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Abstract. In this paper we give the Weierstrass equations for Jacobian fibrations on

the K3 surface that is the minimal resolution of the double covering of P2 ramified

along generic six lines.

1. Introduction

1.1. Problem setting. Let X be a K3 surface defined over an algebraically

closed field k with charðkÞ0 2; 3. Suppose f : X ! P1 is a Jacobian fibration,

that is, an elliptic fibration on X with a section O : P1 ! X . Let t be an a‰ne

coordinate of P1. Then f �ðtÞ defines a non-constant rational function on X ,

which is called an elliptic parameter for the Jacobian fibration f . We also

denote f �ðtÞ by t and regard t as a rational function on X . The generic fiber

of f defines an elliptic curve E over the rational function field kðtÞ.
Kuwata and Shioda [7] proposed the following problems.

Problem 1. Given a K3 surface X=k and a Jacobian fibration f , determine

(i) the elliptic parameter t for f , (ii) the defining equation of the elliptic curve

E=kðtÞ, and (iii) the Mordell-Weil lattice (MWL) EðkðtÞÞ.

Problem 2. Given a K3 surface X=k, determine all the (essentially

distinct) elliptic parameters.

Problem 2 is a combination of Problem 1 and the following standard

problem:

Problem 3. Given a K3 surface X=k, classify the Jacobian fibration

f : X ! P1 up to isomorphism.

Oguiso [8] solved Problem 3 in the case where X is a Kummer surface of

the product of non-isogenous elliptic curves over the complex number field.

Namely he classified the configuration of singular fibers on such a Kummer

2010 Mathematics Subject Classification. 14J27, 14J28, 14H52.

Key words and phrases. K3 surface, elliptic surface, elliptic curve.



surface X into eleven types J1; . . . ;J11, and determined the number of the

isomorphism classes for each type.

Kuwata and Shioda [7] solved Problems 1 and 2 for each member of Oguiso’s

list. They gave elliptic parameters and Weierstrass equations for each member

of Oguiso’s list by using the Legendre parameters of the two elliptic curves.

Recently, Kumar [5] solved the above problems completely for the case

of a generic Jacobian Kummer surface X ¼ KmðJðCÞÞ, for a genus 2 curve C

over an algebraically closed field of characteristic 0. He showed that there are

exactly 25 distinct Jacobian fibrations on such a generic Kummer surface, and

gave an elliptic parameter, the Weierstrass equation and the Mordell-Weil

lattice for each type.

1.2. Main results. In this paper, we focus on the case of a K3 surface over k

that is the minimal resolution of the double covering of P2 ramified along

generic six lines. When we say that six lines are generic, we mean that the

rank of the Néron-Severi group NSðX Þ is 16.

In this case, Problem 3 has been partially solved by Kloosterman [3]. He

classified all configurations of singular fibers of Jacobian fibrations on such a

K3 surface over a field of characteristic 0 (although most of his results hold

over fields of any characteristic, not 2 or 3) into sixteen classes. However he

did not give the classification of the isomorphism classes for each type. Thus,

this gives a partial solution to Problem 3 on such a K3 surface.

Table 1 shows a summary of Kloosterman’s results in the generic case.

The first column shows the class of Jacobian fibration following Kloosterman’s

notation. The second column shows the configuration of singular fibers.

Here, for example, by I�2 þ 8I2 we mean that the surface has two fibers of type

I�2 (Kodaira’s notation [4]) and eight fibers of type I2. The third column

shows the Mordell-Weil group (MWG) of the fibration.

Our main results are as follows: we solve (i) and (ii) of Problem 1 for each

class of Table 1. We give an elliptic parameter and its Weierstrass equation

for one Jacobian fibration in each class of the table, although there may

exist nonisomorphic Jacobian fibrations belonging to the same class of the list.

More details will be given in § 1.3 after we fix the notation.

1.3. Notation. Fix generic six lines Li HP2. Denote by Pi; j the point of

intersection of Li and Lj.

Let j 0 : Y ! P2 be the double cover ramified along the six lines Li. Then

Y has 15 double points of type A1, which correspond to Pi; j. Blowing up

these points gives a K3 surface X , with 15 exceptional divisors li; j and a

rational map j : X ! P2. For a curve C on P2, we call the strict transform of

j 0�ðCÞ the pull-back of C, for short. Let li be the divisor on X such that 2li
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is the pull-back of Li. Let m
i; j
k;m be the pull-back of the line M

i; j
k;m connecting

Pi; j and Pk;m with i, j, k, m pairwise distinct. With this notation, which is the

same as Kloosterman [3], divisors li, li; j, m
i; j
k;m are ð�2Þ-curves on X . We have

the following intersection numbers.

