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1. Introduction

It is known that every finite-dimensional Lie algebra L over a field Φ of
arbitrary characteristic has a faithful finite-dimensional representation. If
Φ is an algebraically closed field of characteristic 0, then every solvable sub-
algebra of QΪ(n, Φ) is isomorphic to a subalgebra of the Lie algebra t(n, Φ) of
all the triangular matrices. Among solvable linear Lie algebras the follow-
ing three Lie algebras are most familiar to us: ί(n, Φ), the Lie algebra ft(ra, Φ)
of all the triangular matrices of trace 0, and the Lie algebra n(n, Φ) of all the
triangular matrices with 0?s on the diagonal. B. Kostant orally informed
the author that he had determined the structure of the first cohomology
group Hι(L, L) of rt(>, Φ) and that the method of constructing an outer deriva-
tion which has been employed in the proof of Theorem 1 in [_1~] gives another
way of finding all the nilpotent outer derivations of n(n, Φ).

It therefore seems to be an interesting problem to ask the structure of
the first cohomology groups Hλ(L, L) of t(n, Φ) and ft(ra, Φ). In this paper we
are concerned with this problem and show the following two theorems.

THEOREM 1. Let L be ft(ra, Φ) with
(i) If the characteristic of Φ is 0, or if the characteristic of Φ is pφO

and n^O (modp), then Hι(L, Z,) = (0).
(ii) // the characteristic of Φ is pφO and n = 0 (mod p) and if n>5, then

dimH\L, L)=n.

THEOREM 2. Let Φ be a field of arbitrary characteristic and let L be i(nyΦ)
with n>2. Then dim H\L, L) = n.

In Theorem 1 we exclude the case where the characteristic of Φ is p φ 05

71 = 0 (mod/?) and n <4. The structure of the first cohomology group Hι(L, L)
of ft(7i, Φ) in this case will be determined in Section 5.

Throughout this paper, we shall denote by Φ a field of arbitrary charac-
teristic unless otherwise stated, and by e0 the identity matrix in gl(rc, Φ).

2. Lemmas

Throughout Sections 2, 3, 4 and 5, we denote ft(>, Φ) by L for the sake
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of simplicity and assume that rc>3 unless otherwise stated.
We choose a basis of L as follows.

ek: the (βij) 6 L such that akk = l, ak+ι)k+ι= — 1 and all other α,7

ek,k+i' the (o, 7 ) c Z such that α*>Λ+/ = l and all other α,7 = 0.

(A = 1,2, . . . , τ ι - l , Z = l ? 2? ..., Λ -A).

We put these elements of L in the following order:

( 1 ) β i , ••-, e n - \ \ β i 2 , •••, β w _ i ) W ; •••; e i , / + i , •••, e n ^ ι > n ; •••; β i ) W _ i , β 2 , w ; β i

Then we have

LEMMA 1. Let D be any derivation of L. Then

ί = 1 ί = 1

n-l

for 4 = 1, 2, ..., n — 1 and Z = l, 2, ..., Λ — 4.

PROOF. This is immediate from the facts that

£ 2 = ( e i 2 , •••, e w _ i , w ; •••; β i Λ ) ,

(L2y = ( e u + i , ...? ew_/)W; •••; e i w) for Z = 2, 3, ••-, n — 1

and t h a t these are characterist ic ideals of L.
We consider the following system of n — 1 equations:

= 0

= 0

= 0
(2)

Then the determinant of the matrix of coefficients of (2) is n.
We need the following multiplication table:
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(3)

=—ey_i,y, [βy, ejJ+{] = 2βy,y+i,

, βy+i,y+ 2l |=—βy+i,y+2, fθΓ j = 2, 3,

v a n d all other Qe ,̂ e, ,, + J = 0.

LEMMA 2. Lei Z) 6e any derivation of L. Let Dek and Dek>k+ι be expressed

as in Lemma 1. Then {λ\, λ2

k, • •-, λn

k~
1} for any k — 1, 2, ..., n — 1 is α solution

of the system (2). Except the case where n = S and the characteristic of Φ is 3

and the case where n = A and the characteristic of Φ is 2, we have

for i, λ = l, 2, .-., 7i —

PROOF, (i) The case where the characteristic of Φ is Φ 2, 3:

Apply 7) to [>i, ei2H = 2ei2. Then

2Λ}-Λ? = o and λ['2
i + 1 = 0 for i

For jφl, applying D to the products Qey, ei2], we obtain

For A = 2, 3, ••, n — 2, apply Dto [e^, e^^+i] = 2e^^+i. Then we have

— AJ-1 + 2A{ —ΛJ+1 = O and λi:H\ = 0 for ί= ĵfc.

