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WAFOM over abelian groups for quasi-Monte Carlo point sets
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ABSTRACT. In this paper, we study quasi-Monte Carlo (QMC) rules for numerical
integration. J. Dick proved a Koksma-Hlawka type inequality for o-smooth integrands
and gave an explicit construction of QMC rules achieving the optimal rate of conver-
gence in that function class. From this inequality, Matsumoto, Saito and Matoba
introduced the Walsh figure of merit (WAFOM) WF(P) for an F,-digital net P as a
quickly computable quality criterion for P as a QMC point set. The key ingredient for
obtaining WAFOM is the Dick weight, a generalization of the Hamming weight and the
Niederreiter-Rosenbloom-Tsfasman (NRT) weight.

We extend the notions of the Dick weight and WAFOM over a general finite
abelian group G, and show that this version of WAFOM satisfies Koksma-Hlawka type
inequality when G is cyclic. We give a MacWilliams-type identity on weight enu-
merator polynomials for the Dick weight, by which we can compute the minimum
Dick weight as well as WAFOM. We give a lower bound on WAFOM of order
NS0z N)/s and an upper bound on lowest WAFOM of order N~CellogN)/s for given
(G,N,s) if (log N)/s is sufficiently large, where C/ and Cg are constants depending
only on the cardinality of G and N is the cardinality of quadrature rules in [0,1)".
These bounds generalize the bounds given by Yoshiki and others given for G =F,.

1. Introduction

Quasi-Monte Carlo (QMC) integration is a method for numerical inte-
gration using the average of function evaluations as an approximation of the
true integration value. In QMC integration, sample points are chosen deter-
ministically, while in Monte-Carlo integration they are chosen randomly.
Thus, how to construct point sets has been a major concern in QMC theory.
One of the known good construction frameworks is digital nets, which is based
on linear algebra over finite fields (or more generally over finite rings).

A strong analogy between coding theory and QMC point sets is well
known (see, e.g., [2, 13, 17]). In coding theory, the minimum Hamming
weight is used for a criterion for linear codes. Analogically, Niederreiter-
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Rosenbloom-Tsfasman (NRT) weight is a criterion for digital nets in QMC
theory [12, 15]. More precisely, the minimum NRT weight is essentially
equivalent to z-value and gives an upper bound on the star-discrepancy, which
are important criteria for QMC point sets. Recently, based on Dick’s work
[3], Matsumoto, Saito and Matoba defined the Dick weight x4 on digital nets
over F, and related it to a criterion called the Walsh figure of merit (WAFOM)
in [10]. In this paper, as a generalization of [10], we extend the notions of
the Dick weight and WAFOM for digital nets over Z;, and more generally,
for subgroups of G**" where G is a finite abelian group. Furthermore, we
establish a MacWilliams-type identity for the Dick weight, which gives a
computable formula of the minimum Dick weight and WAFOM.

Let us recall the notion of QMC integration. For an integrable function
f:10,1)" — R and a finite point set in an s-dimensional unit cube 2 < [0,1)°,
quasi Monte-Carlo (QMC) integration of f by &£ is an approximation value

L) =3 Y 1)

xe?

of the actual integration
1= S,
[0,1)*

where N := |Z] is the cardinality of 2. The QMC integration error is defined
as Err(f;2) .= [I»(f) — I(f)|. If the integrand f has bounded variation in
the sense of Hardy and Krause, the Koksma-Hlawka inequality shows that
Err(f;2) < V(f)D(2), where V(f) is the total variation of f and D(Z) is the
star-discrepancy of . There have been many studies on the construction of
low-discrepancy point sets, i.e., point sets with D(2) e O(N~'*#). In partic-
ular, digital nets and sequences are a general framework for the construction of
good point sets. We refer to [6] and [13] for the general information on QMC
integration and digital nets and sequences.

Recently, higher order convergence results for digital nets, i.e., Err(f; %)
converges faster than N !, has been established. For a given integer o > 1,
Dick gave quadrature rules for a-smooth integrands which achieve Err(f;2) €
O(N~***) [3]. He introduced a weight which gives a bound on a criterion
WF,(2) (he did not give a name and we use the name in [10]) for a digital net
2 over a finite field with cardinality b, and proved a Koksma-Hlawka type
inequality Err(f;2) < Cp 5.0l fl, - WF4(2), where ||f]|, is a norm of f for a
Sobolev space and Cj ,, is a constant depend only on b, s, and «. Later he
improved the constant factor of the lowest WF, for digital nets over a finite
cyclic group [4].
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As a discretized version of Dick’s method, Matsumoto, Saito and Matoba
introduced the Dick weight x4 and a related criterion WAFOM WEF(P) for
an F,-digital net P [10]. WAFOM also satisfies a Koksma-Hlawka type
inequality (with some errors due to discretization). One remarkable merit of
WAFOM is that WAFOM is easily computable by the inversion formula [10,
(4.2)], which is easier to implement than the formula of WF, derived from [1,
Section 4]. Using this merit, they executed a random search of low-WAFOM
point sets and showed that such point sets perform better than some standard
low-discrepancy point sets. There are several studies on low-WAFOM point
sets. The existence of low-WAFOM point sets was shown by Matsumoto and
Yoshiki [11]. The author proved that the interlacing construction for higher
order QMC point sets with Niederreiter-Xing sequences over a finite field gives
low-WAFOM point sets [18].

