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Abstract. We establish the Artin-Schreier-Witt theory in connection with the unit

group scheme of a group algebra, following a method presented by Serre in hGroupes

algébriques et corps de classesi. The argument is developed not only over a field but

also over a ring, as generally as possible.

Introduction

The Kummer and Artin-Schreier theories are important items in the

classical Galois theory to describe explicitly cyclic extensions of a field. We

have an elementary way to verify the Kummer theory by the Lagrange

resolvants. Serre [8, Ch.VI, 8] formulated this method, combining the normal

basis theorem and the unit group scheme of a group algebra. His argument

raises a problem if the following assertion holds true:

(A) Let G be a finite group and R a ring. Suppose given an a‰ne group

R-scheme G and a homomorphism i : G ! G. Then there exists a commu-

tative diagram

G ���! UðGÞR???yo
???y

G ���!i G:

(For the notation, see Section 1.) As is mentioned by Serre, if (A) holds true,

we obtain a conclusion:

(a) Let S=R be an unramified Galois extension with group G . If the

Galois extension S=R has a normal basis, then there exists a cartesian diagram

Spec S ���! G???y
???y

Spec R ���! G=G :
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In the previous article [9] we formulated Serre’s argument in the frame-

work of the group scheme theory, adding a problem if the following assertion

holds true:

(B) Let G be a finite group and R a ring. Suppose given an a‰ne group

R-scheme G and a homomorphism i : G ! G. Then there exist a commutative

diagram

G ���!i G???yo
???y

G ���! UðGÞR:

If (B) holds true, we obtain a conclusion:

(b) Let S=R be the unramified Galois extension with group G defined by

a cartesian diagram

Spec S ���! G???y
???y

Spec R ���! G=G :

Then the Galois extension S=R has a normal basis.

We shall call the problems (A) and (B) sculpture problem and embedding

problem respectively. In [9] we examined both the problems when G is a cyclic

group:

(1) the Kummer theory (Proposition 2.2);

(2) the Kummer-Artin-Schreier theory (Proposition 2.6);

(3) the Artin-Schreier theory in characteristic p > 0 (Proposition 2.9);

(4) the quadratic-twisted Kummer theory of odd degree (Proposition 3.5);

(5) the quadratic-twisted Kummer theory of even degree (Proposition 3.11);

(6) the quadratic-twisted Kummer-Artin-Schreier theory (Proposition 4.3).

In this article we examine the Artin-Schreier-Witt theory in characteristic

p > 0. In fact, it is verified that the sculpture and embedding problems are

a‰rmative when R is a ring of characteristic p, G is a cyclic group of order pn

and G ¼ Wn, the group scheme of Witt vectors of length n:

Main theorem ¼ Theorem 2.5. Let G be a cyclic group of order pn.

Then we have commutative diagrams of group schemes over Fp with exact rows

0 ���! G ���! UðGÞFp
���! ðUðGÞ=GÞFp

���! 0???yo
???y

???y
0 ���! Z=pnZ ���! Wn;Fp ���!F�1

Wn;Fp ���! 0
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and

0 ���! Z=pnZ ���! Wn;Fp ���!F�1
Wn;Fp ���! 0???yo

???y
???y

0 ���! G ���! UðGÞFp
���! ðUðGÞ=GÞFp

���! 0:

It is crucial to use a variant of the Artin-Hasse exponential series for

construction of homomorphisms UðGÞFp
! Wn;Fp

and Wn;Fp
! UðGÞFp

. It

should be mentioned that Serre [8, Ch.VI, 9] gave an a‰rmative answer

for the sculpture problem, using the Artin-Hasse exponential series.

Now we explain the organization of the article. In Section 1, we recall

needed facts on Witt vectors and variants of the Artin-Hasse exponential

series. In Section 2, we prove the main theorem after recalling Serre’s

argument. Section 3 presents a few examples of normal bases for Artin-

Schreier-Witt extensions. We conclude the article, giving two remarks in

Section 4. One is concerned with Noether’s problem on the rationality of

invariant function fields. The other is concerned with the sculpture and

embedding problems for the Grothendieck resolution of a finite flat commu-

tative group scheme.

Notation

Throughout the article, p denotes a prime number. For a group scheme

G over a ring of characteristic p, we denote by F : G ! G ðpÞ the Frobenius

homomorphism of G.

For a ring R, R� denotes the multiplicative group of invertible elements

of R. A ring is commutative unless otherwise mentioned.

For a scheme X and a group scheme G over X , H 1ðX ;GÞ denotes the set

of isomorphism classes of right G-torsors over X . (For details we refer to

Demazure-Gabriel [2, Ch.III, 4].)

1. Witt vectors and the Artin-Hasse exponential series

We start with reviewing relevant facts on Witt vectors and the Artin-Hasse

exponential series. For details, see [2, Chap. V] or [4, Chap. III].

1.1. For each rb 0, we denote by FrðTÞ ¼ FrðT0;T1; . . . ;TrÞ the so-called

Witt polynomial

FrðTÞ ¼ T
pr

0 þ pT
pr�1

1 þ � � � þ prTr
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in Z½T� ¼ Z½T0;T1; . . .�. We define polynomials

SrðX ;YÞ ¼ SrðX0; . . . ;Xr;Y0; . . . ;YrÞ

in Z½X ;Y � ¼ Z½X0;X1; . . . ;Y0;Y1; . . .� inductively by

FrðS0ðX ;YÞ;S1ðX ;YÞ; . . . ;SrðX ;YÞÞ ¼ FrðXÞ þFrðYÞ

Then, as is well-known, the addition of the scheme of Witt vectors

WZ ¼ Spec Z½T0;T1;T2; . . .�

is defined by

ðT0;T1;T2; . . .Þ 7! SðTn 1; 1nTÞ

¼ ðS0ðTn 1; 1nTÞ;S1ðTn 1; 1nTÞ;S2ðTn 1; 1nTÞ; . . .Þ:

The additive group scheme Wn;Z of Witt vectors of length n is also defined

by

Wn;Z ¼ Spec Z½T0;T1; . . . ;Tn�1�

with the addition

ðT0;T1; . . . ;Tn�1Þ

7! ðS0ðTn 1; 1nTÞ;S1ðTn 1; 1nTÞ; . . . ;Sn�1ðTn 1; 1nTÞÞ:

The Frobenius endomorphism

F : Wn;Fp
¼ Spec Fp½T0;T1; . . . ;Tn�1� ! Wn;Fp

¼ Spec Fp½T0;T1; . . . ;Tn�1�

is given by

ðT0;T1; . . . ;Tn�1Þ 7! ðT p
0 ;T

p
1 ; . . . ;T

p
n�1Þ:

1.2. Recall now the definition of the Artin-Hasse exponential series

EpðTÞ ¼ exp
X
rb0

T pr

pr

 !
A ZðpÞ½½T ��:

For U ¼ ðUrÞrb0, put

EpðU ;TÞ ¼
Y
rb0

EpðUrT
prÞ ¼ exp

X
rb0

1

pr
FrðUÞT pr

 !
:

It is readily seen that

EpðU ;TÞEpðV ;TÞ ¼ EpðSðU ;VÞ;TÞ:
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Let R be a ZðpÞ-algebra and a ¼ ða0; a1; a2; . . .Þ A WðRÞ. A formal power

series Epða;TÞ A R½½T �� is defined by

Epða;TÞ ¼
Yy
k¼0

EpðakT pk Þ:

For a; b A WðRÞ, we have a functional equation

Epðaþ b;TÞ ¼ Epða;TÞEpðb;TÞ:

Let F ðTÞ A R½½T ���. Then F ðTÞ is expressed uniquely in the form

c
Yy
j¼1

Epðaj;T jÞ with c A R� and aj A R for jb 1:

For each positive integer j prime to p, put aj ¼ ðaj; apj ; ap2j; . . .Þ A WðRÞ.
Then we obtain a factorization

FðTÞ ¼ c
Y

ð j;pÞ¼1

Epðaj;T jÞ with c A R� and aj A WðRÞ for jb 1; ð j; pÞ ¼ 1:

The correspondence

FðTÞ ¼ c
Y

ð j;pÞ¼1

Epðaj;T jÞ 7! ðc; ðajÞð j;pÞ¼1Þ

gives rise to an isomorphism of groups R½½T ��� !@ R� �WðRÞN.
Now we generalize the argument mentioned above. For details we refer

to [7, Section 2].

