
Hiroshima Math. J.

46 (2016), 79–85

A note on a result of Lanteri about the

class of a polarized surface

Yoshiaki Fukuma

(Received April 6, 2015)

(Revised June 26, 2015)

Abstract. Let S be a smooth complex projective surface, H be a very ample

divisor on S, and mðS;HÞ be its class. In this short note we prove that mðS;HÞ
bH 2 þ 2gðS;HÞ þ 2 under the assumption that mðS;HÞ > H 2 and gðS;HÞb 2,

where gðS;HÞ denotes the sectional genus of ðS;HÞ. Moreover we classify ðS;HÞ
with mðS;HÞ ¼ H 2 þ 2gðS;HÞ þ 2. This result is an improvement of a result of

Lanteri.

1. Introduction

Let S be a smooth complex projective surface, H be a very ample divisor

on S, and mðS;HÞ be its class, i.e. the degree of the dual variety of S

(embedded via H). Then some relations between mðS;HÞ and H 2 have been

studied by many authors (for example, [4], [5], [6], [7] and [9]). Among other

things, in [6, (2.5) Proposition], Lanteri proved mðS;HÞbH 2 þ 2gðS;HÞ þ 1

under the assumption that mðS;HÞ > H 2 and gðS;HÞb 2. Here gðS;HÞ
denotes the sectional genus of ðS;HÞ, which is defined by the following

formula.

gðS;HÞ ¼ 1þ 1

2
ðKS þHÞH:

In his paper, Lanteri also said that it is not known whether this result is the

best possible or not (see [6, p. 85]). In this short note, we improve this

inequality and we show that mðS;HÞbH 2 þ 2gðS;HÞ þ 2 holds under the

assumption that mðS;HÞ > H 2 and gðS;HÞb 2. Moreover we classify ðS;HÞ
with mðS;HÞ ¼ H 2 þ 2gðS;HÞ þ 2.
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2. Preliminaries

In this paper, we work over the field of complex numbers C. We use the

customary notation in algebraic geometry. The words ‘‘line bundles’’ and

‘‘(Cartier) divisors’’ are used interchangeably. If a smooth projective surface

S is a P1-bundle over a smooth projective curve C, then there exists a vector

bundle E on C such that SGPCðEÞ. Let HðEÞ be the tautological line bundle

of PCðEÞ. For a smooth projective surface S and a very ample divisor H

on S, let gðS;HÞ be the sectional genus of ðS;HÞ, KS be the canonical divisor

of S, mðS;HÞ be the class of ðS;HÞ, and wðSÞ be the topological Euler

characteristic. Let qðSÞ be the irregurality of S and pgðSÞ be the geometric

genus of S.

It is known that these invariants satisfy the following (see [6, (1.3)]):

mðS;HÞ �H 2 ¼ wðSÞ þ 4ðgðS;HÞ � 1Þ: ð1Þ

By using the genus formula and Noether’s formula, we also have

mðS;HÞ ¼ 12wðOSÞ � K 2
S þ 4ðgðS;HÞ � 1Þ þH 2: ð2Þ

3. Main result

Theorem 1. Let ðS;HÞ be a polarized surface such that H is very ample.

Let mðS;HÞ be the class of ðS;HÞ. Assume that mðS;HÞ>H 2 and gðS;HÞb2.

Then mðS;HÞbH 2 þ 2gðS;HÞ þ 2 holds. If this equality holds, then ðS;HÞ ¼
ðPCðEÞ; 2C0 þ F Þ, where C is a smooth elliptic curve, E is a normalized vector

bundle of rank two on C with deg E ¼ 1, and C0 (resp. F) is a section of S with

OSðC0ÞGHðEÞ (resp. a fiber).

Proof. (A) First we will prove that mðS;HÞbH 2 þ 2gðS;HÞ þ 2. Here

we note that

mðS;HÞbH 2 þ 2gðS;HÞ þ 1 ð3Þ

holds by [6, (2.5) Proposition].