In this paper, as a generalization of [10] we propose the Dick weight
and WAFOM for digital nets over Z; and for subgroups of G*** where G is a
finite abelian group. WAFOM over Z; is also a discretized version of Dick’s
method and thus satisfies a Koksma-Hlawka type inequality. Moreover, we
give a MacWilliams-type identity of weight enumerator polynomials for the
Dick weight. Using this identity we obtain a computable formula of the min-
imum Dick weight as well as WAFOM, which is a generalization of the
inversion formula for WAFOM in the dyadic case. Furthermore, we give
generalizations of known properties of WAFOM over F, in [11] and [19].
More precisely, we give a lower bound on WAFOM and prove the existence
of low-WAFOM point sets. In particular, we improve some of the results in
[11]. These results imply that there exist positive constants C, D, D’ and F
depending only on 5 and independent of s, » and N such that N—ClogN/s <
min{WF(P) | P is a digital net, |P| < N} < FN~PUoeN/stD" " if (log N)/s is
sufficiently large.

These results are similar to the works of Dick, but there is no implication
between them. Dick fixed the smoothness o, while our method requires
n-smoothness on the function where n is as above. Thus, in our case, the
function class is getting smaller for »n being increased.

The rest of the paper is organized as follows. In Section 2, we introduce
the necessary background and notation, such as the discretization scheme of
QMC integration, the discrete Fourier transform, and Walsh functions. In
Section 3, we define the Dick weight and WAFOM over a general finite abelian
group G, and prove a Koksma-Hlawka type inequality in the case that G is
cyclic. In Section 4, we define the weight enumerator polynomial, give the
MacWilliams-type identity for the Dick weight, and give a computable formula
of WAFOM. In Section 5, we give a lower bound on WAFOM, prove the
existence of low-WAFOM point sets, and study the order of WAFOM.
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2. Preliminaries

Throughout this paper, we use the following notation. Let N be the set of
positive integers and Ny :=NU{0}. Let b be an integer greater than 1. Let
Z, = Z/bZ be the residue class ring modulo b. We identify Z, with the set
{0,1,...,b—1} = Z. For a set S, we denote by |S| the cardinality of S. For
a group or a ring R and positive integers s and n, we denote by R**" the set of
s X n matrices with components in R. We denote by O the zero matrix. We
denote by e the base of the natural logarithm.

2.1. Discretized QMC in base b. In this subsection, we explain discretized
QMC in base b. This discretization is a straightforward generalization of the
b =2 case in [10].

Let s be a positive integer. Let 2 <[0,1)* be a point set in an
s-dimensional unit cube with finite cardinality || = N, and let f :[0,1)" — R
be an integrable function. Recall that quasi-Monte Carlo integration by £ is
an approximation value

() =5 3 1)

xeP

of the actual integration

1= rwax
[0,1)°
The QMC integration error is Err(f;2) := |I»(f) — I(f)|.

Here, we fix a positive integer n, which is called the degree of discretiza-
tion or the precision. We consider an n-digit discrete approximation in base
b. We associate a matrix B:= (b;;) € Z;*" with a point xp = (x},...,x3) =
(b, 30 by b ) €[0,1)°, and with an s-dimensional cube Ip :=
[T, L =[0,1)", where each edge I; := [x5,x5+b~") is a half-open interval
with length »7". We define n-digit discrete approximation f, of f as

1
W L — R, B:= (b; ; |—>7J x)dx.
f b ( a]) VOI(IB) IBf( )
Let P be a subset of Z;*". We define n-th discretized QMC integration of f
by P as

Iralf) = g > SiB)

BeP

and define the n-th discretized QMC integration error as

Err(f; P,n) := |Ip,(f) — I(f)].



WAFOM over abelian groups 345

For each B € P, we take the center point of the cube 7. Let 2 < [0,1)" be the
set of such center points given by P. By a slight extension of [10, Lemma 2.1],
if f is continuous with Lipschitz constant K then we have |Ip ,(f) — I»(f)| <
K.\/sb™". We take n large enough so that K./sb™" is negligibly small
compared to the order of QMC integration error |I»(f)—I(f)| by 2.
Then we may regard the n-th discretized QMC integration error Err(f; P, n)
as an approximation of the QMC integration error Err(f;P).

As point sets, in this paper we consider subgroups of Z;*" as well as
digital nets. The definition of digital nets over finite rings is given in [7], we
adopt an equivalent definition of digital nets, which is proposed as digital nets
with generating matrices in [5, Definition 4.3].

DeFNITION 1. Let Cy, ..., Cy € Z*¢ be matrices and let Xi,..., X, € Z3"
be defined by the j-th row of X; is the transpose of the i-th column of C;.
Assume that Xj,...,X; are a free basis of Z;*" as a Z,-module. For an

integer k with 0 <k <bh?—1, we define a matrix xk€Zy" as x; =

Zid:1 ki1X;, where k=ro+rh' +-- +r4 b (0<i;<b—1) is the
b-adic expansion of k. We call the set {xo,...,x,s_;} the digital net generated
by the matrices Ci,..., C;.

It is easy to see that digital nets become subgroups of Z;*".

2.2. Discrete Fourier transform. In this subsection, we recall the notion of
character groups and the discrete Fourier transform. We refer to [16] for
general information on character groups. Let G be a finite abelian group.
Let T:={zeC||z|] =1} be the multiplicative group of complex numbers of
absolute value one. Let w;, = exp(2nyv/—1/b).