1.3. Define a formal power series EpðU ;L;TÞ in Q½U ;L�½½T �� by

EpðU ;L;TÞ ¼ ð1þ LTÞU=L
Yy
k¼1

ð1þ Lpk

T pk Þð1=p
kÞfðU=LÞ p

k
�ðU=LÞ p

k�1
g:

Then we have

EpðU ;L;TÞ ¼

Q
ðk;pÞ¼1

EpðULk�1T kÞð�1Þk�1=k if p > 2;

Q
ðk;2Þ¼1

½EpðULk�1T kÞEpðUL2k�1T 2kÞ�1�1=k if p ¼ 2:

8>>><
>>>:

It follows that the formal power series EpðU ;L;TÞ has its coe‰cients in

ZðpÞ½U ;L�.
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Let R be a ZðpÞ-algebra and a; l A R. We define a formal power series

Epða; l;TÞ in R½½T �� by

Epða; l;TÞ ¼

Q
ðk;pÞ¼1

Epðalk�1T kÞð�1Þk�1=k if p > 2;

Q
ðk;2Þ¼1

½Epðalk�1T kÞEpðal2k�1T 2kÞ�1�1=k if p ¼ 2:

8>>><
>>>:

For example, we have

(1) Epð1; 0;TÞ ¼ EpðTÞ;
(2) Epð1; 1;TÞ ¼ 1þ T .

Furthermore, for l A R and a ¼ ða0; a1; a2; . . .Þ A WðRÞ, we define a formal

power series Epða; l;TÞ A R½½T �� by

Epða; l;TÞ ¼
Yy
k¼0

Epðak; lpk

;T pk Þ:

For a; b A WðRÞ, we have a functional equation

Epðaþ b; l;TÞ ¼ Epða; l;TÞEpðb; l;TÞ:

Let F ðTÞ A R½½T ���. Then F ðTÞ is expressed uniquely in the form

c
Y

ð j;pÞ¼1

Epðaj; l j;T jÞ with c A R� and aj A WðRÞ for jb 1; ð j; pÞ ¼ 1:

It is verified also that that the correspondence

F ðTÞ ¼ c
Y

ð j;pÞ¼1

Epðaj; l j ;T jÞ 7! ðc; ðajÞð j;pÞ¼1Þ

gives rise to an isomorphism of groups R½½T ��� !@ R� �WðRÞN.

Remark 1.4. The formal power series EpðU ; 1;TÞ was introduced by

Dwork [3, Section 1] as F ðt;Y Þ. Furthermore he proved that EpðU ; 1;TÞ A
ZðpÞ½U �½½T �� by a di¤erent method.

1.5. Put A ¼ Z½T �=ðTNÞ. Then the Weil restriction G ¼
Q
A=Z

Gm;A is repre-

sented by the a‰ne scheme

Spec Z U0;U1; . . . ;UN�1;
1

U0

� �
with multiplication

Uk 7!
X
iþj¼k

Ui nUj ð0a k < NÞ:
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Let R be a ZðpÞ-algebra. Then F ðTÞ A ðR½T �=ðTNÞÞ� is expressed uniquely

in the form

F ðTÞ ¼ c
Y

1a j<N
ð j;pÞ¼1

Epðaj ; l j;T jÞ mod TN ;

where c A R� and aj A WkðRÞ if j is prime to p and pk�1 < N=ja pk. Here

the formal power series Epða; l;TÞ for a ¼ ða0; a1; . . . ; an�1Þ A WnðRÞ is defined

by

Epða; l;TÞ ¼
Yn�1

k¼0

Epðak; lpk

;T pk Þ:

For j with 1a j < N and ð j; pÞ ¼ 1, we put Uj ¼ Wk;Zð pÞ if pk�1 <

N=ja pk. Then the correspondence

FðTÞ ¼ c
Y

1a j<N
ð j;pÞ¼1

Epðaj; l j ;T jÞ 7! ðc; ðajÞ1a j<N
ð j;pÞ¼1

Þ

gives rise to an isomorphism of groups

w
ðlÞ
R : GðRÞ ¼ ðR½T �=ðTNÞÞ� !@ R� �

Y
1a j<N
ð j;pÞ¼1

UjðRÞ:

The map w
ðlÞ
R is represented by an isomorphism of group schemes over ZðpÞ

wðlÞ : GZð pÞ ¼
Y
A=Z

Gm;A

0
@

1
AnZ ZðpÞ !

@
Gm;Zð pÞ �

Y
1a j<N
ð j;pÞ¼1

Uj:

In fact, a homomorphism of group schemes

e : G ¼
Y
A=Z

Gm;A ¼ Spec Z U0;U1; . . . ;UN�1;
1

U0

� �
! Gm;Z ¼ Spec Z U ;

1

U

� �

is defined by U 7! U0.

Consider now the factorization

U0 þU1T þU2T
2 þ � � � þUN�1T

N�1 ¼ U0

YN�1

j¼1

EpðcjðUÞ; l j;T jÞ
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in ZðpÞ U0;U1; . . . ;UN�1;
1

U0

� ��
ðTNÞ

� ��
. Here

cjðUÞ ¼ c
U1

U0
;
U2

U0
; . . . ;

Uj

U0

� �
A ZðpÞ

U1

U0
;
U2

U0
; . . . ;

Uj

U0

� �
:

Then a homomorphism of group schemes

w
ðlÞ
j : GZð pÞ ¼

Y
A=Z

Gm;A

0
@

1
AnZ ZðpÞ ¼ Spec ZðpÞ U0;U1; . . . ;UN�1;

1

U0

� �

! Uj;R ¼ Wk;R ¼ Spec ZðpÞ½X0;X1; . . . ;Xk�1�

is defined by

ðX0;X1; . . . ;Xk�1Þ 7! ðcjðUÞ; cpjðUÞ; . . . ; cpk�1jðUÞÞ:

At last, we obtain an isomorphism of group schemes

wðlÞ ¼ ððe; ðwðlÞj Þ1a j<N
ð j;pÞ¼1

Þ : GZð pÞ !
@

Gm;Zð pÞ �
Y

1a j<N
ð j;pÞ¼1

Uj;Zð pÞ :

2. Main theorem

First we recall the argument of Serre [8, Ch.VI, 8] in terms of the group

scheme theory. We refer to [9, Section 1] for details.

2.1. Let G be a finite group. The functor R 7! R½G � is represented by the

ring scheme AðGÞ defined by

AðGÞ ¼ Spec Z½Tg; g A G �
with

(a) the addition: Tg 7! Tg n 1þ 1nTg;

(b) the multiplication: Tg 7!
P

g 0g 00¼g

Tg 0 nTg 00 .

Put now

UðGÞ ¼ Spec Z Tg;
1

DG
; g A G

� �
;

where DG ¼ detðTgg 0 Þ denotes the determinant of the matrix ðTgg 0 Þg; g 0 AG (the

group determinant of G). Then UðGÞ is an open subscheme of AðGÞ, and the

functor G 7! R½G �� is represented by the group scheme UðGÞ.
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We denote also by G , for the abbreviation, the constant group scheme

defined by G . More precisely, G ¼ Spec ZG and the law of multiplication is

defined by eg 7!
P

g 0g 00¼g

eg 0 n eg 00 . Here ZG denotes the functions from G to Z,

and ðegÞg AG is a basis of ZG over Z defined by

egðg 0Þ ¼
1 ðg 0 ¼ gÞ
0 ðg 0 0 gÞ:

�

The canonical injection G ! R½G �� is represented by the homomorphism of

group schemes i : G ! UðGÞ, which is defined by

Tg 7! eg : Z Tg;
1

DG

� �
! ZG :

It is readily seen that G ! UðGÞ is a closed immersion. Moreover the right

multiplication by g A G on UðGÞ is defined by the automorphism g : Tg 0 7! Tg 0g�1

of Z½Tg; 1=DG �.

Terminology 2.2. Let R be a ring, G a finite group and S an R-

algebra. We shall say that:

(1) S=R is an unramified Galois extension with group G if Spec S has a

structure of right G-torsor over Spec R;

(2) an unramified Galois extension S=R with group G has a normal basis

if there exists s A S such that ðgsÞg AG is a basis of R-module S.

In particular, an unramified Galois extension S=R with group G is

called an unramified cyclic extension of degree n if G is a cyclic group of

order n.

2.3. Let R be a ring and G a finite group. Then the exact sequence

1 ! G ! UðGÞ ! UðGÞ=G ! 1

yields an exact sequence of pointed sets

UðGÞðRÞ ! ðUðGÞ=GÞðRÞ ! H 1ðR;GÞ ! H 1ðR;UðGÞÞ

(cf. [2, Ch.III, 4.4]). Furthermore, an unramified Galois extension S=R with

group G has a normal basis if and only if the class ½S� in H 1ðR;GÞ is contained
in Ker½H 1ðR;GÞ ! H 1ðR;UðGÞÞ� ([9, 1.8]).

