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ABSTRACT. As a mathematical model of n-membered ringed hydrocarbon molecules,

we consider closed chains in R®. Assume that the bond angle 0 satisfies %n<

0 < ”—;zn when n =5,6,7, and that %n <0< %n when n =38. Then the configuration
space C, of the model is homeomorphic to (7 — 4)-dimensional sphere S"~*. By this
result, it is possible for approximating larger macrocyclic molecules by smaller ones to
be more widely applied.

1. Introduction

In Mathematics, the study of configurations of closed chains has been
considered from a topological, an algorithmic or a kinematic viewpoint. See,
for example ([2], [6], [8], [10], [11], [12], [15], [17]). As a mathematical model
of n-membered ringed hydrocarbon molecules, we consider closed chains in R?
with rigidity ([3], [5], [9], [14]).

A closed chain is defined to be a graph in R® having vertices
{vo,v1,...,vp—1} and bonds {f,fs,...,P,_1,P0}, where f; connects v;_;
with v; (i=1,2,...,n—1) and f, connects v,_; with vy. For the sake of
simplicity, let bond vectors v; — v;—; be denoted by #; (i=1,2,...,n—1) and
vgp — Uy—1 be denoted by f,.

We fix 6, and put 3 vertices vy = (0,0,0), v,-1 =(—1,0,0), v,_» =
(cos @ — 1,sin 0,0). We define a configuration space of closed chains by
the following:

DerNITION 1. We  define fi: (R®)"> >R by fi(vi,...,v53) =
%(Hﬁk” - 1) for k = 1,...,7[—2, and 9k * (RS)n_3 —R by g](vl7~--7vn—3) =

{=Po, B> —cos 0, gi(vr,...,00-3) = {—Pry1,Prpay —cosO for k=2,...,n—3,
where ¢, denotes the standard inner product in R® and || -| the standard

norm ||x|| =+/<{x,x). We call 0 a bond angle.

Then the configuration space C, is defined by the following;
C={pe®)"Ap) == fi2(p) =01(p) = = gu-3(p) = 0}.
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We call fi, gi rigidity maps. Rigidity maps determine bond lengths and angles
of a closed chain in C,. The closed chains in C, are equilateral polygons in
R? with n vertices such that the bond angles are all equal to a given angle 6
except for two successive ones.

The standard bond angle of 5,6,7-membered ringed hydrocarbon molecules
is equal to {57, cos™!(—1), cos™!(—1), respectively. Then the configuration
space C, is homeomorphic to (n — 4)-dimensional sphere S"~* for n=5,6,7
(14))-

We need to study the condition of the bond angle to satisfy that a config-
uration space C, of the model is homeomorphic to (n — 4)-dimensional sphere
S”"~* in order to approximate larger macrocyclic molecules by smaller ones as
in [3], [5] and [14].

We obtain the following theorem:

THEOREM 1. Assume that the bond angle satisfies %n <0< %n when
n=1>5,6,7 and that %n <0< %n when n =8. Then the configuration space C,
is homeomorphic to (n — 4)-dimensional sphere S"™* when n=15,6,7,8.

This note is arranged as follows. In Section 2 we prove preliminary
results for the proof of Theorem 1. In Section 3 we prove Theorem 1.

In the following sections, we assume that 237 < 0 < "2z when n=5,6,7
and that 37 <0 <37 when n=38.

2. Preliminaries
We need the following lemmas in the proof of Theorem 1.

Lemma 1.

(1) When n=15,6,7, any closed chain in C, does not have the local
configurations of successive three bonds B, B and p, (k=0,3) that
the bond vectors satisfy By + Pr1 = AP, for any nonzero J as in Figs.
1, 2, 3 and 4.

(2) When n=15,6,7,8, any closed chain in C, does not have the local
configurations of successive three bonds fy, fi,., and p;., with bond
angles 0 that the bond vectors satisfy B = By, as in Fig. 5, where all
indices are modulo n.

(3) When n=15,6,7,8, all vertices cannot be in one plane for each closed
chain in C,.

(4) When n=15,6,7,8, the configuration space C, is not the empty set.