DeriNITION 2. We define the character group of G by GY := Hom(G, T),
namely GV is the set of group homomorphisms from G to 7.

There is a natural pairing e: GYx G — T, (h,g) — heg:=h(g).

We can see that Z, is isomorphic to Z, as an abstract group. Through-
out this paper, we identify Z, with Z, through a pairing e:7Z, x Z;, — T,
(hyg) — heg:= a)llfg, where hg is the product in Z,.

Let R be a commutative ring containing C. Let f: G — R be a function.
We define the discrete Fourier transform of f as below.

DeriNiTiION 3. The discrete Fourier transform of f is defined by
f:G.v — R, h.v—> llaZyGGf(g)(hog). Each value f(h) is called a discrete
Fourier coefficient.
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We assume that P = G is a subgroup. We define P :={he G'|heg=1
for all ge P}. Since Pt is the kernel of the restriction map GY — PV, we
have |P4|=|G|/|P|. We recall the orthogonality of characters.

LemMA 1. Suppose that P = G is a subgroup and g€ G. Then we have

o [Pt i geP,
2k g{o if g¢P.

This lemma implies the Poisson summation formula and the Fourier
inversion formula.

THEOREM 1 (Poisson summation formula).

me = f

gep he Pt

PROOF.

> =Y > 1)

he Pt hePi geG
=S @)Y heg
gEG|G| he Pt

(e
|G|Zf -|P~| (" Lemma 1)

gepP

Zf O

geP

TreoreM 2 (Fourier inversion formula). For a complex-valued function
f:G—C, we have f(g) = o f(— -h)(heg) for any g€ G.  Moreover, if f
is real-valued, we have f(g) =3, c. f(h)(heg).

Proor. By Lemma 1, we have >, _, heg=0if g#0and >, _, hey
= |G| if g=0. Thus we have

> F(=h)(heg) = §j }jf“ )eg')(heg)

heGY heGv geG
— & S Y e o)
g'eG heGY

= f(9),



WAFOM over abelian groups 347

which proves the complex-valued case. If f is real-valued, we have f (=h) =
f(h), and thus the complex-valued case implies the real-valued case. ]

2.3. Walsh functions. In this subsection, we recall the notion of Walsh
functions and Walsh coefficients, and see the relationship between Walsh
coefficients and discrete Fourier coefficients. As a corollary, we prove that
the n-digit discrete approximation f, of f is essentially equal to the appropriate
approximation of the Walsh series of f. We refer to [6, Appendix A] for
general information on Walsh functions.

First, we define Walsh functions for the one dimensional case.

DerINITION 4. Let keN, with b-adic expansion k =g+ Kb +
Kkab? + - (this expansion is actually finite), where ;€ {0,1,...,b— 1} for
all jeNp. The k-th b-adic Walsh function ,wali : [0,1) — {0,wp,..., ) '} is
defined as

KoX] 4K X2+
pwalg(x) == 0 TR

for x € [0,1) with b-adic expansion x = x;h~! + x2b~% + x3b=3 + --- with Xj €
{0,1,...,b— 1}, which is unique in the sense that infinitely many of the x;
must be different from b — 1.

This definition is generalized to the higher-dimensional case.
DerFINITION 5. For dimension s > 1, let k= (ky,...,k;) e N;. The k-th
b-adic Walsh function ,wal : [0,1)* — {0, @, ...,0)7'} is defined as

pwalg(x) = H pwalg, (x;).
i1

for x = (x1,...,x,) €[0,1)".
Walsh coefficients are defined as follows.

DEerINITION 6. Let f:[0,1)" — R. The k-th b-adic Walsh coefficient of
f is defined as

F(f)(k):= J f(x) pwalg(x)dx.

[0’1>s

We see the relationship between Walsh coefficients and discrete Fourier
coefficients in the following. Let A4 = (a;;)€Z,". We define maps
¢ L) — Ny as ¢(4) =37 a;b/7" and ¢:Zy" - N§ as $(4) =
(¢(A4),...,¢,4)). Note that ¢;(4) < b" holds for all 1 <i<sand 4eZ;*".

LEMMA 2. Let f:[0,1)' = R and A = (a;;) € Z;*". Then we have
F(NPAD) = fu(4).
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Proor. Since ¢;(4) < b" holds for all 1 <i<s, for all x = (x1,...,x,) €
Iz we have
bwal¢ H bwal¢ Hw“: it tainbin _ po g

i=1

Therefore we have

FO@A) - j{o ) vl (o

> J f(x) pwaly( ) (x)dx

BeZ5" Iz

=) J f(x)(Be A)dx
BeZ5" 1

= Z (BoA)J f(x)dx

BeZ;" Iy

= > (BeA) Vol(Is)f,(B)

sxn
BeZ;

— 3" (Bed)-b(B) = fi(A),

Sxn
BeZ;

which proves the lemma. O]

Let f ~ ZkeNg F (f)(k) pwal; be the Walsh expansion of a real valued
function f:[0,1)" — R. Lemma 2 implies that considering n-digit discrete
approximation f, of f is the same as considering the Walsh polynomial
Yowepn Z (f) (k) - pwali, where k = (ky,..., kg) <b" means that k; < b" holds
for every i =1,...,s, namely we have the following.