More concretely, let R be a ring, G a finite group and S=R an unramified

Galois extension with group G . Then the Galois extension S=R has a nor-
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mal basis if and only if there exist morphisms Spec S ! UðGÞ and Spec R !
UðGÞ=G such that the diagram

Spec S ���! UðGÞ???y
???y

Spec R ���! UðGÞ=G
is cartesian.

2.4. Let G be a cyclic group of order pn, and take a generator g of G . Let R

be an Fp-algebra. Then
Ppn�1

k¼0

akg
k A R½G � is invertible if and only if

Ppn�1

k¼0

ak is

invertible in R. Hence the functor R 7! R½G �� is represented by the a‰ne

group scheme

UðGÞFp
¼ Spec Fp T0;T1; . . . ;Tpn�1;

1

T0 þ T1 þ � � � þ Tpn�1

� �
with multiplication

Tk 7!
X

iþ j1k
mod pn

Ti nTj ð0a k < pnÞ:

For an Fp-algebra R, the correspondence g 7! 1þ T gives rise to an iso-

morphism of multiplicative groups xR : R½G�� !@ ðR½T �=ðT pnÞÞ�. The map xR
is represented by the isomorphism of group schemes over Fp

x : UðGÞFp
¼ Spec Fp T0;T1; . . . ;Tpn�1;

1

T0 þ T1 þ � � � þ Tpn�1

� �

!@
Y
A=Z

Gm;A

0
@

1
AnZ Fp ¼ Spec Fp U0;U1; . . . ;Upn�1;

1

U0

� �

defined by

Uk 7!
Xpn�1

j¼k

j

k

� �
Tj ð0a k < pnÞ:

In fact, we have

xR
Xpn�1

k¼0

akg
k

 !
¼
Xpn�1

k¼0

akð1þ TÞk ¼
Xpn�1

k¼0

Xpn�1

j¼k

j

k

� �
aj

( )
T k:

Moreover the inverse of x is given by
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Tj 7!
Xpn�1

k¼ j

ð�1Þk�j k

j

� �
Uk :

Fp T0;T1; . . . ;Tpn�1;
1

T0 þ T1 þ � � � þ Tpn�1

� �
! Fp U0;U1; . . . ;UN�1;

1

U0

� �
:

Taking N ¼ pn and l ¼ 1 in 1.5, we obtain also an isomorphism of group

schemes over Fp

w ¼ wð1Þ : GFp
¼

Y
A=Z

Gm;A

0
@

1
AnZ Fp !@ Gm;Fp

�
Y

1a j<pn

ð j;pÞ¼1

Uj;Fp
:

In particular, we have a homomorphism of group schemes

w1 : GFp
¼

Y
A=Z

Gm;A

0
@

1
AnZ Fp !

w
@ Gm;Fp

�
Y

1a j<pn

ð j;pÞ¼1

Uj;Fp ���!canonical
projection

U1;Fp
¼ Wn;Fp

:

We define also a homomorphism of group schemes over Fp

s1 : Wn;Fp
! GFp

¼
Y
A=Z

Gm;A

0
@

1
AnZ Fp

as the composite

Wn;Fp
¼ U1;Fp ���!canonical

injection

Gm;Fp
�

Y
1a j<pn

ð j;pÞ¼1

Uj;Fp
�!
w�1

@ GFp
¼

Y
A=Z

Gm;A

0
@

1
AnZ Fp:

Then s1 is a section of w1.

Theorem 2.5. Let G be a cyclic group of order pn. Then we have

commutative diagrams of group schemes over Fp with exact rows

0 ���! G ���! UðGÞFp
���! ðUðGÞ=GÞFp

���! 0???y
???yw1�x

???y
0 ���! Z=pnZ ���! Wn;Fp ���!F�1

Wn;Fp ���! 0

and

0 ���! Z=pnZ ���! Wn;Fp ���!F�1
Wn;Fp ���! 0???yo

???yx�1�s1

???y
0 ���! G ���! UðGÞFp

���! ðUðGÞ=GÞFp
���! 0:
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Proof. Let R be an Fp-algebra. Then by definition we have xRðgÞ ¼
1þ T A ðR½T �=ðT pnÞÞ�. Put now 1 ¼ ð1; 0; . . . ; 0Þ A WnðRÞ. Noting that

Epð1; 1;TÞ ¼ Epð1; 1;TÞ ¼ 1þ T , we obtain ðw1 � xÞRðgÞ ¼ 1 in WnðRÞ. This

implies the commutativity of the first diagram. We have also Epðl1; 1;TÞ ¼
ð1þ TÞ l for l A Z. It follows that ðx�1 � s1ÞRðl1Þ ¼ g l , which implies the

commutativity of the second diagram.

Corollary 2.6 (Artin-Schreier-Witt theory). Let R be an Fp-algebra and

S=R an unramified cyclic extension of degree pn. Then there exist morphisms

Spec S ! Wn;Fp
and Spec R ! Wn;Fp

such that the diagram

Spec S ���! Wn;Fp???y
???yF�1

Spec R ���! Wn;Fp

is cartesian. Moreover the cyclic extension S=R has a normal basis.

Proof. It is known that we have H 1ðR;WnÞ ¼ 0. This implies the first

assertion. On the other hand, it follows from the theorem that

Ker½H 1ðR;GÞ ! H 1ðR;UðGÞÞ� ¼ Ker½H 1ðR;GÞ ! H 1ðR;WnÞ� ¼ H 1ðR;GÞ:

2.7. We can give a more concrete description of Corollary 2.6.

For X ¼ ðX0;X1; . . . ;Xn�1Þ A WnðFp½X0;X1; . . . ;Xn�1�Þ, put

ðF � 1ÞðXÞ ¼ ð ~FF0ðX0Þ; ~FF1ðX0;X1Þ; . . . ; ~FFn�1ðX0;X1; . . . ;Xn�1ÞÞ:

Let R be an Fp-algebra and S a cyclic unramified extension of R of degree

pn. Then there exists a ¼ ða0; a1; . . . ; an�1Þ A WnðRÞ such that S is isomorphic

to

R½X0;X1; . . . ;Xn�1�=

ð ~FF0ðX0Þ � a0; ~FF1ðX0;X1Þ � a1; . . . ; ~FFn�1ðX0;X1; . . . ;Xn�1Þ � an�1Þ:

Let ai denote the image Xi in S for each i. Then the Galois group of S=R is

generated by

g : ða0; a1; . . . ; an�1Þ 7! ða0; a1; . . . ; an�1Þ þ ð1; 0; . . . ; 0Þ A WnðSÞ:

Furthermore, develop

EpðX ; 1;TÞ ¼
Xpn�1

j¼0

bjðXÞT j
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in Fp½T �=ðT pnÞ. Then b0ðXÞ ¼ 1, and bjðXÞ ¼ bjðX0;X1; . . . ;Xk�1Þ if pk�1 a

j < p j. For 0a l < pn we define a polynomial C lðX0;X1; . . . ;Xn�1Þ A
Fp½X0;X1; . . . ;Xn�1� by

C lðX0;X1; . . . ;Xn�1Þ ¼
Xpn�1

j¼l

ð�1Þ lþ j j

l

� �
bjðXÞ:

The homomorphism of group schemes

x�1 � s1 : Wn;Fp
¼ Spec Fp½X0;X1; . . . ;Xn�1�

! UðGÞFp
¼ Spec Fp T0;T1; . . . ;Tpn�1;

1

T0 þ T1 þ � � � þ Tpn�1

� �

is given by

Tl 7! C lðX0;X1; . . . ;Xn�1Þ :

Fp T0;T1; . . . ;Tpn�1;
1

T0 þ T1 þ � � � þ Tpn�1

� �

! Fp½X0;X1; . . . ;Xn�1� ð0a l < pnÞ:

A normal basis of the cyclic extension S=R is generated by C0ða0; a1; . . . ; an�1Þ.
More precisely, we have

g�jC0ða0; a1; . . . ; an�1Þ ¼ Cjða0; a1; . . . ; an�1Þ

for 0a j < pn.