For jφk9 applying D to the products \_eh ek>k+1j, we obtain

Apply i) to [ew_i, en-l3nΊ = 2en-ltn. Then

- ^ : H 2 / l ; : H 0 and 4'Λ^ = 0 for ίφn-l.

For jφn — 1, by applying 2) to the products [ey, ew_i,J, we obtain

(ii) The case where the characteristic of Φ is 2:
We first assume that τ ι>5. Apply D to [e2, ei2H = ei2. Then

Λl = 0 and {̂2

I + 1 - 0 for iφl, 3.

By applying Z) to [>4, ei2H = 0, we obtain

λj = O and λf| = O.
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From the other products [ey, e^D, it follows that

λj = O for jφ2,L

Next apply D to [>i, e2?~] = e2i. Then

λ\ + λl = O and /L|̂  + 1 = 0 for ίφ2.

From the other products [>; , e2 Γ], it follows that

λ} + λ*j = O for y^=l.

Apply D to [>2, e3 4] = e34. Then

λ2

2 + λ4

2 = 0 and ;t|i/ + 1 = 0 for ι=^l, 3.

By applying D to [e4, e3 4] = e34, we obtain

λ| + Aί = O and λ\\ = Q.

From the other products {_eh e 3 4], it follows that

^ + ^ = 0 for 7^=2,4.

For A = 4, 5, ••, π,-25 apply 2) to [>*_i, eΛfΛ+iH = eΛ,Λ+i. Then

^=1 + ^ 1 = 0 and Λj;iΐl = O for ίφk-2,k.

By applying Z> to [e^_3, eΛ>Jfe+1] = 0, we obtain

λ*kzl + λl±l = O and λU4-i = 0.

From the other products [ey, β^^+J, it follows that

;t*-i + ;t*+i = 0 for jφk-S,k.

For k = n — 1, apply 2) to [ew_2, eΛ_i)B] = en_i,«. Then

^ l | = 0 and ^ ^ = 0 for iφn-S, n-1.

By applying D to [ew_4, en_if J = 0, we obtain

Λ;iJ = O and ^ i ϊ : Γ 2 = 0.

From the other products [e ; , en_i>Λ]], it follows that

λ>]-2 = 0 for jφn-^n-2.

Thus we see that the statement is proved for ra
By employing a similar method, in the case where rc = 3 the statement is

immediately proved and in the case where n = A it is proved that {λ\, λ\, λl},
A = l, 2, 3, is a solution of the system (2) of equations.
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(iii) The case where the characteristic of Φ is 3:
We first assume that τ ι>4. Apply D to [_eu e122 = 2eu and we obtain

2λ\-λl = 0 and λ['2
i+1 = 0 for

By applying D to [e3, e1 2] = 0, we have

2λl-λl = 0 and Af| = O.

From the other products {_eh ei 2], it follows that

2 λ } - ^ = 0 for jφl93.

Now let 4 = 2, 3, ••-, n —2. Apply D to QβΛ, eM+iH = 2e M + i . Then

-λk

k~
1 + 2λk

k-λk

k

+1 = 0 and Λ | ; | : H 0 for * ^ 4 - l , 4, 4 + 1.

By applying D to [>*_i, ekfk+{} = [_ek+ι, ek>k+{]= — ekfk+u w e obtain

-λkr1 + 2λk

i-λk

i

+ι = 0 and 4 ; | ί H 0 for ί=Jfc-l,* + l.

From the other products [ey, eΛ f Λ +J, it follows that

-λ* -1 + 2λ*.-λ* +1 = 0 for jφk-l,k,k + l.

Finally, apply D to [ew_i5 en-ltn~} = 2en-ltn. Then

- ^ : f + 2A;il = 0 and /l̂ Λ^ = 0 for ^ ^ - 2 , ^ - 1 .

