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Abstract. We deal with the problem of classifying a new observation vector into one

of two known multivariate normal populations. Linear discriminant analysis (LDA) is

now widely available. However, for high-dimensional data classification problem, due

to the small number of samples and the large number of variables, classical LDA has

poor performance corresponding to the singularity and instability of the sample co-

variance matrix. Recently, Xu et al. [10] suggested modified linear discriminant analysis

(MLDA). This method is based on the shrink type estimator of the covariance matrix

derived by Ledoit and Wolf [6]. This estimator was proposed under the asymptotic

framework A0 : n ¼ OðpÞ and p ¼ OðnÞ when p ! y. In this paper, we propose a

shrink type estimator under more flexible high-dimensional framework. Using this

estimator, we define the new MLDA. Through the numerical simulation, the expected

correct classification rate of our MLDA is larger than the ones of other discrimination

methods when p > n. In addition, we consider the limiting value of the expected

probability of misclassification (EPMC) under some assumptions.

1. Introduction

We deal with the problem of classifying a p� 1 observation vector x into

one of two groups P1 and P2. Let the group P i have p-dimensional normal

distribution Npðmi;SÞ with the mean vector mi and the common positive definite

covariance matrix S, where m1 0 m2. Assume that, for i ¼ 1; 2; the random

vectors xij, j ¼ 1; . . . ;Ni, are taken from P i. Linear discriminant analysis

(LDA) is one of the standard classical methods for classifying x into either

P1 or P2, which is as follows:

W ¼ ðx1 � x2Þ0S�1 x� 1

2
ðx1 þ x2Þ

� �
> 0 ðresp:; < 0Þ

) x A P1 ðresp:; P2Þ: ð1Þ
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Here, S is the pooled sample covariance matrix, which is given by

S ¼ n�1
X2
i¼1

XNi

j¼1

ðxij � xiÞðxij � xiÞ0; xi ¼ N�1
i

XNi

j¼1

xij; i ¼ 1; 2;

n ¼ N1 þN2 � 2:

Recently, needs of discriminating high-dimensional data have increased. LDA

is one of the most popular methods of discrimination. However, LDA cannot

be used when p > n. For, in this case, S becomes singular, and so W cannot

be defined. A simple way to adapt LDA to the high dimensional case is to

use the Moore-Penrose inverse of S in (1) (MPLDA). Another simple way

is to use the diagonal matrix with the same diagonal elements as S in (1)

(DLDA). These analyses are applied to microarray data of leukemia in

Dudoit et al. [1]. On the other hand, Xu et al. [10] proposed modified

linear discriminant analysis (MLDA) as a more e‰cient method than DLDA

and MPLDA. This method is based on the estimator of covariance matrix

given by Ledoit and Wolf [6]. The basic idea is to find the linear com-

bination S� ¼ r1I þ r2S such that the expected quadratic loss E½kS� � Sk2�
becomes minimum. Here, kAk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr AA 0=p

p
is the normalized version of

the Frobenious norm. Ledoit and Wolf [6] proved that the solution for

minr1;r2 E½kS
� � Sk2� satisfies

S� ¼ b

d
a1I þ

a

d
S;

where a ¼ a2 � a21 , b ¼ ðp=nÞfða2=pÞ þ a21g, d ¼ f1þ ð1=nÞga2 þ fðp=nÞ � 1ga21 ,
ai ¼ tr S i=p, i ¼ 1; . . . ; 4, and

E½kS� � Sk2� ¼ ab

d
:

Here, the notation S i denotes i-th power of matrix S. In practice, it is

necessary to replace the unknown parameters with their consistent estimators.

For this reason, Ledoit and Wolf [6] derived the consistent estimators under

the asymptotic framework A0: n ¼ OðpÞ and p ¼ OðnÞ when p ! y. How-

ever, it should be noticed that, in many microarray data, n is much smaller

than p. Consistent estimators should be proposed under more flexible high-

dimensional framework. In this paper, we propose such consistent estimators

under the following high-dimensional framework:

C1 : n; p ! y with pz=n ! c2 for some c2 A ð0;yÞ and z A ð1=3; 1�:
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In addition to C1, we assume the following condition:

C2 : 0 < lim
p!y

ai < y; i ¼ 1; . . . ; 4:

Under C1 and C2 the consistent estimators âa, b̂b and d̂d of a, b and d are,

respecitvely,

âa ¼ âa2 � âa21 ; b̂b ¼ ðp=nÞfðâa2=pÞ þ âa21g;

d̂d ¼ f1þ ð1=nÞgâa2 þ fðp=nÞ � 1gâa21 ; ð2Þ

where âa1 and âa2 are the consistent estimators of a1 and a2, respectively, given

by

âa1 ¼
tr S

p
; âa2 ¼

n2

ðn� 1Þðnþ 2Þ
tr S2

p
� ðtr SÞ2

np

 !
:

The derivation of these consistent estimators are given in Section 2. Let

S � ¼ b̂b

d̂d
âa1I þ

âa

d̂d
S: ð3Þ

We define the adapted version of MLDA as follows:

W � ¼ ðx1 � x2Þ0S��1 x� 1

2
ðx1 þ x2Þ

� �
> 0 ðresp:; < 0Þ

) x A P1 ðresp:; P2Þ:

Our simulation results, which are omitted in this paper, show that the above

adapted version of MLDA has better performance than that used in Xu et al.

