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On Hardy spaces of local and nonlocal operators
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ABSTRACT. We characterize (conditional) Hardy spaces of the Laplacian and the
fractional Laplacian by using Hardy-Stein type identities.

1. Introduction

We fix an arbitrary open set D = R? and a point xo € D. For p > 0 and
0 < o <2 we consider the Hardy space #7(D,a) of the fractional Laplacian
A%, Here

A*%y(x) = lim J &/M dy, (1)
pxl>n |y =X

o =T ((d+a)/2)/(2*n?|[(—=a/2)|) and #7(D,x) is defined as follows.

Let X be the isotropic a-stable Lévy process, i.e. the symmetric Lévy process

on R with the Lévy measure v(dy) = /|y ““dy and zero Gaussian part

([11]). Let E, be the expectation for X starting at x e R?. We define

p =inf{sr > 0: X, ¢ D},

the first exit time of X from D. A Borel function u:R? — R is called
o-harmonic on D if for every open U relatively compact in D (denoted
U cc< D) we have

u(x) = Exu(Xz,), xeU. (2)

We assume that the expectation is absolutely convergent, in particular—finite.
Equivalently, u is a-harmonic on D if u is twice continuously differentiable
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on D, [palu(»)|(1+]y))"**dy < o0, and
A*?u(x) =0,  xeD. (3)

We refer to [10, 14, 17, 21] for this characterization and detailed discussion of
o-harmonic functions, including structure theorems for nonnegative a-harmonic
functions, and explicit formulas for the Green function, Poisson kernel and
Martin kernel of A*? for the ball. The equivalence of various notions of
harmonicity for more general Markov processes is proved in [18]. We also
refer to [15, p. 120], which shows by means of an example why the mean value
property (2) is preferred over analogues of (3) for harmonic functions of
Markov processes. The reader may verify, using (2) and the strong Markov
property of X, that {u(X:,)},.p is a martingale ordered by inclusion of sets
U. In particular, E|u(X,)|” is non-decreasing in U, if p > I.

DerNITION 1. Let 0 < p < o0. We write ue #? = #P(D,a), if u is
o-harmonic on D and

1
lully = sup (B fu(Xey)1)7 < co. )

The finiteness condition does not depend on the choice of xy € D, because the
function U > x — E,|u(X;,)|” satisfies Harnack inequality for arbitrary (Borel)
function u, see [48, p. 17] or [4, Lemma 2.1]. If p <gq, then #? > #1.

We say that nonnegative functions f(u) and ¢(u) are comparable, and
write f(u) < g(u), if numbers 0 < ¢ < C < oo exist such that ¢f (1) < g(u) <
Cf (u) for every u.

Let Gp(x,y) be the Green function of 4 */2 for the Dirichlet problem
on D. The function is defined as follows. We let

pi(x) = (271)7‘1] e 1< ge, t>0,xeRY,
Rd
so that p,(y — x) is the time-homogeneous transition density function of X.
Then we use Hunt’s formula to define the Dirichlet heat kernel of 4% for D:
pD([a X, y) = pt(y - X) - EX[TD < pl—‘rn(y - XTI))]? 1>0,x,y€ Rd,
cf. [24, Section 2.2] or [19, Section 3]. Finally, we let

o0

Golx,) = | poltxyn  xyeRt
0
It may happen that Gp = oo on D. This is the case, e.g., if d =1 <« and
D = (—o0,). Such sets D are not excluded from our considerations. We
also remark that purely analytic definition of Gp may be found in [38].
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The reader may notice that (4) is far from being explicit because it involves
the distribution of X;, for all U < D. The following result and the exact
formula for |[ul|, given in (16) below simplify this perspective.

THEOREM 2. If 1 < p < oo, then ||u||} is comparable on A7 with

—u 2(u(2)| v |u -2
Goton [, 1= y<| IV )

u(xo)|” Jrj

D
In fact, ue A" if and only if u is a-harmonic in D and the integral is finite.

Incidentally, if Gp =00 on D, 1 < p< oo and ue #”, then u must be
constant on D. We also describe conditional Hardy spaces #;” = # (D, ),
where / is a fixed a-harmonic function positive on D and vanishing on D¢.
The class # is of considerable interest because it directly relates to ratios of
o-harmonic functions, weighted L? integrability of o-harmonic functions and
Doob’s A-transform. We note in passing that Doob’s conditioning also plays
an important role in the study of the relative Fatou theorem for a-harmonic
functions [42, 35, 12], and in the theory of conditional a-stable Lévy processes
[10, 16].

We give similar characterizations for Hardy spaces of the classical Lap-
lacian 4, too: formula (28) below is the celebrated Hardy-Stein identity but
Theorem 17, which may be considered a conditional Hardy-Stein identity, is
new, and may be interesting for its own sake.

