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ABSTRACT. Our aim in this paper is to deal with continuity properties for logarithmic
potentials of functions in Morrey spaces of variable exponent. Our exponent
approaches 1 on some part of the domain, and hence continuity properties depend
on the shape of that part and the speed of the exponent approaching 1.

1. Introduction

Let R” be the n-dimensional Euclidean space. Following Orlicz [7] and
Kovacik-Rakosnik [1], for a continuous function p(-):R" — [I,c0), which
is called a variable exponent, we consider the generalized Lebesgue space
LPO(R™). In recent years, the generalized Lebesgue spaces have attracted
more and more attention, in connection with the study of elasticity, fluid
mechanics and differential equations with p(-)-growth; see Ruzicka [9].

In the present paper we are concerned with generalized Morrey spaces
of variable exponent p(-). We use the notation B(x,r) to denote the open
ball centered at x with radius r. For 0 <v<n and a positive function
¢ :(0,0) — (0,00), we define the L?():"»¢-norm of a locally integrable function

f on R" by
p(y)
dy <15.

1 Npy, v = inf{i >0: sup r"'(p(r)J
xeR",r>0 B(x,r)

We denote by L?():":¢(R") the space of all measurable functions f on R”
with [|f1l,¢)..,, < o0. This space LP)¢(R") is referred to as a generalized
Morrey space of variable exponent. In particular, L”()}:%1(R") is equal to the
generalized Lebesgue space L?0)(R").

In this paper, we consider a variable exponent p(-) satisfying the following
special condition. For a compact set K in R” we define
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K(r)={xeR":dk(x) <r},

where 0k (x) denotes the distance of x from K. For a nonincreasing function
k() : (0,00] — (0, 00), we consider a function w satisfying a generalized log-
Holder condition such that w(0) =0,

_ log k(r)
~log(1/r)
for 0 <r <ry and w(r) = w(ry) for r > ry, where the number ry is chosen so

that w(r) is nondecreasing on (0,r) (see Lemma 2.3 below). Now we define a
variable exponent p(-) by

(r)

p(x) = po+ w0k (x))

for py = 1; set p(x) = pp on K.
For 0 <a <n, we say that the (n— a)-dimensional upper Minkowski
content of K is finite (see Mattila [2]) if there exists a constant C > 0 such that

|K(r)| < Cr* for small r > 0,

where |E| denotes the Lebesgue measure of a set E. Note here that if K is a
singleton, then its 0-dimensional upper Minkowski content is finite, and if K is
a spherical surface, then its (n — 1)-dimensional upper Minkowski content is
finite. Moreover, as examples of K, we may consider fractal type sets like
Cantor sets or Koch curves.

In view of [4, Lemma 2.4], we know that if v=0, ¢(-) = 1 and the (n — a)-
dimensional upper Minkowski content of K is finite, then for each bounded
open set G = R",

JG O )P < o0

for all e LP0)(R"). Our first aim in this paper is to obtain the following
theorem which gives an extension of the above fact to the generalized Morrey
space of variable exponent. For this purpose we need several conditions on k
and ¢, which are stated in Section 2.

THEOREM A (cf. [4, Lemma 2.4]). Suppose 0 <v <a <n and the (n — o)-
dimensional upper Minkowski content of K is finite. Then for each bounded
open set G < R" there exists a constant C > 0 such that

j SOIPR D)y < Crpr)™
GNB(x,r)

for all xeR", r>0 and f e LP)"?(R") with 1/ Ny, < L
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In Section 3, we consider the logarithmic potential of a locally integrable
function f on R”, which is defined by

L) = | (og(1/1x = 1)y

Here it is natural to assume that

|, Gog2+ D)Ly < o (1)

which is equivalent to the condition that —oo < Lf # oo (see [3, Section
2.6]). If f is a locally integrable function on R”" satisfying (1.1) and

JRn Lf ()] (og2 + |f(»)))dy < o0,

then it is known that Lf is continuous on R" (see [3, Theorem 9.1, Section
5.9]). Our second aim is to show the following theorem which deals with the
continuity of logarithmic potentials of functions in Morrey spaces (see Section 3
for the definition of ¢, and ®).