(A.i) Assume that kðSÞb 0. Then by [3, Theorems 2.1 and 3.1 and

Corollary 4.3]1 we get

gðS;HÞb 3qðSÞ; if kðSÞ ¼ 0 or 1;

2qðSÞ; if kðSÞ ¼ 2:

�
ð4Þ

By [6, (2.1) Proposition], we get

mðS;HÞ �H 2
b 4ðgðS;HÞ � qðSÞÞ þ 2pgðSÞ þ rðSÞ � 2: ð5Þ

1We note that a line bundle L is 1-very ample if and only if L is very ample.
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Here rðSÞ denotes the Picard number of S. In particular rðSÞb 1. By using

(4) and (5) we have

mðS;HÞ �H 2
b 2gðS;HÞ þ 2ðgðS;HÞ � 2qðSÞÞ þ 2pgðSÞ þ rðSÞ � 2

b 2gðS;HÞ þ 2pgðSÞ þ rðSÞ � 2: ð6Þ

Assume that mðS;HÞ ¼ H 2 þ 2gðS;HÞ þ 1. Then by (6) we see that one of

the following holds.
� pgðSÞ ¼ 0 and rðSÞa 3.
� pgðSÞ ¼ 1 and rðSÞ ¼ 1.

Claim 1. qðSÞa 1 holds.

Proof. Assume that pgðSÞ ¼ 1. Then qðSÞa 2 because wðOSÞb 0. If

qðSÞ ¼ 2, then wðOSÞ ¼ 0 and we get kðSÞa 1. By (4) we have gðS;HÞb
3qðSÞ and by (6) we get

mðS;HÞ �H 2
b 2gðS;HÞ þ 2ðgðS;HÞ � 2qðSÞÞ þ 2pgðSÞ þ rðSÞ � 2

b 2gðS;HÞ þ 2qðSÞ þ 2pgðSÞ þ rðSÞ � 2

b 2gðS;HÞ þ 5;

but this is a contradiction. So we get qðSÞa 1 if pgðSÞ ¼ 1.

Assume that pgðSÞ ¼ 0. Since kðSÞb 0, we have wðOSÞb 0. Hence we

have qðSÞa 1. Therefore we get the assertion of Claim 1.

If gðS;HÞb 2qðSÞ þ 2, then by (6)

mðS;HÞ �H 2
b 2gðS;HÞ þ 3;

but this is impossible. So we get gðS;HÞa 2qðSÞ þ 1 and by Claim 1 we have

gðS;HÞa 3. Since H is very ample with gðS;HÞa 3 and kðSÞb 0, we see

from [1, Theorems 8.7.1, 8.9.1 and 10.2.7] that SHP3 is a quartic surface in

P3 and H ¼ OSð1Þ. Then gðS;HÞ ¼ 3, H 2 ¼ 4, qðSÞ ¼ 0 and OSðKSÞ ¼ OS.

But then by (5)

mðS;HÞ �H 2
b 4gðS;HÞ � 4qðSÞ þ 2pgðSÞ þ rðSÞ � 2

¼ 2gðS;HÞ þ 2gðS;HÞ � 4qðSÞ þ 2pgðSÞ þ rðSÞ � 2

b 2gðS;HÞ þ 7;

and this is impossible. Therefore mðS;HÞ �H 2 b 2gðS;HÞ þ 2 holds for the

case where kðSÞb 0.
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(A.ii) Assume that kðSÞ ¼ �y.

(A.ii.1) If KS þH is not nef, then by [10, (1.5) Proposition and (1.5.2)

Corollary] or [8, 1.3 Remark] ðS;HÞ is one of the following three types.

(a) ðP2;OP2ð1ÞÞ.
(b) ðP2;OP2ð2ÞÞ.
(c) A scroll over a smooth projective curve.

If ðS;HÞ is either (a) or (b), then gðS;HÞ ¼ 0 and this contradicts the

assumption that gðS;HÞb 2.