The paper is composed as follows. In Section 2 we observe the formula

2
sup i (4,) = o)+ | 6o | oI ey, ()
UceD D RY |z —y|

for the norm of #72, and we extend it in Lemma 8 and Theorem 2 to #7” for
p>1. The conditional Hardy spaces #; are characterized in Lemma 15,
Theorem 16 and formula (27) in Section 3, see also Remark 11. In Section 4
we state the results for the Laplacian: formula (28) and Theorem 17. In
Section 5 we describe the norm of the Hardy spaces in terms of the Krickeberg
decomposition for p > 1, and we prove a classical Littlewood-Paley inequality.

Formula (6) and its modifications (16, 27, 29) below are the main subject
of the paper, and they may be considered nonlocal or conditional extensions
of the classical Hardy-Stein equality, for which we refer the reader to (28) in
Section 4 and to [53, 45, 46].

Our work was motivated by the notion of the quadratic variation of
martingales, operator carré du champ, and the characterization of the classical
and martingale Hardy and Bergman spaces ([28, 41, 47, 46, 55, 53, 39, 56]).
The resulting technique should apply to Hardy spaces of operators and Markov
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processes much more general than the fractional Laplacian and the isotropic
stable Lévy process. The style of the presentation and the inclusion of both
jump and continuous processes in the present paper is intended to clarify
the methodology and indicate such extensions. Our development is mostly
analytic. In fact, the definitions of the Hardy spaces can be easily formulated
analytically by using the harmonic measures of the Laplacian and the fractional
Laplacian ([6, 38]). A clarifying comparison of the conditional and the non-
conditional cases is made at the end of Section 4.

2. Characterization of 77

Consider an open set U cc D and a real-valued function ¢:RY — R
which is C? in a neighborhood of U and satisfies [ |#(»)](1 + |y]) ¢ “dy <
. Then A**¢ is bounded on U, and for every x € R? we have

#(x) = Eug(Xe,) — j Gu(x, ) 4*P4(y)dy. )

Indeed, if ¢ is compactly supported and smooth in RY, ie. it is a fest
function, then (7) follows from Dynkin’s formula, see also a brief semi-
analytic proof given in [13, Lemma 8 with b =0]. For arbitrary function
¢ satisfying the assumptions stated before (7), let test functions ¢, converge
to ¢ in L'(RY,(1+ |y])"**dy) and in C? on a neighborhood of U. Then
A*2¢ — A*2¢ uniformly on U because we can use Taylor expansion with
remainder of the second-order for the integrand in (1) in a neighborhood of
U, and we also have A4%%u(x) = [, u(y)|y —x| " "dy if xe U and u is
supported in U°. We also note that the distribution of X;, for the process X
starting at x has the density function z — [, Gy(x, )|z — y|7d7“dy in the
complement of U. The fact is known as the lkeda-Watanabe formula and
follows immediately from (7) for test functions (we also refer to [33] for the
original contribution and to [13, Lemma 6 with b = 0] for a brief semi-analytic
proof). We note that [, Gy(x, p)/|z — y| ™ "dy < ¢(1 +|z[) " in the com-
plement of each neighborhood of U, see also [7, Lemma 7]. By bounded
convergence in a neighborhood of U and by L! convergence elsewhere we
extend (7) from ¢, to ¢. The reader interested in proving (7) by means of the
maximum principle of 4%? may also do so by using [10, Lemma 3.8 and the
proof of Theorem 3.9].

LemMma 3. If u is a-harmonic on D and U cc D, then

Go(xo, y)J A ZuO (s

2
E.u*(X.,) = u(xo) +J T
RO 2=y

U
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Proor. If  [pau(p)’(1+[y) “dy =0, then  [qalu(z) —u(y)?/
|z — y|*"*dz = oo for every y. Also Eyu?(X,) = oo, because the distribution
of X,, has density function bounded below by a multiple of (1 4 |y|)~* * in the
complement of the neighborhood of U, see the discussion of (7). Therefore in
what follows we may assume that [psu(y)*(1 +|y|) ™ *dy < oo. Since u? is
C? on D, 4*?(u?) is bounded on U. By (7) with ¢ = u?, for x € R? we have

Ew%£ﬁ=u%ﬂ+J;GdnyM”%fXﬂ@-

For yeU, =zeR? we have u?(z)—u2(y) —2u(y)[u(z) —u(y)] =
[u(z) —u(y)))*. Since 4*%u(y) =0, we have

A2 (y) = 4P (y) = 2u(y) 4" u(y)

202\ — 120y — _
~ tim | 22D =)~ W) —u)
1=0" JzeR%: z—y[>n} |z — ¥
2
[ M,
R |z — ] *
and (8) follows. 0

We obtain the description of #? aforementioned in Introduction.
COROLLARY 4. If u is a-harmonic in D, then (6) holds.

Proor. Recall that Gy(x,y) 1 Gp(x,y) as U1 D. By the monotone
convergence theorem we obtain the result, also if Gp = oo on D. O

We conclude that #2 consists of precisely all those functions a-harmonic
on D for which the quadratic form on the right hand side of (6) is finite.

We now consider arbitrary real number p > 1. We note that x+— |x
is convex on R, with the derivative pala|’* at x=a. For a,beC we
let

1’

F(a,b) = |b|" —|a|” — pala|"™(b — a). ©)

We have F(a,b) = |b|” if a =0, and F(a,b) = (p—1)|a)’ if b=0. Ifa,beR,
then F(a,b) is the second-order Taylor remainder of R > x+— |x|”, and, by
convexity, F(a,b) > 0.