[10]. Hereafter, we refer the former simply as MLDA. In Section 3, we

present the comparison between the performance of MLDA method and those

of other LDA methods, based on expected correct classification rate. In

Section 4, we consider the expected probability of misclassification (EPMC) of

MLDA. However, it is generally di‰cult to obtain an explicit expression for

the EPMC. So we approximate it by its limiting value. The approximation

under a framework such that N1 and N2 are large and p is fixed has been

studied by many authors. For a review of the results, see, e.g., Siotani [9].

See also, e.g., Fujikoshi and Seo [3] for the asymptotic approximation when

all of N1, N2 and p are large. These results were given when p < n, and were

based on asymptotic expansions. When p > n, we cannot use the classical

theory of asymptotic expansions, so some other theory is needed. It should

be noted that the EPMC can be expressed as E½FðQnÞ� with a statistic Qn,

where Fð�Þ denotes the cumulative distribution function of the standard normal
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distribution. In Section 4, we find the constant q such that Qn converges in

probability to q, and give the limiting value of the EPMC as FðqÞ. In Section

5, we evaluate our result numerically by Monte Carlo simulations. Section 6

presents the conclusions of this paper. The proofs of key lemmas are given in

Appendix.

2. Asymptotic results related to the estimator S �

In this section, we show some asymptotic results related to S � given in ð3Þ.
The following lemma shows the convergence in quadratic mean of a� âa, b � b̂b

and d� d̂d under the conditions C1 and C2.

Lemma 1. Under the conditions C1 and C2, it holds that

âa21 � a21 �!q:m:
0; âa� a �!q:m:

0; b̂b � b �!q:m:
0; d̂d� d �!q:m:

0:

Here, the notation ‘‘ �!q:m:
0’’ means the convergence to zero in quadratic mean.

Proof. Let a and b be (arbitrary) constants. Using Lemma A.2,

E½jðaâa21 þ bâa2Þ � ðaa21 þ ba2Þj2�

¼ 48a2

n3p3
þ 48ab

n2p2
þ ð2n2 þ 3n� 6Þb2

pnðn� 1Þðnþ 2Þ

� �
a4 þ

12a2

n2p2
þ 4b2

ðn� 1Þðnþ 2Þ

� �
a22

þ 32a2

n2p2
þ 16ab

np

� �
a1a3 þ

8a2

np
a21a2: ð4Þ

When a ¼ 1 and b ¼ 0, (4) becomes

E½jâa21 � a21 j
2� ¼ 48

n3p3
a4 þ

12

n2p2
a22 þ

32

n2p2
a1a3 þ

8

np
a21a2;

which is Oðp�1�zÞ under the conditions C1 and C2. In the similar manner,

E½jâa� aj2� ¼ Oðp�2zÞ; E½jb̂b � bj2� ¼ Oðp�3zþ1Þ;

E½jd̂d� dj2� ¼ Oðp�3zþ1Þ: ð5Þ

Thus, under the conditions C1 and C2,

E½jâa� aj2� ! 0; E½jb̂b � bj2� ! 0; E½jd̂d� dj2� ! 0;

which prove Lemma 1. r

Using Lemma 1, we can prove kS � � S�k !p 0 under the conditions C1

and C2. This means that the loss of S � converges in probability to that of S�.
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3. Comparison of linear discriminant analyses

In this section, we do simulation study to compare the performance of

our proposed discrimination method with the MPLDA and DLDA methods.

Let

WðAÞ ¼ ðx1 � x2Þ0A x� 1

2
ðx1 þ x2Þ

� �
;

where A ¼ AðSÞ is a certain symmetric matrix which depends only on S.

Then, MPLDA, DLDA and MLDA are defined as follows:

MPLDA : WðSþÞ > 0 ðresp:; < 0Þ ) x A P1 ðresp:; P2Þ;

DLDA : WðD�1Þ > 0 ðresp:; < 0Þ ) x A P1 ðresp:; P2Þ;

MLDA : WðS��1Þ ¼ W � > 0 ðresp:; < 0Þ ) x A P1 ðresp:; P2Þ;

where Sþ denotes the Moore-Penrose inverse matrix of S and D denotes the

diagonal matrix with the same diagonal elements as those of S. Error rates

are given as follows:

rAð2j1Þ ¼ PrðWðAÞa 0 j x A P1; x1; x2;AÞ;

rAð1j2Þ ¼ PrðWðAÞ > 0 j x A P2; x1; x2;AÞ:

Since rAð1j2Þ can be obtained from rAð2j1Þ by interchanging N1 and N2, we

deal with only rAð2j1Þ. Let

VðAÞ ¼ ðx1 � x2Þ0ASAðx1 � x2Þ;

ZðAÞ ¼ V�1=2ðAÞðx1 � x2Þ0Aðx� m1Þ;

UðAÞ ¼ ðx1 � x2Þ0Aðx1 � m1Þ �
1

2
D2ðAÞ;

where D2ðAÞ ¼ ðx1 � x2Þ0Aðx1 � x2Þ: Then, WðAÞ can be expressed as

WðAÞ ¼ V 1=2ðAÞZðAÞ �UðAÞ: ð6Þ

Since ZðAÞ and ðUðAÞ;VðAÞÞ are independent, and ZðAÞ is distributed accord-

ing to the standard normal distribution under the condition x A P1 (hereafter,

denoted by ZðAÞ@Nð0; 1Þ),

rAð2j1Þ ¼ FðV�1=2ðAÞUðAÞÞ; ð7Þ

where Fð�Þ denotes the cumulative distribution function of Nð0; 1Þ. Using (7),

we can calculate the following three expected correct classification rates:
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MLDA ðsolid lineÞ : 1� 1

2
fE½rS ��1ð2j1Þ� þ E½rS ��1ð1j2Þ�g;