ProposiTioN 1. Let f:[0,1)" = R. For BeZ;", we have f,(B)=
> kepn F (f) (k) pwalc(xp).

PRrROOF.

Z mB'A (*. Theorem 2)

AeZy"

= Z F(f)($(A)) pwaly4)(xp) (. Lemma 2)
Az}

=Y F(f)(k) ywali(xp). -

k<b"
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3. WAFOM over a finite abelian group

In this section, we expand the notion of WAFOM defined in [10], more
precisely, we define WAFOM over a finite abelian group with b elements.

First, we evaluate the n-th discretized QMC integration error of f with
its discrete Fourier coefficients. Let P < Z;*" be a subgroup. We have
I1(f) = f;(O) by the definition of the discrete Fourier inversion, and we have
Ipn(f)=>4cpe ﬁ(A) by the Poisson summation formula (Theorem 1).
Hence we have

Ere(f:Pon) = pu() = 1NI=| D A< D 1A,
AeP\{0} AeP\{0}
and thus we would like to bound the value | ﬁ(A)|. Dick gives an upper
bound of the k-th h-adic Walsh coefficient # (f)(k) for n-smooth function f
(for the definition of n-smoothness, see [3] or [6, §14]).

THEOREM 3 ([6], Theorem 14.23).  There is a constant Cy s, depending only
on b, s and n such that for any n-smooth function f :[0,1)" — R and any k e N*
it holds that

\Z (f)(K)| < Cponll f], - "),

where || f||, is a norm of f for a Sobolev space and w,(k) is the n-weight of k,
which are defined in |6, (14.6) and Theorem 14.23] (we do not define them here).

Instead of y,, we define the Dick weight u on dual groups of general finite
abelian groups below, which is a generalization of the Dick weight over F,
defined in [10]. Actually, x4 is a special case of p,o¢. More precisely, if
G=2Z, and o >n hold, then we have pu=pu,o¢ as a function from
(Z))"" (=~ Z;") to No.

DEFINITION 7. Let G be a finite abelian group and let 4 € (G¥)*". The
Dick weight u: (GY)™" — Ny is defined as
u(A) =" jxdai),
iJ

with d(h) =0 for h=0 and 6(h) =1 for h # 0.
We obtain the next corollary.

COROLLARY 1. There exists a constant Cy s, depending only on b, s and n
such that for any n-smooth function f :[0,1)" — R and any A € (Zy)*™" it holds
that

£ (A)] < Cosnll 1, - b
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Proor. This is the direct corollary of Theorem 3, Lemma 2, and the
equality 1(A) = p, o ¢(4). O

By the above corollary, we have a bound on the n-th discretized QMC
integration error

Err(f5 P,n) == [I(f) — Ip.a(f)| < Cosnllf1l, x Z b
AePT\{0}
for a subgroup P of Z;*".
Hence, as a generalization of [10], we define a kind of figure of merit
(the Walsh figure of merit or WAFOM).

DeriNiTION 8. Let s, n be positive integers. Let G be a finite abelian
group with b elements. Let P < G**" be a subgroup of G**". We define the
Walsh figure of merit of P by

WE(P):= > b4
AePR\{0}
In order to stress the role of the precision n, we sometimes denote WF”(P)
instead of WF(P).
Then, as we have seen, we have the Koksma-Hlawka type inequality

Ere(f5 P,n) == [I(f) = Ip.n( /)] < Cponll f1l, x WE(P)

for a subgroup P < Z;*". This shows that WF(P) is a quality measure of the
point set P for quasi-Monte Carlo integration when G = Z,.

4. MacWilliams identity over an abelian group

In this section, we assume that s, n are positive integers. Recall that G is
a finite abelian group and GV its character group. We consider an abelian
group G*". Let P < G*" be a subgroup.

We are interested in the weight enumerator polynomial of P+

Wpe(x,y) Z xM=wlA) ) e Clx, y),
Ae Pt
where M :=n(n+ 1)s/2.
Let R:=C[x;;(h)], where x;;(h) is a family of indeterminates for
1<i<s, 1<j<n, and he GY. We define functions f;;:GY— R as
fij(h) = x; ;(h) and f:(G™")” = (GY)™ — R as

=[] fistay) =[] xa).

I<i<s I<i<s
1<j<n 1<j<n
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Now the complete weight enumerator polynomial of P!, in a standard sense
[8, Chapter 5], is defined by

GWPLXU ZHxljal]

Ae Pl 1<i<s
I<j<n

and similarly, the complete weight enumerator polynomial of P is defined
by

Gpr*l] ZHX*I] l/

BeP I<i<s

I<j<n

in R*:= C[x,; ;(g)] where x,; ;(¢9) is a family of indeterminates for 1 <i <,
Il <j<n, and g€ G. We note that if we substitute

)Ci’j(O) — Xj, Xj’j(h) — yj for h # 0, (1)
we have an identity

GWp. (xl'sj(h)) |above substitution — Wp. (x7 y)'

A standard formula of the Fourier transform tells that, if f; : G — R,
f>»: G, — R are functions and f) f; : G; x G, — R is their multiplication at the
value, then

ff=1h
holds. This implies that

B) =[] £bi) = ek LTSS Aume ).

