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Abstract. Let SLð2;HÞ be the group of 2� 2 quaternionic matrices with Dieudonné

determinant one. The group SLð2;HÞ acts on the five dimensional hyperbolic space

by isometries. We investigate extremality of Jørgensen type inequalities in SLð2;HÞ.
Along the way, we derive Jørgensen type inequalities for quaternionic Möbius trans-

formations which extend earlier inequalities obtained by Waterman and Kellerhals.

1. Introduction

In the theory of Fuchsian groups, one of the important old problems is

the ‘‘discreteness problem’’: given two elements in PSLð2;RÞ, to decide whether

the group generated by them is discrete. For an elaborate account on this

problem, see Gilman [11]. Algorithmic solutions to this problem were given

by Rosenberger [20], Gilman and Maskit [12], Gilman [11]. The Jørgensen

inequality [7] is a major result related to this problem. Jørgensen [7] obtained

an inequality that the generators of a discrete, non-elementary, two-generator

subgroup of SLð2;CÞ necessarily satisfy. Wada [30] used this inequality to

provide an e¤ective algorithm that helps the software OPTi to test discreteness

of subgroups, as well as to draw deformation spaces of discrete groups.

A two-generator discrete subgroup of isometries of the hyperbolic space is

called extreme group if it satisfies equality in the Jørgensen inequality. Inves-

tigation of extreme groups in SLð2;CÞ was initiated by Jørgensen and Kikka

[8]. This work was followed by attempts to classify the two-generator extreme

groups in SLð2;CÞ, for eg. see [12, 14]. In a series of papers, Sato et al. [21]–

[26] have investigated this problem in great detail and provided a conjectural

list of the parabolic-type extreme groups. Callahan [4] has provided a counter

example to that conjecture. Callahan has also classified all non-compact

arithmetic extreme groups which were not in the list of Sato et al. The
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problem of classifying parabolic-type Jørgensen groups in SLð2;CÞ is still open.
Recently, Vesnin and Masley [29] have investigated extremality of other

Jørgensen type inequalities in SLð2;CÞ. Vesnin [2] has raised the problem

of classifying all hyperbolic 3-orbifold groups that satisfy extremality in

Jørgensen type inequalities obtained by Gehring-Martin [10] and Tan [27].

The problem of classifying extreme Jørgensen groups in higher dimension

has not seen much attempt till date. The aim of this paper is to address this

problem for Jørgensen type inequalities in SLð2;HÞ. Here H is the division

ring of the real quaternions and SLð2;HÞ is the group of 2� 2 quaternionic

matrices with Dieudonné determinant 1. It is well-known that SLð2;HÞ acts

on the five dimensional real hyperbolic space H5 by the Möbius transforma-

tions (or linear fractional transformations), for a proof see [13]. The isometries

of H5 are classified by their fixed points, as elliptic, parabolic and hyperbolic

(or loxodromic). This classification can be characterized algebraically by con-

jugacy invariants of the isometries, see [18, 19, 13, 3] for more details.

The Jørgensen inequality has been generalized in higher dimensions by

Martin [17] who formulated it using the upper half space or the unit ball model

of the hyperbolic n-space in Rnþ1. Hence, in Martin’s generalization, the

isometries are real matrices of rank nþ 1. Ahlfors [1] used Cli¤ord algebras to

investigate higher dimensional Möbius groups. In this approach, the isometry

group of the hyperbolic n-space can be identified with a group of 2� 2 matrices

over the Cli¤ord numbers, see Ahlfors [1], Waterman [31]. Using the Cli¤ord

algebraic formalism, a generalization of Jørgensen inequality was obtained by

Waterman [31]. However, it may be di‰cult to deal with the Cli¤ord matrices

due to the non-commutative and non-associative structure of the Cli¤ord

numbers.

Using the real quaternions there is an intermediate approach between the

complex numbers and the Cli¤ord numbers. This approach should provide

the closest generalization of the low dimensional results for four and five

dimensional Möbius groups. The Cli¤ord group that acts by isometries on the

hyperbolic 4-space, is a proper subgroup of SLð2;HÞ. So, Waterman’s result

restricts to this case. Kellerhals [15] has used this quaternionic Cli¤ord group

to investigate collars in H4. Recently, Tan et al. [28] have obtained a gener-

alization of the classical Delambre-Gauss formula for right-angles hexagons

in hyperbolic 4-space using the quaternionic Cli¤ord group of Ahlfors and

Waterman.

The Cli¤ord group that acts on H5, however, is not a subgroup of

SLð2;HÞ. In fact, the group SLð2;HÞ is not in the list of the Cli¤ord groups

of Ahlfors and Waterman. However, following the approach of Waterman, it

is not hard to formulate Jørgensen type inequalities for pairs of isometries in

SLð2;HÞ. Kellerhals [16] derived Jørgensen inequality for two-generator dis-
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crete subgroups in SLð2;HÞ, where one the of the generators is either unipotent

parabolic or hyperbolic.

Using similar methods as that of Waterman, we give here slightly gener-

alized versions of the Jørgensen inequalities in SLð2;HÞ where, one of the

generators is either semisimple or, fixes a point on the boundary, see Theorem

2 and Theorem 3 in Section 3. The quaternionic formulations of the inequal-

ities of Kellerhals and Waterman are derived as corollaries, see Corollary 1 and

Corollary 7 respectively. We formulate a Jørgensen type inequality for strictly

hyperbolic elements that is very close to the original formulation of Jørgensen,

see Corollary 2. We recall here that a strictly hyperbolic element or a stretch

is conjugate to a diagonal matrix that has real diagonal entries di¤erent from

0, 1 or �1. As corollaries we obtain two weaker versions of the inequality for

subgroups having one generator semisimple.

We investigate the extremality of these Jørgensen inequalities in Section 4.

We extend the results of Jørgensen and Kikka in the quaternionic set up, see

Theorem 5, Corollary 8 and Theorem 6. We also obtain necessary conditions

for a two-generator subgroup of SLð2;HÞ to be extremal, see Corollaries 11

and 12.