ExampLE 5. For (even) p=2,4,... and a,b € R, we have

F(a,b)=b"—a’ — pa’™!(b—a) = (b —a)* ) _(k+ 1)b">a".
0

S}
NS

~
Il
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Let &, b and a be real numbers. For p > 1 we define
F,(a,b) = Re F(a+ie,b+ie) = |b+ ie|” — |a + ie|” — pala+ ie|”"*(b—a). (10)

F,(a,b) is the second-order Taylor remainder of R 3 x — (x2 4 ¢2)"/2, and, by
convexity, F.(a,b) >0 (see below). Of course, F.(a,b) — F(a,b) as ¢ — 0.

LEMMA 6. For every p > 1, we have
F(a,b) = (b—a)*(b| v|a))’2,  abeR. (11)
If pe(1,2), then

1
0 < Fyab) < FF(a,b), g a,beR. (12)

PrROOF. We denote K(a,b) = (b—a)*(|b|v|a|)’ 2. For every keR,
F(ka,kb) = |k|"F(a,b) and K(ka,kb) = |k|’K(a,b). If a=0, then (11) be-
comes equality, hence we may assume that a # 0, in fact—that a=1. Let
f(b)=F(1,b)=|b|” —1—p(b—1). We will prove that

¢p(b— V(1B v 1) < 1(b) < Cylb — D(Jb] v 1) (13)

Since f(1) = f'(1)=0 and f"(y) = p(p—1)|y|’* for y #0, we obtain

b px b
£(6) = plp—1) j j 1P 2dydx = p(p — 1) j 172 (b — y)dy.

The first integral is over a simplex of area (b — 1)%/2, and it is a monotone
function of the simplex (as ordered by inclusion). For b close to 1 the integral
is comparable to (b —1)2.  For large || the (second) integral is comparable to
|b|?”. This proves (13), hence (11). We now consider F, for ¢ 20 and p > 1.
Let

fib) = F(1,0) = (7 + &) — (14 &)"7 — p(1 +&1) P22 (b - 1).
We have f.(1) = f/(1) =0 and
') =02+ 72 (p - 1)+ 20,  yeR

Therefore,

In fact we have

£ <pllv(p—DI2+H7 P2 yeR
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We now let 1 < p<2. For yeR we obtain f(y) < p|y|p72, hence

b rx
16y <o | s = po).

If a # 0, then by (13),

Fi(a,b) = |al"[[b/a +ie/al” — |1 +ie/al” — p|1 +ie/al"(b/a —1)]

= lal"Fyya(1,b/a) = |al’f;/a(b/a)
1
p—1

» 1
al’f (bfa) =~ Fla.b).

If a =0, then
Fy(a,b) = (b + )" — |¢|” < ||’ = F(a,b),

too, since (p+n)"* — pr/2 = [T L (y+ )" dy < Ly < P2 for p,y = 0.
The proof of (12) is complete. O

To prepare for limiting arguments we make the following observation,
which follows from Fatou’s lemma and dominated convergence theorem.

REMARK 7. If 0 < f, — f p-ae., [ f, duis bounded and f, < ¢f for some
constant ¢, then [ f, du— [ fdu as n— oo.

LemMma 8. If u is a-harmonic in D,U c< D, and p > 1, then

Gy (xo, y)J MM dzdy. (14)

E|u(Xe )I” = Ju(x0)l” +J P
ROz =y

U

Proor. We proceed as in Lemma 3. In particular, if

JRtI |u(y)|p(1 + |y|)7d7ady = 0,
then E, |u(X;,)|” = oo and also, by Lemma 6,

J F(u(y),u(z))
Rd

o T

for every yeRY Therefore in what follows, we assume that
o luP A+ [3) " dy < 0, or Eylu(Xe,)|” < c0. We first consider the
case of p>2 and apply (7) to ¢=[ul’ € C}*(D). For yeD we have
A*2u(y) = 0, hence



200 Krzysztof BoGDAN, Barttomiej Dypa and Tomasz LUKs
APl (y)

= A"2ul? (y) — pu(y)|u(y)|" 4% u( y)

— lim J o u(2)|” = Ju(»)|” —pu(y)ljtfay)l”’z[u(Z) —u(y)] &=
120" J{ze R z—y|>n} |z —y|

:J UQ{F(M(y)%(é)) 0
RO [z =y

This and (7) yield (14) for p > 2. We now consider 1 < p <2. We note that
lu+ie|” € C*(D). As in the first part of the proof,

AP+ ig” (p) = AP u+ iel” (p) — pu(y)|u(y) + ie]” >4 u( y)

[ o),
Rd

|Z _ y| d+o ’
hence

By lu(Xs,) ! = lu(xo) + 6 + | Gotany) | v gy, (1)
U

N

By Jensen’s inequality,
EX()|u(XT(/) + i8|p < E«’C(J(|u(XTU)| + |8|)p < 2P_IE»¥()(|u(XTL')|p + |8|p)7

which remains bounded as ¢ — 0. By Remark 7 and Lemma 6 applied to the
right-hand side of (15) and by the dominated convergence theorem applied to
its left-hand side we obtain (14). O