THEOREM B. Let f e L“"?(R") satisfy (1.1).
(1) Ifo<v<1 and ¢,(1/2) < oo when v=20, then

|1Lf (x) = Lf (2)| < Clx — z["®(|x — z])

whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-
norm and L'"?-norm of f.
(2) If v>1, then
1Lf (x) = Lf ()] < Clx — 2|

whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-
norm and L'"?-norm of f.

In the final section, our aim is to show the following theorem which deals
with the continuity of logarithmic potentials of functions in Morrey spaces of
variable exponent by use of Theorems A and B (see Section 4 for the definition

of ¢,).

THEOREM C. Assume that py=1, 0<v<a<n and the (n—o)-
dimensional upper Minkowski content of K is finite. Let f e LPU):"?(R")
satisfy (1.1).

(1) fo<v<l1 and
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when v =0, then

ILf (x) = Lf (2)] < Clx =z g (|x — 2[)
whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-
norm and LP")"?-norm of f.
(2) If v>1, then

ILf (x) = Lf (2)] < Clx — 2|

whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-
norm and LPY)V%-norm of f.

2. Morrey spaces of variable exponent

Throughout this paper, let C denote various positive constants independent
of the variables in question.

We say that a positive function ¢ on (0,00) is quasi-increasing if there
exists a constant C > 1 such that

o(s) < Co(t) whenever 0 < s < ¢.

A positive function ¢ on (0,00) is called quasi-decreasing if (0(1)71 is quasi-
increasing.

From now on we consider a positive function ¢ on (0, c0) for which there
exists a constant C; > 1 such that
(p1) Cilo(r) < o(t) < Cip(r) whenever 0 <r<t<2r? or 0 <r*<t<2r,
which implies the doubling condition:
(92) Cilo(r) < o(t) < Crp(r) whenever 0 <r <1 <2r
for some constant C, > 1. Our typical example of ¢ is of the form

p(r) = a(log)(1/r))" (log(1/r)¢
for r>0, where >0 and b,ceR and logg t =e, logy) = log(e +¢) and
log 1) t =log(e + log,, #) for m=1,2,....

LemMa 2.1 ([3, Lemma 3.1, Section 5.3]). If y >0, then t"¢(t) is quasi-
increasing on (0, 00).

Lemma 2.2 (cf. [4, Lemma 2.3]). For 0 <o <n suppose the (n— uo)-
dimensional upper Minkowski content of K is finite. If Y(t) is a positive
quasi-increasing measurable function on (0, 00) satisfying the doubling condition,
then for each bounded open set G = R" there exists a constant C > 0 such that
min{r,p} » ﬂ

Yox(y) dy < cj (1)

J(GﬁK(p)ﬁB(x.r))\K 0 t

for all xeR", r>0 and p > 0.
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Proor. Since G is bounded, we have
|GNK(r)| < Cr*

for all r > 0. First consider the case KN B(x,2r) # . For each integer j,
set K;={yeGNB(x,r):27 ' min{r,p} <dx(y) <27 min{r,p}}. Then we
have by the doubling condition on

0

bR =3 [ wlox(r)

J (GNK(p)NB(x,)\K =K

<C ij y(27 min{r, p})"'|GN K27 min{r, p})|

IA

=
€3 (2 mingrp})” (27 min{r.p})°
7=0

C

IA

(1)

min{r,p} . dt
I i

for all r >0 and p > 0.
Next consider the case KN B(x,2r) = ¢J. Then note that r < dg(y) < p if
ye GNK(p)NB(x,r). It follows from the doubling condition on  that

| Vx|
(GNK(p)NB(x,r)\K GNB(x,r)
noifr<l
< -1 1 )
=AU V6 ifr=1
min{r,p}
<o) < cj t“.//(t)*‘?
0

for all r >0 and p > 0. Thus the required assertion is now proved.