By applying D to [ew_3, en_it J = 0, we obtain

- A ; I I + 2A;I3

1 = 0 and ^if Γ ^ O .

From the other products Qe;, ew_ijW]? it follows that
1 = 0 for jφn-l,n-3.

Hence the statement is proved for rc>4. In the case where n — 3, it is im-
mediate that {λ\, λ\} for any k = 1, 2 is a solution of the system (2) of equa-
tions.

Thus we see that in any case {λ\,λ\, ••-, λnf1} for 4 = 1, 2, ..., Λ —1 satis-
fies the system (2) of equations, and that except the two cases indicated
in the statement of the lemma

λi:ι

kt\ = O for i", 4 = 1, 2, ..., τ ι - 1 and ίφk.

LEMMA 3. Let D be a derivation of L and let j be one of the integers 2, 3,
. , n — 1. Assume that

+ ίeln for 4 = 1,2, ..., n - l .
/ = i

Then for Z = l, 2, ..., Λ - /
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n-j-l+l
UGkΛ+l— 2LJ Ak,k+l e i,i+j + l-l I * * i Ak,k+leln

i = l

and for l = n—j+l, ••-, n — 1

Dek>k+l = 0, i = l , 2, ..., n-L

PROOF. We prove the lemma by induction on I. The case where 1 = 1
is trivial. Assume that Z > 2 and that the formula holds for Dek,k+ι-i For
any λ = l, 2, ..., n — I,

Hence if 1 = 2, 3, ••-, n—j,

n-j-l+2
uek,k+l — L 2-1 Ak,k+l-l e i,i+j + l-2~\ ' * * * Ak,k + l - l e l n i ek + l-l

i = 1

i = l

If l = n-j+l,

Dek,k + l =l-^k!k + l - l e l t ι ) ek+l-l,k+lJ

iAk + l l k + l e ii+j ~^~ 'L k , k l l )
ί = 1

= 0.

If ι = n-

+ I l

= 0.

Thus the formula holds for Dek>k+ι. This completes the proof.

LEMMA 4. Lei D be a derivation of L. Assume that

/or A = l, 2, .., τι — 1.

ί/iere exists an inner derivation &dχ such that D' = D + adx has the fol-
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lowing form for ek and ek>k+i:

41

for A; = l, 2, ••-, n — 1.

PROOF, (i) The case where the characteristic of Φ is Φ 2:

We put

Then we can write

( 4 ) ]D'ek,k + ι^uk,k,v

for k = l, 2, ..., n-

We assert t h a t /4 '* + 1 = 0 for k = l, 2, ..., τ ι - 1 . In fact,

and therefore by (3)

as was asserted. Applying Π to [_eu e 2H= •• = [ e i , e w ~J = 0, we have

^*, ί 4i__Q £ o r j = l 5 2, • , n — 1

and μl? = ju™ = 0 for m — 2, 3, ••-, 71 — 1.

Assume t h a t & > 2 and t h a t we have

^} i +i = θ for Z = l , 2, ..., A — 1 and ΐ = l , 2, ..., τι — 1

T h e n by apply ing Dr t o Qe^, ek+ij— ••'—\^ek, e^_i] = 05 w e obta in

/ I X > t + 1 (\ f /™kT* 7 ί ' I I Tn I O -yj 1
/ Λ ^ V/ XVyX L iv \~ J . , rv \~ LΛ* , / U JL

a n d β ^ + ι ' k + 2 = 0 f o r 7n = A: + 2 , A + 3 , •-, n — 1 .
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Hence by induction we see that

juίi+1 = O for i, ifc = l, 2, ..., τ ι - 1 .

(ii) The case where the characteristic of Φ is 2 and n is odd:

We put

Then we can express D'ek and D'ek>k+ι in the form (4). Since

e

by making use of (3) it is immediate that

,,12 ,,23 nn-2,n-\ ,,n-l,n — Λ

Applying Z)' to [_eu e2H= =Cei, e»_J = 0, we obtain

A | " + i = 0 for i = l, 2, . . . , n-\

and ^ 3 = 0 for ττι = 2? 3, •••, n-1.

Next apply Dr to He2, β 3 ] = =[]e 2, e n _ J = 0. Then

^ / + 1 = 0 for i = l , 2, ..., π - 1

and juu=jul* = θ f o r 771 = 3 , 4 , •••, 71 — 1 .