PrOOF (Proof of Theorem 2). Lemma 6, Lemma 8 and monotone
convergence imply the comparability of [lu[|} and (5) with the same constants
as in (13), under the mere assumption that u be o-harmonic on D. In fact,

Fu(y),u(z)

= dzdy. (16)
y‘ d+

nwizwwwV+L;bumwj 9

RY |Z—

We note that in many cases sharp two-sided estimates of Gp are known.
For instance, if D is a bounded open C!! set in R? and d > «, then

Gp(x0, ¥) = () *|y — xo| "¢,

where Jp(y) := dist(y, D¢), see [20, 37, 22].
Recall the definition of F,, (10), and the fact that Fy = F of (9). Before
moving to conditional Hardy spaces we record the following observation.
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LemMA 9. For every p > 1 and ay, ap, by, by, e € R, we have
Fy(a1 Anay,by Aby) < Fy(ai,b1) v Fy(aa, by), (17)

(18)

In particular, Flanl,bAl) < F(a,b) and F(av (-1),bv (-1)) < F(a,b), for
all a,beR. The latter also extends to K(a,b) = (b— a)*(|b| v |a|)? .

)
F;;(al Va27b1 Vbz) < Fg(d],bl) VFs(az,bz
(

ProoF. Let ¢ #0. We claim that the function b — F,(a,b) decreases on
(—o0,da] and increases on [a, c0). To see this, we consider

oF,

(@ b) = ph(b? + )P pa(a )7 (19)

The  function  A(x) = px(x? +&2)P/>"! has  derivative  A'(x) =
p(x2+ 6" 2(x2(p— 1) +¢2) > 0. If follows that the difference in (19) is
positive if b > a and negative if b < a. This proves our claim.

Furthermore the function a — F,(a,b) decreases on (—o0,b] and increases
on [b,o0), as follows from calculating the derivative,

o,

55 @) = pla=b)(@ +&) 2@ (p— 1) +27).

We now prove (17). If byAby=b; and ayAray =a; (or by Aby=5b, and
aj) Aay = ay), then (17) is trivial. If by Aby = by and a; Aay = ap, then the
monotonicity of F, yields

Fg(ag,bl) < Fa(al,b1), if b < ay,
Fa(az,bl) < Fg(az,bz), if by > a.

The case by Aby = b, and a; Aa; = a; obtains by renaming the arguments.
This proves inequality (17). (18) follows from (17) and the identity

F.(—a,—b) = F,(a,b).

The case ¢=0 obtains by passing to the limit. When a =5 we have
F(a,b) =0, which yields the second last statement of the lemma. For
K we also get (b/\l—a/\1)2(|b/\1|v|a/\1|)”_2g(1)—(1)2(|b|v|a|)p_2 and
(bv(=1)—av (=1)*(|bv (=D vlav(=D))"? < (b—a)*(b] v]a)".

O

In passing we note that if the right-hand side of (14) is finite for u, then it
is also finite (in fact—smaller) for u a1 and uv (—1). The latter functions have
smaller values and increments than u, a property defining normal contractions
for Dirichlet forms ([30]).
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3. Characterization of ;"

The fractional Laplacian is a nonlocal operator and the corresponding
stochastic process X has jumps. In consequence the definitions of «-
harmonicity (2) and (3) involve the values of the function on the whole of
D¢ ([14]). This is somewhat unusual compared with the classical theory of the
Laplacian and the Brownian motion, and efforts were made by various authors
to ascribe genuine boundary conditions to such processes and functions ([9,
12, 32, 35, 42, 40], see also [5, 1]). One possibility is to study the boundary
behavior of a-harmonic functions after an appropriate normalization. We
shall use Doob’s conditioning to normalize. The procedure was proposed for
classical harmonic functions in [26], and [23, Chapter 11] treats a general case.
We shall focus on a-harmonic functions vanishing on D¢, so that D¢ may be
ignored. Namely, let & be o-harmonic and positive on D, and let /& vanish on
D¢.  Such functions are called singular o-harmonic on D ([14]). We consider
the transition semigroup

1
PLF) = g5 [ poteox ), (20)
where pp, defined in Section 1, is the time-homogeneous transition density of
X killed on leaving D ([10]). The semigroup property of P! follows directly
from the Chapman-Kolmogorov equations for pp (cf. [24, Section 2.2] or [19,
Section 3]),

Ld Po(s,%, y)pp(t, y,2)dy = pp(s + 1, X, 2).

By a-harmonicity and the optional stopping theorem, E.i(X;, ;) = h(x), if
xe U cc D. Letting U 1 D, by Fatou’s lemma we obtain [ pp(z,x, p)h(y)dy
=E.{t<tp:h(X)} <h(x), ie. P! is subprobabilistic.