We call such local configurations as (1) and (2) the forbidden local config-

urations.
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Proor. (1) First, we give the proof in the case that k =0 and 1 > 0. By
using the similar argument, we can prove the case that k =3 and 4 > 0. We
consider a non-closed chain Iy . which consists of four bonds 8, i, By, B
and f8,, and assume that I’y . has the configuration as in Fig. 1. Then,
the minimal value of the distance between v,_» and v, is given by the following
function of 6:

Fig. 1. (1) The forbidden Fig. 2. (1) The forbidden Fig. 3. (1) The forbidden
local configuration for k =0 local configuration for k =3 local configuration for k =0
and 2> 0 and 1 >0 and 1 <0

Fig. 4. (1) The forbidden local configuration Fig. 5. (2) The forbidden local configuration
for k=3 and 1 <0 Br = Brsn

f(O):\/1+(1—2c0s0)2+(1—2cosO)v2—2cos0.

When n =35, we have f(0) >1 (0e(in,3n)) since /() is a monotonic
increasing function of #. Thus, we cannot get any closed chains in Cs from
non-closed chain I'p, ,, by adding a bond f; even if we forget the restriction
of the bond angle at vs.

When n = 6, we have f(0) > V2+ V2> V3 (0e(3n,2n)) since f(0) is a
monotonic increasing function of 8. Since the maximal value of the distance
between v; and v4 on two bonds f;, f, is V3 we cannot get any closed chains
in Cg from non-closed chain Iy, , by adding two bonds f;, f,.

When n = 7, we consider a non-closed chain I's, , which consists of five
bonds s, B¢, By, Bi, Br, and assume that I's . has the configuration as
in Fig. 1.

We assume that fi; is on x-axis and ve is the origin. Then, the coor-
dinate of w4 is given by (cos 0 —1,x;sin 0, y;sin6) (x}+ y?=1). Note
that the coordinate of wv4 is changed into (x; sin? 0 + cos 0 — cos? 0,
sin O(1 — cos 0 — xj cos ), y; sin 0) after rotational transformation by clock-
wise angle 7 — 60 at vs. On the other hand, the coordinate of v, is given
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by (z(@) cos(3<” ">)+1 x21(0) sin( (- f”) 121(0) sin(@)), where 1(0) =

2-2 cos(%) and x3+ y3 = 1. Thus, we have the following inequality:
d(vg,v7) > |cos 0 — cos® 0 + x; sin® 0 — (1 — cos Ov/2 — 2 cos ).

Let m be the minimal value of the distance between vy and vy on I'p, ,
and ¢(f) a continuous function with respect to 8 defined by

g(0) = |cos 0 — 2 cos® 0 4 cos OV2 — 2 cos 0.

Then, since when x; = 1 the value of this function of x; is the minimal value,
we have m > g(0). Moreover, we have ¢(0) —v2—2cosf > 0.13 >0 by
calculating.

Thus, we cannot get closed chains in €7 from non-closed chain I'g ,
by adding two bonds f;, f, by the restriction of the bond angle at vs.

Next, we give the proof in the case that k =0 and 4 < 0. By the similar
argument we can prove the case that k =3 and 4 < 0. We consider a non-
closed chain Iy ,, which consists of three bonds f,, f; and f,, and assume
that this chain forms the local configuration as in Fig. 3. We remark that the
distance between v, ; and v, is equal to v2 —2cosfd — 1.

When n =35, we cannot get any closed chains in Cs from I'g | by adding
two bonds f;, f, since the distance between v, and v4 on two bonds f;, f4 is
equal to v2 — 2 cos f by the restriction of the bond angle at vs.

When n = 6, we cannot get any closed chains in Cg from the non-closed
chain I'g , by adding three bonds f;, f;, s since the minimal value of the
distance between v, and vs on three bonds f;, f4, f5 is 1 —2 cos 6.

When n =7, we consider a non-closed chain which consists of four
bonds I's,  ,, constructed by adding fi¢ to I's  ,. By calculating we have
the inequality v2 — 2 cos 0 > d(va,vs).

On the other hand, the minimal value of the distance between v, and vs on
a non-closed chain consisting of f;, f4, fs is given 1 — 2 cos 6.

Thus, since we have 1 —2 cos 6 > v/2 — 2 cos § we cannot get any closed
chains by adding three bonds f;, B4, fs.

(2) When n =5, we consider a non-closed chain I'p_ .., Which consists
of three bonds f,_;, B, and f,,;, and assume that this chain forms the local
configuration as in Fig. 5. The distance between v;_, and v, is given by the
function h(0) = v/5 —4 cos 6 of .