MPLDA ðdotted lineÞ : 1� 1

2
fE½rSþð2j1Þ� þ E½rSþð1j2Þ�g;

DLDA ðdashed lineÞ : 1� 1

2
fE½rD�1ð2j1Þ� þ E½rD�1ð1j2Þ�g:

Now, we compare these rates for some values of p. The data sets are

generated as follows:

x11; x12; . . . ; x1N1
@
i:i:d:

Npðm1;SÞ;

x21; x22; . . . ; x2N2
@
i:i:d:

Npðm2;SÞ;

where

m1 ¼ p�1=2ðm1; m2; . . . ; mpÞ
0; m2 ¼ ð0; 0; . . . ; 0Þ0;

S ¼ ðrji� jjÞ:

We set N1 ¼ N2 ¼ 40 and r ¼ 0:2; 0:5: In each simulation, we set values

drawn from a uniform distribution on the interval ½�5; 5� for mi, i ¼ 1; . . . ; p.

Figure 1 (resp., Figure 2) illustrates the graphs of expected correct classification

rate of three discrimination methods for p ¼ 1; . . . ; 400 and r ¼ 0:2 (resp.,

r ¼ 0:5).

In Figure 1, we can see that DLDA is as good as MLDA, and MPLDA is

much inferior to the other two methods for most p. In Figure 2, MLDA is

Fig. 1. The expected correct classification rate when r ¼ 0:2.
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much superior to the other methods. From these results we can see that

MLDA gives a good performance even if the variables are strongly correlated.

4. Asymptotic approximations of EPMC for MLDA

In this section, we consider the following EPMC for MLDA:

eð2j1Þ ¼ PrðW �
a 0 j x A P1Þ; eð1j2Þ ¼ PrðW � > 0 j x A P2Þ:

It is generally di‰cult to obtain an explicit expression for the EPMC. So, we

derive asymptotic approximations of EPMC for MLDA under the following

high dimensional asymptotic framework:

A1 : N1;N2; p ! y with pg=n ! c3 and N1=N2 ! c4

for some c3; c4 A ð0;yÞ and g A ð1=2; 1Þ:

Here recall from Section 1 that n ¼ N1 þN2 � 2. In addition, we assume the

following:

A2 : 0 < lim
p!y

l1 < y;

A3 : 0 < lim
p!y

D0 ¼ lim
p!y

d 0d=p1�g < y:

Here, l1 is the maximum eigenvalue of S and d ¼ m1 � m2. Since eð1j2Þ can be

obtained from eð2j1Þ simply by interchanging N1 and N2, we only deal with

eð2j1Þ. Using (7),

eð2j1Þ ¼ E½FðV�1=2ðS��1ÞUðS��1ÞÞ�:

Fig. 2. The expected correct classification rate when r ¼ 0:5.
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To evaluate UðS��1Þ and VðS��1Þ, set

z1 ¼ N�1=2ðN1x1 þN2x2 �N1m1 �N2m2Þ;

z2 ¼
N

N1N2

� ��1=2

ðx1 � x2 � m1 þ m2Þ;

where N ¼ N1 þN2. Note that zi @Npð0;SÞ, i ¼ 1; 2. In addition, z1 and z2
are independent. We can express UðS��1Þ and VðS��1Þ in terms of z1 and z2
as

UðS��1Þ ¼ � 1

2
d 0S��1dþ 1

N 1=2
d 0S��1z1 �

N1

NN2

� �1=2
d 0S��1z2

þ 1

ðN1N2Þ1=2
z 01S

��1z2 �
N1 �N2

2N1N2
z 02S

��1z2;

VðS��1Þ ¼ d 0S��1SS��1dþ 2
N

N1N2

� �1=2
d 0S��1SS��1z2

þ N

N1N2
z 02S

��1SS��1z2:

For notational simplicity, we write U ¼ UðS��1Þ, V ¼ VðS��1Þ. Define the

following constant x0:

x0 ¼ pð1�gÞ=2 � 1

2
D0 �

ðN1 �N2Þpg

2N1N2
a1

� �
D1 þ

Npg

N1N2
a2

� ��1=2

;

where D1 ¼ d 0Sd=p1�g. Since Fðx0Þ ¼ 1=2 when x0 ¼ 0, we deal only with the

case x0 0 0. Using Lemma A.6 in Appendix, we derive the following lemma.

Lemma 2. Under the assumptions A1–3, it holds that

Uffiffiffiffi
V

p � x0

����
����¼ opð1Þ:

The proof of Lemma 2 is given in Appendix. Using Lemma 2, we get the

following lemma.

Lemma 3. Under the assumptions A1–3,

jFðU=
ffiffiffiffi
V

p
Þ �Fðx0Þj ¼ opðe�p nÞ

holds for any n A ð0; 1� gÞ.
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This result means that the conditional probability of misclassification for

MLDA converges to Fðx0Þ in probability. The proof of Lemma 3 is given in

Appendix. Now, we turn to the evaluation. It holds that

jeð2j1Þ �Fðx0Þj ¼ jE½FðU=
ffiffiffiffi
V

p
Þ� �Fðx0Þj

¼ jE½FðU=
ffiffiffiffi
V

p
Þ �Fðx0Þ�j

aE½jFðU=
ffiffiffiffi
V

p
Þ �Fðx0Þj�:

Lemma 3 and Lebesgue’s dominated convergence theorem yield that the

sequence fjFðU=
ffiffiffiffi
V

p
Þ �Fðx0Þjg is uniformly integrable. Hence, under the

assumptions A1–3,

E½jFðU=
ffiffiffiffi
V

p
Þ �Fðx0Þj� ! 0:

Thus, we can see that Fðx0Þ provides an asymptotic approximation to eð2j1Þ
which is given in the following theorem.