Now, as in the proof of the first case, by induction we have

jui>i + 1 = O for ϊ, λ = l, 2, ..., τ ι - 1 .

(iii) The case where the characteristic of Φ is 2 and n is even:

Put

and write Drek and Dfek,k+ι in the form (4). Then it is immediate by (3) that

,.23 nn-Z,n-2 nn-2,n-l

If τι = 4, apply Dr to [e 1 } e2] = [e l 5 e3] = 0. Then

,Λ2 ,,34 A z/23 z/23 0
/^i — M i —U> M2 — M 3 — "
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By applying Ό' to [_e2, e3] = 0, we obtain

Since μψ = μ\2 = μlA•=§ as seen above,

jui'i + 1 = 0 for ί, A = 1,2, 3.

Now we consider the case where τ i>6. As in the previous case, we obtain

/4'<41 = 0 for A = l, 2, ..., τ ι - 3 and ί = l, 2, ..., n-1

and ^ 2 = ^2ι3=:...=/ί»-2,»-i = o for ττι^rc-2, τ ι - 1 .

As seen above, ju%zl>n = 0 and, by applying J9' to Cew_2j e»_iH = 05 we obtain
μ%z\ n = 0. Therefore

μi'i + 1 = 0 for i, A = l, 2, ..., τ ι - 1 .

Thus the proof is complete.

To prove the next lemma, we need the following multiplication tables
where/=2, 3, •••, n — 1. For rc>2/4-l,

\_βn-j-l) βn—j—l,n — l_] :==~ ^n—j — l,n — l

en-h en-2j,n-j~]= —en-2j,n-j> [_en-j-> en

\_^"n—h 6n-j,n_\ 6n-j,n >

€n-j + U en-2j + l,n-j+lj— en-2j+l,n-j+U

^w-1? ^ w - y ~ l , w - l J =~ ^w —y — 1,w — 15 L ^ ^ - l ?

all other products Qe*,, eZjί+y] = 0

For n = 2j+l,
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(5)π

l = — ey,2y,

v and all other products [_ek^ ef-,/+y] = 0.

For n = 2j,

(5W

y , 2 y l | = — βy>2y,

(5)i

and all other products [e^5 eί>f +yl| = θ.

= — e 2 ,y+ 2 ,

C n—j ,β n—j ,n_] 6n-j,ni

L ^ » — 1 > ^ w — y — 1 , » — 1 J ^ « — y

and all other products

For 7 i = ;
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(5)v

[and all other products \_ek, eiti+J2 = 0.

LEMMA 5. Let D be a derivation of L and let j be one of the integers 2, 3,
• • , n — 1. Assume that

k,k1 χ i i { i , i j \%1lH
ί = 1

for k — 1, 2, .., n — 1.

Then except the case where ra = 4, ίfee characteristic of Φ is 2 αraZ 7 = 3,

^ : U ί = 0 / ° r A = l, 2, .-., τ ι - 1 α^d ί = l, 2, -.., n - 7 .

PROOF, (i) The case where the characteristic of 0 is 7^2, 3;

As shown in the table (5),

f o r A; = l , 2, ..., n — 1 a n d ι = l , 2, •-, n — j

w h e r e α(/c, ί, j) — 0 o r 1 o r — 1 . F o r k = l, 2, ••-, n — 1, a p p l y i n g i ) t o Qe&, ektk+{}

= 2ek,k+i, we obtain

n-j _

ί = 1

ί
1 = 1

»- y

* = 1

It follows that

f o r λ = l , 2, ..., τ ι - 1 a n d i = l,2, ..., n-j.

(ii) The case where the characteristic of Φ is 2:
First we assume that 7i>27 + l. We divide the proof into several cases ac-
cording to the value of k.
k = l, 2, . . , / - 2 : By applying D to [_ek+u ek>k+1j = ek>k^u we obtain

H:i*ί = 0 for i
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From [_ek, ek>k+{} — 0, it follows t h a t

ik + i,k+j + i — o

From [_ek~2, eΛfΛ^ J = 0, it follows t h a t

}k + 2,k+j + 2 Π
Ak,k + l — U

k=j—l: By applying Z> to [>*+i, eΛ > Λ+J = e M + i , we obtain

λi:it{ = 0 for

From [_ek, e A , Λ + J = 0, it follows t h a t

F r o m Hβifeτ2, /̂fe,yfe+iH = O, i t fol lows t h a t

* = / : By applying D to [eΛ_i, eΛ>Jfe+J = eΛ,Λi.i, we have

Λjέ Xίί = 0 for Ϊ = £ A ; - 1 , A.