The conditional process is defined as the Markov process with the
transition semigroup P, and it will be denoted by the same symbol X.
We let Ei’ be the corresponding expectation for X starting at x € D,

1
ELS(X) = g Balt < i/ (X)h(X))
see also [10]. A Borel function r: D — R is A-harmonic (on D) if for every
open U c= D we have
1
r(x) = E'r(Xy,) = WEX[XTU e D;r(X:,)h(Xy,)], xeU.
Here we assume that the expectation is absolutely convergent, in particular—
finite. It is evident that r is s-harmonic if and only if r = u/h on D, where u is
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o-harmonic on D and vanishes on D¢. Below we call such functions u singular
o-harmonic on D, too, without requiring nonnegativity. We are interested in
L? integrability of u/h, which amounts to weighted L? integrability of u. The
following definition is adapted from [43].

DEFINITION 10.  For 0 < p < o0 we define A/ = #(D,u) as the class of
all the functions u:RY — R, singular o-harmonic on D and such that

u(XTU)
h(Xey)

? 1 u(X;,)|”
= sup Ej, T )I” TLZ‘—]
h(x()) UccD h(Xrb)

< o,

L Eh
el = sup B,

where EX()|u(XTU)‘p/h(XTU)p71 means EX() [XTU € D; |u(XTU)‘p/h(XTU)p71]'

By Harnack inequality, % does not depend on the choice of xg € D.
In what follows we adopt the convention that u(z)/h(z) =0 if u is singular
o-harmonic on D and z e D°.

REmARK 11. Note that the elements of this J’f,f are o-harmonic, rather
than /-harmonic. In view of Definition 10, the genuine conditional Hardy
space of A*? and h is {u/h:ue A}, with the norm |u/h|| = |u|| 4r. H}
may be considered a weighted Hardy space of A%2, but it is convenient to
call it conditional Hardy space, too. Below we focus on |u|| x> Which yields
description of both spaces.

LemMma 12. If u is singular o-harmonic on D and U cc D, then

uz(Xfu) _ ”(x0)2 u(z)  u(y) 2//1(2)ﬂ
B =ity * ), oo [, | [ e

h(z)  h(y)

PrROOF. As in Lemma 3 we assume that E, u?(X,,)/h(X,,) < o0, equiv-
alently [, u?(y)h(y) "' (1 + |y])"“""dy < o0, else both sides of (21) are infinite.
We also note that u?/h is C*> on D. Let ye D. For arbitrary z € R? we have

2E)_w0) ), ),
h(z)  h(y) Zh(y)( (2) (y))+h2(y) (h(z) = h(»))

W) )

G e 22)

By (22) and o-harmonicity,

a2 (12) ) = 2 () )~ 282 4oty + 0

7 i) ()
_ u_Z)_M ? 7 — —d—a 2Vdz
=l i) F o e 29
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Noteworthy, the integrand is nonnegative. Following (7), for u?/h we get

2 2 2
) | Gy a2 () e

By using (23) we obtain (21). O

E

We can interpret (21) in terms of A-conditioning and r = u/h as follows,
Gu(xo, y) [r(z) = ()] h(z)
E" r(X,,)* = r(x 2+J - J o dzh?(y)dy.
X0 ( ) ( 0) Uh(xo)h(y) RY |Z - y|d+o: h(y) (y) y

This is an analogue of (6), and also indicates the general situation. For p > 1
we consider the expressions of the form

F(a,b>, a,beC, s,t>0,
st

see (9). By Lemma 6 we have

b b a\*(|b P2
OSF(E,—)X(——g) (u\,@) , a,beR, s,t >0, (24)

st tr s) \t s

and the comparisons on the right of (24) hold with the constants ¢, and C, of
(13). If 1 < p <2, then we also consider

F(%%) eabeR, 51> 0,

where F, is defined in (10). By Lemma 6 we have

OSFE(E,Q>§LF(E,Q>, a,beR, s,t > 0. (25)

st

Lemma 13. For p>1, a,beC and s,t > 0, we have
b P P p—2-rp _1 Pls
F(g _) _ B al” _ plal”a(b—a)  (p—Dlal"(t=s) (26)

st o gl tsp=1 tsP '
Proor. By the definition of F,
F(4.2)BE kb _pit T plt”

st o sp tsp=1 sP
We get the same quantity expanding the right-hand side of (26):

-2 _
16" _1al” _plal”“ab  pla]”  plal® |al” _pla]”  |a|”

o sl tsP—1 tsP—1 sP sP o gsp—l 0 gspl

2 _
_ 6" |a”  plal”"ab  plal”
R 5P tsp=1 sP
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The homogeneity seen on the left-hand side of (26) is an interesting feature
for the right-hand side of (26). We also like to note that for real arguments
tF(a/s,b/t) is the second-order Taylor remainder for (a,s) — |a|”/s"~" at (b, 1)
and, of course, F,(a/s,b/t) — F(a/s,b/t) as ¢ — 0.