2. Preliminaries

2.1. The quaternions. Let H denote the division ring of quaternions.

Recall that every element of H is of the form a0 þ a1i þ a2 j þ a3k, where

a0; a1; a2; a3 A R, and i, j, k satisfy relations: i2 ¼ j2 ¼ k2 ¼ �1, ij ¼ �ji ¼ k,

jk ¼ �kj ¼ i, ki ¼ �ik ¼ j and ijk ¼ �1. Any a A H can be written as

a ¼ a0 þ a1iþ a2 j þ a3k ¼ ða0 þ a1iÞ þ ða2 þ a3iÞ j ¼ zþ wj, where z ¼ a0 þ a1i,

w ¼ a2 þ a3i A C. For a A H, with a ¼ a0 þ a1i þ a2 j þ a3k, we define

<ðaÞ ¼ a0 the real part of a and =ðaÞ ¼ a1i þ a2 j þ a3k ¼ the imaginary

part of a. Also define the conjugate of a as a ¼ <ðaÞ � =ðaÞ. If <ðaÞ ¼ 0,

then we call a as a vector in H which we can identify with R3. The norm

of a is jaj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a20 þ a21 þ a22 þ a23

q
.

2.1.1. Useful properties. We note the following properties of the quaternions

that will help us further:

(1) For x A R, a A H, we have ax ¼ xa.

(2) For a A C, aj ¼ ja.

(3) For a; b A H, jabj ¼ jaj jbj ¼ jbaj and if a0 0, then a�1 ¼ a

jaj2
.

Two quaternions a, b are said to be similar if there exists a non-zero

quaternion c such that b ¼ c�1ac and we write it as a Z b. Obviously, ‘Z’ is

an equivalence relation on H and denote ½a� as the class of a. It is easy to

verify that a Z b if and only if <ðaÞ ¼ <ðbÞ and jaj ¼ jbj. Equivalently, a Z b
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if and only if <ðaÞ ¼ <ðbÞ and j=ðaÞj ¼ j=ðbÞj. Thus the similarity class of

every quaternion a contains a pair of complex conjugates with absolute-value

jaj and real part equal to <ðaÞ. Let a is similar to reiy, y A ½�p; p�. In most

cases, we will adopt the convention of calling jyj as the argument of a and

will denote it by argðaÞ. According to this convention, argðaÞ A ½0; p�, unless
specified otherwise.

Suppose a quaternion q is conjugate to a complex number z ¼ reia.

Since <ðqÞ ¼ <ðzÞ and jqj ¼ jzj, it follows that j=qj ¼ j=zj ¼ jr sin aj, i.e.

jsin aj ¼ j=qj
jqj .

2.2. Matrices over the quaternions. Let Mð2;HÞ denotes the set of all 2� 2

matrices over the quaternions. If A ¼ a b

c d

� �
, then we can associate the

‘quaternionic determinant’ detðAÞ ¼ jad � aca�1bj. A matrix A A Mð2;HÞ is

invertible if and only if detðAÞ0 0. Also, note that for A;B A Mð2;HÞ,
detðABÞ ¼ detðAÞ detðBÞ. Now set

SLð2;HÞ ¼ a b

c d

� �
A Mð2;HÞ : det a b

c d

� �
¼ jad � aca�1bj ¼ 1

� �
:

The group SLð2;HÞ acts as the orientation-preserving isometry group of the

hyperbolic 5-space H5. We identify the extended quaternionic plane ĤH ¼
H [ fyg with the conformal boundary S4 of the hyperbolic 5-space. The

group SLð2;HÞ acts on ĤH by Möbius transformations:

a b

c d

� �
: Z 7! ðaZ þ bÞðcZ þ dÞ�1:

The action is extended over H5 by Poincaré extensions.

2.3. Classification of elements of SLð2;HÞ. Every element A of SLð2;HÞ
has a fixed point on the closure of the hyperbolic space H5. This gives us

the usual trichotomy of elliptic, parabolic and hyperbolic (or loxodromic)

elements in SLð2;HÞ. Further, it follows from the Lefschetz fixed point

theorem that every element of SLð2;HÞ has a fixed point on the conformal

boundary. Up to conjugacy, we can take that fixed point to be y, and hence,

every element in SLð2;HÞ is conjugate to an upper-triangular matrix.

We would like to note here that an elliptic or hyperbolic element A is

conjugate to a matrix of the form

l 0

0 m

� �
;
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where l; m A C. If jlj ¼ jmjð¼ 1Þ then A is elliptic. Otherwise it is hyper-

bolic. In the hyperbolic case, jlj0 10 jmj and jlj jmj ¼ 1. A hyperbolic or

loxodromic element will be called strictly hyperbolic if it is conjugate to a

real diagonal (non-identity) matrix. A parabolic isometry is conjugate to an

element of the form

l 1

0 l

� �
; jlj ¼ 1:

For more details of the classification and algebraic criteria to detect them, see

[3, 13, 18, 19].

2.4. Conjugacy invariants. According to Foreman [6], the following three

functions are conjugacy invariants of SLð2;HÞ: for A ¼ a b

c d

� �
A SLð2;HÞ,

b ¼ bA ¼ jdj2<ðaÞ þ jaj2<ðdÞ � <ðabcÞ � <ðbcdÞ

¼ <½ðad � bcÞaþ ðda� cbÞd �;

g ¼ gA ¼ jaj2 þ jdj2 þ 4<ðaÞ<ðdÞ � 2<ðbcÞ

¼ jaj2 þ jdj2 þ 2½<ðadÞ þ <ðadÞ� � 2<ðbcÞ

¼ jaþ dj2 þ 2<ðad � bcÞ;

d ¼ dA ¼ <ðaþ dÞ:

Parker and Short [19] defined another two quantities for each A A SLð2;HÞ as

follows:

s ¼ sA ¼ cac�1d � cb; when c0 0;

¼ bdb�1a; when c ¼ 0; b0 0;

¼ ðd � aÞaðd � aÞ�1
d; when b ¼ c ¼ 0; a0 d;

¼ aa; when b ¼ c ¼ 0; a ¼ d

t ¼ tA ¼ cac�1 þ d; when c0 0

¼ bdb�1 þ a; when c ¼ 0; b0 0

¼ ðd � aÞaðd � aÞ�1 þ d; when b ¼ c ¼ 0; a0 d

¼ aþ a; when b ¼ c ¼ 0; a ¼ d:
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It can be proved that in each case jsj2 ¼ a ¼ 1, where

a ¼ aA ¼ jaj2jdj2 þ jbj2jcj2 � 2<ðacdbÞ:

We are going to show that
ffiffiffi
a

p
¼ detðAÞ ¼ jad � aca�1bj ¼ jsj.

Lemma 1. If A ¼ a b

c d

� �
A Mð2;HÞ, then

ffiffiffi
a

p
¼ detðAÞ ¼ jad � aca�1bj

¼ jsj.