From QβA, eΛ>Λ^i] = 0, it follows t h a t

}k,k+j + ι π
Ak,k + ι — u

From [>2£-i, eΛ > Λ +J = 0, it follows that

A=y + 1: By applying i) to CeΛ_i, ektk+ιj = ekfk+u we obtain

4;|:{ = 0 for iφl,k-l,k.

From Qê , e^^+J = 0, it follows that

Ak,k + \ — λk,k + i~ u

From [>2.7, e Λ > Λ + J = 0, it follows t h a t

;*-I,*+/-I_Λ

k=j+2, ..., 7i—y: By applying 2) to [>Λ_i, e Λ , Λ + J = βΛfib+i we have

AJ:ί:{ = 0 for iφk-j-l,k-j9k-l,k.

From Qβ£, eΛ,Λ +J = 0, it follows that

)k-j,k—ik,k+j — o
Ak,k + ι — Ak,k + i — υ-

From [e^_2, e Λ f A + J = 0, it follows that

: By applying D to [e*_ l 3 e Λ > Λ + J = eΛ,Λ+i, we see

λi:il{ = 0 for iφk-j-l,k-j,n-j.
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From [_ek> ek>k+{] = 0, i t follows t h a t

ik-j,k — C\
λk,k + ι — υ-

From [_ek-2, e*,Λ+J = 0, it follows that

3ife-y-l»Λ-l )n-j,n — Λ

4 = 71—7 + 2, ..., Λ — 1 : By applying Z> to [eΛ_i, e ^ + i ^ e ^ + i , we have

λj;jί{ = 0 for i

From [>*, e ^ + J ^ O , it follows that

Ak,k +

From [e^_2, eΛ>Λ+i] = 0, it follows that

By a similar method we can show the assertion of the lemma in the case
71 = 27 + 1, the case n = 2j and the case 7 + l<7i<2/ respectively by using the
multiplication tables (5)π, (5) j n and (5)iV. Therefore we omit the proof for
these cases.

Now we consider the remaining case 71=7 + 1. If n = S, apply D to
[_eu ei2] = Cβ2, e2f\ = 0. Then we have

For n > 5, applying D to Qel5 ei2U = Ee«-ij e»-i,»H = 0, we obtain

} In 2ln 0
Λ12 — An-l,n — U

F r o m [ > 3 , β 2 3] = e23, •••, [β w _2, e w _3, w - 2 ] = βw_3 lM-2, i t f o l l o w s t h a t

Λ23 Λ«-3,«-2 — U

From [ew_3, en^2,n-i} = en-2,n-u it follows that

Thus in the case where the characteristic of Φ is 2, we have shown the
assertion of the lemma where the case n = A is excluded.

(iii) The case where the characteristic of Φ is 3:
First we consider the case where n>2j-\-l.
For 4 = 1, 2, ..., 7, applying JD to [eΛ, ektk+{] = 2ektk+1 we have

λί;jt{ = 0 for i

From HeA+i, ek,k+1J=— ek>k+u it follows that

3Λ + i,*+y + i π
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For 4 = / + l , . . , n—j—1, applying D to [>*, ek,k^{] = 2ektk+ι we obtain

λl>l+{ = 0 for iφk-j,k + l.

From [e^+i, e Λ f Λ J . J = —eΛ f Λ +i, it follows t h a t

For k = n-j, ..., n-1, applying D to [eΛ, ekιk+{] = 2ektk+1 we have

λi:ii{ = 0 for iφk-j.

From [>*-i, eΛ > J f e +i]= —eΛ f J b +i5 it follows t h a t

By a similar method we can show the assertion for the case n = 2j+l, the
case n — 2j, the case y + l<τι<2y and the case τι=y + l respectively by using
the tables (5)π, (5)m, (5)iV and (5)v. So we omit the proof for these cases.