COROLLARY 14. For p>1, a,beR, and s,t,e >0, we have

tr tsP—1 tsP—1

P (a b) |b+ict|?  |a+ies|?  pla+ies|” a(b — a)
e\ =, | — - -
st

pla+ies|”2e2s(t—s)  (p—1)|a+ ies|’ (1 —s)
tsP tsP

ProoF. The result follows from (26) because by (10) we have
Fg(g’é):R6F<a+zss7b+let>. 0
st N t

Lemvma 15. If u is singular o-harmonic on D, U cc D and p>1,

then

)l _ o)l | J
E\”[) _ = _ + G I
R TSl P N

u(y) u(z) h(z)dzdy
r (hm ’h@)” PRNT

PROOF. As in Lemma 8 we assume that E. |u(X.,)|”/h(X.,)"" < oo,
equivalently [, [u(»)[”h(»)" " (1 +|y])"*"dy < o, else both sides of the
equality in the statement are infinite. If p >2, then [u|’/h?~!e C?*(D).
By (7),
u(Xe )" u(xo)l”
h(Xe)'™ o)

Juf”

+ JU Gy (xo, J’)Aa/z (hp—l) (»)dy.

X0

By a-harmonicity of /4 and u,

a2 (M) )
_ (1N PO u) 0= DO
- A (hpl)( ) h(y)]Fl A (J/) + h(y)p A h(y)

w0 plu) u)
e e T

= lim J
1200 iz e R 2—yl>n)
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By Lemma 13 with a =u(y), s=h(y), b =u(z), t = h(z), the above equals

[ PG 1) o) ) 212 = 3

This gives the result for p > 2. If 1 < p <2 then we argue as follows. Let
¢>0. By a-harmonicity of u and h, A%*(|u+ ich|’h'?)(y) equals

|u(z) + ish(2)|" _ u(y) + ih(y)|”
h(z)"! h(y)"™!

lim J
10" J{ze R z—y[>n}

plu(y) + ich(y)|P %
h(y)">

_ plu(y) + ish(y)|"u(y)
h(y)"!

(u(z) —u(y)) -

(p = Dlu(y) + ieh(y)|” o
" h(y)? (h(z) = h(»)) | |z = y| e

By Corollary 14 with a =u(y), s =h(y), b =u(z), t = h(z), the above equals

Ld BV Fu(u(y) (), u(z) () |z — | d.

By (7) we get

u(Xz,) + ieh(Xz, )" u(xo) + ieh(xo)|”

h(Xey )™ h(x0)"™!

o], Gotson [ 7 (G 50 ) 7

We then proceed as in the proof of Lemma 8, letting ¢ — 0, using (25), Remark
7, and the assumed finiteness of E |u(X:,)|”/h(X.,)”" and E h(X.,). O

THEOREM 16. Let 1 < p < oo. For singular o-harmonic functions u on D,
||u||’;,,,,) is comparable with
“h

Iu(xO)P+J GD(xO,y)J (M(Z)I Iu(y)>”2[u(2) u(y)} h(z)dzh?(y)dy
R

o) ) ph()h() Jee \hz) " h(y) ) W) T RO)] h(p)z — o

ProoF. The result follows from Lemma 15 and (24). In fact,

ol [ o) (1) o M ey
i

27
h(xo)” ~ Jp h(xo0)h(y) EES Tl ( D)

||u||’;,,, = h(y) h(z)

We remark in passing that for 4 = 1 we obtain #” = #”. To rigorously
state this observation, one should discuss conditioning by functions / with
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nontrivial values on D¢. In this connection we note that [21] suggest that the
stopped (rather than the killed) process should be used to this end (see also
[14, Remark 11] and [23, Chapter 11]). We will not embark on this endeavor,
instead in the next section we fully discuss the conditional Hardy spaces of a
local operator, in which case the values of 4 on D¢ are irrelevant.

4. Classical Hardy spaces

Here we describe the Hardy spaces and the conditional Hardy spaces of
harmonic functions of the Laplacian 4 = Zjd:l o? /(’)xf. The former case has
been widely studied in the literature, mainly for the ball and the half-space,
but also for smooth and Lipschitz domains, see [2, 36, 50, 51, 34]. The
characterization of the Hardy spaces in terms of quadratic functions appeared
in [49] and [58] for harmonic functions on the half-space in R?. The case of D
being the unit ball was studied in detail in [54, 45]. For more general domains
in RY see [55, 51, 34].

Throughout this section we assume that D < R is open and connected, i.e.
it is a domain, and xp € D. For 0 < p < oo, the classical Hardy space H?(D)
may be defined as the family of all those functions # on D which are harmonic
on D (i.e. ue C*(D) and Au(x) =0 for x e D) and satisfy

el = sup (B u(We,)|)'7 < o0.
UceD
Here W is the Brownian motion on RY and ty =inf{t>0: W, ¢ D}. For

a positive harmonic function # on D and 0 < p < co we consider the space
H! (D) of all those functions u harmonic on D which satisfy

u(We,)
h(We,)

Pl u(W=,)|”
- up X0 p—1
h(xo) UceD h( WTL’)

||u|\11';/’p = Usng Ei’o )
where E” is the expectation for the conditional Brownian motion (compare
Section 3 or see [27]). Let Gp be the classical Green function of D for 4. If
1 < p< oo and u is harmonic on D, then the following Hardy-Stein identity
holds

lull o = lu(x0)” + p(p = 1) JD Gp(x0, »)|u(y)|" 2 Vu(y)|*dy. (28)