On the other hand, we have Ah(6) >+/3 since h(f) is a monotonic
increasing function. Thus, we cannot get any closed chains in Cs from

Iy, .. by adding successive two bonds since the distance between the end-

points is at most 1/GT¥>) 3“/_ (< 1.62).
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For n =6, we consider a non-closed chain Iy . . which consists of
four bonds f;_;, B, i1 and f;.,, and assume that this chain has a local
configuration as Fig. 5 constructed by f;, f;.; and f;,,. We may assume that
the bond angles of §,_;, B, fr.1 and B, are 0. When n = 6, for the distance
d(vk_1,0r43) between vy and vgyr on I'g . ., we have d(vk_1,vx13) =
2—2cosf>2. Thus, we cannot get any closed chain in Cg by adding
successive two bonds.

For n=7,8, we consider a non-closed chain I'g,, . ., which consists
of five bonds f;_», Bi_1, Br, Prsr and B ».

When n =7, we assume that the local configuration as Fig. 5 is con-
structed by f;_, fr and f;, ;. Then we have two cases: k =0 (resp. k = 2)
or k#0 (resp. k#2). If k=0 or k=2, then the minimal value of the
distance between v_» and vx43 on five bonds By 5, Bi_1, Br, Bir1s Biso 1S
1 —2cos . On the other hand, the maximal value of the distance between
vr_» and v,3 on the other bonds is v2 — 2 cos . Then, we have 1 — 2 cos 0 —
vV2—2cos0=1—-2cos0—+v2—-2cos>0. If k#0 and k # 2, then for
the distance d(vk-2,vx13) between vg and vg3 on I, . we have
d(vk—2,vk+3) =2 —cos @ > 2. Thus, we cannot get any closed chain in C; by
adding successive three bonds by the restriction of the bond angles at vy, vgy,
V2.

When n =8, we assume that the local configuration as Fig. 5 is con-
structed by S, B, and B, ,. In the following, we may assume that the bond
angles of B, >, fi_1, PBr, Bre1 and B, are 0, since the bond angles of five
bonds fi_3, B2 Bi-1> B> Bryr O Br_1s Brs Prvts Prras Prys are 0 if the local
configuration as Fig. 5 is constructed by f,_;, B, and £, ;.

Then, the coordinates of wv,_3 and v, are given by (cos@—cos2 0+
x1 sin® 0, sin O(1 — cos 0 — x; cos 0), y; sin ) (x}+x3=1) and (2—cos®,
X, sin 6, y; sin 0) (xl2 +x§ = 1) respectively, when the origin is vz, and f,
is on x-axis. By calculating we have d(vk_p,vr+3) —3 > 0. Thus, we cannot
get any closed chains in Cq (resp. C7, Cg) by adding one bond (resp. successive
two bonds, successive three bonds) to I's, ,, |, .. ,..-

(3) We assume that all vertices are in one plane for any closed chain.
By forgetting the bond f, from the closed chain, we have the non-closed chain
with the end points v;, v;. By Lemma 1 (2) we see that the successive three
bonds in the non-closed chain from the planar local configuration as in Fig. 6.

Fig. 6. The planar local configuration of the succcessive three bonds
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When n=15, the distance between wv; and v, is equal to
|2 cos 01/(2 —2 cos 0)|. Then, we have |2cosf/(2—2cosf) <1. When
n = 6, the distance between v; and v, is less than 1. When n = 7, the distance
between v; and v, is less than 1. When n = 8, the distance between v; and v,
is less than 1.

Since the distance between v; and v, is not equal to 1, all vertices cannot
be in one plane for each closed chain in C,.

(4) We fix the point v;, and consider the non-closed chains with the end
points vy, v;. The distance function between v; and v, is continuous with
respect to vs,...,v,_3. The distance function between v; and v, takes a value
less than 1 from the above argument. When vertices are not in one plane, it is
easy to see that the distance function between v; and v, can take a value greater
than 1. Hence, the configuration space C, is not the empty set. O

Lemma 2.

(1) When n=16,7,8, any closed chain does not locally contain a planar
configuration with B, = p, as in Fig. 7.

(2) When n=238, any closed chain does not locally contain a planar
configuration with A= —=2cos 0, af, =b(f;— (1 + 1)B,) for some
nonzero a, b and the angle o € (%7@6’) at vy as in Figs. 8, 9.