li � lj ¼
�2 i ¼ j

0 i0 j

�
; li; j � lk;m ¼ �2 fi; jg ¼ fk;mg

0 otherwise

�
;

li � lk;m ¼ 1 i A fk;mg
0 otherwise

�
; lp � m i; j

k;m ¼ 1 p B fi; j; k;mg
0 otherwise

�
;

li; j � mk;m
p;q ¼ 2 fi; jg ¼ fk;mg or fi; jg ¼ fp; qg

0 otherwise

�
;

m
i; j
k;m � mp;q

r; s ¼
�2 ffi; jg; fk;mgg ¼ ffp; qg; fr; sgg
2 ffi; jg; fk;mggV ffp; qg; fr; sgg ¼ q

0 otherwise

8<
: :

ð1:1Þ

Table 1. List of possible configurations

Class Configuration of singular fibers MWG

1:1 I10 þ I2 þ aIIþ bI1 Z4

1:2 I8 þ I4 þ aIIþ bI1 Z4

1:3 2I6 þ I4 þ aIIþ bI1 Z4

1:4 IV� þ I4 þ aIIþ bI1 Z5

2:1 II� þ 6I2 þ 2I1 f0g

2:2 III� þ 7I2 þ I1 Z=2Z

2:3 III� þ I�0 þ 3I2 þ 3I1 f0g

2:4 I�6 þ 4I2 þ 4I1 f0g

2:5 I�4 þ 6I2 þ 2I1 Z=2Z

2:6 I�4 þ I�0 þ 2I2 þ 4I1 f0g

2:7 I�2 þ 8I2 ðZ=2ZÞ2

2:8 I�2 þ I�0 þ 4I2 Z=2Z

2:9 2I�2 þ 2I2 þ 4I1 f0g

2:10 I�2 þ 2I�0 þ 8I1 f0g

2:11 2I�0 þ 6I2 ðZ=2ZÞ2

2:12 3I�0 þ 2I2 þ 2I1 Z=2Z
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Moreover, for some rational plane curves C, we name the pull-back of C

as in the following table. Note that all of them are ð�2Þ-curves on X .

Divisor C

h
ði1 j1Þði2 j2Þði3 j3Þ
ði4 j4Þði5 j5Þ the conic curve through Pi1; j1 ; . . . ;Pi5; j5

x
ði1 j1Þði2 j2Þði3 j4Þ
ði5 j5Þði6 j6Þði7 j7Þ

the cubic curve through Pi1; j1 ; . . . ;Pi7; j7 with

a double point at Pi1; j1

n
ði1 j1Þði2 j2Þði3 j3Þði4 j4Þ
ði5 j5Þði6 j6Þði7 j7Þði8 j8Þ

the quartic curve through Pi1; j1 ; . . . ;Pi8; j8

with a double point at Pi1; j1 ;Pi2; j2 ;Pi3; j3

g
ði1 j1Þði2 j2Þði3 j3Þði4 j4Þ
ði5 j5Þði6 j6Þði7 j7Þði8 j8Þði9 j9Þ

the quintic curve through Pi1; j1 ; . . . ;Pi9; j9

with a triple point at Pi1; j1 and a double

point at Pi2; j2 ;Pi3; j3 ;Pi4; j4

We may suppose that the lines Li are defined by the following equations

L1 : u ¼ 0; L2 : u ¼ 1; L3 : v ¼ 0; L4 : v ¼ 1

L5 : auþ bv� 1 ¼ 0; L6 : cuþ dv� 1 ¼ 0;
ð1:2Þ

where u, v are the a‰ne parameters of projective plane. We consider the six

lines in the generic case, that is, the Néron-Severi group NSðXÞ is 16.

Then the singular a‰ne model of X is given by

w2 ¼ uðu� 1Þvðv� 1Þðauþ bv� 1Þðcuþ dv� 1Þ: ð1:3Þ

Fig. 1. six lines on projective plane
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Under the above notation, we see that the divisors of typical functions are as

follows.

ðuÞ ¼ 2l1 þ l1;3 þ l1;4 þ l1;5 þ l1;6 � ðm1;2
3;4 þ l3;4Þ

ðu� 1Þ ¼ 2l2 þ l2;3 þ l2;4 þ l2;5 þ l2;6 � ðm1;2
3;4 þ l3;4Þ

ðvÞ ¼ 2l3 þ l1;3 þ l2;3 þ l3;5 þ l3;6 � ðm1;2
3;4 þ l1;2Þ

ðv� 1Þ ¼ 2l4 þ l1;4 þ l2;4 þ l4;5 þ l4;6 � ðm1;2
3;4 þ l1;2Þ

ðauþ bv� 1Þ ¼ 2l5 þ l1;5 þ l2;5 þ l3;5 þ l4;5 þ l5;6

� ðm1;2
3;4 þ l1;2 þ l3;4Þ

ðcuþ dv� 1Þ ¼ 2l6 þ l1;6 þ l2;6 þ l3;6 þ l4;6 þ l5;6

� ðm1;2
3;4 þ l1;2 þ l3;4Þ

ðwÞ ¼
X6

i¼1

li þ
X

1ai< ja6

li; j � 3ðm1;2
3;4 þ l1;2 þ l3;4Þ

ðthe equation of M
i; j
k;mÞ ¼ m

i; j
k;m þ li; j þ lk;m � ðm1;2

3;4 þ l1;2 þ l3;4Þ:

ð1:4Þ

For each class of Table 1, we compute a Weierstrass equation for one

Jacobian fibration belonging to the class. Theoretically, constructing a Jaco-

bian fibration on a K3 surface is to find a divisor that has the same type as a

singular fiber in the Kodaira’s list (see [4]). In practice, however, we need to

find two divisors, one for the fiber at t ¼ 0, and the other for the fiber at

t ¼ y, to write down an actual elliptic parameter. Once an elliptic parameter

is found, we would like to find a change of variables that converts to the

defining equation to a Weierstrass form. In most cases, we encounter an

equation of the form y2 ¼ ðquartic polynomialÞ. Then we can transform it to

a Weierstrass form by using a standard algorithm (see for example [2] or [1]).

In our case, we use two methods to convert defining equation (1.3) to the

form y2 ¼ ðquartic polynomialÞ. The first method is an elimination. Since an

elliptic parameter t is a rational map, we can put t ¼ f =g for some f ; g A
k½u; v;w�. Thus, we can eliminate one variable from (1.3) and the equation

gt� f ¼ 0. If such an equation can be converted to y2 ¼ ðquartic polynomialÞ
by a simple coordinate change, we can get a Weierstrass equation. We will

call this method classical method in this paper.

The other method is a 2-neighbor step, which is designed by Noam

Elkies. This is the technique to transform a Weierstrass equation of a Jacobian
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fibration to a Weierstrass equation of a distinct Jacobian fibration. Using this,

we can get an unknown Weierstrass equation of a class from a known class.

We describe a 2-neighbor step in § 3.

1.4. Results. We state our main theorem.

Theorem 1. Let X be a K3 surface over an algebraically closed field k

with charðkÞ0 2; 3 that is the minimal resolution of the double covering of

P2 ramified along generic six lines. Suppose that the rank of the Néron-Severi

group NSðX Þ is 16. Under the singular a‰ne model (1.3) of X, for each class in

Table 1, an elliptic parameter and a Weierstrass equation of a Jacobian fibration

belonging to the class is given by Table 2, . . . , Table 17.

In the case of using a classical method, we give an elliptic parameter t in

terms of u, v, w, a Weierstrass equation and a picture of the configuration of

singular fibers. Moreover, for the class 2.xx, we also give the correspondence

between the divisors and the torsion sections.

In the case of using a 2-neighbor step from another class (in fact, we only

use a 2-neighbor step from the classes 2.7 or 2.5), we give an elliptic parameter

s in terms of t, x, y used in the equation of the source class, a picture that

shows the way to construct of the divisor corresponding to the fiber at s ¼ y
and a picture of the configuration of singular fibers. In this case, however, we

omit Weierstrass equations, since they are all too long to print in this paper.

We explain the detail of some computation. In § 2, we will give an elliptic

parameter and a Weierstrass equation of a Jacobian fibration of the class 2.7

by a classical method. In § 3, we explain a 2-neighbor step. In § 4, we will

give an elliptic parameter and a Weierstrass equation of the class 2.10 by a

2-neighbor step from the class 2.7. In § 5, we use a 2-neighbor step from the

class 2.5 for the computation of the class 2.4.

2. Class 2.7

An elliptic parameter for the class 2.7 is given by

t ¼ uv

cuþ bv� 1
: ð2:1Þ

It is easy to verify that the divisor of t is given by

ðtÞ ¼ l1;6 þ l1;4 þ 2ðl1 þ l1;3 þ l3Þ þ l2;3 þ l3;5 � ðm1;5
3;6 þ m1;2

3;4Þ: ð2:2Þ

Then the fiber at t ¼ 0 is of type I�2 and t ¼ y fiber is of type I2.
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Eliminating the variable v from (1.3) and (2.1), and making a simple coor-

dinate change, we obtain an equation of the form y2 ¼ ðquartic polynomialÞ.
Choosing l2 as the zero section of the group structure, we have the Weierstrass

equation for the Jacobian fibration

y2 ¼ ðx� tðbtþ ct� t� 1Þðabt� bct� aþ 1ÞÞ

ðx� atðbt� dt� 1Þðbtþ ct� t� 1ÞÞ

ðx� tð1� ctÞðbt� dt� 1Þðabt� bct� aþ 1ÞÞ; ð2:3Þ

Class 1.1

Method 2-neighbor step from the class 2.5

Elliptic parameter s ¼ y

txðact� t� 1Þ

Table 2. Class 1.1
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where the change of variables is given by

x ¼ tðbt� dt� 1Þðbtþ ct� t� 1Þðabt� bct� aþ 1Þ
u� 1

y ¼ tðbt� dt� 1Þðbtþ ct� t� 1Þðabt� bct� aþ 1Þðu� btÞ2w
uðcu� 1Þðu� 1Þ2

:

ð2:4Þ

The remaining of divisors l4, l5 and l6 are 2-torsion sections. The corre-

spondence between the divisors and the sections are as follows.

l4 $ ðx; yÞ ¼ ðtð1� ctÞðabt� bct� aþ 1Þðbt� dt� 1Þ; 0Þ

l5 $ ðx; yÞ ¼ ðatðbt� dt� 1Þðbtþ ct� t� 1Þ; 0Þ

l6 $ ðx; yÞ ¼ ðtðabt� bct� aþ 1Þðbtþ ct� t� 1Þ; 0Þ

ð2:5Þ

Class 1.2

Method Classical

Elliptic parameter t ¼ w

ðauþ bv� 1Þðcuþ dv� 1Þ

y2 þ ð2ðb� dÞðad � bcÞt2 � 4þ 2bþ 2dÞxy
þ 4ðb� dÞ4t2ðð2aþ 2acþ 2c� ad � bcÞt2 þ 1Þy

¼ x3 � 2ððb� dÞðb2 þ 2abd � 2bcd � 2b� 2abþ 2cd � d 2 þ 2dÞt2
þ 2ðd � 1Þðb� 1ÞÞx2 � 4t4ðb� dÞ6ð4act2 þ 1Þx
þ 8t4ðb� dÞ6ð4act2 þ 1Þððb� dÞðb2 þ 2abd � 2bcd � 2b� 2ab

þ 2cd � d 2 þ 2dÞt2 þ 2ðd � 1Þðb� 1ÞÞ

Table 3. Class 1.2
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We can check types and positions of other singular fibers by Tate algorithm

[10]. For example, the fiber at t ¼ 1
bc

is a singular fiber of type I2. Since we

obtain

t� 1

bc

� �
¼ ðcu� 1Þðbv� 1Þ

ðcuþ bc� 1Þcb

� �
¼ m1;2

3;6 þ m1;5
3;4 � ðm1;2

3;4 þ m1;5
3;6Þ ð2:6Þ

by (2.1) and (1.4), we see that the fiber at t ¼ 1
bc

consists of m1;2
3;6 and m1;5

3;4 .

Similarly, we can determine the other singular fibers. In the following

Figure 2, we show the complete configuration of singular fibers for the class 2.7.

3. 2-neighbor step

In this section, we explain ‘‘2-neighbor step’’. The following description is

based on [5].

Let X be a K3 surface over a field k with an Jacobian fibration over P1

with a zero section O, which defines an elliptic curve E over kðtÞ. Let P, Q be

other sections. Let F be the class of a fiber. We call F an elliptic divisor of

this fibration. Then for an e¤ective divisor F 0 ¼ mOþ nPþ kQþ G, where G

is an e¤ective vertical divisor, we would like to compute the global sections of

OX ðF 0Þ. Denote the space of the global sections of OX ðF 0Þ by LX ðF 0Þ. Let

Class 1.3

Method Classical

Elliptic parameter t ¼ w

vðu� 1Þðv� 1Þ

t2v� uþ ðd þ b� t2Þuvþ ðt2 � bdÞuv2 � ðbcþ adÞu2v� t2v2 � acu3 þ ðaþ cÞu2 ¼ 0

This converts to a Weierstrass form (see [2] or [1]).

Table 4. Class 1.3
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fs1; . . . ; srg be a basis of LEðmOþ nPþ kQÞ. Then for any f A LX ðF 0Þ, there
exist biðtÞ A kðtÞ such that

f ¼ b1ðtÞs1 þ � � � þ brðtÞsr: ð3:1Þ

We suppose that there exists an elliptic divisor F 0 on X with F 0 � F ¼ 2.

Then decomposing F 0 into horizontal and vertical components F 0 ¼ F 0
h þ F 0

v ,

we see that F 0
h � F þ F 0

v � F ¼ F 0 � F ¼ 2. Since F 0
v � F ¼ 0, we have F 0

h � F ¼ 2.

Therefore the possibilities are F 0
h ¼ 2P or F 0

h ¼ PþQ for sections P, Q. By a

translation, we can take the first one to be 2O, and the second to be Oþ T

with a 2-torsion section T or Oþ P with a non 2-torsion section P depending

on whether the class of the section ½P�Q� is 2-torsion or not.