Proof. We observe that

ðdetðAÞÞ2 ¼ jad � aca�1bj2 ¼ ðad � aca�1bÞðad � aca�1bÞ

¼ ðad � aca�1bÞðda� ba�1caÞ

¼ jaj2jdj2 þ jbj2jcj2 � adba�1ca� aca�1bda

¼ jaj2jdj2 þ jbj2jcj2 � 2<ðaca�1bdaÞ

¼ jaj2jdj2 þ jbj2jcj2 � 2<ðcabdÞ ¼ jaj2jdj2 þ jbj2jcj2 � 2<ðacdbÞ ¼ a:

This completes the proof.

2.5. Some observations. It can be checked that a ¼ aA ¼ jlijj2 ¼ jrij j2,
1a i; ja 2, where lij, rij are defined as follows:

l11 ¼ da� dbd�1c l12 ¼ bdb�1a� bc

l21 ¼ cac�1d � cb l22 ¼ ad � aca�1b

r11 ¼ ad � bd�1cd r12 ¼ db�1ab� cb

r21 ¼ ac�1dc� bc r22 ¼ da� ca�1ba

Theorem 1 ([16]). Let M ¼ a b

c d

� �
A Mð2;HÞ be such that detðMÞ0 0.

Then M is invertible

M�1 ¼ l�1
11 d �l�1

12 b

�l�1
21 c l�1

22 a

� �
¼ dr�1

11 �br�1
12

�cr�1
21 ar�1

22

� �
:

2.6. Notations. For our convenience we use the following notations:

d@¼ l�1
11 d; c@¼ l�1

21 c; b@¼ l�1
12 b; a@¼ l�1

22 a;

d@¼ dr�1
11 ; c@¼ cr�1

21 ; b@¼ br�1
12 ; a@¼ ar�1

22 :
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Kellerhals has proved some interesting properties of these numbers given

by following lemma:

Lemma 2 ([16]). Let M ¼ a b

c d

� �
A Mð2;HÞ be invertible. Then we

have the following properties:

(1) ad@� bc@¼ 1 ¼ da@� cb@, d
@a� b@c ¼ 1 ¼ a@d � c@b.

(2) ad@� bc@¼ 1 ¼ da@� cb@, d@a� b@c ¼ 1 ¼ a@d � c@b.

(3) ab@¼ ba@, cd@¼ dc@, a@c ¼ c@a, b@d ¼ d@b.

(4) ab@¼ ba@, cd@¼ dc@, a@c ¼ c@a, b@d ¼ d@b.

3. Jørgensen inequality for SLð2;HÞ

The following proposition gives a Jørgensen inequality for a two-generator

subgroup of SLð2;HÞ that has a semisimple generator.

Theorem 2. Let S ¼ a b

c d

� �
and T ¼ l 0

0 m

� �
, l is not similar to m,

generate a discrete non-elementary subgroup of SLð2;HÞ. Then

fð<l� <mÞ2 þ ðj=lj þ j=mjÞ2gð1þ jbcjÞb 1:

Proof. Let us suppose that

K0 ¼ fð<l�<mÞ2 þ ðj=lj þ j=mjÞ2gð1þ jbcjÞ < 1:

Consider the Shimizu-Leutbecher sequence defined inductively by

S0 ¼
a0 b0

c0 d0

� �
¼ S ¼ a b

c d

� �
; Snþ1 ¼

anþ1 bnþ1

cnþ1 dnþ1

� �
¼ SnTS

�1
n :

Now,

Snþ1 ¼ SnTS
�1
n ¼ an bn

cn dn

� �
l 0

0 m

� �
d@n �b@n
�c@n a@n

� �
ð3:1Þ

¼ anl bnl

cnl dnl

� �
d@n �b@n
�c@n a@n

� �
ð3:2Þ

¼ anld
@
n � bnmc

@
n �anlb

@
n þ bnma

@
n

cnld
@
n � dnmc

@
n �cnlb

@
n þ dnma

@
n

� �
ð3:3Þ

¼ anþ1 bnþ1

cnþ1 dnþ1

� �
: ð3:4Þ

Thus,

anþ1 ¼ anld
@
n � bnmc

@
n ; bnþ1 ¼ �anlb

@
n þ bnma

@
n ;

cnþ1 ¼ cnld
@
n � dnmc

@
n ; dnþ1 ¼ �cnlb

@
n þ dnma

@
n :
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Now, we have

jbnþ1j jcnþ1j ¼ jð�anlb
@
n þ bnma

@
n Þðcnld@n � dnmc

@
n Þj

¼ janbncndnj jl� a�1
n bnma

@
n b

@�1
n j jl� c�1

n dnmc
@
n d

@�1
n j:

By an easy computation, we see that

jl� a�1
n bnma

@
n b

@�1
n j ¼ j<lþ =l� <m� a�1

n bnð=mÞa@n b@�1
n j; since anb

@
n ¼ bna

@
n

¼ jð<l� <mÞ þ =l� a�1
n bnð=mÞa@n b@�1

n j

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð<l�<mÞ2 þ j=l� a�1

n bnð=mÞa@n b@�1
n j2

q

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð<l� <mÞ2 þ ðj=lj þ j=mjÞ2

q
:

Similarly, we may deduce that

jl� c�1
n dnmc

@
n d

@�1
n ja

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð<l� <mÞ2 þ ðj=lj þ j=mjÞ2

q
:

Therefore,

jbnþ1j jcnþ1ja janbncndnjfð<l� <mÞ2 þ ðj=lj þ j=mjÞ2g: ð3:5Þ

Since, jandnja 1þ jbncnj, this implies

jbnþ1j jcnþ1ja fð<l� <mÞ2 þ ðj=lj þ j=mjÞ2gð1þ jbncnjÞjbncnj: ð3:6Þ

Since, K0 ¼ fð<l�<mÞ2 þ ðj=lj þ j=mjÞ2gð1þ jbcjÞ < 1, by using induction

process we have the relation, jbnþ1cnþ1jaKn
0 jbcj ) bnc

@
n ! 0, as n ! y,

and so, and
@
n ¼ 1þ bnc

@
n ! 1, as n ! y. Since, janþ1j ¼ janld@n � bnmc

@
n j,

jdnþ1j ¼ j�cnlb
@
n þ dnma

@
n j, we have

jlj jand@n j � jmj jbnc@n ja janþ1ja jlj jand@n j þ jmj jbnc@n j

) janþ1j ! jlj as n ! y:

Similarly, we have jdnþ1j ! jmj, as n ! y. Again we have

jbnþ1j ¼ j�anlb
@
n þ bnma

@
n j ¼ janb@n j jl� a�1

n bnma
@
n b

@�1
n j

a janbnj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð<l�<mÞ2 þ ðj=lj þ j=mjÞ2

q

aK0janj jbnj ! K0jbnj; since janj ! 1

aKn
0 jbj ! 0; since K0 < 1:
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Thus, for all positive integers, jbnj ! 0 as n ! y, i.e. bn ! 0 as n ! y. Sim-

ilarly, we may show that cn ! 0 as n ! y. Thus, the sequence Sn has a

convergent subsequence and since the subgroup hA;Bi is discrete, so we arrive

at a contradiction. This proves the theorem.