Theorem 1. Under the assumptions A1–3, the following statement holds:

jeð2j1Þ �Fðx0Þj ! 0:

5. Accuracy of approximation

To investigate the accuracy of asymptotic approximation proposed in

Theorem 1, a numerical experiment was performed. We calculated eð2j1Þ by a

10000 iterations of simulation. In each step, the data sets are generated as

follows:

x11; x12; . . . ; x1N1
@
i:i:d:

Npðm1;SÞ;

x21; x22; . . . ; x2N2
@
i:i:d:

Npðm2;SÞ;

where the structure of S was assumed to have serial correlation S ¼ ðrji� jjÞ,
and m1 ¼ ðnÞ�1=2ðm; m; . . . ; mÞ0 and m2 ¼ ð0; 0; . . . ; 0Þ0. The sample sizes N1 and

N2 were assumed to be equal to N ¼ 2 � ½pg�, where ½a� denotes the integer part

of a. The values of eð2j1Þ in tables are the average values of FðU=
ffiffiffiffi
V

p
Þ

calculated by 10000 repetitions. We consider the asymptotic approximation

for EPMC: e�ð2j1Þ ¼ Fðx0Þ: Here, x0 is given in Section 4. Tables 1–4 give

the values of eð2j1Þ and e�ð2j1Þ when g ¼ 0:4; 0:5; 0:6 and 0:7, respectively. In

each table, values were shown for the cases in which p ¼ 100; 200, r ¼ 0:2; 0:4,
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m ¼ 1; 1:5. Through these simulation results, we can see that e�ð2j1Þ has better
approximation for large g than for small g.

Table 1. Accuracy of approximation when g ¼ 0:4

ðp;NÞ r m ¼ 1:0 m ¼ 1:5

eð2j1Þ e�ð2j1Þ eð2j1Þ e�ð2j1Þ

ð100; 12Þ 0.2 0.290 0.275 0.140 0.120

0.4 0.324 0.304 0.186 0.160

ð200; 16Þ 0.2 0.216 0.199 0.059 0.049

0.4 0.250 0.233 0.099 0.080

Table 2. Accuracy of approximation when g ¼ 0:5

ðp;NÞ r m ¼ 1:0 m ¼ 1:5

eð2j1Þ e�ð2j1Þ eð2j1Þ e�ð2j1Þ

ð100; 20Þ 0.2 0.334 0.322 0.193 0.182

0.4 0.355 0.344 0.240 0.221

ð200; 28Þ 0.2 0.265 0.256 0.112 0.100

0.4 0.302 0.286 0.155 0.139

Table 3. Accuracy of approximation when g ¼ 0:6

ðp;NÞ r m ¼ 1:0 m ¼ 1:5

eð2j1Þ e�ð2j1Þ eð2j1Þ e�ð2j1Þ

ð100; 30Þ 0.2 0.359 0.352 0.234 0.229

0.4 0.382 0.372 0.280 0.269

ð200; 48Þ 0.2 0.306 0.296 0.158 0.148

0.4 0.334 0.322 0.202 0.188

Table 4. Accuracy of approximation when g ¼ 0:7

ðp;NÞ r m ¼ 1:0 m ¼ 1:5

eð2j1Þ e�ð2j1Þ eð2j1Þ e�ð2j1Þ

ð100; 50Þ 0.2 0.388 0.384 0.289 0.283

0.4 0.408 0.400 0.325 0.313

ð200; 80Þ 0.2 0.342 0.339 0.213 0.209

0.4 0.370 0.360 0.257 0.246
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6. Conclusions

We introduced a new method for linear discriminant analysis based

on shrink type estimators of covariance matrices for high-dimensional data.

From Section 3, for pbN, MLDA is much superior to other discrimination

methods in the sense of expected correct classification rate. In addition, we

considered the EPMC of MLDA. Since it is generally di‰cult to obtain an

explicit expression for the EPMC, we derived a limiting value of EPMC under

the assumption: n; p ! y with pg=n ! c3 for some c3 A ð0;yÞ and g A ð1=2; 1Þ
in Section 4. By simulation results, Fðx0Þ is close to the true value for high-

dimensional data. It should be noted that, in MLDA, the EPMC becomes

smaller as jx0j becomes larger, while, in LDA, the EPMC becomes smaller as

Mahalanobis distance becomes larger. The explicit formula of error bounds

for limiting value of EPMC is not obtained. This problem should be examined

in a high-dimensional case, which is left as a future problem.

Appendix

In this appendix, we prove Lemmas 2 and 3 stated in Section 4. We

begin with some preliminary results.

Lemma A.1. Let P and Q be non-singular matrices of proper order. Then,

if Q ¼ P þUV ,

Q�1 ¼ P�1 � P�1UðI þ VP�1UÞ�1VP�1:

For the proof, see Schott [8].