We suppose that a Weierstrass equation of E=kðtÞ is given by

y2 ¼ x3 þ a2ðtÞx2 þ a4ðtÞxþ a6ðtÞ; ð3:2Þ

with aiðtÞ A k½t� of degree at most 2i.

First, we consider the case D ¼ 2O. Then 1 and x form a basis for

LEðDÞ. Therefore, for a new elliptic divisor F 0 ¼ 2Oþ G with G e¤ective and

vertical, we obtain two elements 1 and AðtÞ þ BðtÞx of LX ðF 0Þ for some fixed

AðtÞ;BðtÞ A kðtÞ. The ratio of the two global sections gives the new elliptic

parameter s ¼ AðtÞ þ BðtÞx. Therefore we set

x ¼ s� AðtÞ
BðtÞ ð3:3Þ

Fig. 2. configuration of singular fibers for the class 2.7
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and substitute this into the Weierstrass equation, to get the form of

y2 ¼ gðt; sÞ: ð3:4Þ

Since the generic fiber of the fibration over P1
s is a curve of genus 1, after

absorbing square factors into y2, g must be a polynomial of degree 3 or 4 in t.

Next, we consider the case D ¼ Oþ P where P ¼ ðx0; y0Þ is not a 2-torsion

section. Then 1 and
yþy0
x�x0

form a basis of LEðDÞ. Therefore we obtain a new

elliptic parameter

s ¼ AðtÞ þ BðtÞ yþ y0

x� x0
: ð3:5Þ

Solving (3.5), we get

y ¼ ðs� AðtÞÞðx� x0Þ
BðtÞ � y0: ð3:6Þ

Class 1.4

Method 2-neighbor step from the class 2.7

Elliptic parameter s ¼ y

t2ðx� atðbt� dt� 1Þðbtþ ct� t� 1ÞÞ

Table 5. Class 1.4
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Substituting into the Weierstrass equation (3.2) we get

ðs� AðtÞðx� x0Þ
BðtÞ � y0

� �2

¼ x3 þ a2ðtÞx2 þ a4ðtÞxþ a6: ð3:7Þ

Since x0 and y0 satisfy the Weierstrass equation (3.2), the di¤erence of the left

and right hand sides of this equation can be divided by ðx� x0Þ. Therefore

we get an equation gðx; t; sÞ ¼ 0 that is quadratic in x. By completing the

square, we obtain an equation of the form

x2 ¼ hðt; sÞ ð3:8Þ

Class 2.1

Method 2-neighbor step from the class 2.5

Elliptic parameter s ¼ x� ðb� 1Þðad � bcþ b� dÞt3
t4

Table 6. Class 2.1
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Class 2.2

Method 2-neighbor step from the class 2.7

Elliptic parameter

s ¼ xþ ð1� aÞtþ A2t
2 � A3t

3

t3ðbt� dt� 1Þ ;

A2 ¼ 2ab� bcþ ac� a� b� cþ 1

A3 ¼ ðb� dÞðab� bcþ acþ ad � a� c� d þ 1Þ

Table 7. Class 2.2
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Class 2.3

Method 2-neighbor step form the class 2.7

Elliptic parameter
s ¼ x� ða� 1Þtþ A2t

2 � bðcþ b� 1Þða� cÞt3
t3ðbða� cÞt� aþ 1Þ ;

A2 ¼ 2ab� bcþ ac� a� b� cþ 1

Table 8. Class 2.3
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Class 2.4

Method 2-neighbor step from the class 2.5

Elliptic parameter s ¼ ðad � bcÞðx� tÞ þ ða� 1Þðad � bcÞðcþ d � 1Þt2
t2ðða� 1Þðad � bcÞðcþ d � 1Þt� ad þ bc� bþ dÞ

s1 ¼
ðc2 þ 2cd � 2c� d þ 1Þaþ ðd � 1Þðbc� bþ dÞ

cþ d � 1

Table 9. Class 2.4
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Class 2.5

Method Classical

Elliptic parameter t ¼ �uvðu� 1Þ
ðaþ cþ d � ac� 1Þuvþ acu2 � ðaþ cÞu� dvþ 1

y2 ¼ x3 þ tðacða� 1Þðcþ d � 1Þðacþ bc� a� c� d þ 1Þt3
þ ð4ac2 � c2 þ a� 5ac� cd � a2 þ 2acd þ 2bcd � ad 2 � 3a2c2

þ bc2 � 2a2cd þ cþ 3abc� abcd þ a2d � 2bcþ 4a2c� 2bc2aÞt2
þ ðad þ bcþ 3ac� 2a� 2b� 2cþ d þ 1Þt� 1Þx2

� t4ðcðaþ d � 1Þt� 1Þðaðbc� c� d þ 1Þt� bþ 1Þ
ðða� 1Þðad � bcÞðcþ d � 1Þt� ad þ bc� bþ dÞx

Zero section l6

2-torsion section l4 : ðx; yÞ ¼ ð0; 0Þ

Table 10. Class 2.5
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Class 2.6

Method 2-neighbor step from the class 2.7

Elliptic parameter s ¼ x� atþ að2bþ c� d � 1Þt2 � aðb� dÞðbþ c� 1Þt3
t2ðbt� dt� 1Þðbct� 1Þ

Table 11. Class 2.6
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and, after absorbing square factors into x, we have that h is cubic or quartic

in t.