LEMMA 6. Let D be a derivation of L and let j be one of the integers 2, 3,
• •-, τι — 1. Assume that for k = l, 2, ..., n — 1

if jφn-l
Dek>k + 1 =

0 if j=n-l.

If we put D/ = D + t!Σιλ
i

i'
i+JB.άei,i+j, then for jφn-1

n-j

i = l

2>'e*,*+i=*iϊ βi:ii{+1ei,i+j + ι+-
ί = 1

and for j — n — \

D'ek = D'ek,k + ι = 0, A = l , 2, ..., n-1.

PROOF. It is immediate that Ό' has the same form as that of D for ek

and ek,k+ι Therefore we put

ί = l

f o r A = l , 2, -.., re-1.
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Then we have

βk,k+j = o f o r A = ]_3 2 ? . . . , / I - ; .

In fact,

x = l

and therefore

By applying Df to [_eu e2j=---=[_eu ew_,-_J = 0, we have

{̂''•+/ = 0 for ΐ = l , 2, . . , / I - ;

and ju^^1 = jul;j+2 = 0 f o r τn = 2 , 3 , •••, n—j—1.

For m = n—j\ ..., 7i — l , apply ZX to Qβi, e w ] = 0 and we obtain

Now assume t h a t 2<k<n — j — 1 and t h a t we have

μyi+j = 0 for Z = l , 2, ••, & —1 and ι = l , 2, •••, n— j

a n d ju^J-1 = jul;J + 1=...=ju*;k+J = O f o r m = k, & + 1, ..., 7i — 1 .

Then applying ZT to [e Λ , e J f e + i ]=. .=[e j f e , ew_ y_J = 0, we have

and /i w

+ 1 '^ + y + 1 = 0 for m = k-\-2, ••-, n—j—1.

For m = n—j, ..., M — 1 , apply i ) ' to [e^, e J = 0 and we obtain

Thus we conclude t h a t

μi^i+j — Q for i = l 5 2, •., n — 1 and ι = l, 2, •••, n— j .

3. The first statement of Theorem 1

Throughout this section we assume that either the characteristic of Φ is
0, or the characteristic of Φ is p φθ and n^O (mod/?).

By our assumption on the characteristic of $, the system (2) of n — 1
equations has the nonsingular matrix of coefficients. Therefore by virtue of
Lemma 2 any derivation D of L has the following form:
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(6)

ί = l

n-2

!l l e

i = l

f o r & = 1, 2, ..., τι — 1.

LEMMA 7. Lei D 6e any derivation of L. Then there exist au a2, • ,
in Φ such that

the following form for ektk+i\

ί = l

n
u ek,k + l — 2-iAk,k + l e i , i ^ 2 * • • '

ί = 1

/or Λ = l, 25 ..., n — 1.

PROOF. By the remark preceding the lemma,

for & = 1, 2, ..., 71-1.

We now consider the following system of n — 1 equations:

Ύ- ' — ) n - 2 , n — l
n-2 Λn-1 — A7i~2>n-l

— )—)n-l>nAn-l,n

Since the matrix of coefficients of the system is nonsingular, the system has
a unique solution, which we denote by au a2, , α»-i. With these α, 's we
define Df as in the statement. Then

n-2

ί = 1
for A =
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= <{ for 4 = 2, 3, ..., rc-2,

for 4 = 7i — l .

w-2

PROOF OF THE FIRST STATEMENT OF THEOREM 1:

In the case where n = 2, the characteristic of Φ is Φ2. Therefore L is a
2-dimensional non-abelian solvable Lie algebra. It is known that L has then
no outer derivation, that is, H\L, Z,) = (0).

We therefore assume that rc>3. Let D be any derivation of L. Then
D has the form (6) for ek and ek,k+u & = 1, 2, .., n — 1. By virtue of Lemma 7,
adding an inner derivation to D, we may suppose that

;tJ;ί:ί = O for 4 = 1,2, ..., τ ι - 1 .

Owing to Lemma 4, by adding an inner derivation to D, we may furthermore
suppose that

λl'i + 1 = 0 for i, 4 = 1,2, ..., rc-1.

By making use of Lemmas 5 and 6, we can proceed by induction to conclude
that after replacing D by the sum of D and a suitable inner derivation we
have

Dek — Dekk+ι — 0 for 4 = 1, 2, •-, n — 1.