Remark 2.8. Taking N ¼ pn and l ¼ 0 in 1.4, we obtain another

isomorphism of group schemes over Fp

~ww ¼ wð0Þ : UðGÞFp
!@ Gm;Fp

�
Y

1a j<pn

Uj;Fp
:

As in 2.4, we have a homomorphism of group schemes

~ww1 : GFp
¼

Y
A=Z

Gm;A

0
@

1
AnZ Fp !

~ww
@ Gm;Fp

�
Y

1a j<pn

ð j;pÞ¼1

Uj;Fp ���!canonical
projection

U1;Fp
¼ Wn;Fp

:

It is readily seen that ~ww1ðgÞ ¼ 1 A U1ðFpÞ ¼ WnðFpÞ. Therefore we obtain a

commutative diagram of group schemes over Fp with exact rows
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0 ���! G ���! UðGÞFp
���! ðUðGÞ=GÞFp

���! 0???yo
???y~ww1�x

???y
0 ���! Z=pnZ ���! Wn;Fp ���!F�1

Wn;Fp ���! 0;

as is indicated by Serre [8, Ch.IV, 9].

3. Examples

Example 3.1. The case of n ¼ 1. We have

EpðX ; 1;TÞ1 1þ X

1

� �
T þ X

2

� �
T 2 þ � � � þ X

p� 1

� �
T p�1 mod T p;

where

X

j

� �
¼ XðX � 1Þ . . . ðX � j þ 1Þ

j!
:

Then we obtain equalities in Fp½X �

C lðX Þ ¼
Xp�1

j¼l

ð�1Þ lþ j l

j

� �
X

j

� �
¼ 1� ðX � lÞp�1

for each 0a l < p.

For verification of the second equality, it is enough to remark the

following two facts:

(1) For l;N A Z with 0a laN, put

F ðXÞ ¼
XN
j¼l

ð�1Þ lþ j l

j

� �
X

j

� �
A Q½X �:

Then we have

F ðmÞ ¼ 1 ðm ¼ lÞ
0 ðm ¼ 1; . . . ; l � 1; l þ 1; . . . ;NÞ;

�

which follows from the inversion formula for binomial coe‰cients:

Xm
j¼l

ð�1Þ lþ j l

j

� �
m

j

� �
¼ 1 ðm ¼ lÞ

0 ðm > lÞ:

�

(2) For a prime number p and l A Z, put

FðXÞ ¼ 1� ðX � lÞp�1 A Fp½X �:
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Then we have

F ðaÞ ¼
1 ða ¼ lÞ
0 ða A Fp; a0 lÞ;

�
which follows from Fermat’s theorem.

At last we obtain the following well known fact. Let R be an Fp-algebra

and S a cyclic unramified extension of R of degree p. Then there exists a A R

such that S is isomorphic to R½X �=ðX p � X � aÞ. Let a denote the image X

in S. Then the Galois group of S=R is generated by g : a 7! aþ 1. Moreover

a normal basis of the cyclic extension S=R is generated by C0ðaÞ ¼ 1� ap�1.

Remark 3.2. In [9, Section 2] we first examined the sculpture and

embedding problems for the Kummer theory, interpreting the Lagrange resol-

vant in the framework of group schemes. Next we examined the problems for

the Kummer-Artin-Schreier theory, deforming the Lagrange resolvant. Last of

all we obtained the result for the Artin-Schreier theory by modulo reduction

from the Kummer-Artin-Schreier theory.

Example 3.3. The case of p ¼ 2, n ¼ 2. We have

E2ðX ; 1;TÞ1 1þ XT þ ðX þ X 2ÞT 2 þ ðX þ X 2ÞT 3 modð2;T 4Þ;

and therefore

E2ðX0;X1; 1;TÞ1 1þ X0T þ ðX0 þ X 2
0 þ X1ÞT 2

þ ðX0 þ X 2
0 þ X0X1ÞT 3 modð2;T 4Þ:

Hence we obtain

C0ðX0;X1Þ ¼ 1þ X0 þ X1 þ X0X1 ¼ ð1þ X0Þð1þ X1Þ;

C1ðX0;X1Þ ¼ X 2
0 þ X0X1 ¼ X0ðX0 þ X1Þ;

C2ðX0;X1Þ ¼ X1 þ X0X1 ¼ ð1þ X0ÞX1;

C3ðX0;X1Þ ¼ X0 þ X 2
0 þ X0X1 ¼ X0ð1þ X0 þ X1Þ:

On the other hand, the endomorphism

F � 1 : W2;F2
¼ Spec F2½X0;X1� ! W2;F2

¼ Spec F2½X0;X1�

is defined by

ðX0;X1Þ 7! ðX 2
0 þ X0;X

2
1 þ X1 þ X 3

0 þ X 2
0 Þ:

Let R be an F2-algebra and a0; a1 A R. Put

S ¼ R½X0;X1�=ðX 2
0 þ X0 þ a0;X

2
1 þ X1 þ X 3

0 þ X 2
0 þ a1Þ;
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and let a0 and a1 denote the image of X0 and X1 in S, respectively. Then S=R

is an unramified cyclic extension of degree 4. The Galois group of S=R is

generared by

g : ða0; a1Þ 7! ða0 þ 1; a1 þ a0Þ:

Furthermore C0ða0; a1Þ ¼ ð1þ a0Þð1þ a1Þ generates a normal basis of S=R.

Example 3.4. The case of p ¼ 2, n ¼ 3. We have an equalilty in

F2½X ;T �=ðT 8Þ

E2ðX ; 1;TÞ ¼ 1þ XT þ ðX þ X 2ÞT 2 þ ðX þ X 2ÞT 3 þ ðX 2 þ X 3ÞT 4

þ ðX þ X 2 þ X 3 þ X 5ÞT 5 þ ðX þ X 2ÞT 6

þ ðX þ X 3 þ X 6 þ X 7ÞT 7;

and therefore an equality in F2½X0;X1;X2;T �=ðT 8Þ

E2ðX0;X1;X2; 1;TÞ ¼ 1þ X0T þ ðX0 þ X 2
0 þ X1ÞT 2 þ ðX0 þ X 2

0 þ X0X1ÞT 3

þ ðX 2
0 þ X 3

0 þ X1 þ X0X1 þ X 2
0 X1 þ X 2

1 þ X2ÞT 4

þ ðX0 þ X 2
0 þ X 3

0 þ X 5
0 þ X 2

0 X1 þ X0X
2
1 þ X0X2ÞT 5

þ ðX0 þ X 2
0 þ X1 þ X0X1 þ X 3

0 X1 þ X 2
1 þ X0X

2
1

þ X 2
0 X

2
1 þ X0X2 þ X 2

0 X2 þ X1X2ÞT 6

þ ðX0 þ X 3
0 þ X 6

0 þ X 7
0 þ X0X1 þ X 3

0 X1 þ X 5
0 X1

þ X 2
0 X

2
1 þ X0X2 þ X 2

0 X2 þ X0X1X2ÞT 7:

Hence we obtain

C0ðXÞ ¼ 1þ X 2
0 þ X 3

0 þ X 5
0 þ X 6

0 þ X 7
0 þ X1 þ X 5

0 X1 þ X2 þ X0X2 þ X1X2

þ X0X1X2;

C1ðXÞ ¼ X 5
0 þ X 6

0 þ X 7
0 þ X 2

0 X1 þ X 3
0 X1 þ X 5

0 X1 þ X0X
2
1 þ X 2

0 X
2
1 þ X 2

0 X2

þ X0X1X2;

C2ðXÞ ¼ X 2
0 þ X 3

0 þ X 6
0 þ X 7

0 þ X0X1 þ X 5
0 X1 þ X 2

1 þ X0X
2
1 þ X1X2 þ X0X1X2;

C3ðXÞ ¼ X 2
0 þ X 3

0 þ X 6
0 þ X 7

0 þ X 3
0 X1 þ X 5

0 X1 þ X 2
0 X

2
1 þ X0X2 þ X 2

0 X2

þ X0X1X2;
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C4ðXÞ ¼ X0 þ X 2
0 þ X 3

0 þ X 5
0 þ X 6

0 þ X 7
0 þ X0X1 þ X 5

0 X1 þ X2 þ X0X2

þ X1X2 þ X0X1X2;

C5ðXÞ ¼ X 2
0 þ X 5

0 þ X 6
0 þ X 7

0 þ X0X1 þ X 2
0 X1 þ X 3

0 X1 þ X 5
0 X1 þ X0X

2
1

þ X 2
0 X

2
1 þ X 2

0 X2 þ X0X1X2;

C6ðXÞ ¼ X 2
0 þ X 3

0 þ X 6
0 þ X 7

0 þ X1 þ X 5
0 X1 þ X 2

1 þ X0X
2
1 þ X1X2 þ X0X1X2;