Finally, we consider the case D ¼ Oþ T where T is a 2-torsion section.

In this case, we may assume that T ¼ ð0; 0Þ and a6 ¼ 0 by a translation. Then

1 and
y

x
form a basis of LEðDÞ. Setting a new elliptic parameter s ¼ AðtÞþ

BðtÞ y

x
, we obtain

y ¼ ðs� AðtÞÞx
BðtÞ : ð3:9Þ

Class 2.7

Method Classical

Elliptic parameter
uv

cuþ bv� 1

y2 ¼ ðx� tðbtþ ct� t� 1Þðabt� bct� aþ 1ÞÞ
ðx� atðbt� dt� 1Þðbtþ ct� t� 1ÞÞ
ðx� tð1� ctÞðbt� dt� 1Þðabt� bct� aþ 1ÞÞ;

Zero section l2

2-torsion section

l4 : ðx; yÞ ¼ ðtð1� ctÞðabt� bct� aþ 1Þðbt� dt� 1Þ; 0Þ
l5 : ðx; yÞ ¼ ðatðbt� dt� 1Þðbtþ ct� t� 1Þ; 0Þ
l6 : ðx; yÞ ¼ ðtðabt� bct� aþ 1Þðbtþ ct� t� 1Þ; 0Þ

Table 12. Class 2.7
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Substituting this into the Weierstrass equation (3.2), we have

ðs� AðtÞÞx
BðtÞ

� �2

¼ x3 þ a2ðtÞx2 þ a4ðtÞx: ð3:10Þ

Dividing both sides by x, we obtain a quadratic equation, and we can proceed

as in the previous case.

4. Class 2.10

To obtain the Weierstrass equation for the class 2.10, we use a 2-neighbor

step from the class 2.7. We compute explicitly the elements of LX ðF 0Þ where

Class 2.8

Method Classical

Elliptic parameter t ¼ uðv� 1Þ
cuþ dv� 1

y2 ¼ x3 þ tððad þ bcþ acd � bc2 � 2cdÞt2

þ ðad � 2bc� 2aþ bþ c� 2d þ 1Þt� bþ 1Þx2

þ t3ðcdtþ d � 1Þðat� ct� 1Þðadt� bctþ bt� dt� a� bþ 1Þx

Zero section l2

2-torsion section l3 : ðx; yÞ ¼ ð0; 0Þ

Table 13. Class 2.8
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F 0 ¼ 2l2 þ l2;3 þ l2;4 þ m1;5
3;6 þ h

ð12Þð34Þð15Þ
ð36Þð56Þ ð4:1Þ

is the class of the fiber of type I�0 we are considering. The linear space LðF 0Þ
is 2-dimensional, and the ratio of two linearly independent elements will be an

elliptic parameter for X . Thus, we may find a non-constant rational function

on X belonging to LðF 0Þ, for which 1 is an element of LðF 0Þ. Then it will

be an elliptic parameter of fibration 2.10. Let s A LðF 0Þ be a non-constant.

Notice that s has a pole of order 2 along l2, which is the zero section of

fibration 2.7. Also, it has a simple pole along l2;4, the identity component

of the fiber at t ¼ 1
bþc�1 , a simple pole along m1;5

3;6 , the identity component of

the fiber at t ¼ y, and a simple pole along h
ð12Þð34Þð15Þ
ð36Þð56Þ , the identity component

of the fiber at t ¼ �1
ad�bc

. Therefore we can put

s ¼ xþ A0 þ A1tþ A2t
2 þ A3t

3 þ A4t
4

t
�
tþ 1

ad�bc

��
t� 1

bþc�1

� : ð4:2Þ

We may subtract a term A3t
�
tþ 1

ad�bc

��
t� 1

bþc�1

�
from the numerator,

since 1 is an element of LðF 0Þ. Thus, assume A3 ¼ 0. To obtain other

coe‰cients the Ai, we look at the order of vanishing along the non-identity

components of fibers at t ¼ 0;y; �1
ad�bc

; 1
bþc�1 . For example, we look at the

fiber at t ¼ 0. The rational function s does not have any pole along l3;5,

which intersects with the section l5 of the fibration for the class 2.7 at t ¼ 0.