Lemma A.2. Let V ¼ XX 0, where X ¼ ðx1; . . . ; xnÞ and the components xi
are iid Npð0;SÞ. Then the following assertions hold:

ðiÞ E½ðtr VÞ2� ¼ n2ðtr SÞ2 þ 2n tr S2;

ðiiÞ E½tr V 2� ¼ ðn2 þ nÞ tr S2 þ nðtr SÞ2;

ðiiiÞ E½tr V 2 tr VS� ¼ 4nðnþ 1Þ tr S4 þ n2ðnþ 1Þðtr S2Þ2

þ 4n tr S3 tr S þ n2ðtr SÞ2 tr S2;

ðivÞ E½ðtr VSÞ2� ¼ n2ðtr S2Þ2 þ 2n tr S4;

ðvÞ E½ðtr VÞ4� ¼ n4ðtr SÞ4 þ 12n3ðtr SÞ2 tr S2 þ 12n2ðtr S2Þ2

þ 32n2 tr S tr S3 þ 48n tr S4;
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ðviÞ E½ðtr VÞ2 tr V 2� ¼ n3ðtr SÞ4 þ ðn4 þ n3 þ 10n2Þðtr SÞ2 tr S2

þ 2ðn3 þ n2 þ 4nÞðtr S2Þ2

þ 8ðn3 þ n2 þ 2nÞ tr S tr S3

þ 24ðn2 þ nÞ tr S4;

ðviiÞ E½ðtr V 2Þ2� ¼ n2ðtr SÞ4 þ 2ðn3 þ n2 þ 4nÞðtr SÞ2 tr S2

þ ðn4 þ 2n3 þ 5n2 þ 4nÞðtr S2Þ2

þ 16ðn2 þ nÞ tr S tr S3

þ 4ð2n3 þ 5n2 þ 5nÞ tr S4;

ðviiiÞ E½trðAV 2Þ2� ¼ ðn4 þ 4n3 þ 7n2 þ 4nÞ trðAS2Þ2

þ ð2n3 þ 6n2 þ 8nÞ tr AS2AS tr S

þ ð2n3 þ 14n2 þ 16nÞ tr AS3AS

þ ð2n3 þ 6n2 þ 8nÞ tr AS3 tr AS

þ ð4n2 þ 4nÞ tr AS2 tr AS tr S

þ ð2n3 þ 4n2 þ 2nÞðtr AS2Þ2

þ ðn2 þ nÞ trðASÞ2ðtr SÞ2

þ ðn2 þ 3nÞ trðASÞ2 tr S2 þ nðtr ASÞ2ðtr SÞ2

þ ðn2 þ nÞðtr ASÞ2 tr S2;

ðxiÞ E½ðtr AV 2Þ2� ¼ ðn4 þ 2n3 þ 3n2 þ 2nÞðtr AS2Þ2

þ ð2n3 þ 2n2 þ 4nÞ tr S tr AS tr AS2

þ ð4n3 þ 8n2 þ 4nÞ trðAS2Þ2

þ ð4n3 þ 12n2 þ 16nÞ tr ASAS3

þ ð8n2 þ 8nÞ tr S tr ASAS2

þ ð8n2 þ 8nÞ tr AS tr AS3

þ ð2n2 þ 2nÞ tr S2 trðASÞ2 þ 2nðtr SÞ2 trðASÞ2

þ n2ðtr SÞ2ðtr ASÞ2 þ 2nðtr ASÞ2 tr S2:
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Proof. The results in (i) and (ii) are well known (see, e.g., Gupta and

Nagar [4]). For the proofs of (v)–(vii), see Hyodo and Yamada [5]. We give

the proof of (iii). Let U ¼ ðu1; . . . ; unÞ, where ui are iid Npð0;SÞ. Suppose P

is an orthogonal matrix such that S ¼ PLP 0, where L ¼ diagðl1; . . . ; lpÞ and,

for i ¼ 1; . . . ; p, li is the i-th eigenvalue of S. Then X ¼ S1=2U and

E½trðS1=2UU 0S1=2Þ2 trðS1=2UU 0S1=2ÞS�

¼ E½trðZ 0LZÞ2 trðZ 0L2ZÞ�

¼ E
Xp
i¼1

l2i ðz 0iziÞ
2 þ

Xp
i0j

liljðz 0izjÞ
2

 ! Xp
i¼1

l2i ðz 0iziÞ
 !" #

¼ E

"Xp
i¼1

l4i ðz 0iziÞ
3 þ

X
i0j

l2i l
2
j ðz 0iziÞðz 0jzjÞ

2

þ 2
Xp
i0j

l3i ljðz 0iziÞðz 0izjÞ
2 þ

Xp
i0j; j0k;k0i

l2i ljlkðz 0izjÞ
2ðz 0kzkÞ

#

¼ 4nðnþ 1Þ tr S4 þ n2ðnþ 1Þðtr S2Þ2 þ 4n tr S3 tr S þ n2ðtr SÞ2 tr S2;

where U 0P 0 ¼ Z 0 ¼ ðz1; . . . ; zpÞ, and zi are iid Nnð0; IÞ. The proof of (iv) can be

similarly derived. Next, we prove (viii). Let L1=2P 0APL1=2 ¼ B ¼ ðbijÞi; j¼1;...;p.

Then

E½trðAV 2Þ2� ¼ E tr BZ
Xp
i¼1

liziz
0
i

 !
Z 0BZ

Xp
i¼1

liziz
0
i

 !
Z 0

 !" #

¼ tr B
X
k; l;q; r

lkllbq; rE½z 0izkz 0kzqz 0rzlz 0lzj�
 !

i; j¼1;...;p

0
@

1
A

¼ ðn4 þ 4n3 þ 7n2 þ 4nÞ tr BLBL

þ ðn3 þ 7n2 þ 8nÞðtr BL2Bþ tr B2L2Þ

þ ðn2 þ 3nÞ tr B2 tr L2 þ ðn3 þ 3n2 þ 4nÞ tr BL2 tr B

þ ðn3 þ 3n2 þ 4nÞ tr B tr BL2 þ ðn2 þ nÞðtr BÞ2 tr L2

þ ðn3 þ 3n2 þ 4nÞðtr BLB tr Lþ tr B2L tr LÞ

þ ðn2 þ nÞ tr B2ðtr LÞ2 þ ð2n3 þ 4n2 þ 2nÞðtr BLÞ2

þ ð2n2 þ 2nÞ tr BL tr B tr Lþ ð2n2 þ 2nÞ tr B tr BL tr L

þ nðtr BÞ2ðtr LÞ2
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¼ ðn4 þ 4n3 þ 7n2 þ 4nÞ trðAS2Þ2