Consider a positive continuous nonincreasing function k£ on (0, ) for
which there exist &g > 0 and 0 < ry < 1 such that
(k) (log(1/r))"®k(r) is nondecreasing on (0,ry) and k(ry) > e®;
(k") k(r) >1 for all r>0.
By (k) and (k’), we find (see [4]) that

C'k(r) < k(r?) < Ck(r) whenever r > 0, (2.1)

which implies the doubling condition on k for r > 0. Our typical example of k
is of the form
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k(r) = a(logu)(1/V))b(10g(2)(1/7))6

for r e (0,r9), where a >0, b >0 and ¢ € R are numbers for which ry can be
chosen so that k(r) is nonincreasing on (0,ry) and satisfies (k).
In view of (k), we have the following lemma.

LemMa 2.3 ([4, Lemma 2.1]). There exists 0 < r* <ry such that w(r) =
log k(r)/log(1/r) is nondecreasing on (0,r*).

In view of this lemma, we retake the above ry > 0 so that log k() /log(1/r)
is nondecreasing on (0, rp).
In what follows, we set

o(r) = o(ry) for r=rp
and consider a positive continuous function p(-) such that p(x) = py on K and

p(x) = po + 0(0k(x))

for ox(x) > 0, where py > 1.
For 0 <v<n and a locally integrable function f on R”, we define its

LPO):v?norm by
p(y)
dy <15.

We denote by LP0)-"?(R") the space of all locally integrable functions f on
R" with [|f1],.,, < oo. Hereafter it is natural to assume further that ¢ is
measurable,
(p3) o(r) is quasi-decreasing on (0, c0) when v =0 and
(p4) limsup,_, ¢(r) < co when v = n.

It is worth to note the following results.

S ()
2

xeR" >0

||f||p(~),v,¢ = inf{}v >0: sup ro(r) JB(‘ )

RN

Lemma 2.4. Suppose v > 0. Then

! dt
|| o015 < crptry
0
for all r> 0.
Proor. Taking 0 <V <v, we see by Lemma 2.1 that
r dt : Todt
[ ot < ot | o < aroty!
0 0

for all r > 0, as required.
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LemMMa 2.5. Let 0 <v<n If G is a bounded open set in R", then there
exists a constant C > 0 such that

J dy < Crip(r)™!
GNB(x,r)

for all xeR" and r > 0.
ProoF. Since " V¢(r) is quasi-increasing on (0,1) by Lemma 2.1 and

(p4), we see that

J dy < Cr'" < Crop(r)™!
GNB(x,r)

when 0 <r < 1. If r>1, then
J dy < |G| < Cro(r)™!
GNB(x,r)

since r'p(r)”"' is quasi-increasing on (0, 00) by Lemma 2.1 and (¢3).
Now we prove Theorem A.

PROOF OF THEOREM A. Let f e LPU"?(R") with || £, ., < 1.

First consider the case v=o. In this case, by Lemma 2.5, we have

If(»)]7dy < J dy + J )PV dy < Crip(r)™!

JGﬂB(x, r) GNB(x,r) GNB(x,r)

for xeR" and r > 0.
Next consider the case 0 <v <oa. Setting G'={yeG:|f(y)] <e}, we
note that

SOk ) ™H "y < cjm( Ay = Crol)

JG’ﬂB(x,r)
by Lemma 2.5. Consider
N(l) — ~@=)/p (log(1/[))780(:%71')/17572/170(p(l),l/po
and

G" ={ye(K(ro)) NB(x,)\K : |[f(»)] <N(©G(»))},

where we set d(y) =k (y) for simplicity; here recall that ¢ is the constant
in (k). Since k(r~')* /™ is nondecreasing on (0, ), using condition (k),
we have for ye G”,
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FOIPRALE < CN ) k(N (3(3)) ™)
< CN(5(»))™k(5(y))"/ro

< C3(y)" " (log(1/8(»))) *p(0(»)) "

Hence it follows from Lemma 2.2 that

[, AP GITdy < € [ a7 tog1/5(0) 0t63) ™ dy

min{r,ro} dt
sc| ™ raoett/n) oG

< Crip(r)™ Jm(log(l/f))fzﬂ
0 !
< Crv(/)(r)71

since 1"p(¢)”" is quasi-increasing on (0, o).
If ye (K(ro) N B(x,r)\(G'UG" UK), then

If = N©E(»),

so that, by Lemma 2.1 and (¢l), we have

S Qogl f()) (| ()77
< CN(5<y))*P<J/(171')(log(1/5(y)))760/17072/(a—»)(p(5(y)),l/(l,w
< Ci(y).