C7ðXÞ ¼ X0 þ X 3
0 þ X 6

0 þ X 7
0 þ X0X1 þ X 3

0 X1 þ X 5
0 X1 þ X 2

0 X
2
1 þ X0X2

þ X 2
0 X2 þ X0X1X2:

On the other hand, the endomorphism

F � 1 : W3;F2
¼ Spec F2½X0;X1;X2� ! W3;F2

¼ Spec F2½X0;X1;X2�

is defined by

ðX0;X1;X2Þ 7! ð ~FF0ðX0Þ; ~FF1ðX0;X1Þ; ~FF2ðX0;X1;X2ÞÞ;
where

~FF0ðX0Þ ¼ X 2
0 þ X0;

~FF1ðX0;X1Þ ¼ X 2
1 þ X1 þ X 3

0 þ X 2
0 ;

~FF2ðX0;X1;X2Þ ¼ X 2
2 þ X2 þ X 3

1 þ X 2
1 X

3
0 þ X 2

1 X
2
0 þ X 2

1 þ X1X
3
0

þ X1X
2
0 þ X 7

0 þ X 5
0 :

Let R be an F2-algebra and a0; a1; a2 A R. Put

S ¼ R½X0;X1;X2�=ð ~FF0ðX0Þ þ a0; ~FF1ðX0;X1Þ þ a1; ~FF2ðX0;X1;X2Þ þ a2Þ;

and let a0, a1 and a2 denote the image of X0, X1 and X2 in S, respectively.

Then S=R is an unramified cyclic extension of degree 8. The Galois group of

S=R is generared by

g : ða0; a1; a2Þ 7! ða0 þ 1; a1 þ a0; a2 þ a1a0 þ a30 þ a0Þ:

Furthermore C0ða0; a1; a2Þ generates a normal basis of S=R.

Example 3.5. The case of p ¼ 3, n ¼ 2. We have an equality in

F3½X ;T �=ðT 9Þ

E3ðX ; 1;TÞ ¼ 1þ XT þ ðX þ 2X 2ÞT 2 þ ðX 2 þ 2X 3ÞT 3 þ ð2X þ 2X 2 þ 2X 3ÞT 4

þ ð2X þ 2X 2 þ 2X 3 þ 2X 4 þ X 5ÞT 5 þ ðX 2 þ X 3 þ X 4ÞT 6

þ ðX þ 2X 2 þ X 4 þ X 5 þ X 6ÞT 7 þ ðX þ 2X 8ÞT 8;
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and therefore an equality in F3½X0;X1;T �=ðT 9Þ

E3ðX0;X1; 1;TÞ ¼ 1þ X0T þ ðX0 þ 2X 2
0 ÞT 2 þ ðX0 þ X 2

0 þ X1ÞT 3

þ ð2X0 þ 2X 2
0 þ 2X 3

0 þ X0X1ÞT 4

þ ð2X0 þ 2X 2
0 þ 2X 3

0 þ 2X 4
0 þ X 5

0 þ X0X1 þ 2X 2
0 X1ÞT 5

þ ðX 2
0 þ X 3

0 þ X 4
0 þ X1 þ X0X1 þ X 2

0 X1 þ 2X 2
1 ÞT 6

þ ðX0 þ 2X 2
0 þ X 4

0 þ X 5
0 þ X 6

0 þ 2X 2
0 þ 2X 3

0 X1 þ 2X0X
2
1 ÞT 7

þ ðX0 þ 2X 8
0 þ X 2

0 X1 þ 2X 3
0 X1 þ 2X 4

0 X1 þ X 5
0 X1

þ 2X0X
2
1 þ X 2

0 X
2
1 ÞT 8:

Hence we obtain

C0ðXÞ ¼ 1þ 2X 3
0 þ X 4

0 þ X 5
0 þ 2X 6

0 þ 2X 8
0 þ X 2

0 X1 þ 2X 3
0 X1 þ 2X 4

0 X1 þ X 5
0 X1

þ 2X 2
1 þ X 2

0 X
2
1 ;

C1ðXÞ ¼ 2X 3
0 þ 2X 4

0 þ X 6
0 þ 2X 8

0 þ X0X1 þ X 2
0 X1 þ X 3

0 X1 þ 2X 4
0 X1 þ X 5

0 X1

þ X0X
2
1 þ X 2

0 X
2
1 ;

C2ðXÞ ¼ X 3
0 þ X 4

0 þ 2X 5
0 þ 2X 8

0 þ 2X0X1 þ 2X 2
0 X1 þ 2X 3

0 X1 þ 2X 4
0 X1 þ X 5

0 X1

þ 2X0X
2
1 þ X 2

0 X
2
1 ;

C3ðXÞ ¼ 2X 4
0 þ 2X 6

0 þ 2X 8
0 þ 2X1 þ 2X 2

0 X1 þ 2X 3
0 X1 þ 2X 4

0 X1 þ X 5
0 X1 þ 2X 2

1

þ X 2
0 X

2
1 ;

C4ðXÞ ¼ X 3
0 þ 2X 5

0 þ X 6
0 þ 2X 8

0 þ 2X0X1 þ 2X 2
0 X1 þ X 3

0 X1 þ 2X 4
0 X1 þ X 5

0 X1

þ X0X
2
1 þ X 2

0 X
2
1 ;

C5ðXÞ ¼ 2X 2
0 þ 2X 3

0 þ 2X 4
0 þ X 5

0 þ 2X 8
0 þ X0X1 þ 2X 3

0 X1 þ 2X 4
0 X1 þ X 5

0 X1

þ 2X0X
2
1 þ X 2

0 X
2
1 ;

C6ðXÞ ¼ 2X 2
0 þ X 3

0 þ 2X 5
0 þ 2X 6

0 þ 2X 8
0 þ X1 þ 2X 3

0 X1 þ 2X 4
0 X1 þ X 5

0 X1

þ 2X 2
1 þ X 2

0 X
2
1 ;

C7ðXÞ ¼ 2X0 þ 2X 2
0 þ X 4

0 þ X 5
0 þ X 6

0 þ 2X 8
0 þ X 3

0 X1 þ 2X 4
0 X1 þ X 5

0 X1

þ X0X
2
1 þ X 2

0 X
2
1 ;

C8ðXÞ ¼ X0 þ 2X 8
0 þ X 2

0 X1 þ 2X 3
0 X1 þ 2X 4

0 X1 þ X 5
0 X1 þ 2X0X

2
1 þ X 2

0 X
2
1 :
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On the other hand, the endomorphism

F � 1 : W2;F3
¼ Spec F3½X0;X1� ! W2;F3

¼ Spec F3½X0;X1�

is defined by

ðX0;X1Þ 7! ðX 3
0 � X0;X

3
1 � X1 þ X 7

0 � X 5
0 Þ:

Let R be an F3-algebra and a0; a1 A R. Put

S ¼ R½X0;X1�=ðX 3
0 � X0 � a0;X

3
1 � X1 þ X 7

0 � X 5
0 � a1Þ;

and let a0 and a1 denote the image of X0 and X1 in S, respectively. Then S=R

is an unramified cyclic extension of degree 9. The Galois group of S=R is

generared by

g : ða0; a1Þ 7! ða0 þ 1; a1 � a0 � a20Þ:

Furthermore C0ða0; a1Þ generates a normal basis of S=R.

4. Remarks

4.1. Let G be a cyclic group of order pn, and take a generator g of G . Under

the identification

UðGÞFp
¼ Spec Fp T0;T1; . . . ;Tpn�1;

1

T0 þ T1 þ � � � þ Tpn�1

� �
;

the right multiplication by g on UðGÞFp
is defined by the cyclic permutation

T0 7! Tpn�1;T1 7! T0;T2 7! T1; . . . ;Tpn�1 7! Tpn�2:

Moreover we have

ðUðGÞ=GÞFp
¼ Spec Fp T0;T1; . . . ;Tpn�1;

1

T0 þ T1 þ � � � þ Tpn�1

� �G
;

where Fp½T0;T1; . . . ;Tpn�1; 1=ðT0 þ T1 þ � � � þ Tpn�1Þ�G denotes the subring

of invariant rationals under the action by G on Fp½T0;T1; . . . ;Tpn�1;

1=ðT0 þ T1 þ � � � þ Tpn�1Þ�.
Now we have a commutative diagram of group schemes over Fp with exact

rows

0 ���! G ���! UðGÞFp
���! ðUðGÞ=GÞFp

���! 0???yo
???yo wð1Þ�x

???yo
0 ���! Z=pnZ ���! Gm;Fp

�
Q

1a j<pn

ð j;pÞ¼1

Uj;Fp ���!Y Gm;Fp
�

Q
1a j<pn

ð j;pÞ¼1

Uj;Fp ���! 0;
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where Y is defined by the diagonal matrix with the entries F � 1 : Wn;Fp
!

