ;Bðy; rÞð fzÞ ¼
ð
Bðy; rÞ

Xm
j¼1

a
pyðxÞ=pzðxÞ
j eiajwAj

ðxÞ
�����

�����
p0ðxÞ

dmðxÞ

¼
ð
Bðy; rÞ

Xm
j¼1

a
pyðxÞ½1=p1ðxÞ�1=p0ðxÞ�itþpyðxÞ=p0ðxÞ
j eiajwAj

ðxÞ
�����

�����
p0ðxÞ

dmðxÞ

¼
ð
Bðy; rÞ

Xm
j¼1

a
pyðxÞ½1=p1ðxÞ�1=p0ðxÞ�itþpyðxÞ=p0ðxÞ
j eiajwAj

ðxÞ
��� ���p0ðxÞdmðxÞ

¼
ð
Bðy; rÞ

Xm
j¼1

a
pyðxÞ
j wAj

ðxÞdmðxÞ

¼
ð
Bðy; rÞ

Xm
j¼1

aje
iajwAj

ðxÞ
�����

�����
pyðxÞ

dmðxÞ

¼ Spyð�Þ;Bðy; rÞð f Þ

a 1

since k f kL pyð�ÞðXÞ a 1. Hence k fzkL p0ð�ÞðBðy; rÞÞ a 1. A similar argument shows

that kgzk
L

q 0
0
ð�ÞðBðy; rÞÞ

a 1 for z ¼ it. Now by Hölder’s inequality, Lemma 3 and

(3) we have

jFy; rðitÞja
ð
Bðy; rÞ

Tð fzðsÞÞgzðsÞdnðsÞ
�����

�����
a ckTfzkLq0ð�ÞðBðy; rÞÞkgzkLq 0

0
ð�ÞðBðy; rÞÞ

a ckTfzkLq0ð�ÞðBðy; rÞÞ

a cðnðBðy; rÞÞÞl0ðyÞ=q0ðyÞkTfzkLq0ð�Þ; l0ð�ÞðYÞ

a cðnðBðy; rÞÞÞl0ðyÞ=q0ðyÞM0ðtÞk fzkL p0ð�ÞðXÞ

a cðnðBðy; rÞÞÞl0ðyÞ=q0ðyÞM0ðtÞ:

An analogous argument with ReðzÞ ¼ 1 for the exponents p1 and q1 yields,

jFy; rð1þ itÞja cðnðBðy; rÞÞÞl1ð yÞ=q1ðyÞM1ðtÞ:
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Invoking Hirschman’s Lemma we have:

logjFy; rðyÞja
�
1

2

ðy
�y

sinðpyÞ
coshðpsÞ � cosðpyÞ logððnðBðy; rÞÞÞl0ðyÞ=q0ðyÞM0ðsÞÞds

þ 1

2

ðy
�y

sinðpyÞ
coshðpsÞ þ cosðpyÞ logððnðBðy; rÞÞÞl1ðyÞ=q1ð yÞM1ðsÞÞds

�

a

 
logðnðBðy; rÞÞÞl0ðyÞ=q0ðyÞ

2

ðy
�y

sinðpyÞ
coshðpsÞ � cosðpyÞ ds

þ logðnðBðy; rÞÞÞl1ðyÞ=q1ðyÞ

2

ðy
�y

sinðpyÞ
coshðpsÞ þ cosðpyÞ ds

!
þ log My:

By making the change of variables eps ¼ u in the above integrals we have

1

2

ðy
�y

sinðpyÞ
coshðpsÞ � cosðpyÞ ds ¼ 1� y

and

1

2

ðy
�y

sinðpyÞ
coshðpsÞ þ cosðpyÞ ds ¼ y:

Hence,

logjFy; rðyÞja ð1� yÞ logðnðBðy; rÞÞÞl0ðyÞ=q0ð yÞ

þ y logðnðBðy; rÞÞÞl1ðyÞ=q1ðyÞ þ log My

a logðnðBðy; rÞÞÞð1�yÞðl0ðyÞ=q0ðyÞÞ þ logðnðBðy; rÞÞÞyðl1ðyÞ=q1ðyÞÞ þ log My

a logðnðBðy; rÞÞÞð1�yÞðl0ðyÞ=q0ðyÞÞþyðl1ðyÞ=q1ðyÞÞ þ log My

a logðnðBðy; rÞÞÞlyðyÞ=qyðyÞ þ log My;

which yields

jFy; rðyÞja cðnðBðy; rÞÞÞlyðyÞ=qyðyÞMy:

Also,

sup
kgk

L
q 0
y ðBð y; rÞÞ

a1

Fy; rðyÞ@ kTy f kLqyð�ÞðBðy; rÞÞ:

Hence for almost every y A Y and r > 0 we have,

ðnðBðy; rÞÞÞ�lyðyÞ=qyðyÞkTy f kLqyð�ÞðBðy; rÞÞ a cMy;
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which implies that,

kTy f kLqyð�Þ; lyð�ÞðY Þ a cMy:

This completes the proof.
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Birkhäuser/Springer, Cham, 2015.

[ 3 ] A. Almeida, J. Hasanov and S. Samko, Maximal and potential operators in variable

exponent Morrey spaces, Georgian Math. J., 15(2) (2008), 195–208.

[ 4 ] S. Antontsev and J. Rodrigues, On stationary thermo-rheological viscous flows, Ann. Univ.

Ferrara Sez. VII Sci. Mat., 52 (2006), 19–36.
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[25] I. Šarapudinov, The topology of the space LpðtÞð½0; 1�Þ, Mat. Zametki., 26 (1979), 613–632.

[26] E. Stein, Interpolation of linear operators, Trans. Am. Math. Soc., 83 (1956), 482–492.

[27] T. Wunderli, On time flows of minimizers of general convex functionals of linear growth

with variable exponent in BV space and stability of pseudosolutions, J. Math. Anal. Appl.,

364(2) (2010), 591–598.

[28] W. Yuan, W. Sickel and D. Yang, Interpolation of Morrey-Campanato and related

smoothness spaces., Sci. China, Math., 58(9) (2015), 1835–1908.

Alexander Meskhi

Department of Mathematical Analysis

A. Razmadze Mathematical Institute of

I. Javakhishvili Tbilisi State University

6. Tamarashvili Str., Tbilisi 0177, Georgia

and

Department of Mathematics

Faculty of Informatics and Control Systems

Georgian Technical University

77, Kostava St., Tbilisi, Georgia

E-mail: meskhi@rmi.ge

345Interpolation of an analytic family of operators



Humberto Rafeiro

Pontificia Universidad Javeriana

Departamento de Matemáticas
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