I<i<s I<i<s he GV
1<j<n I<j<n

Hence, by the Poisson summation formula (Theorem 1), we have

GWPL _X,j Z f

AePt

=|P'Y f(B)

BeP

H > fij(h)(he b ).

l<l<rhEGv
1<j<n

Thus we have the MacWilliams identity below, which is a variant of
Generalized MacWilliams identity [8, Chapter 5 §6]:
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ProposITION 2 (MacWilliams identity).

GWpi(x;: ;(h) = l% GW, (substituted),

where in the right hand side every x.; ;(g) is substituted by
X j(g) — Y (heg)xi;(h).
heGY

We consider specializations of this identity. First, we consider a special-
ization GWp.(X1,...,Xp, Y1,...,Yn) of GWpi(x;;(h)) obtained by the substi-
tution

Xl'_j(O) — Xj, Xl'yj(h) — yj fOI' h # 0.

We have
> (heg)x; (h) —(0eg);+ Y (heg)y
he G above substitution he G¥\{0}
—xi—yi+ Y (heg)y
heGY

_ by; (if g=0)
=Nyt { 0  (otherwise)

[x+B-Dy G g=0)
Xj =y (otherwise)’

where we use Lemma 1 for the third equality. Thus, we have the following
formula.

COROLLARY 2.

N 1
GWpi(Xt,e oy X, Y1y evey V) = mz 1T 5+ i )y)),
BeP l<i<s

where n(b; ;) =b—1 if b; ;=0 and yn(b; ;) = —1 if b;; # 0.

Second, we consider the specialization (1) of GWp.. We have already
seen that GWp.|gupitution (1)) = We+(x, ) holds.  Since

Wpi(x,y) = GWpi(x',...,x", p!,...,y")

follows, Corollary 2 implies the following formula:
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THEOREM 4.

WPny ZHXJ+’7 lj )a

BeP I<i<s

I1<j<n
where n(b; ;) =b—1if bj; =0 and n(b;;) = —1 if b;; #O.

Using Theorem 4, we can compute WF(P) and Jp:, the minimum Dick
weight of P, The minimum Dick weight of Pt is defined as
Op1 = in B
Pt Beril”lil\{O} lu( )a
which is used for bounding WAFOM (see Section 5.3). First, we introduce

how to compute WF(P). The following formula to compute WAFOM is a
generalization of [10, Corollary 4.2], which treats the case G = F,.

COROLLARY 3. Let P < Z;*" be a subgroup. Then we have

WE(P) |P| Z [T Yb).

BeP Isi<s

1<j<n
PrOOF.

WE(P) = > b4
AePL\{0}

=1+ Y b4

AePt

= 1+ Wp (1,71

RT3 | ((EROBI =

BeP l<i<s

l<j<n

The merit of Theorem 4 and Corollary 3 is that the number of summation
depends only on |P| linearly, not |P1|=5b""/|P|. We can calculate weight
enumerator polynomials by sn times multiplication between an integer poly-
nomial with a binomial, and |P| times addition of such polynomials of degree
n(n+1)/2. In the case of computing WAFOM, we need sn times of mul-
tiplication of real numbers and |P| times of summation of such real numbers,
thus we need O(sn|P|) times of operations of real numbers. On the other
hand, to calculate weight enumerator polynomials based on the definition,
we need |P1| times of summations of monomials, and to calculate weight
WAFOM based on the definition, we need |Pt| times of summations of real
numbers.
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For QMC, the size |P| cannot exceed a reasonable number of computer
operations, so |Pt|=5b"/|P| can be large if sn is sufficiently large. This
implies that the computational complexity of calculating weight enumerator
polynomials or WAFOM using Theorem 4 or Corollary 3 is smaller if sn is
large.

Second, we introduce how to compute dp.. The minimum Dick weight
op. is equal to the degree of leading nonzero term of —1 + Wp. (1, y), namely:

LemMA 3. Let Wpi(l,p)=1+>7",a;y". Then we have 0Jp. =
min{i|a; # 0}.

Thus we can obtain the minimum Dick weight of P* by calculating the
weight enumerator polynomial of P+.

REMARK 1. Because of Lemma 8 in Section 5.5, in order to compute
Op. it is sufficient to compute Wpi(1,y) only up to degree dp. < d*/(2s) +
3d/2 +s.

5. Estimation of WAFOM

The following arguments from Section 5.1 to Section 5.4 are general-
izations of [11] which deals with the case G = F,, and arguments in Section 5.5
are generalizations of [19], which deals with the case G =F,. The methods
for proofs are similar to [11] and [19]. In this section, we suppose that s and n
are positive integers and that G is a finite abelian group.

5.1. Geometry of the Dick weight. Recall that G is a finite abelian group
with 5 > 2 elements, GV its character group. The Dick weight u: (GY)™" —
Ny induces a metric

d(A,B) :=u(A—B)  for A,Be (GY)"™"

and thus (GY)*™" can be regarded as a metric space.

Let Sy ,(m) := [{4 € (G¥)™" | u(A) = m}|, namely S; ,(m) is the cardinality
of the sphere in (GY)"" with center 0 and radius m. A combinatorial
interpretation of S;,(m) is as follows. One has s x n dice. Each die has
b faces. For each value i = 1,...,n, there exist exactly s dice with value 0 on
one face and i/ on the other b — 1 faces. Then, S;,(m) is the number of ways
that the summation of the upper surfaces of s x n dice is m. This combina-
torial interpretation implies the following identity:

n

[Ja+@®-1)x5 = iss_n(m)xm.

k=1 m=0
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You can also see this identity from Theorem 4 for P = {O}, x — I, and y « x.
Note that the right hand side is a finite sum. It is easy to see that S ,(m) is
monotonically increasing with respect to s and n, and S ,,(m) = Sy ps1(m) =
Sy, m+2(m) = --- holds.