Fig. 7. (1) The forbidden Fig. 8. (2) The forbidden Fig. 9. (2) The forbidden
local configuration f, = f, local configuration ab > 0 local configuration ab < 0

Proor. (1) First, we remark that the distance between v; and vs is given
by —2cosd. For n=6,7,8 we consider a non-closed chain I'p . . which
consists of f3,, B3, B4 and s, and assume that Iy, forms the configuration
as in Fig. 7. B

When n=6, from in <0 <3z we have v2—2cosf>1>—2cos0.
Thus, we cannot get any closed chains from Iy, ,, . adding two bonds by the
restriction of the bond angle.
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When n =7, the minimal value of the distance between v; and vs on f,
Bos Pe 1s equal to 1 —2cos 0. Thus, we cannot get any closed chains from
Iy, ... adding three bonds f, f, B to Iy, ., ..

When n = 8, the coordinates of v; and vs on four bonds fg, S, fy, B can
be represented by (cos 6 — cos? 0 + x; sin” 0, sin (1 — cos 6 — x| cos 0), y; sin 0)
and (1 —cos 0, x; sin 0, y, sin ) when the origin is v; and f; is on x-axis,
where x4+ yf =1 and x7 + y3 =1 respectively. For the distance d(vy,vs)
between v; and vs on fSg, 17, fy, 1, we have the inequality d(v;, vs) +2 cos 0 >0
for 0 €[37,37)).

This implies that we cannot get any closed chains from I, . , . adding four
bonds By, By, B, Be to Iy, , -

(2) First, we consider a non-closed chain I'g, ., . . which consists of six
bonds B, B3, B, Bs, P> B7, and assume that I, , . 5_’7 has the local config-
uration as in Fig. 8. When the origin is vs and f5 is on x-axis, we have the
inequality d(vi,v7) > d(v2,v7) = V2 —2cos 0.

Thus, we cannot get any closed chains from I'g, .. . adding two bonds
Bis Bo to I'p, ., ., since the distance between vy and v7 on f8;, f is no less than
V2 =2 cos 0.

Finally, we consider a non-closed chain 775, ., which consists of five
bonds B, B3, B4, Bs, P, and assume that Iy, . forms the local config-
uration as in Fig. 9. We assume that f; is on x-axis of which origin
is v;. Then, the coordinate of v is given by (4 cos® 6 — 2 cos? 0 — 2 cos 0,
sin 0(4 cos®> 0 — 2 cos 0),0). Since the coordinate of wv; is (cos(m — a),
sin(7 — «), 0), we have the inequality (1 —2 cos 0)* — (d(va,v7))* > (1 —2 cos 6)*
—((4 cos® 0 — 2 cos? 0 — cos 0)*+ (sin 0(4 cos? O — 2 cos O — 1))%) > 0.

Since the minimal value of distance between v; and vg on f,, By, f7 is
equal to 1 —2cos 0, we cannot get any closed chains from I, . adding
three bonds B, fy, f7 to I'p,,, - ]

By Lemmas 1 and 2, we obtain the following proposition:

PROPOSITION 1.  The configuration space C, is an orientable closed (n — 4)-
dimensional submanifold of R*~° when n=5,6,7,8.

PrOOF. We define F: (R®)"> - R by F=(fi,..., fo—2.01,- -+ Gn_3)-
Then C, = F~'({0}) for O =(0,...,0) e R*".

We show that O € R is a regular value of F. So, it suffices to prove
that the gradient vectors (grad f1),,..., (grad f,—2),, (grad g1),, ..., (grad g,—3),
are linearly independent for any pe F~'({0})= C,, where (grad f )p =

(% (p)) It is convenient to decompose the gradient vectors of f; and g

into 1 3 3 blocks. We have the following forms:



260 Satoru Goro et al.

(grad f1), = (B,0,...... ,0),

(grad fk)p = (07 s aov _ﬂkvﬂkaoa B 70)7

(grad ﬁl—Z)p = (07 """ a0a _ﬁn72)7
(grad g1), = (=$,0,...... ,0),
(grad gk)p = (07 s voaﬁk+27ﬂk+l - ﬁk+27 _ﬂk+1707 s 70)7

(grad gn74)p - (07 s 70?ﬁn723ﬁnf3 - ﬁnfz)a

(grad g,—3), = (0,...... 0,8, 1),
where f, denotes the bond vectors of the closed chain corresponding to p € C,,
0=(0,0,0).
For instance, when n = 8, the form is given by the following:
(grad fl)p = ( ﬂ17 07 Oa 07 0)7

P - (7ﬂ27 ﬂ27 07 03 0

)
= ( 0, P, B, 0, 0)7
)

p = (0, Bss By —Bs =B, 0),
14 = ( 07 07 ﬂS’ ﬁ4 _ﬁ57 _ﬂ4)1
p = (0, 0, 0, Bs:  Bs —Bs),

grad gs = ( 07 03 07 03 ﬁ7)
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Assume that the gradient vectors (grad ﬁ)p,...7(grad Jn=2)ps (grad gi)ps-- -
(grad g,-3), are linearly dependent. Then ¢ #0 and Z:’j ci(grad fi), +
Zf’;ﬁ ¢iyn2(grad g;), = (0,...,0) for some k.