þ ð2n3 þ 6n2 þ 8nÞ tr AS2AS tr S

þ ð2n3 þ 14n2 þ 16nÞ tr AS3AS

þ ð2n3 þ 6n2 þ 8nÞ tr AS3 tr AS

þ ð4n2 þ 4nÞ tr AS2 tr AS tr S

þ ð2n3 þ 4n2 þ 2nÞðtr AS2Þ2

þ ðn2 þ nÞ trðASÞ2ðtr SÞ2

þ ðn2 þ 3nÞ trðASÞ2 tr S2 þ nðtr ASÞ2ðtr SÞ2

þ ðn2 þ nÞðtr ASÞ2 tr S2:

The proof of (ix) can be similarly derived. r

Lemma A.3. Let y@Npð0;SÞ and Q ¼ y 0By. Then, the following asser-

tions hold:

ðiÞ E½Q� ¼ tr BS;

ðiiÞ E½Q2� ¼ 2 trðBSÞ2 þ ðtr BSÞ2:

For the proofs, see Mathai et al. [7].

Lemma A.4. Let z@Npð0;SÞ. Under the assumptions A1 and A2, it

holds that

( i )
z 0z

p
� a1

����
����¼ Opðp�1=2Þ,

(ii)
z 0Sz

p
� a2

����
����¼ Opðp�1=2Þ.

Proof. At first, we show ðiÞ. It is su‰cient to show that

pE
z 0z

p
� a1

����
����
2

" #
¼ Oð1Þ:

Using Lemma A.3, we have

E
z 0z

p
� a1

����
����
2

" #
¼ 2a2

p
ð¼ Oðp�1ÞÞ:

This proves (i).
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Secondly, we show ðiiÞ. It is su‰cient to show that

pE
z 0Sz

p
� a2

����
����
2

" #
¼ Oð1Þ:

Using Lemma A.3, we obtain

E
z 0Sz

p
� a2

����
����
2

" #
¼ 2a4

p
ð¼ Oðp�1ÞÞ:

This proves (ii). r

Lemma A.5. Let z be a random vector distributed as Npð0;SÞ. Under the

assumptions A1–3, it holds that

( i )
d 0Sd

p1�g
¼ Opð1Þ,

( ii )
z 0Sz

p
¼ Opð1Þ,

( iii )
d 0SSd

p1�g
¼ Opð1Þ,

( iv )
d 0S2d

p2�2g
¼ Opð1Þ,

( v )
d 0SS2Sd

p2�2g
¼ Opð1Þ,

( vi )
z 0SSz

p
¼ Opð1Þ,

( vii )
z 0S2z

p2�g
¼ Opð1Þ,

(viii)
z 0SS2Sz

p2�g
¼ Opð1Þ:

Proof. Using Lemma A.2, we obtain

1

p1�g
E½d 0Sd� ¼ D1;

Var
d 0Sd

p1�g

� �
¼ 2D2

1

n
¼ Oðp�gÞ;

which proves (i). Using Lemmas A.2 and A.3, we obtain

1

p
E½z 0Sz� ¼ a2;

Var
z 0Sz

p

� �
¼ 2ðn2 þ 2nÞ

pn2
a4 þ

2

n
a22 ¼ Oðp�gÞ:
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Thus, (ii) follows. By Lemma A.2, we get

E
d 0SSd

p1�g

� �
¼ D2;

Var
d 0SSd

p1�g

� �
¼ D2

2 þ D1D3

n
¼ Oðp�gÞ;

E
d 0S2d

p2�2g

� �
¼ pg

n

� �
a1D1 þ

1

p1�g
þ 1

np1�g

� �
D2;

Var
d 0S2d

p2�2g

� �
¼ 2p2ga21D

2
1

n3
þ oðp�gÞ

¼ Oðp�gÞ;

E
d 0SS2Sd

p2�2g

� �
¼ pg

n

� �
a1D3 þ

1

p1�g
þ 1

np1�g

� �
D4;

Var
d 0SS2Sd

p2�2g

� �
¼ 2p2ga21D

2
3

n3
þ oðp�gÞ

¼ Oðp�gÞ;

where Di ¼ d 0S id=p1�g, i ¼ 2; 3; 4. Consequently, (iii)–(v). Using Lemma A.2,

we obtain

E
z 0SSz

p

� �
¼ a3;

Var
z 0SSz

p

� �
¼ 2

n
a23 þ

2a6
p

1þ 2

n

� �

¼ Oðp�gÞ;

E
z 0S2z

p2�g

� �
¼ pg

n

� �
a1a2 þ

1

p1�g
þ 1

np1�g

� �
a3;

Var
z 0S2z

p2�g

� �
¼ 2p2ga21a

2
2

n3
þ oðp�gÞ

¼ Oðp�gÞ;

E
z 0SS2Sz

p2�g

� �
¼ pg

n

� �
a1a4 þ

1

p1�g
þ 1

np1�g

� �
a5;
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Var
z 0SS2Sz

p2�g

� �
¼ 2p2ga21a

2
4

n3
þ oðp�gÞ

¼ Oðp�gÞ:

Thus, (vi)–(viii) follow. r

Lemma A.6. Let z be a random vector distributed as Npð0;SÞ. Under the

assumptions A1–3, it holds that

( i )
1

p1�g
d 0S��1d� d̂d

b̂bâa1
d 0d

 !
¼ Opðp�1þgÞ,

( ii )
1

p
z 0S��1z� d̂d

b̂bâa1
z 0z

 !
¼ Opðp�1þgÞ,

(iii)
1

p1�g
d 0S��1SS��1d� d̂d2

b̂b2âa21
d 0Sd

 !
¼ Opðp�1þgÞ,

(iv)
1

p
z 0S��1SS��1z� d̂d2

b̂b2âa21
z 0Sz

 !
¼ Opðp�1þgÞ.