But Lemma 3 then tells us that D = 0. This shows that the first given D is
an inner derivation and we have H\L, L) = (0).

4. The second statement of Theorem 1

Throughout this section, we assume that the characteristic of Φ is p Φ 0
and that ra = 0 (modjo).

The matrix of coefficients of the system (2) of n — 1 equations is singular
but has rank n — 2. Therefore any solution of (2) is of the form:

where β is an element of Φ.
By virtue of Lemma 2 any derivation D of L has the following form for

e* and ektk^.



52 Shigeaki Tόod

(V)

Σ » & e < + Σ # ' + 1e f ,, + i + + Λi"e1, for k = l, 2, .... n - 1 .
ί = 1 t = 1

For 7i > 5,

itlei,i+i+ •" +λlnk+ιein for 4 = 1, 2, ..., 7i — 1 .

LEMMA 8. The center of L is spanned by the identity matrix e0.

PROOF. The trace of e0 is 0 and therefore e0 c L. e0 evidently belongs
to the center of L.

Conversely, suppose that

is an element of the center of L. By taking the products Qe, e J = 0, Ϊ = 1, 2,
.-., 7i — l, and by using the tables (3) and (5), we see that

λu+J' = 0 for ί = l, 2, ..., T&-; and ; = 1, 2, ..., n-1.

From |[e, βi2] = 0, it follows that

2^-A2 = 0.

For 4 = 2, 3, •••, τi — 2, it follows from [e, eΛ f Λ+J = 0 that

-λ*~1 +

From [e, ew_i, J = 0, it follows that

Thus {λ1, A2, • ,^~1} is a solution of the system (2) of equations. There-
fore we can write

with some /? e (2̂ . Hence

LEMMA 9. For any 4 = 1, 2, ..., ra — 1 , ieί D^ 6e ί/̂ e endomorphism of L
sending ek to e0 and all other elements of a basis (1) to 0. Let Dϊ2 be the endo-
morphism of L sending en to eufor k = 2, 3, •••, n and all other elements of a
basis (1) to 0. Then Dk and Dϊ2 are outer derivations of L.

PROOF. By Lemma 8 we see that Dk maps L into the center of L and L2

into (0). Hence Dk is a derivation of Z, which is outer since e0 <r L2.
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It is easy to verify that Di2 is a derivation of L. It is furthemore outer.
In fact, suppose that

/=2 ί = l

Applying D12 to ek, k = l, 2, , ^ — 1 , by (3) and (5) we obtain

^ ,ί+y = 0 for ί = l9 2, .., 7z—j and / = 1 , 2, ..., n — 1.

Hence D ^ ^ ^ ^ ' a d e , . Now apply Ώ12 to βi2, e2 3, •••, eΛ_i,n. Then we see t h a t

— ^2 = 1 and t h a t Λ2, A3, •••, ^ w - 1 satisfy the following system of equations.

(-2x2-x3 =0

(8)

The system (8) has the nonsingular matrix of coefficients and therefore it has
only the trivial solution. Hence

This contradicts the fact that — λ2 = l. Therefore D12 is outer, as was as-
serted.

LEMMA 10. Let D be a derivation of L. Assume that

' i + 1ei,i + 1+ ..+λl»eln for £ = 1,2, ..., rc-1.
i = 1

If we put

with DiS the derivations defined in Lemma 9, then

^ = ^ r + 1 ^ , f - i + + ̂  for A = l,

PROOF. By Lemma 9 we have

ί = 1 t = 1

1 = 1

ί = 1
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LEMMA 11. Let D be a derivation of L. Assume that

for A = l , 2 , ..-, τ ι - 1 .