If ðS;HÞ is the type (c), then by (1) and (2)

mðS;HÞ �H 2 ¼ wðSÞ þ 4ðgðS;HÞ � 1Þ

¼ 12wðOSÞ � K 2
S þ 4ðgðS;HÞ � 1Þ

¼ 12ð1� qðSÞÞ � 8ð1� qðSÞÞ þ 4ðqðSÞ � 1Þ

¼ 0:

But this contradicts the assumption that mðS;HÞ > H 2. So we may assume

that KS þH is nef.

(A.ii.2) Assume that KS þH is nef.

(A.ii.2.1) If SGP2, then by (1)

mðS;HÞ �H 2 ¼ wðSÞ þ 4ðgðS;HÞ � 1Þ

¼ 3þ 4ðgðS;HÞ � 1Þ

¼ 2gðS;HÞ þ 2gðS;HÞ � 1

b 2gðS;HÞ þ 3

because of the assumption that gðS;HÞb 2.

(A.ii.2.2) We assume that SZP2. Then rðSÞb 2 and by (5) we have

mðS;HÞ �H 2
b 2gðS;HÞ þ 2ðgðS;HÞ � 2qðSÞÞ þ 2pgðSÞ þ rðSÞ � 2

b 2gðS;HÞ þ 2ðgðS;HÞ � 2qðSÞÞ: ð7Þ

Since KS þH is nef, we have

0a ðKS þHÞ2 ¼ K 2
S þ 2KSH þH 2

¼ K 2
S þ 4ðgðS;HÞ � 1Þ �H 2

a 8ð1� qðSÞÞ þ 4ðgðS;HÞ � 1Þ �H 2

¼ 4ðgðS;HÞ � 2qðSÞ þ 1Þ �H 2: ð8Þ
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In particular we see from (8) that

gðS;HÞb 2qðSÞ: ð9Þ

Assume that mðS;HÞ �H 2 ¼ 2gðS;HÞ þ 1. Then by (7) and (9) we have

gðS;HÞ ¼ 2qðSÞ and we also get H 2 a 4 by (8). But by [1, Proposition 8.10.1]

and the assumption we see that SHP3 is a quartic surface in P3 and H ¼
OSð1Þ. Then gðS;HÞ ¼ 3. But this contradicts the equality gðS;HÞ ¼ 2qðSÞ.

Hence by (3) we get mðS;HÞ �H 2 b 2gðS;HÞ þ 2.

(B) Next we will classify ðS;HÞ with mðS;HÞ �H 2 ¼ 2gðS;HÞ þ 2.

Since H is very ample, we have h0ðHÞb 3. If h0ðHÞ ¼ 3, then ðS;HÞG
ðP2;OP2ð1ÞÞ and mðS;HÞ ¼ 0. But this is impossible. Hence h0ðHÞb 4.

(B.i) Assume that kðSÞb 0. If gðS;HÞb 2qðSÞ þ 2, then by (6) we have

mðS;HÞ �H 2
b 2gðS;HÞ þ 4� 1 ¼ 2gðS;HÞ þ 3;

but this is impossible. So we get gðS;HÞ ¼ 2qðSÞ or 2qðSÞ þ 1 by (4).

(B.i.1) Assume that gðS;HÞ ¼ 2qðSÞ. Then by (6)

2gðS;HÞ þ 2 ¼ mðS;HÞ �H 2

b 2gðS;HÞ þ 2ðgðS;HÞ � 2qðSÞÞ þ 2pgðSÞ þ rðSÞ � 2

¼ 2gðS;HÞ þ 2pgðSÞ þ rðSÞ � 2: ð10Þ

So we get pgðSÞa 1. Since kðSÞb 0, we have qðSÞa 2 and gðS;HÞ ¼
2qðSÞa 4.