DEFINITION 9. Si(m) := Ss, m(m).

We have the following identity between formal power series:

(14 (b—1)x"* = iSs(m)xm. 2)

1 m=0

-

k

For any positive integer M, we define
By n(M) = {4 e (GV)™" |u(4) < M}, vol, (M) := | B, n(M)],

namely % ,(M) is the ball in G* with center 0 and radius M, and vol; ,(M)
is its cardinality. We have vol; ,(M) = E,ff: o0Ss.n(m), and thus vol; ,(M)
inherits properties of S; ,(m), namely, vol, ,(M) is also monotonically increas-
ing with respect to s and », and volg (M) = volg y1(M) = voly yy2(M) = ...
holds.

DEFINITION 10.  voly(M) := vol; y (M).

5.2. Combinatorial inequalities.

LemMma 4.
vol, ,(M) < voly(M) < exp(2+/(b — 1)sM).

ProorF. We have already seen the first inequality. We prove the next
inequality along [9, Exercise 3(b), p. 332], which treats only S =1 and b =2
case. If M =0 it is trivial, and so we assume that M > 0. Define a poly-
nomial with non-negative integer coefficients by

fA‘,M(X) : (1 + (b _ 1)xk)s.

-

k:

Il
R

Since f; p(x) has only non-negative coefficients, from Identity (2) we have
M Sy (m)x™ < f, m(x) (x€(0,1)). Hence we have

M M
voly(M) =) " S(m) < Y S(M)x" M < fiu(x)/xM (xe(0,1)).
m=0

m=0
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By taking the logarithm of the both sides and using the well-known inequality
log(1+ X) < X, for all xe(0,1) we have

volg ,(M) < s§M:log(l + (b — 1)x*) + M log(1/x)
k=1

M
<s(b—I)Zxk—i—Mlog<1—|—1 xx)
k=1
x 1 —x

+ M
- X X

<s(b—l)1

By comparison of the arithmetic mean and the geometric mean, the last

expression attains the minimum value 2+/(h — 1)sM when s(b — 1)x/(1 — x) =
M(1 — x)/x holds, namely x = (1++/(b— 1)s/M) " € (0,1). O

LemMA 5.
Sun(M) < S,(M) < exp(2y/(b — 1)sM).
Proor. It follows from Lemma 4 and the inequality S;(M) < voly(M).
O
5.3. Bounding WAFOM by the minimum weight.

DeriNITION 11, Let P < G**" be a subgroup. The minimum Dick weight
of Pt is defined by

(5 1= i B
P Ber;lil\n{o} u(B)

The next lemma bounds WF(P) by the minimum weight of P*.

LEMMA 6. For a positive integer M, define

8

ColM)y= D b= Y S
Ae(GY) N\ By y(M—1) m=M

and

Then we have

WE"(P)= Y b < Culdp:) < Ci(dpr).
AePI\{0}
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Proor. The last inequality is trivial, so it suffices to prove the first
inequality. Since P\{O} = (GY)""\ %, ,(0p. — 1) holds, we have

AeP+\{0} Ae(GY) "\ By, u(0pL—1)

= Cx‘n(éPi) ]

WE"(P)= Y b+ < 3 pHA)

We shall estimate C;([M']) (C for the Complement of the ball) for rather
general real number M’: from Lemma 5 it follows that

ZS bm

m=[M"]

< i b7m€2 (b—T1)sm

m=[M"]

©
—[M }82\/(b71)s[M'] + Z bfmez (bfl)sm. (3)

m=[M"]+1

First, we estimate the second term of the above. The function
exp(2y/ (b — 1)sm)b™" = exp(2+/(b — 1)sm — m log b)

is monotonically decreasing with respect to m if

2(b—1
2\/ b= —mlogh) <00 —L=DS 100 <0
2+/(b—1)sm
m

& m> (log ) 2(h—1)s,

hence we assume that M’ > (logb) (b —1)s. Then, we have

0

bfmez (b—1)sm

m=[M"]+1

o0
< J e log beZN/(hfl)sm dm

m=[M"]

2
N (b—-1)s (b—1)s
= Jm_w’} exp (—(log b) (s/m ~ " logh ) + Tog b )dm
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2
* (b—1)s (b—1)s
< Jm:M, exp (—(log b) <\/m " logh ) + log b )dm

2
[ (b—1)s (b—1)s
= JXW exp ( (log b) (x log b + Tog b 2x dx.

In order to bound the last integral from above, for a positive number c¢
we assume that /M’ > (1+¢)\/(b—1)s/logh or equivalently M’ >
(1+¢)*(log b) (b — l)s. This assumption is stronger than the previous as-
sumption M' > (log b)*(b—1)s. Then, on the domain of integration x>

VM' > (1+c¢)\/(b—1)s/logh, we have cx < (1+c)(x—+/(b—1)s/logb).