Set M(t) = 177/ (log 1) ~*/P0=2/@)(=1) ") for simplicity. Then, in
view of Lemma 2.3, we see that

log k(0(y)) _ log k(CM(|f(¥)]))
log(1/6(y)) — log(1/(CM(I/(»))))

Noting that
k(CM(|f (D)) = Ck(f D))
by (2.1) and
log(1/(CM(|f(»)1)) < (po/ (e —v)) log(l/()]) +&(|/ (»)])
with &(r) < C(log(log r) + max{0,log ¢(r~!)}), we establish
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log(Ck(1/(»)[1))
2o log(lLf(0)]) + (£ (»)])

= og k(If () - €

log k(J(»))

Toa(1/0(7)) log(|/(»))

log(|f(»)]) =

>
Po

since |f(y)] =e and (logk(r~'))e(r)/(logr+e(r)) is bounded for r>e.
Hence we have

PP — oy log K(0(r))
I/ (») =¢ p<1og(1/6(y))

> p( Y log k(L ()] ) - c)

Po

loglf(y)|>

= Ck(|f ()|,

Thus it follows that

j )Pk ()]~ Py
(K (ro)NB(x, )\ (G'UG")

< cj SO Vdy < Crp()™
B(x,r)

since |K| =0 for o > 0.
Finally, since p(y) = po + w(ro) > po when 6(y) > ro, we find by Lemma
2.5

j SO )y
(GNB(x,r))\K(ro)

= CJ F )P dy + CJ dy < Crip(r)™".
B(x,r) GNB(x,r)

The required assertion is now proved.

REMARK 2.6. We set Wy (1) = tk(r~1)* /7 for t > 0, which satisfies the
doubling condition by (2.1). For 0 <v < n and a locally integrable function f
on R”, we define its quasi-norm by

1/, o =If¢A>0: sup r"'q)(r)J qu@‘)dys 1
Y xeR",r>0 B(x,r) A

(see [5]). We denote by L¥+"?(R") the space of all locally integrable
functions f on R" with |f|ly, ,, <. Then it follows from Theorem A
that for each bounded open set G,
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1y < Clf sy Whenever f e LPU9(G),
where L0V ?(G) = {f e LPV)"?(R") : f =0 outside G}.
RemARK 2.7. Set K = {0}. Let
k(1) = (1og((1/)*

for a > 0 and an integer m > 0 and
p(1) = (log(,(1/1)"
for an integer / > 1 and b > 0. Then

(x) = a log(log,, (1/]x]))
PR =Po log(1/[x])

for x e B(0,7)\{0}. Then we can find f e L?*):"¢(R") satisfying

L@ | LS D)7 (logu £ ()" Pdy = Cr*(log ) (1/r) "

for all 0 < r < ryp. This shows that the conclusion of Theorem A is sharp when
K = {0} and k, ¢ are as above.
For this purpose, in case 0 < v <n, we consider the function

) = 177 Qogyy) (1/191)) 77 logy (1/161)) 70

for y € B(0,r9); set f(y) =0 when |y| > ro. Then, as in the proof of Theorem
A, we note that

f(y)p(y)—po _ exp(

a log(log,,,(1/y[))
g/ o8/ (”)

<oxp (% log(logn (1/17])) + c)

< C(loggy (1/]) ",
We see by Lemma 2.4 that

| roroas<c 9177 log (1/13) "y
B(x,r) JB(0,r9)NB(x,r)

<C 7" (logy, (1/]y]) "dy
JB(0,r)

r

, _pdt
<C Oll(log(/)(l/l‘)) b?