Corollary 1. Let S ¼ a b

c d

� �
and T ¼ l 0

0 m

� �
, l is not similar

to m, generate a discrete non-elementary subgroup hS;Ti of SLð2;HÞ.
Then

2ðcosh t� cosðaþ bÞÞð1þ jbcjÞb 1;

where a ¼ argðlÞ, b ¼ argðmÞ, t ¼ 2 logjlj.

Proof. Without loss of generality, assume jlj ¼ rb 1. Observe that,

ð<l� <mÞ2 þ ðj=lj þ j=mjÞ2

¼ r cos a� 1

r
cos b

� �2

þ rjsin aj þ 1

r
jsin bj

� �2

¼ r2 þ 1

r2
� 2ðcos a cos b � jsin aj jsin bjÞ

¼ 2ðcosh t� cosðaþ bÞÞ; where r ¼ et=2; tb 0:

This completes the proof.

Remark 1. Kellerhals [15, Proposition 3] proved the above result assuming

T hyperbolic, i.e. t0 0. However, it follows from above that Kellerhals’s result

carry over to the elliptic case as well, i.e. when t ¼ 0.

The Theorem 2 also extends Waterman’s Theorem 9 in [31] when restricted

to the quaternionic set up. Note that SLð2;HÞ is not a Cli¤ord group and

hence, Theorem 9 of Waterman does not restrict to SLð2;HÞ. For example, the

element

T ¼ eiy 0

0 eif

� �
;

does not belong to the Cli¤ord group SLð2;C2Þ, see [31, p. 95], but it belongs to

the group SLð2;HÞ. This class of elements are also covered by Theorem 2.

The next theorem generalizes the Jørgensen’s inequality in SLð2;HÞ for

strictly hyperbolic elements with some given conditions. The formulation

resembles the original inequality by Jørgensen.
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Corollary 2. Let A;B A SLð2;HÞ be such that both A and the commu-

tator ½A;B� are strictly hyperbolic. If hA;Bi is a non-elementary discrete

subgroup of SLð2;HÞ, then

jd2A � 4j þ jdABA�1B�1 � 2jb 1:

Proof. Let A ¼ k 0

0 k�1

� �
, where k > 1 and B ¼ a b

c d

� �
with c0 0.

Then dA ¼ k þ k�1 implies jd2A � 4j ¼ jðk þ k�1Þ2 � 4j ¼ jk � k�1j2.
Now, we have

AB ¼ k 0

0 k�1

� �
a b

c d

� �
¼ ka kb

k�1c k�1d

� �

and

ABA�1B�1 ¼ ka kb

k�1c k�1d

� �
k�1 0

0 k

� �
c�1ds�1c �a�1bs�1cac�1

�s�1c s�1cac�1

� �

¼ a k2b

k�2c d

� �
c�1ds�1c �a�1bs�1cac�1

�s�1c s�1cac�1

� �

¼ ac�1ds�1c� k2bs�1c ðk2 � 1Þbs�1cac�1

ðk�2 � 1Þds�1c ds�1cac�1 � k�2ca�1bs�1cac�1

� �
:

Therefore, we have

dABA�1B�1 ¼ <ðac�1ds�1c� k2bs�1cÞ þ <ðds�1cac�1 � k�2ca�1bs�1cac�1Þ

¼ <ðac�1ds�1cÞ � k2<ðbs�1cÞ þ <ðds�1cac�1Þ

� k�2<ðca�1bs�1cac�1Þ

¼ 2<ðcac�1dsÞ � ðk2 þ k�2Þ<ðbscÞ

¼ 2ð1þ<ðcbsÞÞ � ðk2 þ k�2Þ<ðbscÞ; since s ¼ cac�1d � cb:

¼ 2� ðk2 þ k�2 � 2Þ<ðbscÞ

¼ 2� ðk � k�1Þ2<ðbscÞ:

This implies that jdABA�1B�1 � 2j ¼ jk � k�1j2j<ðbscÞj. Since ABA�1B�1 is

strictly hyperbolic, we have

bsc ¼ bdca� jbcj2 ) <ðbscÞ ¼ <ðbdcaÞ � jbcj2 ¼ <ðacdbÞ � jbcj2:

Also, we have bscac�1 ¼ 0 ) bðcac�1d � cbÞcac�1 ¼ 0 ) jbj2ðjadj2 � bacdÞ ¼
0 ) jadj2 ¼ bacd, since bc0 0, for otherwise hA;Bi becomes elementary.
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This shows that bsc ¼ jadj2 � jbcj2 ¼ <ðbscÞ. Thus,

jd2A � 4j þ jdABA�1B�1 � 2j ¼ jk � k�1j2ð1þ jbcjÞ:

Now the theorem follows from Theorem 5.

The following two corollaries give weaker versions of Theorem 2.

Corollary 3. Let S ¼ a b

c d

� �
and T ¼ l 0

0 m

� �
generate a non-

elementary discrete subgroup of SLð2;HÞ.
Then we have

bðTÞLk
b 1;

where

bðTÞ ¼ sup
e; f00;y

jðl� eme�1Þðl� f mf �1Þj;

L ¼ 1þ jmj and k ¼ ½1þ jbcj� þ 1;

½:� denotes the greatest integer function.

Proof. Since L > 1, k > 2, note that 1þ jbcja kaLk. Let

K ¼ ð<l� <mÞ2 þ ðj=lj þ j=mjÞ2:

Using conjugation if necessary, suppose without loss of generality that l, m are

complex numbers. Note that, both bðTÞ and K are invariant if we conjugate

the matrix T in the above theorems to a diagonal matrix in SLð2;HÞ over the

complex numbers. Note that

jl� jmj�1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð<l�<mÞ2 þ ðj=lj2 þ j=mj2Þ

q
;

hence, Ka bðTÞ.
Further note that a diagonal element T A SLð2;HÞ can be conjugated to

a diagonal matrix T 0 A SLð2;CÞ and, the conjugation can be done using a

diagonal element in SLð2;HÞ. So, given hS;Ti as in the above results, if we

conjugate it to hDSD�1;DTD�1i, where D a diagonal matrix in SLð2;HÞ, then
the conjugation makes DTD�1 a diagonal matrix over C. And further, it is

easy to check that if DTD�1 ¼ a 0 b 0

c 0 d 0

� �
, then jb 0c 0j ¼ jbcj. Thus conjugation

of hS;Ti by a diagonal matrix in SLð2;HÞ does not change the left hand sides

of the above inequalities.