Proof. At first, we show (i). Using Lemma A.1,

1

p1�g
d 0S��1d� d̂d

b̂bâa1
d 0d

 !
¼ � âad̂d

b̂b2âa21

 !
d 0S1=2 Ip þ âa

b̂bâa1
S

	 
�1
S1=2d

p1�g
: ð8Þ

From (5), under the assumptions A1 and A2, it holds that

âa21 ¼ a21 þOpðp�ðgþ1Þ=2Þ; n

p

� �
âa ¼ n

p

� �
ða2 � a21Þ þOpðp�1Þ;

n

p

� �
b̂b ¼ a21 þOpðp�ðgþ1Þ=2Þ;

n

p

� �
d̂d ¼ 1� n

p

� �
a21 þ

n

p

� �
a2 þOpðp�ðgþ1Þ=2Þ: ð9Þ

We remark that a ¼ a2 � a21 ¼ 0 when S ¼ sI , where s is some positive

constant. Hence,

âad̂d

b̂b2âa21
¼ Opðp�1þgÞ; S0 sI ;

Opðp�1Þ; S ¼ sI :

�
ð10Þ

On the other hand,

d 0S1=2 Ip þ âa

b̂bâa1
S

	 
�1

S1=2d

p1�g
aC1 Ip þ

âa

b̂bâa1
S

 !�1
0
@

1
A d 0Sd

p1�g
a:a:s: ð11Þ
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Here, the notation ‘‘a:a:s’’ means asymptotically almost surely. Using Theorem

2 in El Karoui [2], we obtain

C1 Ip þ
âa

b̂bâa1
S

 !�1
0
@

1
A¼ 1

1þOpðp�gÞ < y a:a:s: ð12Þ

when S ¼ sI . And we obtain

C1 Ip þ
âa

b̂bâa1
S

 !�1
0
@

1
A¼ 1

1þ âa

b̂bâa1
CpðSÞ

a 1 < y a:a:s: ð13Þ

when S0 sI . Here, C iðAÞ denotes the i-th largest eigenvalue of a matrix A.

Combining (11)–(13) and (i) of Lemma A.5, we obtain

d 0S1=2 Ip þ âa

b̂bâa1
S

	 
�1

S1=2d

p1�g
¼

Opð1Þ; S0 sI ;

Opð1Þ; S ¼ sI :

�
ð14Þ

So, (i) follows from (8), (10) and (14).

Secondly, we show (ii). By the similar evaluation method of (8),

1

p
z 0S��1z� d̂d

b̂bâa1
z 0z

 !
¼ � âad̂d

b̂b2âa21

 !
z 0S1=2 Ip þ âa

b̂bâa1
S

	 
�1

S1=2z

p1�g
: ð15Þ

Using (11), (12) and (ii) of Lemmas A.5, we obtain

z 0S1=2 Ip þ âa

b̂bâa1
S

	 
�1

S1=2z

p1�g
¼

Opð1Þ; S0 sI ;

Opð1Þ; S ¼ sI :

�
ð16Þ

So, (ii) follows from (10), (15) and (16).

Thirdly, we show (iii). Using Lemma A.1,

1

p1�g
d 0S��1SS��1d� d̂d2

b̂b2âa21
d 0Sd

 !

¼ p1�g

p2�2g

(
� 2âad̂d2

b̂b3âa31
d 0SSdþ âa2d̂d2

b̂b4âa41

 !
d 0S Ip þ

âa

b̂bâa1
S

 !�1

SSd

þ âa2d̂d2

b̂b4âa41

 !
d 0SS Ip þ

âa

b̂bâa1
S

 !�1

Sd

þ âa2d̂d2

b̂b4âa41

 !
d 0S Ip þ

âa

b̂bâa1
S

 !�1

S Ip þ
âa

b̂bâa1
S

 !�1

Sd

)
: ð17Þ
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In addition, using (9), we get

âad̂d2

b̂b3âa31
¼ Opðp�1þgÞ; S0 sI ;

Opðp�1Þ; S ¼ sI ;

�
ð18Þ

and

âa2d̂d2

b̂b4âa41
¼ Opðp�2þ2gÞ; S0 sI ;

Opðp�2Þ; S ¼ sI :

�
ð19Þ

Moreover, using (iii)–(v) in Lemma A.5, (12) and (13), we obtain

1

p1�g
d 0SSd ¼ Opð1Þ; ð20Þ

2

p2�2g
d 0S Ip þ

âa

b̂bâa1
S

 !�1

SSd

������
������

a 2

ffiffiffiffiffiffiffiffiffiffiffiffi
d 0S2d

p2�2g

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d 0SSðIp þ âa=ðb̂bâa1ÞSÞ�2

SSd

p2�2g

s

¼
Opð1Þ; S0 sI ;

Opð1Þ; S ¼ sI ;

�
ð21Þ

1

p2�2g
d 0S Ip þ

âa

b̂bâa1
S

 !�1

S Ip þ
âa

b̂bâa1
S

 !�1

Sd

������
������

¼
Opð1Þ; S0 sI ;

Opð1Þ; S ¼ sI :

�
ð22Þ

So, (iii) follows from (17)–(22).