< Cr'(log,(1/r) ™"
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for all x € R” and r > 0, which implies that f € L?():?(R"). Further, we have

an—y ' v - dt
[, /0 G080y )y = € [ 20810

> Cr'(log,(1/r) ™"
for all 0 < r < .
In case v =0, since
/—1
C~'(log,(1/r) ™" J (log (1/6)) """V T (tog (1/0) ™" = Lo C(log,(1/r)) ™"

j=1

for 0 <r <ryp, we have only to replace f by

/—1

F(3) = "7 (logy (1/131) " (log,,, (1/191) /7 T (log,(1/11)) /7
j=1

for ye B(0,r9). Here we used the convention Hjozla_/ =1

We show another imbedding from L”():"#(R") to the Morrey space
L% (G), where @y(r) = p(r)k(r)* /" and G is a bounded open set in R”.

THEOREM 2.8. Suppose 0 <v<a<n, 0<r < (a—v)/py and the (n — o)-
dimensional upper Minkowski content of K is finite. For each bounded open set
G < R" there exists a constant C > 0 such that

[ Ky < gt )
GNB(x,r)

for all xeR", r>0 and f e LPO)"?(R") with 1/ 1 py, v < L

ProoF. Since the case v = o follows readily from Theorem A, we consider
the case 0 <v<a. Take >0 such that o — ppg >v. Then, since k is
nonincreasing, we have

j SOy
GNB(x,r)

- j SONPRS)HErgy
{yeGNB(x,r):|f(y)|<r 7}

+ J DI K(f ()7 dy
{yeGNB(x,n: |/ (»)[>r}

< rPk(r )fx v)/po— KJGQB( )dy
X, r

+k<r”>—Kj SO )y,

GNB(x,r)
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By Lemma 2.5 with rp(r)”" replaced by r"*"l’ogo(r)flk(r)f(“fv)/p", Theorem A
and (2.1), we have

J Sk ()P dy < Crp(r) Kk (r) ™
GNB(x,r)

for all xeR" and r > 0, as required.

REMARK 29. Let 0 <v<oa<n Set @(r)=op()k(t)* " for t>0.
Then Theorem 2.8 implies that

1/ Vo0 < CIS Ny, Whenever f e LPO9(G)

for each bounded open set G = R”.
Here we recall that

1/po

1/ o, v, 0, = sup (V@k(r)J If(y)l’”’dy) -
xeR",r>0 B(x,r)

3. Continuity of logarithmic potentials of functions in Morrey spaces

For the function ¢ as above, we consider a function ¢; on (0,1/2] and a
nonincreasing function ¢, on (0,1/2] such that

T pdt b pdt
) =] o0 G and )= [0
We set
o (r) ifv=0,
D(r) =1 o(r)" fO<v<l,
p,(r) ifv=1

for 0 <r<1/2. In view of (¢2), note that
p1(r) = Cp(r)™" and  gy(r) = Co(r)""
for 0 <r=<1/2.
REmMARK 3.1. Let ¢(f) = (logm(l/t))ﬂ for feR. Then

1 (r) < Cllogg(1/rm) P if p>1

and
(IOg(l)(l/r>>7ﬁ+l if <1,
92(r) < Cq logy(1/r) itp=1,
1 if f>1

for 0 <r<1/2.
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Our aim in this section is to give a proof of Theorem B, which deals
with the continuity of logarithmic potentials of functions in Morrey spaces of
constant exponent. For the proof we prepare the following two lemmas.