Since hS;Ti is discrete, non-elementary, Kð1þ jbcjÞ > 1. Hence

bðTÞLk
bKð1þ jbcjÞb 1:

This completes the proof.
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Corollary 4. Suppose that S ¼ a b

c d

� �
and T ¼ l 0

0 m

� �
generate a

non-elementary discrete subgroup of SLð2;HÞ. Then we have

bðTÞð1þ jbcjÞb 1;

where bðTÞ ¼ sup
e; f00;y

jðl� eme�1Þðl� f mf �1Þj.

The next theorem gives Jørgensen inequality for a two-generator subgroup

where one of the generators fixes y.

Theorem 3. Let S ¼ a b

c d

� �
and T ¼ l h

0 m

� �
, <l ¼ <m0 0, jlja

1a jmj, generate a non-elementary discrete subgroup of SLð2;HÞ. Suppose

Sðl; mÞ ¼ jmjðj=lj þ j=mjÞa 1
4
ffiffi
2

p . Then we have

jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt0j jt0j

p
b

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

ffiffiffi
2

p
Sðl; mÞ

q
2

;

where t0 ¼ lð�c�1dÞ þ hþ ðc�1dÞm and, t0 ¼ lðac�1Þ þ h� ðac�1Þm.

Proof. Let a ¼ arg l, b ¼ arg m. Denote r ¼ jlj, where we see that

r2 cos a ¼ cos b. Consider the Shimizu-Leutbecher sequence

S0 ¼ S; Snþ1 ¼ SnTS
�1
n ; where Sn ¼

an bn

cn dn

� �
:

Now, we have

Snþ1 ¼ SnTS
�1
n

¼ an bn

cn dn

� �
l h

0 m

� �
d@n �b@n
�c@n a@n

� �

¼
anld

@
n � anhc

@
n � bnmc

@
n �anlb

@
n þ anha

@
n þ bnma

@
n

cnld
@
n � cnhc

@
n � dnmc

@
n �cnlb

@
n þ cnha

@
n þ dnma

@
n

� �
:

Define tn, tn by

tn ¼ lð�c�1
n dnÞ þ hþ ðc�1

n dnÞm; ð3:7Þ

tn ¼ lðanc�1
n Þ þ h� ðanc�1

n Þm: ð3:8Þ

Since <l ¼ <m by assumption, using this we obtain

tn ¼ =lð�c�1
n dnÞ þ hþ ðc�1

n dnÞ=m; ð3:9Þ

tn ¼ =lðanc�1
n Þ þ h� ðanc�1

n Þ=m: ð3:10Þ
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We see that

cnþ1 ¼ cnld
@
n � cnc

@
n � dnlc

@
n

¼ cnð=lðd@n c@n �1Þ � h� ðc�1
n dnÞ=mÞc@n

¼ �cnf=lð�c�1
n dnÞ þ hþ ðc�1

n dnÞ=mgc@n
¼ �cntnc

@
n

) jcnþ1j ¼ jtncnj jcnj:

dnþ1 ¼ �cnlb
@
n þ cnha

@
n þ dnma

@
n

¼ <lðdna@n � cnb
@
n Þ þ cnf=lð�b@n a

@
n
�1Þ þ hþ ðc�1

n dnÞ=mga@n

¼ <lþ cnf=lða�1
n c@n

�1 � c�1
n dnÞ þ hþ ðc�1

n dnÞ=mga@n

¼ r cos aþ cntna
@
n þ cn=la�1

n c@n
�1a@n :

By similar computations, we have

anþ1 ¼ r cos a� antnc
@
n þ c@n

�1=mc@n :

Using above equalities, we see that

tnþ1 ¼ =lð�c�1
nþ1dnþ1Þ þ hþ ðc�1

nþ1dnþ1Þ=m

¼ =lfc@n �1t�1
n c�1

n ðr cos aþ cntna
@
n þ cn=la�1

n c@n
�1a@n Þg

þ h� fc@n �1t�1
n c�1

n ðr cos aþ cntna
@
n þ cn=la�1

n c@n
�1a@n Þg=m

¼ tn þ r cos a =lc@n �1t�1
n c�1

n þ =lc@n �1t�1
n =la�1

n c@n
�1a@n

� r cos ac@n
�1t�1

n c�1
n =m� c@n

�1t�1
n =la�1

n c@n
�1a@n=m

) jtnþ1ja jtnj þ
ðr2jsin aj þ jsin bjÞðjcos aj þ jsin ajÞ

jtnc2n j
; using; ja@n j ¼ janj jl�1

22 j;

jl�1
22 j ¼ det Sn ¼ 1; and; j=lj ¼ jlj jsin aj; j=mj ¼ jmj jsin bj

) jtnþ1cnþ1ja jtncnj jtncnj þ
ffiffiffi
2

p
Sðl; mÞ; since; jcos aj þ jsin aja

ffiffiffi
2

p
; where;

Sðl; mÞ ¼ ðjsin aj þ jmj2jsin bjÞ

¼ j=lj
jlj þ jmj j=mj

� �

¼ jmjðj=lj þ j=mjÞ:
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Similarly, we have jtnþ1cnþ1ja jtncnj jtncnj þ
ffiffiffi
2

p
Sðl; mÞ, and

jdnþ1ja jtncnj janj þ 2r;

janþ1ja jtncnj janj þ
2

r
;

jbnþ1ja janj2 þ rSðl; mÞjanj jbnj:

Consider the sequence

x0 ¼ jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt0j jt0j

p
; xnþ1 ¼ x2

n þ
ffiffiffi
2

p
Sðl; mÞ:

If 0a x0 <
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4

ffiffi
2

p
Sðl;mÞ

p
2 a 1, then fxng is a monotonically decreasing se-

quence of real numbers and is bounded above by
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4

ffiffi
2

p
Sðl;mÞ

p
2 and converges

to
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4

ffiffi
2

p
Sðl;mÞ

p
2 . Hence

jtncnj <
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

ffiffiffi
2

p
Sðl; mÞ

q
2

a 1; and

jtncnj <
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

ffiffiffi
2

p
Sðl; mÞ

q
2

a 1:

One a subsequence jtncnj and jtncnj converges to values at most
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4

ffiffi
2

p
Sðl;mÞ

p
2 . Hence on a subsequence janj, jbnj, jcnj, jdnj converge. In

particular, jcnj ! 0. Note that cn 0 0 unless c ¼ 0, but c can not be zero as

the group hS;Ti is non-elementary by assumption. Thus the theorem follows.