Finally, we show (iv). Using the similar evaluation method of (17), we

obtain

1

p
z 0S��1SS��1z� d̂d2

b̂b2âa21
z 0Sz

 !

¼ p1�g

p2�g

(
� 2âad̂d2

b̂b3âa31
z 0SSzþ âa2d̂d2

b̂b4âa41

 !
z 0S Ip þ

âa

b̂bâa1
S

 !�1

SSz

þ âa2d̂d2

b̂b4âa41

 !
z 0SS Ip þ

âa

b̂bâa1
S

 !�1

Sz

þ âa2d̂d2

b̂b4âa41

 !
z 0S Ip þ

âa

b̂bâa1
S

 !�1

S Ip þ
âa

b̂bâa1
S

 !�1

Sz

)
: ð23Þ
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In addition, using (vi)–(viii) in Lemma A.5, (12) and (13), we obtain

1

p
z 0SSz ¼ Opð1Þ; ð24Þ

2

p2�g
z 0S Ip þ

âa

b̂bâa1
S

 !�1

SSz

������
������

a 2

ffiffiffiffiffiffiffiffiffiffiffi
z 0S2z

p2�g

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z 0SSðIp þ âa=ðb̂bâa1ÞSÞ�2

SSz

p2�g

s

¼
Opð1Þ; S0 sI ;

Opð1Þ; S ¼ sI ;

�
ð25Þ

1

p2�g
z 0S Ip þ

âa

b̂bâa1
S

 !�1

S Ip þ
âa

b̂bâa1
S

 !�1

Sz

������
������

¼
Opð1Þ; S0 sI ;

Opð1Þ; S ¼ sI :

�
ð26Þ

So, (iv) follows from (23)–(26). r

We are ready to prove Lemmas 2 and 3.

Proof of Lemma 2. Using Lemma A.6, under the assumptions A1–3,

1

p1�g
U � d̂d

b̂bâa1

 !
~UU

�����
����� ¼ Opðp�1þgÞ; ð27Þ

1

p1�g
V � d̂d

b̂bâa1

 !2

~VV

������
������ ¼ Opðp�1þgÞ; ð28Þ

where

~UU

p1�g
¼ � 1

2
D0 �

ðN1 �N2Þpg

2N1N2

z 02z2
p

;
~VV

p1�g
¼ D1 þ

Npg

N1N2

z 02Sz2
p

;

D0 ¼
d 0d

p1�g
; D1 ¼

d 0Sd

p1�g
:

Using (27) and (28), we obtain

Uffiffiffiffi
V

p � x

����
����¼ Opðp�ð1�gÞ=2Þð¼ opð1ÞÞ; ð29Þ

228 Masashi Hyodo et al.



where x ¼ pð1�gÞ=2ð ~UU=p1�gÞ=ð ~VV=p1�gÞ1=2. Using Lemma A.4, under the as-

sumptions A1–3, we obtain

1

p1�g
j ~UU � ~UU0j ¼ Opðp�1=2Þ; 1

p1�g
j ~VV � ~VV0j ¼ Opðp�1=2Þ;

where

~UU0

p1�g
¼ � 1

2
D0 �

ðN1 �N2Þpg

2N1N2
a1;

~VV0

p1�g
¼ D1 þ

Npg

N1N2
a2:

Hence

jx� x0j ¼ Opðp�g=2Þð¼ opð1ÞÞ: ð30Þ

Combining (29) and (30), we obtain Lemma 2. r

Proof of Lemma 3. For Ee A ð0;yÞ and En A ð0; 1� gÞ,

Pðep n jFðU=
ffiffiffiffi
V

p
Þ �Fðx0Þj > eÞ ¼ J1 þ J2;

where

J1 ¼ PðfjU=
ffiffiffiffi
V

p
� x0j > cgV fep n jFðU=

ffiffiffiffi
V

p
Þ �Fðx0Þj > egÞ;

J2 ¼ PðfjU=
ffiffiffiffi
V

p
� x0ja cgV fep n jFðU=

ffiffiffiffi
V

p
Þ �Fðx0Þj > egÞ:

Here, c is some positive constant which satisfies jx0j > c. From Lemma 2,

J1 ! 0 under the assumptions A1–3. Now, we evaluate the order of J2 when

x0 < 0. It can be expressed as

ep
n jFðU=

ffiffiffiffi
V

p
Þ �Fðx0Þj ¼ ep

n

ðmaxðU=
ffiffiffi
V

p
;x0Þ

minðU=
ffiffiffi
V

p
;x0Þ

1ffiffiffiffiffiffi
2p

p e�x2=2 dx

a
1ffiffiffiffiffiffi
2p

p ep
n

e�ðmaxðU=
ffiffiffi
V

p
;x0ÞÞ2=2jU=

ffiffiffiffi
V

p
� x0j

a
cffiffiffiffiffiffi
2p

p ep
n

e�ðx0þcÞ2=2:

The right-hand-side of the last inequality converges to 0 under the assump-

tions A1–3. Thus, J2 ! 0 under the assumptions A1–3. So, we proved

jFðU=
ffiffiffiffi
V

p
Þ �Fðx0Þj ¼ opðe�p nÞ. Similarly, we can prove J2 ! 0 when x0 > 0.

r
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