The identity (28) obtains by taking # = 1 in the next theorem. (28) generalizes
[54, Lemma 1] and [45, Theorem 4.3], where the formula was given for
the ball in RY, see also [52]. We note that (28) is implicit in [55, Lemma 6],
but apparently the identity did not receive enough attention for general
domains.
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If sharp two-sided estimates of Gp are known, then we obtain explicit
estimate for ||ul|;;,. For instance, if D is a bounded C"! domain in R? and
d >3, then Gp(xo, ) =p(»)|y — xo|* ™%, where dp(y) := dist(y, D¢), see [57,
59] or [8]. For Lipschitz domains we also refer to [8].

THEOREM 17. If' 1 < p < o0 and u is harmonic on D, then

Vo)

_ |“(>€0)|p+ (p— 1)JD Gp(xo, ) |u(y)

||”HZ/{’ = h(xo)” h(x0)h(y) |h(y)

The remainder of this section is devoted to the proof of Theorem 17. The
reader interested mostly in (28) is encouraged to carry out similar but simpler
calculations for 2 =1 and p > 2. We note that (29) is quite more general than
(28) because usually u/h is not harmonic. The same remark concerns (31, 32)
for general / as opposed to (31, 32) for # =1, which is a classical result ([50,
VIL3]). We start with the following well-known Green-type equality. Con-
sider an open set U = D and a real-valued function ¢ : RY — R which is C?
in a neighborhood of U. Then A¢ is bounded on U, and for every x e D,

2
h*(y)dy.  (29)

PZ‘

$(x) = Exp( W) jU Gy (x, ) 4¢(7)dy, (30)

see, e.g., [29, p. 133] for the proof.

LemMmA 18. Let ¢ 20 and p > 1, and let u be harmonic on D. We have

2 /2 2 (r=4)/2 2 2
u 2 R L2 ivY
A4 <h2+6) h]—p<h2+£> [(p 1)h2+8]vh h. (31)
If u#0 or p>2, then
Jul” _ ul?uf?
A(hp_] =p(p-1) 7 Vh h. (32)

PrOOF. Denote u; = du/0x;, h; = oh/dx;, uy = 0*u/dx? and hy = 0%h/ox?,
i=1,...,d. The lemma results from straightforward calculations based on the
following observations:

Viu = V@)?"* = plu|’*uVu, if p>2oru#0,

2

P ul? = p(p — V)|ul?*u? + plul” *uuy, if p>2oru+#0,

Vh'™? = (1 — p)h"Vh,

A(fg) = fAg+2Vf oVg+ gAf.



On Hardy spaces 209

This yields (32) if p > 2 or u(x) #0 at the point x where the derivatives are
calculated (and so |u|’h'™? is of class C? there). To prove (31) we let & # 0,
denote f(x) = u*/h* + ¢, and use a few more identities:

u Vu uVh u\? u_u
7 - 2) o2ty
Vh h h?’ V(h) th,

ne > 2w _ 8uVuoVh N 6u?|Vh|
h) —  h? h3 ht

2
p/2 _ P epp-ty (U
e (OF

2

2
o2 _ PP =2) ps P o p1 (U
Af —/ + A

2
h+ pfr/*!

(5)
;)

Noteworthy, we obtained nonnegative expressions in (31) and (32). Also,
if ¢ — 0, then A[(u?/h*+ &)"*h] — A(ju|’h'~7) almost everywhere on D.

) 2
A(fPPh) = %ﬂ’/z‘z V%‘ h. O

LemMma 19. If u is harmonic on D, U cc D and p > 1, then

u( X )P Julxo)l? WPy
xOh(E( ‘51)71 - /L()(C();;))'l p(p— I)JU GU(XO’y)‘th};; V%(y) h(y)dy.

ProOF. For p >2 we have |[ul’h!™? € C*(D) and the result follows from

(30) and Lemma 18. If 1 < p < 2, then we consider u + ieh in place of u and
we let ¢ — 0. By (31), (30) and dominated convergence we obtain the result.
O

Proor (Proof of Theorem 17). The conclusion follows from Lemma 19
and monotone convergence, after dividing by #h(xy) and rearranging the
integrand. O

We observe very close similarities between the Hardy-Stein identities and
conditional Hardy-Stein identities discussed in this paper. Specifically, func-
tions u# and u/h undergo the same transformation under the integral sign. In
each case we see the Green function (and jump kernels in the non-local case)
appropriate for the given operator, and in the conditional case, 4%(y)dy appears
as a natural reference measure. We remark in passing that the framework of
conditional semigroups (20) should be convenient for such calculations in more
general settings.
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5. Further results

We now discuss the structure of #7”. We start with p =1. The fol-
lowing is a counterpart of the theorem of Krickeberg for martingales ([25]),
and an extension of [43, Theorem 1], where the result was proved for singular
o-harmonic functions on bounded Lipschitz open sets.