(B.i.1.1) If gðS;HÞa 3, then by the classification of ðS;HÞ with

gðS;HÞa 3 ([1, Theorems 8.7.1, 8.9.1 and 10.2.7]) we see that S is a quartic

surface in P3 and H ¼ OSð1Þ. Then gðS;HÞ ¼ 3, H 2 ¼ 4, qðSÞ ¼ 0 and

OSðKSÞ ¼ OS. But this case is impossible because gðS;HÞ ¼ 30 2qðSÞ.
(B.i.1.2) If gðS;HÞ ¼ 4, then qðSÞ ¼ 2 and pgðSÞ ¼ 1. In this case

wðOSÞ ¼ 0. Here we note that ðKS þHÞH ¼ 6 because gðS;HÞ ¼ 4 in this

case. Since kðSÞb 0, we have H 2 a 6.

(B.i.1.2.1) Assume that H 2 a 5.

(B.i.1.2.1.1) If h0ðHÞ ¼ 4, then S is a hypersurface of degree d in P3

and H ¼ OP3ð1ÞjS, where d ¼ H 2. Moreover KS ¼ ðKP3 þ OP3ðdÞÞjS ¼
OP3ðd � 4ÞjS. Since kðSÞb 0, we have d ¼ 4 or 5.

If d ¼ 5, then OðSÞ ¼ OP3ð5Þ and by the following exact sequence

0 ! KP3 ! KP3 þ S ! KS ! 0

we have

pgðSÞ ¼ h0ðKSÞb h0ðKP3 þ SÞ ¼ h0ðOP3ð1ÞÞ ¼ 4:

But this is a contradiction.
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So we may assume that d ¼ 4. But then KS ¼ OS and we have d ¼
H 2 ¼ 6 because ðKS þHÞH ¼ 6. This is also impossible.

(B.i.1.2.1.2) If h0ðHÞb 5, then

DðS;HÞ ¼ 2þH 2 � h0ðHÞa 2 < 4 ¼ gðS;HÞ: ð11Þ

On the other hand we have

H 2
b 2DðS;HÞ þ 1:

So by [2, (3.5) Theorem 3)] we have gðS;HÞ ¼ DðS;HÞ, but this contradicts

(11).

(B.i.1.2.2) Assume that H 2 ¼ 6. Then KSH ¼ 0. Hence we have kðSÞ
¼ 0 and S is minimal because H is ample. Since qðSÞ ¼ 2 and pgðSÞ ¼ 1, we

see that S is an Abelian surface. But then

h0ðHÞ ¼ H 2

2
¼ 3

and this is impossible because h0ðHÞb 4.

(B.i.2) Assume that gðS;HÞ ¼ 2qðSÞ þ 1. Then we see from (6) that

pgðSÞ ¼ 0. Hence qðSÞa 1 and gðS;HÞ ¼ 2qðSÞ þ 1a 3. By the classifica-

tion of ðS;HÞ with gðS;HÞa 3 and kðSÞb 0 ([1, Theorems 8.7.1, 8.9.1 and

10.2.7]) we have qðSÞ ¼ 0 and gðS;HÞ ¼ 3. But this is impossible because here

we assume gðS;HÞ ¼ 2qðSÞ þ 1.

(B.ii) Assume that kðSÞ ¼ �y. By the same argument as in (A.ii)

above we may assume that KS þH is nef and SZP2. We also note that

gðS;HÞ � 2qðSÞ ¼ 0 or 1 by (7). Hence we get H 2 a 8 by (8). By the

classification of ðS;HÞ with H 2 a 8 (see e.g. [11, (3.1) Table]), we infer that if

mðS;HÞ > H 2, gðS;HÞb 2 and mðS;HÞ ¼ H 2 þ 2gðS;HÞ þ 2, then ðS;HÞ ¼
ðPCðEÞ; 2C0 þ F Þ, where C is a smooth elliptic curve and E is a normalized

vector bundle of rank two on C with deg E ¼ 1, and C0 (resp. F ) is a section of

S with OSðC0ÞGHðEÞ (resp. a fiber).
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