Now we will show that all vertices of the closed chain corresponding to p
are in one plane by using Lemma 1 (1), (2) in what follows. Let v, vy, ..., 0,1
denote the vertices of the closed chain corresponding to p. Since two
successive bond vectors f, f;,, are linearly independent for k # 1,2, we
get that ¢ # 0. Then the first 1 x 3 blocks of gradient vectors implies that
the vertices vy, v;, v and v, are in one plane and the second 1 x 3 blocks
of gradient vectors implies that the vertices vy, v, v3 and v4 are in one
plane. When n =5, all vertices are in one plane since f3, 5, f, and f,, B3, fa
are in one plane respectively.

When n = 6, we consider two cases: ¢7 # 0 or ¢; =0.

If ¢; # 0, all vertices are in one plane. If ¢; =0, we have ¢3 = —c¢g, and
Pr, B3, P4 has a local configuration as in Fig. 2. This case contradicts
Lemma 1 (1).

When n =7, we consider two cases: c¢g =0 or cg # 0.

If cg =0, B,, B3, f4 has a configuration as in Fig. 2 from ¢3 = —¢7. This
case contradicts Lemma 1 (1).

If ¢g # 0, we divide into two cases: c¢9 #0 or ¢g =0. We remark that
Bs, P4, Ps are in one plane in this case.

If ¢o #0, B4, Ps, g are in one plane. This implies that all vertices are in
one plane.

If ¢o =0, from Lemma 1 (2) we have 3+ 2 cos 8f,+ fi5s =0.

If —2cosf =1, we have 0 = %n. Then, we obtain configurations as in
Fig. 1 or 2 since we have B3 — 4+ fs = 0. However, this is impossible to
realize from the restriction of the bond angle 6 = %n.

If —2cos # 1, we have ¢3 =0 by using the above relation. Then any
closed chain has a configuration as in Fig. 7. However, this case contradicts
Lemma 2 (1).

When n =38, we consider two cases: c¢9 =0 or c¢g # 0.

First, we consider the case ¢ = 0. Then, we have two subcases: c¢jo =0
or cjo#0. If ¢;p=0, from Lemma 1 (2) we have f3+2cosf,+ fs=0
(=2 cos 0 #1). However, this implies ¢g # 0.

If ¢j0 # 0, we have two subcases ¢} #0 or ¢;; =0. When ¢;; # 0, all
vertices are in one plane. When ¢;; = 0, any closed chain obtains the config-
uration with the relation a(f; + B4) = b(Bs + P¢) for some nonzero a, b as in
Fig. 10. However, this contradicts Lemma 1 (2).

Finally, we consider the case ¢y #0. Then, we have two subcases:
c10=0 or ¢jp#0. If ¢jp=0, from Lemma 1 (2) we have f;+ 2 cos 0f,+
Ps=0 (—2cos @ #1). By using this relation, we have ¢; =0. Since this
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Fig. 10. The forbidden local configuration a(B; + ;) = b(Bs + Be)

implies that we obtain the configuration as in Fig. 7, this case contradicts
Lemma 2 (1). If ¢jo #0, we have two cases: c¢;; #0 or ¢;; =0. When
c11 # 0, all vertices are in one plane. When ¢;; =0, from Lemma 1 (2) we
have B4+ 2cos 0fs+ fs =0 (—2cos @ # 1). By using this relation, we have
s = (1 —2cos B)cs. This implies that we obtain the configuration as in
Fig. 8 or 9. However, from 2 cos(37) <2 cos 0 <2 cos(37) this contradicts
Lemma 2 (2).

Hence we see that all vertices vg, vy, ..., v,_ are in the plane through v, v,
and v,_; for n=5,6,7,8.