Wn;Fp
for j ¼ 1 and the identity map for the others.

This observation allows us to write down in principle a generating family

of the invariant subring Fp½T0;T1; . . . ;Tpn�1; 1=ðT0 þ T1 þ � � � þ Tpn�1Þ�G .
For example, let n ¼ 1. Substituting

Uk ¼
Xp�1

j¼k

j

k

� �
Tj

in

clðUÞ ¼ cl
U1

U0
;
U2

U0
; . . . ;

Ul

U0

� �
A Fp

U1

U0
;
U2

U0
; . . . ;

Ul

U0

� �

defined in 1.5, we obtain rationals

~cclðTÞ ¼ ~cclðT0;T1; . . . ;Tp�1Þ

A Fp T0;T1; . . . ;Tp�1;
1

T0 þ T1 þ � � � þ Tp�1

� �
ð0a l < pÞ:

More precisely, we have

~cc0ðTÞ ¼ ~cc0ðT0;T1; . . . ;Tp�1Þ ¼
Xp�1

j¼0

Tj;

~cc1ðTÞ ¼ ~cc1ðT0;T1; . . . ;Tp�1Þ ¼
Xp�1

j¼1

jTj

,Xp�1

j¼0

Tj

and, for 2a l < p, ~cclðTÞ ¼ ~cclðT0;T1; . . . ;Tp�1Þ is determined inductively by

X
n1; n2;...; nl�1b1

n1þ2n2þ���þðl�1Þnl�1¼l

c1ðTÞ
n1

� �
c2ðTÞ
n2

� �
. . .

cl�1ðTÞ
nl�1

� �
þ clðTÞ

¼
Xp�1

j¼l

j

l

� �
Tj

Xp�1

j¼0

Tj:

,

Then we obtain

Fp T0;T1; . . . ;Tp�1;
1

T0 þ T1 þ � � � þ Tp�1

� �

¼ Fp ~cc0ðTÞ; ~cc1ðTÞ; ~cc2ðTÞ; . . . ; ~ccp�1ðTÞ;
1

~cc0ðTÞ

� �
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and

Fp T0;T1; . . . ;Tp�1;
1

T0 þ T1 þ � � � þ Tp�1

� �G

¼ Fp ~cc0ðTÞ; ~cc1ðTÞp � ~cc1ðTÞ; ~cc2ðTÞ; . . . ; ~ccp�1ðTÞ;
1

~cc0ðTÞ

� �
:

It should be remarked that ~cc0ðTÞ ¼ T0 þ T1 þ � � � þ Tp�1 is a group-like

element of the Hopf algebra Fp½T0;T1; . . . ;Tp�1; 1=ðT0 þ T1 þ � � � þ Tp�1Þ� and
~cc1ðTÞ; ~cc2ðTÞ; . . . ; ~ccp�1ðTÞ are primitive elements.

In this manner we would be able to follow the path shown by Kuniyoshi

[6].

Example 4.2. In the case of p ¼ 2, we have

~cc0ðTÞ ¼ T0 þ T1; ~cc1ðTÞ ¼
T1

T0 þ T1

and

~cc1ðTÞ2 � ~cc1ðTÞ ¼
T0T1

T0 þ T1
:

Example 4.3. In the case of p ¼ 3, we have

~cc0ðTÞ ¼ T0 þ T1 þ T2; ~cc1ðTÞ ¼
T1 þ 2T2

T0 þ T1 þ T2
;

~cc2ðTÞ ¼ �T0T1 þ T1T2 þ T2T0

ðT0 þ T1 þ T2Þ2

and

~cc1ðTÞ3 � ~cc1ðTÞ ¼
ðT0 � T1ÞðT1 � T2ÞðT2 � T0Þ

ðT0 þ T1 þ T2Þ3
:

Example 4.4. In the case of p ¼ 5, we have

~cc0ðTÞ ¼ T0 þ T1 þ T2 þ T3 þ T4;

~cc0ðTÞ~cc1ðTÞ ¼ T1 þ 2T2 þ 3T3 þ 4T4;

~cc0ðTÞ2~cc2ðTÞ ¼ 3ðT0T1 þ T1T2 þ T2T3 þ T3T4 þ T4T0Þ

þ 2ðT0T2 þ T1T3 þ T2T4 þ T3T0 þ T4T1Þ;
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~cc0ðTÞ3~cc3ðTÞ ¼ 3ðT 2
0T1 þ T 2

1T2 þ T 2
2T3 þ T 2

3T4 þ T 2
4T0Þ

þ ðT0T
2
1 þ T1T

2
2 þ T2T

2
3 þ T3T

2
4 þ T4T

2
0 Þ

þ ðT 2
0T2 þ T 2

1T3 þ T 2
2T4 þ T 2

3T0 þ T 2
4T1Þ

þ 2ðT0T1T2 þ T1T2T3 þ T2T3T4 þ T3T4T0 þ T4T0T1Þ

þ 3ðT0T1T3 þ T1T2T4 þ T2T3T0 þ T3T4T1 þ T4T0T2Þ;