Corollary 5. Suppose S ¼ a b

c d

� �
and T ¼ l h

0 m

� �
, where <l ¼

<m0 0, h0 0, jlja 1a jmj, generate a non-elementary discrete subgroup of

SLð2;HÞ. Suppose

S 0ðl; mÞ ¼ jmj
jhj2

ðj=lj þ j=mjÞ:

Then we have

jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt 00j jt 00j

q
b

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

ffiffiffi
2

p
jhj2S 0ðl; mÞ

q
2jhj ;

where

t 00 ¼ lð�c�1dÞh�1 þ 1þ ðc�1dÞmh�1 and; t 00 ¼ lðac�1Þh�1 þ 1� ðac�1Þmh�1:

Proof. If h0 0, we write t0 ¼ t 00h and t0 ¼ t 00h. Then the result follows

from the inequality in Theorem 3.
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Corollary 6. Suppose S ¼ a b

c d

� �
and T ¼ l h

0 m

� �
, <l ¼ <m ¼ 0,

jlja 1a jmj, generate a non-elementary discrete subgroup of SLð2;HÞ.
Suppose Sðl; mÞ ¼ jmjðj=lj þ j=mjÞa 1

4 . Then we have

jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt0j jt0j

p
b

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Sðl; mÞ

p
2

;

where t0 ¼ lð�c�1dÞ þ hþ ðc�1dÞm and, t0 ¼ lðac�1Þ þ h� ðac�1Þm.

Proof. In this case, we proceed as in the proof of the previous theorem.

The only di¤erence from the previous proof is essentially the following bound:

jtnþ1ja jtnj þ
ðr2jsin aj þ jsin bjÞjsin aj

jtnc2n j
; using; ja@n j ¼ janj jl�1

22 j;

jl�1
22 j ¼ det Sn ¼ 1; and; j=lj ¼ jlj jsin aj; j=mj ¼ jmj jsin bj

) jtnþ1cnþ1ja jtncnj jtncnj þ Sðl; mÞ; where

Sðl; mÞ ¼ ðjsin aj þ jmj2jsin bjÞ

¼ j=lj
jlj þ jmj j=mj

� �

¼ jmjðj=lj þ j=mjÞ:

Noting this bound, the rest is similar.

Given any parabolic transformation in SLð2;HÞ, it is conjugate to a

transformation of the form

T ¼ l 1

0 l

� �
; jlj ¼ 1;

and moreover, one can choose <ðlÞ ¼ 0 up to conjugacy. Using Corollary 6,

this recovers Waterman’s result [31, Theorem 8] in SLð2;HÞ.

Corollary 7. If S ¼ a b

c d

� �
, T ¼ l 1

0 l

� �
, jlj ¼ 1 generate a non-

elementary discrete subgroup of SLð2;HÞ with T parabolic fixing y, then

jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jTðac�1Þ � ac�1j

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jTð�c�1dÞ � ð�c�1dÞj

q
b

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 8j=lj

p
2

:

Proof. Note that Tðac�1Þ ¼ ðlðac�1Þ þ 1Þl�1 and Tð�c�1dÞ ¼
ðlð�c�1dÞ þ 1Þl�1. Now, Tðac�1Þ � ðac�1Þ ¼ ðlðac�1Þ þ 1� ðac�1ÞlÞl�1 ¼
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t0l
�1. Similarly, Tð�c�1dÞ � ð�c�1dÞ ¼ tol

�1. Since jlj ¼ 1, the result

follows.

Recently, Erlandsson and Zakeri [5] have proved a geometric version of

Theorem 3. Their geometric inequality does not depend on any quantity like

Sðl; mÞ. Also, in the asymptotic case, it covers some of the two-generators

groups whose discreteness remain inconclusive by Corollary 7. However, the

inequality of Erlandsson and Zakeri does not involve the algebraic coe‰cients

of the matrices. The above results give a more explicit algorithm involving the

matrix coe‰cients to test discreteness.

Using similar argument as in the proof of Theorem 3, we can also prove

the following theorem that gives Jørgensen inequality for a two-generator

subgroup where one of the generators has a fixed point 0.

Theorem 4. Suppose S ¼ a b

c d

� �
and T ¼ l 0

h m

� �
, where <l ¼ <m ¼

k, jlja 1a jmj, generate a non-elementary discrete subgroup of SLð2;HÞ.
Suppose, Sðl; mÞ ¼ jmjðj=lj þ j=mjÞa e. Then

jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt0j jt0j

p
b

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�1Sðl; mÞ

p
2

;

where t0 ¼ mð�b�1aÞ þ hþ ðb�1aÞl, t0 ¼ mðdb�1Þ þ h� ðdb�1Þl and e ¼ 1
4
ffiffi
2

p or 1
4

depending upon k0 0 or k ¼ 0.

4. Extremality of Jørgensen inequalities

The following theorem generalizes Theorem-1 of Jørgensen-Kikka [8].

Theorem 5. Let S ¼ a b

c d

� �
and T ¼ l 0

0 m

� �
A SLð2;HÞ. Suppose,

hS;Ti is discrete, non-elementary and for a ¼ argðlÞ, b ¼ argðmÞ, t ¼ 2 logjlj,

fð<l� <mÞ2 þ ðj=lj þ j=mjÞ2gð1þ jbcjÞ ¼ 1:

We consider the Shimizu-Leutbechar sequence

S0 ¼ S; Snþ1 ¼ SnTS
�1
n :

Then T and Snþ1 ¼ SnTS
�1
n generate a non-elementary discrete group and

fð<l� <mÞ2 þ ðj=lj þ j=mjÞ2gð1þ jbncnjÞ ¼ 1:

Proof. We consider the Shimizu-Leutbechar sequence

S0 ¼ S; Snþ1 ¼ SnTS
�1
n :
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From relation (3.1) we get

anþ1 ¼ anld
@
n � bnmc

@
n ; bnþ1 ¼ �anlb

@
n þ bnma

@
n

cnþ1 ¼ cnld
@
n � dnmc

@
n ; dnþ1 ¼ �cnlb

@
n þ dnma

@
n

and we also have

jbnþ1j jcnþ1j ¼ jð�anlb
@
n þ bnma

@
n Þðcnld@n � dnmc

@
n Þj

¼ janbncndnj jl� a�1
n bnma

@
n b

@�1
n j jl� c�1

n dnmc
@
n d

@�1
n j:

This implies (see (3.6) in the proof of Theorem 2)

jbnþ1cnþ1ja fð<l�<mÞ2 þ ðj=lj þ j=mjÞ2gð1þ jbncnjÞjbncnj: ð4:1Þ

Let

K ¼ ð<l� <mÞ2 þ ðj=lj þ j=mjÞ2: ð4:2Þ

Construct the sequence wn where

w0 ¼ jbcj; wn ¼ jbncnj:

It follows from (4.1) that wnþ1 aKwnð1þ wnÞ. Now note that Kð1þ w0Þ ¼ 1.