Hence the estimation continues:

200: bfme%/(bfl)sm

m=[M"]+1

2
* (b—1)s (b—1)s
< L: - exp( (log b) (x log b + log b
coltef  vb-Ds)
¢ log b
l+¢ 1 [ ( G5\ (b-1s) ]|
c —1)s —1)s
= —— | —exp| —(log b) (x— ) —+ )}
¢ logh log b log b
g s £ x=vVM’

_I4e 1 exp(—(logb)(x/_ /(b= s >+ logb)

¢ logh log b

e b (= (log B)M’ + 2/(h = T)shl?)

¢ logh

¢ logh

Second, we consider the first term of (3). We have already proved that
exp(21/(h — 1)sm)b~™ is monotonically decreasing if m > (log b) (b —1)s,
and thus the assumption M’ > (log b)) *(h — 1)s implies

bf[M 24/ (b=1)s[M"] <b M’ (b— l)sM’

Therefore we have
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CS(I'M/"I) Sbf[M’]e%/(bfl)s(M"\ + i bfmeZN/(bfl)xm

m=[M"]+1
< hM 2V/BDsM | l+¢ 1 p—M' 20/ (= D)sM’
- ¢ logh
(14 IT+e 1 b M’ 20/ 1)
c logh '

Now we proved:

PROPOSITION 3. Let ¢ be a positive real number. Let M' be a real number
with M' > (1 + ¢)*(log b) 2(b — 1)s. Then we have the following bound

/ / l+c¢ 1 M 2/ (b-T)sM’
Col ) = Gy < (14158 YoV,
5.4. Existence of low-WAFOM point sets. We denote the probability of the
event 4 by prob[4]. Let p, be the smallest prime factor of . Let d be
a positive integer. Choose d matrices By,...,B; € G independently and
uniformly at random. Let P=<By,...,B;» < G™" be the G-linear span of
By,...,By, namely P={g\B1+ -+ gaBailgi,...,94 € G} where g € G acts on
B = (b;) by gB = (gb;). Note that |P| < b.

REMARK 2. If G =Zy, by the theory of invariant factor decomposition, we
can say that there exist matrices B, ..., Bl such that P' :== (Bj,..., B} includes
P and becomes a free Zy-module of rank d. Thus if G =7Z;, we can replace
“subgroup P’ in this subsection with a “digital net P,” since in this subsection we
consider only the existence of a subgroup which has large minimum Dick weight,
and P = P' implies that dp1 < Jpi.

First, we evaluate prob|perp,|, where we define perp; as the event that
By, ..., By are all perpendicular to Le (GY)"".

LemmMA 7. Let Le(GY)™ be a nonzero matrix. Then we have
prob[L L B] < 1/ps. Especially we have prob[perp;] < p;“.

ProOF. We consider the map (Le): G**" — C,B+— LeB. Then we
have the surjective group homomorphism G**" — Im(Le), and thus |Im(Le)]
divides G**". Moreover, since L is nonzero, |Im(Le)| is larger than 1. Hence
we have |Im(Le)| > pp. Therefore we have prob[L L B] = |Im(Lo)\_1 < 1/ps,
and especially we have prob[perp;] = prob[L L B]d <p;? O

Let M be a positive integer. We evaluate the probability of the event that
op. > M. We have
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prob[dp. = M| =1 — prob[dp. < M — 1]
=1 — prob[3L € &, ,(M — 1)\{O} s.t. L e P
=1—prob[AL € B, ,(M —1)\{O} st. L L By,...,L L By
=1- prOb[ULe,@S,,,(Mfl)\{o} perp,|

>1 - > prob|perp, |
Le, ,(M-1)\{0}

>1— (voly,(M —1) = 1) - p;?
> 1 —voly (M —1) - p;“.
This shows:

PROPOSITION 4. If vol, (M — 1) < p{l holds, then there exists a subgroup
P < G with |P| < b? satisfying dp. > M.

By Lemma 4, the condition of this proposition is satisfied if it holds that

21
AV < o M < —(lo(gbpb) )d + 1. (4)
- - 4b—1)s

Therefore we have the following sufficient condition on the existence of M.

PROPOSITION 5. If M < (log p»)*d?/(4(b — 1)s) + 1 holds, then Inequality
(4) is satisfied, and hence there exists a subgroup P < G™" with |P| < b
satisfying op. > M.

From now on, we define o, := (log py)/2 and M’ := A?d*/((b— 1)s)
where 4 < o, and we take M to be |[M'+1] so that P with |P| <5b? and

O0pr = M exists. Then, by Proposition 3, we have the following upper bound
of WF(P):

PROPOSITION 6. Let oy := (log pp)/2. Take a real number A with A < o
and an arbitrary real number ¢ > 0. Then for any positive integers s, n, and
d> (1+¢c)(b—1)s/(Alogb), there exists a subgroup P = G*" with |P| < b?
satisfying

WE"(P) < 1+1+C 1 A2 [(b=1)5) L2Ad
- ¢ logh
PrOOF. Define M’ := 4?d*/((b—1)s) and M := |M'+1|. By Proposi-
tion 5, there exists a subgroup P = G**" with |P| < b? and dp. > M. For this
P, from Lemma 6 and Proposition 3 we have
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WE(P) < Cy(M)
= Cy([M"])
<(1+ It+e 1 pM' 2/ (=DM
¢ logh
— (14 I+c 1 b AP /(b-1)9) 24d
¢ logh
which proves the proposition. n

In particular, take 4 = o, and we have the next theorem.