~cc0ðTÞ3~cc3ðTÞ ¼ 4ðT 3
0T1 þ T 3

1T2 þ T 3
2T3 þ T 3

3T4 þ T 3
4T0Þ

þ 4ðT 2
0T

2
1 þ T 2

1T
2
2 þ T 2

2T
2
3 þ T 2

3T
2
4 þ T 2

4T
2
0 Þ

þ 2ðT0T
3
1 þ T1T

3
2 þ T2T

3
3 þ T3T

3
4 þ T4T

3
0 Þ

þ 3ðT 3
0T2 þ T 3

1T3 þ T 3
2T4 þ T 3

3T0 þ T 3
4T1Þ

þ 3ðT 2
0T

2
2 þ T 2

1T
2
3 þ T 2

2T
2
4 þ T 2

3T
2
0 þ T 2

4T
2
1 Þ

þ 2ðT0T
3
2 þ T1T

3
3 þ T2T

3
4 þ T3T

3
0 þ T4T

3
1 Þ

þ 2ðT 2
0T1T2 þ T 2

1T2T3 þ T 2
2T3T4 þ T 2

3T4T0 þ T 2
4T0T1Þ

þ 3ðT0T
2
1T2 þ T1T

2
2T3 þ T2T

2
3T4 þ T3T

2
4T0 þ T4T

2
0T1Þ

þ 4ðT0T1T
2
2 þ T1T2T

2
3 þ T2T3T

2
4 þ T4T0T

2
1 þ T3T4T

2
0 Þ

þ 3ðT 2
0T1T3 þ T 2

1T2T4 þ T 2
2T3T0 þ T 2

3T4T1 þ T 2
4T0T2Þ

þ 2ðT0T
2
1T3 þ T1T

2
2T4 þ T2T

2
3T0 þ T3T

2
4T1 þ T4T

2
0T2Þ

þ 4ðT0T1T
2
3 þ T1T2T

2
4 þ T2T3T

2
0 þ T3T4T

2
1 þ T4T0T

2
2 Þ

þ 4ðT0T1T2T3 þT1T2T3T4 þT2T3T4T0 þT3T4T0T2 þT4T0T1T2Þ

and

~cc0ðTÞ4f~cc1ðTÞ5 � ~cc1ðTÞg

¼ 4ðT 4
0T1 þ T 4

1T2 þ T 4
2T3 þ T 4

3T4 þ T 4
4T0Þ

þ ðT 3
0T

2
1 þ T 3

1T
2
2 þ T 3

2T
2
3 þ T 3

3T
2
4 þ T 3

4T
2
0 Þ

þ 4ðT 2
0T

3
1 þ T 2

1T
3
2 þ T 2

2T
3
3 þ T 2

3T
3
4 þ T 2

4T
3
0 Þ

þ ðT0T
4
1 þ T1T

4
2 þ T2T

4
3 þ T3T

4
4 þ T4T

4
0 Þ

þ 3ðT 4
0T2 þ T 4

1T3 þ T 4
2T4 þ T 4

3T0 þ T 4
4T1Þ
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þ 2ðT 3
0T

2
2 þ T 3

1T
2
3 þ T 3

2T
2
4 þ T 3

3T
2
0 þ T 3

4T
2
1 Þ

þ 3ðT 2
0T

3
2 þ T 2

1T
3
3 þ T 2

2T
3
4 þ T 2

3T
3
0 þ T 2

4T
3
1 Þ

þ 2ðT0T
4
2 þ T1T

4
3 þ T2T

4
4 þ T3T

4
0 þ T4T

4
1 Þ

þ 3ðT 3
0T1T2 þ T 3

1T2T3 þ T 3
2T3T4 þ T 3

3T4T0 þ T 3
4T0T1Þ

þ ðT 2
0T

2
1T2 þ T 2

1T
2
2T3 þ T 2

2T
2
3T4 þ T 2

3T
2
4T0 þ T 2

4T
2
0T1Þ

þ 4ðT0T
2
1T

2
2 þ T1T

2
2T

2
3 þ T2T

2
3T

2
4 þ T3T

2
4T

2
0 þ T4T

2
0T

2
1 Þ

þ 2ðT0T1T
3
2 þ T1T2T

3
3 þ T2T3T

3
4 þ T3T4T

3
0 þ T4T0T

3
1 Þ

þ 4ðT 3
0T1T3 þ T 3

1T2T4 þ T 3
2T3T0 þ T 3

3T4T1 þ T 3
4T0T2Þ

þ 3ðT 2
0T1T

2
3 þ T 2

1T2T
2
4 þ T 2

2T3T
2
0 þ T 2

3T4T
2
1 þ T 2

4T0T
2
2 Þ

þ 2ðT0T
2
1T

2
3 þ T1T

2
2T

2
4 þ T2T

2
3T

2
0 þ T3T

2
4T

2
1 þ T4T

2
0T

2
2 Þ

þ ðT0T
3
1T3 þ T1T

3
2T4 þ T2T

3
3T0 þ T3T

3
4T1 þ T4T

3
0T2Þ

þ 3ðT 2
0T1T2T3 þ T 2

1T2T3T4 þ T 2
2T3T4T0 þ T 2

3T4T0T1 þ T 2
4T0T1T2Þ

þ ðT0T
2
1T2T3 þ T1T

2
2T3T4 þ T2T

2
3T4T0 þ T3T

2
4T0T1 þ T4T

2
0T1T2Þ

þ 4ðT0T1T
2
2T3 þ T1T2T

2
3T4 þ T2T3T

2
4T0 þ T3T4T

2
0T1 þ T4T0T

2
1T2Þ

þ 2ðT0T1T2T
2
3 þ T1T2T3T

2
4 þ T2T3T4T

2
0 þ T3T4T0T

2
1 þ T4T0T1T

2
2 Þ:

Example 4.5. In the case of p ¼ 2, n ¼ 2, the isomorphism

wð1Þ � x : UðGÞF2
¼ Spec F2 T0;T1;T2;T3;

1

T0 þ T1 þ T2 þ T3

� �

!@ Gm;F2
�W2;F2

�Ga;F2
¼ Spec F2 X0;X1;X2;X3;

1

X0

� �

is defined by

X0 7! ~cc0ðTÞ; X1 7! ~cc1ðTÞ; X2 7! ~cc2ðTÞ; X3 7! ~cc3ðTÞ;

where

T0 þ T1ð1þUÞ þ T2ð1þUÞ2 þ T3ð1þUÞ3 ¼ ~cc0ðTÞf1þ ~cc3ðTÞUg

f1þ ~cc1ðTÞU þ ð~cc1ðTÞ þ ~cc1ðTÞ2 þ ~cc2ðTÞÞU 2 þ ð~ccðTÞ þ ~cc1ðTÞ2 þ ~cc1ðTÞ~cc2ðTÞÞU 3g

in F2½T0;T1;T2;T3�½U �=ðU 4Þ. Hence we obtain
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~cc0ðTÞ ¼ T0 þ T1 þ T2 þ T3;

~cc0ðTÞ~cc1ðTÞ ¼ T1 þ T3;

~cc0ðTÞ2~cc2ðTÞ ¼ T 2
2 þ T 2

3 þ T0T1 þ T0T2 þ T1T3 þ T2T3;

~cc0ðTÞ3~cc3ðTÞ ¼ ðT 2
0T1 þ T 2

1T2 þ T 2
2T3 þ T 2

3T0Þ

þ ðT0T1T2 þ T1T2T3 þ T2T3T0 þ T3T0T1Þ:

Furthermore we have

F2 T0;T1;T2;T3;
1

T0 þ T1 þ T2 þ T3

� �G

¼ F2 ~cc0ðTÞ; ~cc1ðTÞ2 þ ~cc1ðTÞ; ~cc2ðTÞ2 þ ~cc2ðTÞ þ ~cc1ðTÞ3 þ ~cc1ðTÞ2; ~cc3ðTÞ;
1

~cc0ðTÞ

� �
:

We have gotten

~cc0ðTÞ2f~cc1ðTÞ2 þ ~cc1ðTÞg ¼ T0T1 þ T1T2 þ T2T3 þ T3T0;

~cc0ðTÞ4f~cc2ðTÞ2 þ ~cc2ðTÞ þ ~cc1ðTÞ3 þ ~cc1ðTÞ2g

¼ ðT 3
0T1 þ T 3

1T2 þ T 3
2T3 þ T 3

3T0Þ þ ðT 3
0T2 þ T 3

1T3 þ T 3
2T0 þ T 3

3T1Þ

þ ðT0T
2
1T2 þ T1T

2
2T3 þ T2T

2
3T0 þ T3T

2
0T1Þ

þ ðT0T1T
2
2 þ T1T2T

2
3 þ T2T3T

2
0 þ T3T0T

2
1 Þ

by a simple and honest calculation.

Remark 4.6. Let k be a field and G a finite group. Let K denote the

rational function field kðTg; g A GÞ, and let G act on K by ðg;Tg 0 Þ 7! Tgg 0 or by

ðg;Tg 0 Þ 7! Tg 0g�1 . Noether’s problem asks if the fixed field K G is purely

transcendental over k or not. The argument of 4.1 gives an a‰rmative

answer for Noether’s problem in a more precise form when k is a field of

characterisitic p > 0 and G is a cyclic group of order pn.

It should be mentioned that Noether’s problem is a‰rmative when k is a

field of characterisitic p > 0 and G is a p-group. This fact is well known to

experts, for example, stated as [1, Theorem 1.12] with a reference to Kuniyoshi

[6].

4.7. We conclude the article by considering the sculpture and embedding

problems for the Grothendieck resolution of a finite flat commutative group

scheme. We refer to [11] for details, in particular concerning the relation with

the Hopf-Galois theory.
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Let S be a scheme and G an a‰ne commutative group S-scheme such that OG

is a locally free OS-module of finite rank. Then the functor HomS�grðG ;Gm;SÞ
is represented by a commutative group scheme G4, called the Cartier dual

of G . Indeed the OS-module O4
G ¼ HomOS

ðOG ;OSÞ is also locally free of

finite rank, and we have G4 ¼ Spec O4
G . The Cartier duality asserts that

HomS�grðG4;Gm;SÞ is isomorphic to G .

Furthermore the functor HomSðG4;Gm;SÞ is nothing but the Weil restric-

tion
Q

G4=S

Gm;G4, which is representable since OG4 is a locally free OS-module of

finite rank. Then we obtain an exact sequence of commutative group schemes

0 ! G !
Y
G4=S

Gm;G4 !
Y
G4=S

Gm;G4

0
@

1
A,G ! 0:

The Weil restriction
Q

G4=S

Gm;G4 is smooth over S since Gm;G4 is smooth over

G4, and therefore the quotient
Q

G4=S

Gm;G4

 !,
G is also smooth over S.

When G is a constant group scheme, the Grothendieck resolution

0 ! G !
Y
G4=Z

Gm;G4 !
Y
G4=Z

Gm;G4

0
@

1
A,G ! 0

is nothing but the exact sequence

0 ! G ! UðGÞ ! UðGÞ=G ! 0:

Example 4.8. Put 1Wn ¼ Ker½F : Wn;Fp
! Wn;Fp

�. Then

1Wn ¼ Spec Fp½T0;T1; . . . ;Tn�1�=ðT p
0 ;T

p
1 ; . . . ;T

p
n�1Þ

with the addition

ðT0;T1; . . . ;Tn�1Þ

7! ðS0ðTn 1; 1nTÞ;S1ðTn 1; 1nTÞ; . . . ;Sn�1ðTn 1; 1nTÞÞ:

As is known, the Cartier dual of 1Wn is isomorphic to apn ¼ Ker½F n : Ga;Fp
!