LemMMA 3.2. Let 0 <v<n If feL'"?R"), then there exists a constant
C >0 such that

o'P©0) if 0<v<,

J,., Gosris =iyl < {32 70 =]

for all xeR" and 0 < & < 1/2, where the constant C may depend on the L'-V*-

norm of f.
Proor. Let fe L'""?(R"). By Lemma 2.4, we have

0
j‘®wmmwmwhmwmg
B(x,0)

0 0B(x,1)

[ ( i |f<y>|dy)$

g dt
CJWMO”—
0 ‘

If(y)dS(y)>dt

IA

IA

IA

c{yé@ ifo<v<l,
o if v>1

for all xeR" and 0 <J < 1/2, as required.
LemMA 33. Let 0<v<n If feL“?R") satisfies (1.1), then

o) if 0<v<l,

-1
RS R A

J R"\B(x,0)

for all xeR" and 0 <6 < 1/2, where the constant C may depend on the L'-
norm and L'“"?-norm of f.

ProOOF. Let f e L""?(R") satisfy (1.1). For xe R” and 0 <6 < 1/2, we
find

| ‘M—MIVUWW:J71<J vwwwuom
R"\B(x,5) P aB(x,1)

SK21<Lwﬂvomw>f
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Vo Lt © L dt
c| oo G| rwlas| oG

P 1 t

IA

IA

1
cf vt S| 1oy

5 t

IA

C{a”qs(a) ifo<v<l,
1 ifv>1
since f e L'(R") by (1.1).

Now we are ready to prove Theorem B.

PrOOF OF THEOREM B. Let f e L'"?(R") satisfy (1.1). By Lemma 3.2
and (p2), we have

Jy g o1/ 31) = Tog(1/z = 3D/l
<[ (gl —al/lx - Iy
B(x,2|x—z|)
] (g3 —al/lz - DSy
B(z,3|x—z)

SC{|x—z| D(x—z|) fo<v<l, G.1)

|x — z] ifv>1
for |x —z| < 1/6.
On the other hand, we see from the mean value theorem for analysis,
Lemma 3.3 and (¢2) that

J [log(1/]x — y|) —log(1/]z = yD[ 1/ (¥)ldy
R"\B(x,2|x—z|)

< Cl—=| =)l
R"\B(x,2|x—z|)
< c |x —z|"®(|x — z|) ¥f0£v§ 1,
|x — 2] ifv>1
for |x —z| < 1/6.
Hence it follows from (3.1) and (3.2) that
|x —z]'"@(]x —z]) f0<v<1,
|x — z| ifv>1

|uw—U@sc{

for |x —z| < 1/6, which proves the theorem.
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For po > 1, we set v, =v/po + n/p, and
&y (1) = o(r) P if vy < 1,
e iy, =1
for 0 <r=<1/2.

COROLLARY 3.4. Suppose py > 1. Let f e LP"?R") satisfy (1.1).
(1) If vy, <1, then

ILf (x) = Lf (2)| < Clx = 2[ " @, (|x — 2[)

whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-
norm and LP"?-norm of f.
(2) If vp, > 1, then
ILf(x) = Lf (z)] < C|x — 2|

whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-
norm and LP>"?-norm of f.

ProoF. Let f e LP"?(R") satisfy (1.1). Then Jensen’s theorem gives

1/po
1 J 1 iy Yy
TRI< A S (W)ldy < —J )y | < Cr g ()7t
|B(X,V)| B(x,r) |B(x,r)| B(x,r)

for all xeR” and r> 0, so that f e L""n¢"" (R™). Hence, applying Theo-
rem B with v and ¢(r) replaced by v, and o(r)'" we obtain the required
assertion.

REMARK 3.5. In the case v =0, we need the condition ¢,(1/2) < oo for

the continuity of Lf.
For this, consider the functions

(1) = (logq(1/1))*
and
() = 1y og(1/1y1) 151012 (»);

where y. denotes the characteristic function of a measurable set £ < R". If
a <1, then we see that ¢,(1/2) = oo,

(1) Lf(0) = [(log(1/]y))f (3)dy = o0 and

2) J]B(x’r)f(y)dy < C(log(l)(l/r))_l < Co(r)™" for all xeR” and r > 0.

This implies that f e L"%?(R"), but Lf is not continuous at the origin.