THEOREM 5. Let op := (log pp)/2 and take an arbitrary real number
¢>0. Then for any s, n, and d > (1 +c)(b—1)s/(op log b), there exists a
subgroup P = G with |P| < b? satisfying

WF(P) < (1+ l+c ; b d?/(b=1)s) p2md
N ¢ logh

Applying Theorem 5 to the case G = F,, we can improve [11, Theorem 2
and Remark 5].

COROLLARY 4. Let o := 0y = (log 2)/2 and take an arbitrary real number
¢>0. Then for any n and d > (1 + ¢)s/ (o log 2), there exists a linear subspace
P < F*" with dim P < d satisfying

WE(P) < <1 L 1)2“2d2/3e2“d.
¢ log2
REMARK 3.  Suzuki [18] proved that the construction of higher order digital
nets on F, given in [3] combined with some Niederreiter-Xing point sets [14]
yields an explicit construction of low-WAFOM point sets, whose order of
WAFOM is almost the same with the order obtained in this paper.

5.5. A lower bound of WAFOM. In this subsection, we show a lower bound
on WAFOM(P), as a generalization of [19]. The next lemma gives an upper
bound on the minimum Dick weight of P+ for given P = G**", which implies a
lower bound of WAFOM(P).

LemMa 8. Suppose that s and n are positive integers. Let P < G**" be
a subgroup with |P| < b?. Let q, r be nonnegative integers which satisfy d =
gs+r and 0 <r<s. Then we have the following:
(1) 6pr <sq(qg+1)/2+(q+1)(r+1)<d*/2s+3d/2+s.
(2) Let C be an arbitrary positive real number greater than 1/2. If d/s >
(v/C+1/16 +3/4)/(C —1/2) holds, then we have 6p. < Cd?/s.
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Proor. We define a subgroup Q:={4 = (a;)e(G¥)""|a;=0 if
(g+2<j<n)or (j=q+1and r+2<i<s)}. We have |[Q|=5b®*!
=b™!. There is a Z-module isomorphism P+/(P+NQ) =~ (P++ Q)/0,
and thus we have

|PL| . |Q| - bxn—d . bd-H

PLm = = SX1
PmNOI= BT = Tien™

:b7

especially there exists a non-zero matrix 4’ € (P* N Q). Therefore we have
Ope < p(A') < max{p(A) | A = (a5) € O} = sqlq + 1)/2+ (g + D)(r + 1),
where the last equality holds if the components of A4 is as follows:

a;=01if (g+2<j<n)or (j=g+1 and r+2<i<y)
a; #0if (1<j<q)or (j=g+1and 1<i<r+1)

In particular, since ¢ <d/s and r+ 1 <s, we have

Opr <sqg+1)/2+ (g+1)(r+1)

_d d+1 +d+1 _d? 1+3S+S2
T 2\s s T\ 2)
which proves the first statement.
Let C be a real number greater than 1/2 and we assume d/s>

(v/C+1/16+3/4)/(C—1/2). Then we have 1/2+3s/2d+s?/d*><C.
Thus we obtain

> (1 3s s° )
(SPLS S<2+2d+dz>SCd /S,

which proves the second statement. O
The above lemma gives a lower bound of WF(P).

THEOREM 6. Suppose that s and n are positive integers. Let G be a finite
abelian group with b > 2 elements. Let P = G**" be a subgroup with |P| < b?.
Let C be an arbitrary positive real number greater than 1/2. If d/s>

(VC+1/164+3/4)/(C —1/2) holds, then we have
WF”(P) > bfcdz/s.

PRrROOF.

WEF"(P) = Z hHA) > p=Ops > p=Cd/s, m
AeP\{0}
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5.6. Order of WAFOM. In this subsection, we consider the order of WF(P)
where P is a subgroup of G**" with |P| = b“.

We fix the base b. Let D:=a, = (log py)/2. We fix a positive integer
E satisfying E > (b—1)/(D logb). Let ¢ be the real number such that £ =
(I+¢)(b—1)/(Dlogb) (by the assumption that E > (b—1)/(Dlogbh), ¢ is
positive). Note that ¢, D and E depend only on b.

We assume that d/s > E. Then, by Proposition 6, there exists a subgroup
P < G with |P| < b? satisfying

WF"(P) < <1 + L+c L)b—Dzdz/((b—l)s)EZDd'
¢ logh

Moreover, by Theorem 6, for every P with |P| < b? we have WF"(P) > b~ ¢4’/
where C = (1/2+3/(2E)+ 1/E?). Thus we have the following lemma.

LemmA 9. If d/s > E, we have

—Cd?/s < min{log,(WF"(P))| P = G**" subgroup, |P| < b"}

I+c¢ 1
< -D°d°/((b—-1)s) +2Dd/logb+logb<l +— Iog b)'

Especially, let N =5 and we have the following.

THEOREM 7. Let G be a finite abelian group with |G| =b. Let P < G**"
be a subgroup with |P| < N. Let ¢, C, D, and E are constants as Lemma 9,
which depend only on b. Suppose that (log N)/s > E. Then we have

N=CloeN)/s < min{WE"(P)| P = G**" subgroup, |P| < N}

<(14 l+c¢ 1 N —D>(og N)/((log b)(b—1)s)+2D/log b
log b '
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