Ga;Fp
� (cf. [2, Ch.V. 4.4.7]). Therefore the Grothendieck resolution of the finite

group scheme 1Wn is written as

0 ! 1Wn !
Y
A=Fp

Gm;A !
Y
A=Fp

Gm;A

0
@

1
A,

1Wn ! 0;

where A ¼ Fp½T �=ðT pnÞ. For an Fp-algebra R, the injection

1WnðRÞ !
Y
A=Fp

Gm;A

0
@

1
AðRÞ ¼ ðR½T �=ðT pnÞÞ�
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is given by

ða0; a1; . . . ; an�1Þ 7! Epða0TÞEpða1T pÞ . . .Epðan�1T
pn�1Þ:

Hence we obtain a commutative diagram of group schemes over Fp with exact

rows

0 ���! 1Wn ���! Q
A=Fp

Gm;A ���! Q
A=Fp

Gm;A

 !,
1Wn ���! 0����

???yo wð0Þ

???yo
0 ���! 1Wn ���! Gm;Fp

�
Q

1a j<pn

ð j;pÞ¼1

Uj;Fp ���!Y Gm;Fp
�

Q
1a j<pn

ð j;pÞ¼1

Uj;Fp ���! 0;

where Y is defined by the diagonal matrix with the entries F : Wn;Fp
! Wn;Fp

for j ¼ 1 and the identity map for the others.

Furthermore, taking the projection

w
ð0Þ
1 :

Y
A=Fp

Gm;A ! U1;Fp
¼ Wn;Fp

and the injection

s
ð0Þ
1 : U1;Fp

¼ Wn;Fp
!
Y
A=Fp

Gm;A;

we obtain commutative diagrams of group schemes over Fp with exact rows

0 ���! 1Wn ���! Q
A=Fp

Gm;A ���! Q
A=Fp

Gm;A

 !,
1Wn ���! 0����

???yw
ð0Þ
1

???y
0 ���! 1Wn ���! Wn;Fp ���!F Wn;Fp ���! 0

and

0 ���! 1Wn ���! Wn;Fp ���!F Wn;Fp ���! 0����
???ys

ð0Þ
1

???y
0 ���! 1Wn ���! Q

A=Fp

Gm;A ���! Q
A=Fp

Gm;A

 !,
1Wn ���! 0:
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As a consequence, we arrive at the following assertion. Let R be an

Fp-algebra and S an R-algebra such that Spec S is a torsor under 1Wn. Then

there exist morphisms Spec S ! Wn;Fp
and Spec R ! Wn;Fp

such that the

diagram

Spec S ���! Wn;Fp???y
???yF

Spec R ���! Wn;Fp

is cartesian. Moreover the Hopf-Galois extension S=R has a normal basis in

the sense of Kreimer-Takeuchi [5, Definition 2.6].

Remark 4.9. Let R be an Fp-algebra and l A R. Then the isogeny

F � ½lp�1� : Wn;R ! Wn;R is finite and flat. Here ½lp�1� ¼ ðlp�1; 0; . . . ; 0Þ
denotes the Teichmüller representative of lp�1 in WnðRÞ. Put N ¼
Ker½F � ½lp�1� : Wn;R ! Wn;R�.

Now we define an a‰ne group R-scheme G by G ¼ Spec R½T �=ðT pnÞ with

(a) the multiplication: T 7! T n 1þ 1nT þ lT nT ;

(b) the unit: T 7! 0;

(c) the inverse: T 7! �T=ð1þ lTÞ.
It is deduced immeadiately from [7, Theorem 2.19.1] that the Cartier dual

of G is isomorphic to N. More precisely, the correspondence

ða0; a1; . . . ; an�1Þ 7! Epða0; l;TÞEpða1; lp;T pÞ . . .Epðan�1; l
pn�1

;T pn�1Þ

gives rise to a bijection

NðRÞ ¼ Ker½F � ½lp�1� : WnðRÞ ! WnðRÞ� !@ HomR�grðG;Gm;RÞ:

(Or we can reduce the verification to the case of n ¼ 1, which is stated in [10,

Theorem 2.7] in a di¤erent form, as is done in [12].)

Furthermore we obtain a commutative diagram of group schemes over R

with exact rows

0 ���! N ���! Q
A=R

Gm;A ���! Q
A=R

Gm;A

 !,
N ���! 0����

???yo wðlÞ
???yo

0 ���! N ���! Gm;R �
Q

1a j<pn

ð j;pÞ¼1

Uj;R ���!Y Gm;R �
Q

1a j<pn

ð j;pÞ¼1

Uj;R ���! 0;

where A ¼ R½T �=ðT pnÞ, and Y is defined by the diagonal matrix with the

entries F � ½lp�1� : Wn;R ! Wn;R for j ¼ 1 and the identity map for the others.
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Putting l ¼ 0 and l ¼ 1, we recover the diagrams in 4.8 and 4.1 respec-

tively.

Example 4.10. Consider now the Grothendieck resolution of apn ¼
Ker½F n : Ga;Fp

! Ga;Fp
�. As is recalled in 4.8, the Cartier dual of apn is

isomorphic to 1Wn ¼ Ker½F : Wn;Fp
! Wn;Fp

�. Hence the Grothendieck reso-

lution of the finite group scheme apn is written as

0 ! apn !
Y
A=Fp

Gm;A !
Y
A=Fp

Gm;A

0
@

1
A,apn ! 0:

where A ¼ Fp½T0;T1; . . . ;Tn�1�=ðT p
0 ;T

p
1 ; . . . ;T

p
n�1Þ. For an Fp-algebra R, the

injection

apnðRÞ !
Y
A=Fp

Gm;A

0
@

1
AðRÞ ¼ ðR½T0;T1; . . . ;Tn�1�=ðT p

0 ;T
p
1 ; . . . ;T

p
n�1ÞÞ

�

is given by

a 7! EpðaT0ÞEpðapT1Þ . . .Epðapn�1

Tn�1Þ:

Put now A0 ¼ Fp½T �=ðT pÞ. Let R be an Fp-algebra. Then the homo-

morphism of rings

R½T0;T1; . . . ;Tn�1�=ðT p
0 ;T

p
1 ; . . . ;T

p
n�1Þ

! R½T �=ðT pÞ : T0 7! T ;T1 7! 0; . . . ;Tn�1 7! 0

induces a homomorphism of multiplicative groups

pR :
Y
A=Fp

Gm;A

0
@

1
AðRÞ ¼ ðR½T0;T1; . . . ;Tn�1�=ðT p

0 ;T
p
1 ; . . . ;T

p
n�1ÞÞ

�

!
Y
A0=Fp

Gm;A

0
@

1
AðRÞ ¼ ðR½T �=ðT pÞÞ�:

It is readily seen that pR is represented by a homomorphism of group schemes

over Fp

p :
Y
A=Fp

Gm;A !
Y
A0=Fp

Gm;A:

Put

~ww ¼ w
ð0Þ
1 � p :

Y
A=Fp

Gm;A !
Y
A0=Fp

Gm;A ! U1 ¼ Ga;Fp
:
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Then we obtain a commutative diagram of group schemes over Fp with exact

rows

0 ���! apn ���! Q
A=Fp

Gm;A ���! Q
A=Fp

Gm;A

 !,
apn ���! 0����

???y~ww

???y
0 ���! apn ���! Ga;Fp ���!F n

Ga;Fp ���! 0:

On the other hand, for an Fp-algebra R, we define a map

iR : GaðRÞ ¼ R !
Y
A=Fp

Gm;A

0
@

1
AðRÞ ¼ ðR½T0;T1; . . . ;Tn�1�=ðT p

0 ;T
p
1 ; . . . ;T

p
n�1ÞÞ

�

by

a 7! EpðaT0ÞEpðapT1Þ . . .Epðapn�1

T n�1Þ:

It is verified that iR is represented by a homomorphism of group schemes

over Fp

i : Ga;Fp
!
Y
A=Fp

Gm;A:

Moreover we obtain a commutative diagram of group schemes over Fp with

exact rows

0 ���! apn ���! Ga;Fp ���!F n

Ga;Fp ���! 0����
???yi

???y
0 ���! apn ���! Q

A=Fp

Gm;A ���! Q
A=Fp

Gm;A

 !,
apn ���! 0:

As a consequence, we arrive at the following assertion. Let R be an

Fp-algebra and S an R-algebra such that Spec S is a torsor under apn . Then

there exist morphisms Spec S ! Ga;Fp
and Spec R ! Ga;Fp

such that the diagram

Spec S ���! Ga;Fp???y
???yF n

Spec R ���! Ga;Fp

is cartesian. Moreover the Hopf-Galois extension S=R is has a normal basis.
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Remark 4.11. Kreimer-Takeuchi [5] treats Example 4.8 and Example

4.10 as Example 4 and Example 3 respectively from a di¤erent aspect.
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