Hence s has no pole at t ¼ 0 and x ¼ �atðbt� dtþ 1Þðbtþ ct� tþ 1Þ, which

Fig. 3. 2-neighbor step from class 2.7 to class 2.10
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corresponds to the section l5, and that gives us A0. Similarly, other fibers give

remaining coe‰cients. After some calculation, we get a new elliptic parameter

s ¼ ðad � bcÞx� aðad � bcþ b� dÞtþ aðcþ b� 1Þðad � bcþ b� dÞt2
tððad � bcÞtþ 1Þððbþ c� 1Þt� 1Þ : ð4:3Þ

Solving for x in terms of s and substituting into right hand side of (2.3), and

dividing out some square factors, which can absorb into y2, we obtained an

equation for fibration 2.10 in the form y2 ¼ f ðtÞ, where f is a quartic in t

with coe‰cients in kða; b; c; d; sÞ. In fact, since the quartic f factors into t

Class 2.9

Method Classical

Elliptic parameter t ¼ uðauþ bv� 1Þ
ðu� 1Þðv� 1Þðau� 1Þ

y2 ¼ x3 þ tðtþ 1Þðða� 1Þðcþ d � 1Þt3 � ð2ac� 2ad þ 2bc� bþ 3d � 2Þt2
þ ðad � 2bcþ aþ 2bþ c� 3d þ 1Þt2 þ b� dÞx2

� t3ðtþ 1Þ2ðct� t� 1Þððaþ b� 1Þtþ b� 1Þðð2acþ ad � a� cÞt2
� ðac� 2ad þ bcþ aþ cÞtþ ad � bcÞx
þ act6ðtþ 1Þ3ðct� t� 1Þ2ðatþ bt� tþ b� 1Þ2

Zero section l3

Table 14. Class 2.9
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Class 2.10

Method 2-neighbor from the class 2.7

Elliptic parameter
s ¼ ðad � bcÞx� aðad � bcþ b� dÞtþ A2t

2

tððad � bcÞtþ 1Þððbþ c� 1Þt� 1Þ ;

A2 ¼ aðcþ b� 1Þðad � bcþ b� dÞ

Table 15. Class 2.10

376 Kazuki Utsumi



times cubic factor in t, the new equation converts to a Weierstrass form by a

standard algorithm. Finally, we get a Weierstrass equation of the fibration for

the class 2.7.

Y 2 ¼ X 3 þ ðad � bcÞðsþ ad � abÞðs� ab� bcÞððbþ c� ad þ bc� 1Þs

þ b2c2 þ b2c� 2abc� a2d 2 � bcd þ a2d � ad � ab2 þ ad 2

þ bc2 þ ab� ab2cþ a2bdÞX 2

� ðs� abþ adÞ2ðs� abþ bcÞ3ðad � bcÞ3ðs3 � 3bða� cÞs2

þ 3b2ða� cÞ2s� b2ða� cÞ3ÞX

þ bcða� cÞðb� dÞðad � bcÞ4ðs� abþ adÞ3ðs� abþ bcÞ3: ð4:4Þ

Class 2.11

Method Classical

Elliptic parameter t ¼ u

y2 ¼ ðx� dtðt� 1Þðat� 1ÞÞ
ðx� btðt� 1Þðct� 1ÞÞ
ðx� tðt� 1Þðat� 1Þðct� 1ÞÞ

Zero section l3

2-torsion section

l4 : ðx; yÞ ¼ ðtð1� tÞðct� 1Þðat� 1Þ; 0Þ
l5 : ðx; yÞ ¼ ðbtðt� 1Þðct� 1Þ; 0Þ
l6 : ðx; yÞ ¼ ðdtðt� 1Þðat� 1Þ; 0Þ

Table 16. Class 2.11
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The new variables X , Y are related to the ones from fibration 2.7 by the

following equation.

X ¼ ðad � bcÞðab� ad � sÞðab� bc� sÞ2

t

Y ¼ ðad � bcÞ3ðab� ad � sÞðab� bc� sÞ2y
t2

:

ð4:5Þ

The elliptic parameter s for the class 2.10 is also given in terms of u, v

by

s ¼ g

ðu� 1Þðaudv� bvcuþ cuþ bv� 1Þðcuþ bv� 1Þ ; ð4:6Þ

Class 2.12

Method Classical

Elliptic parameter t ¼ uðbvþ a� 1Þ
auþ bv� 1

y2 ¼ x3 þ 9tðt� 1Þððad � bc� 2aþ 2cÞt� ad þ 2aþ bþ d � 2Þx2

� 81t2ðt� 1Þ2ðat� ct� aþ 1Þððad � bc� aþ cÞt� ðd � 1Þðaþ b� 1ÞÞx

Zero section l3

2-torsion section l4 : ðx; yÞ ¼ ð0; 0Þ

Table 17. Class 2.12
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where g is given by

g ¼ bða� cÞðb� dÞðad � bcÞu2v2 þ ac2ðad � bcþ b� dÞu3

þ cð2ab2 � b2c2 � abd � b2cþ bcd � ad 2 þ a2d 2Þu2v

� bðb2c2 þ ad 2 � a2d 2 þ b2cþ a2bd � bcd � ab2 � ab2cÞuv2

þ cðbc2 þ abcþ 2ad � 2a2d � 2abÞu2 � b3ða� cÞv2

þ ðad 2 � 2ab2cþ b2c� 2ab2 þ abd þ 3b2c2 � a2d 2 � bcdÞuv

þ ðab� ad � 2bc2 þ abcþ a2dÞuþ 2b2ða� cÞv� bða� cÞ; ð4:7Þ

which defines the rational plane curve through P1;2, P3;4, P1;5, P2;5, P2;6, P3;6

and P5;6 with double points at P1;2, P1;5 and P3;6.

The reducible fibers are as follows:

Position Reducible fiber Type

s ¼ y 2l2 þ l2;4 þ m1;5
3;6 þ h

ð12Þð34Þð15Þ
ð36Þð56Þ I�0

s ¼ bðc� aÞ 2l5 þ l4;5 þ m1;2
3;6 þ h

ð12Þð34Þð15Þ
ð26Þð36Þ I�0

s ¼ aðb� dÞ l1;4 þ l1;3 þ 2ðl1 þ l1;3 þ l6Þ þ l4;6 þ h
ð12Þð34Þð15Þ
ð25Þð36Þ I�2

Then l3 is the zero section and l4 is a tri-section.

5. Class 2.4

The Weierstrass equation for the class 2.4 is obtained from class 2.5 by

using a 2-neighbor step as the following.
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A new elliptic divisor is

F 0 ¼ l1;5 þ l1;4 þ 2ðl1 þ l1;3 þ l3 þ l2;3 þ l2 þ l2;6 þ l6Þ

þ m1;2
3;4 þ x

ð12Þð34Þð16Þð24Þ
ð35Þð36Þð56Þ : ð5:1Þ

Then, we can put a new elliptic parameter s to

s ¼ xþ A0 þ A1tþ A2t
2

t2 t� ad�bcþb�d

ða�1Þðad�bcÞðcþd�1Þ

� � : ð5:2Þ

After some scaling for s, looking at the order of vanishing along the non-

identity components of fibers at t ¼ 0 and t ¼ ad�bcþb�c

ða�1Þðad�bcÞðcþd�1Þ , we get

A0 ¼ 0; A2 ¼
ð1� aÞðad � bcÞðcþ d � 1Þ

ad þ bcþ b� d
A1: ð5:3Þ

To determine the coe‰cient A1, we need look at the order of vanishing along

the non-identity component l2;5 of the fiber at t ¼ 0. Now, we denote the

equation for the class 2.5, for short, by

y2 ¼ x3 þ a2x
2 þ a4x: ð5:4Þ

The equation for each component of the fiber at t ¼ 0 of type I�4 is given by

the following (see [9, IV § 9] for detail)

Fig. 4. Configuration of singular fibers for the class 2.10
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where ai; r ¼ t�rai and ~aai; r ¼ ai; rð0Þ. In this case, we see that ~aa2;1 ¼ �1,

~aa4;4 ¼ ðb� 1Þðad � bcþ b� dÞ. Thus, substituting x ¼ tx1 and x1 ¼ �1, we

see that

s ¼ 1þ A1 þ A2t
2

tðða� 1Þðad � bcÞðcþ d � 1Þt� ðad � bcþ b� dÞÞ ð5:5Þ

on l2;5. Since s has a pole along l2;5 unless A1 ¼ �1, we get A1 ¼ �1.

Fig. 5. Configuration of singular fibers for the class 2.4
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As a consequence, we have a new elliptic parameter

s ¼ ðad � bcÞðx� tÞ þ ða� 1Þðad � bcÞðcþ d � 1Þt2
t2ðða� 1Þðad � bcÞðcþ d � 1Þt� ad þ bc� bþ dÞ : ð5:6Þ

Therefore, we can compute a Weierstrass equation for the class 2.4 by using a

2-neighbor step from the class 2.5. However, we omit it, since it is too long to

write down here. The configuration of the class 2.4 is the following.

In this picture, the value of s1 is given by

s1 ¼
ðc2 þ 2cd � 2c� d þ 1Þaþ ðd � 1Þðbc� bþ dÞ

cþ d � 1
: ð5:7Þ
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