This contradicts Lemma 1 (3). Therefore O € R*"~° is a regular value of
F and we obtain that C, is an orientable closed (n — 4)-dimensional submani-
fold of R¥~ by the regular value theorem. The proof of Proposition 1 is
completed. N

3. The proof of Theorem 1

We define /:(R)" =R by h(vr,...,v.3) = ﬁ, where v =
(x1,x2,x3). Due to [13, p.25, REMARKI], [16, p.380, Lemmal] we have
the extension of Reeb’s theorem that M is homeomorphic to a sphere if M is
a compact manifold and f is a differentiable function on M with only two
critical points.

We show that 4|C, is a differentiable function on C, with only two critical
points. Due to [7] for a function on a manifold embedded in Euclidean space,
peC, is a critical point of 4|C, for h: (R*)"* — R if and only if there exist
a;eR such that (gradh), = Sl a;-(grad fi), + S i a(grad g1, We
can easily check that (grad /), = (O,ﬁ, — ;21?9,0, .. ,0). Note that the first

1 x 3 block (0 X —ﬂ) is orthogonal to B, and B,. So, we see that

’sin>0’  sin® 0
ay #0 if (grad h), = S 2 a;(grad fi), + S i a(grad gi),- By the same
argument as the proof of Proposition 1 in §2, we obtain that the configuration
of the closed chain corresponding to a critical point p satisfies that the vertices

v; (i=1,...,n—1) are in one plane Span{f,, ;> = Span{f,,...,f,_i>.
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We transform the closed chains by the congruent transformation that maps
Uy—1, Uy—z and v,—3 to (0,0,0), (—1,0,0) and (cos 6 — 1,sin 0,0) in this order,
and we denote the image of vy as wy. This congruent transformation can be
expressed by the composition of a translation and a rotation around z-axis and
a rotation around x-axis. Because the vertices w; (i =1,...,n— 1) are in the
xy-plane, it becomes easy to find the coordinates of the vertices w; concre-
tely. We only show the case n =8, since other cases can be proved in the
same way. When n = 8§, since wy,..., w7 are in xy-plane, we can calculate the
coordinate of w, concretely by the restriction of the bond angle at w;. We
have the coordinates of wy, ws, ws, ws, vs, U7.

wy = (=8 cos* 0+ 4 cos® O+ 6 cos® 0 —2cos 0 — 1,

2 cos 0 sin O(—4 cos® 0+ 2 cos 0+ 1),0),

w3 = (2 cos 0(2 cos® O — cos 0 — 1),2 sin 0 cos 0(2 cos O — 1),0),

wy = (cos (1 — 2 cos 8),sin 6(1 — 2 cos 6),0),

ws = (cos 8 — 1,sin 6,0),

we = (—1,0,0),

w7 = (0,0,0),
where %n << %n. Since wy,...,w; are in xy-plane, we put w; = (a,b,0).
From the restriction of the bond length, we have ||w, —w;| = 1. Moreover,

from the restriction of the bond angle, we have |lw; —w|| = V2 — 2 cos 0.
Then, we have two solutions («;,f;,0) or (o,/,,0) of a pair of equations in
wand f: o4+ p>=2—2cos0, (o — a)2 +(p- b)2 = 1, since the discriminant
of the quadratic equation with respect to o or f obtained from the pair of
equations is no less than 0 respectively. We put wy = (—cos 0, x sin 0, y sin 0)
(x2+y2=1). From |jw; —wo| = (¢ + cos 0)* + (f — x sin 0)* + (ysin 0)> =1
(s-+cos 0)>+2—cos? 0
2 cos 0
that satisfies |x| < 1. The other solution gives |x| > 1. Then, we can repre-

sent the coordinate of wy = (x1,x2,x3) by the following:

we have x = Note that there is only one solution of (o, /)

Xx; = —cos 0,

x3 = (o + p* 4 2a cos 0) /28,

X3 = i\/l —cos2 0 — x2 sin’ 0.

Thus the coordinate of w; is uniquely decided, since either of solutions
(a1,b1,0) or (ay,b,,0) satisfies cos? 0+ x2 sin” 6 > 1.
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Hence the vertices vy,v;,...,v,_1 are uniquely determined and just two
positions of the vertex vy are determined for original closed chains with ver-
tices {vo,v1,...,0,—1}. Then we have just two configurations of closed
chains corresponding to the critical points. These two are mirror symmetric
with respect to the plane Spand{f,,f;>. Hence we obtain that h|C, has
only two critical points. In fact, we can see Figs 11, 12, 13 and 14 for
the critical configurations. We choose viewpoints in order to see easily
configurations. ]

vy v3 v2 vy W
Us Ug v7
) Fig. 14. n=8 (0=cos ' (~ 1))
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