REMARK 3.6. We show that Theorem B is sharp. In fact, if 0 <v <1,
then, letting ¢(¢) = (log,,(1/1))* for an integer m > 0 and a € R, we can find
f e L ?(R") satisfying
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L (0) = Lf (x)] = ClxV " @(1x"])

for some sequence {x(7} which tends to the origin.
To show this, we consider the sequence x() = (0,0,...,—1/i) and the
function

FO) =170 2 (),

where I'" = {y = (), ya) € B(0,1/2) : |y'| < yn/2}. Then, by Lemma 2.4, we
have

dt

| s <] o0 < o
B(x,r)

0
for all xeR"” and r >0, so that f e L""?(R"). Further, we have

IL£(0) — L (' ﬂ—j(mguwu—mguu@—ﬂ»ﬂww

> (log(1/]y]) = log(2/1x"]) f (y)dy

J 0B, |x0]/2)

+ ~ (log(1/]y]) —log(1/|x — y|))f(y)dy
[H\B(0,[x0]/2)

>C ~ f(dy+ C\x@lj Ty
JrenB(o, |x0|/3) T\B(0,[x0]/2)

01/3 dt 172 dt
sc| e et et
0 [x(]/2 t

> ClxD ] @ (|xD)).

If v =0, then, letting
p(1) = (log(,,(1/1)) H log;(1/1)

for a > 1 and an integer m > 1, we have only to consider the function

) = [y og(1/1y1) " o(Iy)) " ()

Then we can show as above that f e L"*?(R") and

L/ (0) = Lf (x)] = CJ (log(1/[y1).f (»)dy

0B, /2)

> C(log,(1/[x"]) "
for x\) = (0,0,...,—1/i).
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4. Continuity of logarithmic potentials of functions in Morrey spaces of
variable exponent

We set

Joo(t) k()™ 2 if v=0,

2 (r) =< o(r) k(r)” if0<v<l,
[ o k(@ e iy =1

1

for 0 <r<1/2.

Our final goal is to give a proof of Theorem C, which deals with the
continuity of logarithmic potentials of functions in Morrey spaces of variable
exponent.

PrOOF OF THEOREM C. Let f e LP0)-?(R") satisfy (1.1). We set

S =Xk TSRk () = S1 + /o

Since K(rp) is a bounded open set, we have by Theorem 2.8 with k =a —v

JB( ) |fl(y)‘dy < Cl’vgp(r)flk(},)*(o:ﬂz)

for all xeR"” and r>0. Applying Theorem B with ¢(r) replaced by
p(rk(r)*", we have

Ix —z|"gp(]x —z]) if0<v<I,
L - L <C
L) - ) = o [ o=

for 0 <|x—z| <1/2. On the other hand, since p(y) = p;:=1+ w(ry) for
y € R"\K(r), we have

L(YMﬁWWSOWMI

for all xeR” and r > 0. Then, by Corollary 3.4, we have

|x —z|" @, (|x—z]) ifv, <1,
L - L <C
L0 - L) < of 77 o
for 0 < |x —z| < 1/2. Hence, we obtain that
Ix—z]"g(]x —z]) if0<v<l,
L - L <C
L - el s of 7 L=

for 0 < |x —z| < 1/2 since v,, = v and r'1 "D, (r)¢k(r)_l is quasi-increasing on
(0,1/2) for v, < 1.
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For py > 1, we set
oy L ORI iy, <,
. (ORI (OB M

for 0 <r=<1/2.
Using Corollary 3.4 instead of Theorem B, we can similarly show the
following corollary.

COROLLARY 4.1. Suppose po > 1. Assume that 0 <v <o <n and the
(n — a)-dimensional upper Minkowski content of K is finite. Let f e LP()"¢(R")

satisfy (1.1).
(1) If vy, <1, then

ILf (x) = Lf (2)] < Clx — =" gy, (Ix = 2])

whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-
norm and L)Y ?-norm of f.
(2) If vy, > 1, then

ILf (x) = Lf (2)] < Clx — 2|

whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-
norm and L")V ?-norm of f.