Now w0 0 0, for otherwise, S and T will have a common fixed point. Hence

K < 1.

Observe that

1aKð1þ w1ÞaKð1þ Kw0ð1þ w0ÞÞaKð1þ w0Þ ¼ 1;

and hence Kð1þ w1Þ ¼ 1. By induction it follows that Kð1þ wnÞ ¼ 1 for

all nb 0. Since K < 1, it follow that wn 0 0 for all n and hence the result

follows.

The following corollary generalizes Theorem-2 of Jørgensen and Kikka [8].

Corollary 8. Let S ¼ a b

c d

� �
and T ¼ l 0

0 m

� �
A SLð2;HÞ. If

hS;Ti is discrete, non-elementary and

fð<l� <mÞ2 þ ðj=lj þ j=mjÞ2gð1þ jbcjÞ ¼ 1;

then T is elliptic of order at least seven.

Proof. If possible suppose T is hyperbolic. As in the above proof,

it follows from the extremal relation that K < 1. Now, let arg l ¼ a and

arg m ¼ b. Then we have
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K ¼ ð<l�<mÞ2 þ ðj=lj þ j=mjÞ2

¼ jlj2 þ jmj2 þ 2ðj=lj j=mj � <l<mÞ

¼ jlj2 þ jmj2 þ 2jsin aj jsin bj � cos a cos b

¼ jlj2 þ jmj2 � 2 cosðaþ bÞ:

Let jlj ¼ et=2. Then using coshðtÞ ¼ e tþe�t

2 , observe that

K ¼ et þ e�t � 2 cosðaþ bÞ

b et þ e�t þ 2 ¼ ðet=2 þ e�t=2Þ2:

Since et=2 þ e�t=2 > 1, this implies K > 1. This is a contradiction. Hence T

must be elliptic.

Since T is elliptic, t ¼ 0. Now, K ¼ 1 implies, cosðaþ bÞ > 1
2 . Thus

0 < aþ b < p
3 . This implies that the order of T must be at least seven. This

completes the proof.

Corollary 9. Let S ¼ a b

c d

� �
and T ¼ l 0

0 m

� �
A SLð2;HÞ. Sup-

pose hS;Ti is discrete, non-elementary and

bðTÞð1þ jbcjÞ ¼ 1;

then T is elliptic of order at least seven.

Proof. Suppose, up to conjugacy, l, m are complex numbers. Then

Ka bðTÞ. Since hS;Ti is discrete, we must have Kð1þ jbcjÞb 1. Hence

the equality in the hypothesis implies Kð1þ jbcjÞ ¼ 1. The result now follows

from the above corollary.

Corollary 10. Let S ¼ a b

c d

� �
and T ¼ l 0

0 m

� �
A SLð2;HÞ. If

hS;Ti is discrete, non-elementary and

bðTÞLk ¼ 1;

where k ¼ ½1þ jbcj� þ 1 > 2 and L ¼ 1þ jmj > 1, then T is elliptic of order at

least seven.

Proof. Up to conjugacy, we assume l, m are complex numbers. It is

enough to show that Kð1þ jbcjÞ ¼ 1, where K ¼ ð<l� <mÞ2 þ ðj=lj þ j=mjÞ2.
Since the subgroup hS;Ti generates a discrete non-elementary subgroup of

SLð2;HÞ, then we have Kð1þ jbcjÞb 1. Now note that

K a bðTÞ ¼ 1

Lk
a

1

1þ jbcj ;
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This imples Kð1þ jbcjÞa 1. Hence, Kð1þ jbcjÞ ¼ 1. The result now follows

from Corollary 8.

The following characterizes non-extreme groups.

Corollary 11. Let S ¼ a b

c d

� �
and T ¼ l 0

0 m

� �
generate a discrete

non-elementary subgroup of SLð2;HÞ. Suppose

j jadj � 1j > cot2
aþ b

2

� �
� 3

� �
:

Then hS;Ti is not an extreme group.

Proof. If possible suppose hS;Ti satisfy equality in Jørgensen inequality.

Note that, it follows from the equality in Jørgensen inequality that

jbcj ¼ 1� K

K
; ð4:3Þ

where K ¼ ð<l� <mÞ2 þ ðj=lj þ j=mjÞ2. The condition jsj ¼ jad � aca�1bj
¼ 1 implies

1a jadj þ jbcj

) jadjb 1� jbcj

¼ Kð1þ jbcjÞ � jbcj

¼ K þ ðK � 1Þ ð1� KÞ
K

¼ 2� 1

K
:

This implies

jadjb 1� jbcj: ð4:4Þ

Also we have from jsj ¼ 1 that jadj � jbcja 1. This implies jadja 1þ jbcj.
Combining this with (4.4) we get

j jadj � 1ja jbcj:

Now we see that K ¼ 2ð1� cosðaþ bÞÞ and

jbcj ¼ 1� K

K
¼ 2 cosðaþ bÞ � 1

2� 2 cosðaþ bÞ

¼
cos2 aþb

2

� �
� 3 sin2 aþb

2

� �

4 sin2 aþb
2

� �
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¼
cot2 aþb

2

� �
� 3

4

a cot2
aþ b

2

� �
� 3

� �
:

Hence, we have

j jadj � 1ja cot2
aþ b

2

� �
� 3

� �
;

which is a contradiction. This proves the result.