LEMMA 20. Let ue #"'. There exist nonnegative functions f and g which
are a-harmonic on D, satisfy u= f —g and uniquely minimize f(xo)~+ g(xp).
In fact, f(xo) +g(xo0) = ||ull;. If u is singular o-harmonic on D, then so are f
and g. If 1 <p < oo and ue A7, then ||ull) = fI} +[lgl].

Proor. Let U, be open, U, c< U,y for n=1,2... and |J U, =D.
Let 7, =ty,. We have

Hqu = nh_{l; Exolu(XTn” < 0.

Let u™ = max(u,0) and u~ = max(—u,0). For n=1,2,..., we define
fn(x) = Exu+(XTn)v gn(x) = Exu_(er,)y X € RY.

Obviously, functions f;, and g, are nonnegative on R? and finite and o-
harmonic on U,. We have u= f, —g,. Since 7, < 1,1, for every xeRd,

Su(x) = E.X‘[EXT,,”(X%H); u(X,,) > 0] < EX[EXM”+(XTN+1)] = fos1(x),

and g¢,(x) < gpr1(x). We let f(x) =1lim f,(x) and g(x) =lim g,(x). By the
monotone convergence theorem, the mean value property (2) holds for f and
g. We obtain

£(x0) +g(x0) = lim By u(X,,)| = [l < oo.

In view of Harnack inequality we conclude that f and g are finite, hence
o-harmonic on D. Also, u= f —g. If u vanishes on D, then so do f and
g. For the uniqueness, we observe that if f ,g > 0 are o-harmonic on D, and
u=f—g, then —j<u<f, hence f <f and g <g§ by the construction of
f and g. Therefore f(xo)+ g(x0) < f(xo) + §(x0), and equality holds if and
only if f(xo) = f(x0) and g(xo) = §(xo), henceforth f = f and g = g.

Let p > 1 and suppose that ue #7 — #'. By Jensen’s inequality,

fn(x)p < Exu+(XT,,)p> gn(x)p < Exui(Xrn)pv
hence

In(x)" + gn(x)” < Effu(X,)[".
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For m < n we have
Ey, (fi(X5,)” + 9a(X5,)") < ExEy, |u(X,)[” = Ey Ju(X,)|”
Letting n — o0, we get
Eq (f(Xz,)" +9(X,)") < [lully.

Hence | /1|7 + [lg]l; < [lu/[}. On the other hand, f,g >0, hence

p

||”||5 = nh_{rolc E, |/ (X:,) — 9(Xz,)

< lim By, (/(X:,)" +9(X2,)") = [I/1l; + lgll;-

n— oo
The proof is complete. O
We note that [lul|] = [If]; +lg]; has a trivial analogue for L? spaces.

LEmMMA 21. Letuce f%hl. There are nonnegative functions f,g € Jﬁl which
satisfy u= f —g and uniquely minimize f(xo)+ g(xo). In fact, f(xo)+ g(xo)

= [Jull 1 h(x0). If 1< p< o0 and ue AL, then Hu||1;fh,, = HfH‘;ﬁ,, + ||g||ljﬂ,,

Proor. If ue #;', then u is singular o-harmonic on D,ue #' and
||u||),hl = h(xo) "||ull, (conditioning is trivial for p=1). By Lemma 20, u
has the Krickeberg decomposition u = f — g, and f, g are nonnegative and
singular o-harmonic on D. In particular Hf”){hl = f(x0)/h(xo) and ||g|uzl =
g(x0)/h(xo) are finite. The reader may easily verify the rest of the statement of
the lemma, following the previous proof and using the conditional expectation
Eh. 0

REMARK 22. Analogues of Lemma 20 and Lemma 21 are true for the

classical Hardy spaces H?(D) and H} (D) for connected D.

As an application of (28) we give a short proof of the following
Littlewood-Paley type inequality (see [44], where the result was given for
the ball in R?). Recall the notation dp(y) = dist(y, D¢).

PROPOSITION 23. Consider a domain D = R?, and let p > 2. For every
Sfunction u harmonic on D we have

el — ux0)|” = p(p — D)d> 7217 JD Gp(x0, 7)dp(»)"*[Vu(y) | dy.

ProoF. We may assume that |u||,, <oo. In view of Lemma 20
and Remark 22, u= f —g, where f, g are positive and harmonic on D
and  |lully, = | fll5z0 + llgll7-  Clearly,  [u(xo)|” < f(x0)” +g(x0)”, hence
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ullfzr = lu(xo)” = 11 11ze = |/ (x0)I” + gl 7 — lg(x0)|”.  Furthermore, by Jen-
sen’s inequality,

Vul” <2071 (|Vf17 + Vgl").
Recall the following gradient estimate for the nonnegative harmonic function f,
J(x) =V (x)op(x)/d,  xeD,

([31, Exercise 2.13], see also [3]). Here d is the dimension. By (28),
1A e = 1S (x0)I” = p(p — 1) JD G (x0, VIS IV ()] dy

> p(p— D> L Gp(xo, 7)0p(3)" 2V f ()P,

and a similar estimate holds for g. O
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