From now on we consider
k(r) = e"(logqy) (1/r))
and
p(r) = (log(1/r)”

fora>0, >0, feR and r >0, where >0 when v=0 and f <0 when
v=mn. Then, letting 4 =a(n—v)+ p, we see that

(ﬂk(V) < Cﬂ”(r),
where
(10?:’(1)(1/7))_/“rl ifv=0,
(10?%(1)(1/7))7/1 if 0<v<l,
(10z‘5(1)(1/r))7/1+1 ifv=1and 4 <1,
1

log,)(1/7) ifv=1and 4=1,
1 ifv=1and 4>1

for 0 <r<1/2.
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By Theorem C with K = {xo} and Remark 3.1, we have the following
result.
COROLLARY 4.2. Let w,;(0) =0,

_alogllogy(1/r) b
Da b\ = 0g (1) log(1/r)

Jor 0 <r <ry and wyp(r) = wap(ro) for r = ro, where the number ry is chosen
so that w, p(r) is nondecreasing on (0,ry) and satisfies (k). Set

p(x) =1+ w4 p(]x0 — x1).
Let f e LPO)"2(R") satisfy (1.1). If 0<v<1 and A>1 when v =0, then
ILf(x) = Lf (2)| < Clx — z|"¥(|x — z|)

whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-norm
and LP)"%-norm of f.

We have three remarks for Corollary 4.2.

REMARK 4.3, When v=f =0, we showed that

jG /()| log(1 + £ (1)) ™dy < o0

for all feL?)(R") (see Theorem A). It follows from [3, Theorem 9.1,
Section 5.9] that Lf is continuous on R” even when v=0 and 4 =an =1, in
case ¢(r) =1 for which ¢, (r) = 0.

REMARK 4.4. In case v=0 and an < 1, we need the condition 4 > 1 for
the continuity of Lf.
For this, set xo =0 and consider the function

F(y) = 131" (log(1/|¥D) 150,12 (3)-
Note that 4 =an+ . Thus, if 4 <1, then as in Remark 2.7, we see that
(1) Lf(0) = [(log(1/|y]))f (y)dy = c0; and
@) Laun OV dy < Cly g 171" (og(1/]13) " 2dy < C(log(1/r) ™"
< C(logy(1/r)) " for all xeR" and 0 <r<1/2.
This implies that f e L?0)-%¢(R"), but Lf is not continuous at the origin.

REMARK 4.5. Corollary 4.2 is seen to be sharp in the following sense:
in case xo =0 and 0 < v <1, we can find f e L?"):"¢(R") satisfying

IL7(0) = Lf (xV)] = CPx " (|x))

for some sequence {x(} which tends to the origin.
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For this purpose, we consider the sequence x() = (0,0,...,—1/i) and the
function

) =" tog(1/1¥) 2 (v),

where I't is as in Remark 3.6. Then, as in Remark 2.7, we have

r

| sy < ¢ riog/n) 7 < o og(1/n) !
B(x,r) t

0

for all xeR” and 0 < r < 1/2, which implies that f e L”()}"?(R"). Further,
we can show the required property as in Remark 3.6.
Similarly, for v =0, we can find f e L?():%¢(R") satisfying

LS (0) — Lf (x)] = C(log(1/[x7]))~**!

for some sequence {x(} which tends to the origin.

By Theorem C with K = 0B(0,1), we have the following corollary.

COROLLARY 4.6. Let

p(x) = 1+ @ (1 = |x]),

where @, (-) is as in Corollary 4.2. Set As =a(l —v)+f and
(log(p(1/r)) " if v =0,
(logy(1/r))™" if0<v<1,
(logy(1/r)) ! if v=1 and 45 <1,
1 1

0g)(1/1) ifv=1 and 45 =1,
1 if v=1 and 4g > 1

for 0 <r<1/2.

Let fe LP0)"¢(R") satisfy (1.1). If 0<v<1 and 4s > 1 when v=0,
then

|Lf (x) = Lf (2)| < Clx = 2["Ps(|x — z])

whenever 0 < |x — z| < 1/2, where the constant C may depend on the L'-norm
and L?0)"?-norm of f.
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