Theorem 6. Suppose S ¼ a b

c d

� �
and T ¼ l h

0 m

� �
, <l ¼ <m ¼ k, jlja

1a jmj, generate a non-elementary discrete subgroup of SLð2;HÞ. Suppose

jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt0j jt0j

p
¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�1Sðl; mÞ

p
2

;

where Sðl; mÞ ¼ jmjðj=lj þ j=mjÞa e and, e ¼ 1
4
ffiffi
2

p or 1
4 depending on k0 0 or

k ¼ 0. We consider the Shimizu-Leutbechar sequence

S0 ¼ S; Snþ1 ¼ SnTS
�1
n :

Then, for each n, hSn;Ti is a non-elementary discrete subgroup of SLð2;HÞ
and

jcnj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jtnj jtnj

p
¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�1Sðl; mÞ

p
2

:

where tn ¼ lð�c�1
n dnÞ þ hþ ðc�1

n dnÞm, tn ¼ lðanc�1
n Þ þ h� ðanc�1

n Þm.

Proof. We prove the result assuming k0 0. The case k ¼ 0 is

similar.

Consider the Shimizu-Leutbecher sequence S0 ¼ S, Snþ1 ¼ SnTS
�1
n , where

Sn ¼
an bn

cn dn

� �
. Now, we have

Snþ1 ¼ SnTS
�1
n

¼ an bn

cn dn

� �
l h

0 m

� �
d@n �b@n
�c@n a@n

� �

¼ anld
@
n � anhc

@
n � bnmc

@
n �anlb

@
n þ anha

@
n þ bnma

@
n

cnld
@
n � cnhc

@
n � dnmc

@
n �cnlb

@
n þ cnha

@
n þ dnma

@
n

� �
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Define tn, tn by

tn ¼ lð�c�1
n dnÞ þ hþ ðc�1

n dnÞm ð4:5Þ

tn ¼ lðanc�1
n Þ þ h� ðanc�1

n Þm ð4:6Þ

We see that

cnþ1 ¼ cnld
@
n � cnhc

@
n � dnmc

@
n

¼ �cnðlð�d@n c
@
n
�1Þ þ hþ ðc�1

n dnÞmÞc@n
¼ �cntnc

@
n :

Thus jcnþ1j ¼ jtncnj jcnj: Similarly, we have

jdnþ1ja jtncnj janj þ 2r;

janþ1ja jtncnj janj þ
2

r
:

Also, jbnþ1ja janj2 þ rSðl; mÞjanj jbnj, as in the proof of Theorem 3. We

have

jtnþ1cnþ1ja jtncnj jtncnj þ
ffiffiffi
2

p
Sðl; mÞ;

jtnþ1cnþ1ja jtncnj jtncnj þ
ffiffiffi
2

p
Sðl; mÞ:

Consider the sequence

x0 ¼ jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt0j jt0j

p
; xnþ1 ¼ x2

n þ
ffiffiffi
2

p
Sðl; mÞ; where Sðl; mÞa 1

4
ffiffiffi
2

p :

Note that fxng is a monotonically decreasing sequence of real numbers and

is bounded above by
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4

ffiffi
2

p
Sðl;mÞ

p
2 . By the hypothesis x0 ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4

ffiffi
2

p
Sðl;mÞj

p
2 .

Hence fxng must be a constant sequence. In particular, cn 0 0 for all n

and hence, Sn and T can not have a common fixed point. Thus hSn;Ti is

non-elementary.

Corollary 12. Let S ¼ a b

c d

� �
, T ¼ l h

0 m

� �
, where <l ¼ <m, jlja

1a jmj, generate a discrete, non-elementary subgroup of SLð2;HÞ. Suppose

t0 ¼ lð�c�1dÞ þ hþ ðc�1dÞm;

t0 ¼ lðac�1Þ þ h� ðac�1Þm:
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If

jt0 � t0j
jt0t0j

> jcd þ acj;

then hS;Ti is not extreme.

Proof. Let s0 ¼
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�e�1Sðl;mÞj

p
2 . Suppose hS;Ti is extreme. Then

jcj2jt0t0j ¼ s2
0 . Note that

t0 � t0 ¼ �lðc�1d þ ac�1Þ þ ðc�1d þ ac�1Þm

¼ =lðc�1d þ ac�1Þ þ ðc�1d þ ac�1Þ=m:
Thus

jt0 � t0ja ðj=lj þ j=mjÞðjc�1d þ ac�1jÞ

a ðj=lj þ j=mjÞ 1

jcj2
jcd þ acj: jcj

2jt0t0j
s2
0

:

This implies

jt0 � t0j
jt0t0j

aSðl; mÞ jcd þ acj
s2
0

:

Now note that Sðl; mÞa 1
4 and s0 b

1
2 , hence

Sðl;mÞ
s2
0

a 1. Thus, we have

jt0 � t0j
jt0t0j

a jcd þ acj:

This proves the result.

If we choose T ¼ l 0

h m

� �
, then analogous result to Theorem 6 follows

using similar arguments as above. In particular, we have the following.

Corollary 13. Let S ¼ a b

c d

� �
, T ¼ l 0

h m

� �
, <l ¼ <m, generate a

discrete, non-elementary subgroup of SLð2;HÞ. Suppose

t0 ¼ mð�b�1aÞ þ hþ ðb�1aÞl;

t0 ¼ mðdb�1Þ þ h� ðdb�1Þl:
If

jt0 � t0j
jt0t0j

> jbd þ abj;

then hS;Ti is not extreme.
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4.1. Examples of extreme groups. Let us consider the following elements

in SLð2;HÞ: S ¼ a 0

c d

� �
, T ¼ l c�1j

0 m

� �
, jcjb 1 and =l ¼ =m ¼ 0.

Suppose that the subgroup hS;Ti in SLð2;HÞ is non-elementary and discrete.

For instance, if a ¼ d ¼ c ¼ 1 and l ¼ m ¼ 1 then this is the case. We see

that t0 ¼ c�1j, t0 ¼ c�1j and so we have jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt0j jt0j

p
¼ 1. Also observe

that Sðl; mÞ ¼ 0 and
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4

ffiffi
2

p
Sðl;mÞ

p
2 ¼ 2

2 ¼ 1. So, we have jcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt0j jt0j

p
¼ 1 ¼

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4

ffiffi
2

p
Sðl;mÞ

p
2 .
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Soc., 106:3 (1989), 763–770.

[28] S. P. Tan, Y. L. Wong and Y. Zhang, Delambre-Gauss formulas for augmented, right-

angled hexagons in hyperbolic 4-space, Adv. Math. 230 (2012), no. 3, 927–956.

[29] A. Yu. Vesnin and A. V. Masley, On Jørgensen numbers and their analogs for groups

of figure-eight orbifolds, Siberian Mathematical Journal, Vol. 55, no. 5 (2014), 807–816.

[30] M. Wada, OPTi’s algorithm for discreteness determination, Experimental Mathematics,

Volume 15, Issue 1 (2006), 61–66.
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