Then there exist a2, cίz, , αw_i in φ such that

i = 2

has the following form for ek>k+ι\

n-2
for 4 = 1, 2,

PROOF. We consider the system of n — 2 equations

_ ; 2 3
— Λ 2 3

_ ; 3 4
— Λ 34

^ ΔXn-2 xn~\—An~2,n-\

„ _4_9/v —)n-l ,n
%n-2\ ^xn-\ — An-l,n-

This system has the nonsingular matrix of coefficients and therefore it has a
solution. Denote a solution of the system by <x2, α3, , ctn-\ and define D' as
in the statement. Then

n-l _

-'Σai\iei, e12j
i =2

J^12 Z ^ e i, i n-2~^ '

«-2

ί = l

D'e23 = J
ί = 2

<?23U
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— 2-JA22> e i , i + 2 i
ί = l

For i = 3, 4, ..., π,-2,

— \An-l,n i u :«-2 ^"-»- l/e«-1,» > -ZjΛw-l,»eί ,i+2 '
ί l

— 2-iAn-l,nei,i +2 π
/ = 1

Thus the proof is complete.

PROOF OF THE SECOND STATEMMENT OF THEOREM 1:

Any derivation D of L has the form (7) for ek and ektk+uk = l,2, ••-, n — \.
Put

i = l ί = 2

where α2, α3, , αn_i are the elements of Φ chosen in Lemma 11. Then by
making use of Lemmas 10 and 11 we have

+ 1e1), for * = 1, 2, ...,n-l.
i = l

Now as in the proof of the first statement of Theorem 1, we can use Lemmas
3, 4, 5 and 6 to see that D' is an inner derivation of L. Therefore in order
to see that Hι(L, L) is of dimension n, it is sufficient for us to show that
Du D2, , Az_i and D12 are linearly independent modulo the inner derivations.
Suppose that the derivation

(9) ^ ,
i=l i=2 i=1

is identically 0, where all the A's and #'s are in Φ. Applying the derivation
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(9) to ek, we obtain λk = 0 for jfc = l , 2, ..., π, — 1 . Apply the derivation (9) to

βi2. Then A — /*2 = 0. By applying the derivation (9) to e2 3, e34, •••, ew-i,«,

we see t h a t β2, β3, • • ,βn~ι satisfy the system (8) of n — 2 equations. I t

follows t h a t β2 = β3=...= βn~ι = 0. Therefore λ = 0. I t is now immediate t h a t

all the other μ's are 0. This completes the proof.

5. Remark to Theorem 1

In this section, we shall consider the three cases excluded in Theorem 1.
In the case where n = 2 and the characteristic of Φ is 2, L is a 2-dimen-

sional abelian Lie algebra. Hence dim H\L> L) = 4.
The case where n = 3 and the characteristic of Φ is 3:

By virtue of Lemma 2 we see that

ί = 1

3 for k = l,2.
ί = 1

Let Df| (resp. 2>£§) be the endomorphism of L sending eί2 (resp. e23) to e23
(resp. βi2) and all other elements of a basis (1) to 0. Then these are outer
derivations of L. With a slight modification of the reasoning in the preceding
section, we can show that any derivation of L is a linear combination of Dl9

D2, D12, D\l, D\l and an inner derivation. It is easy to see that these outer
derivations are linearly independent modulo the inner derivations. Therefore
we conclude that dimίΓ1^, i ) = 5.

The case where n = A and the characteristic of Φ is 2:
By Lemma 2 and its proof, we see that

ί = 1 i = 1

for k = l, 2, 3,

\U3i)

2

23* e
 i, i +2

Let J??| (resp. DH) be the endomorphism of L sending eί2 (resp. eM) to e34

(resp. βi2), βi3 (resp. e24> to — e 2 4 (resp. — βi3) and all the other elements of a
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basis (1) to 0. Let D\\ be the endomorphism of L sending e23 to eu and all
other elements of a basis (1) to 0. Then these are outer derivations of L.
With a slight modification of the reasoning in the preceding section, we can
show that any derivation of L is a linear combination of Du D2, D3, D12, D?f,
D\\, D\\ and an inner derivation. It is easy to see that these outer deriva-
tions are linearly independent modulo the inner derivations. Thus we con-
clude that dim H\L, £) = 7.

6. Proof of Theorem 2

We can prove Theorem 2 in a quite similar manner as in the proof of the
second statement of Theorem 1. Therefore we shall only write the outline
of the proof.

Throughout this section, let Φ be a field of arbitrary characteristic and
denote ί(n, Φ) with n^>_2 by L for the sake of simplicity.

We choose a basis of L as follows.
ek\ the (a{j) e L such that akk = l and all other aυ = 0,

for k = l, 2, ••, n.
ek,k+Γ the (ax) e L such that ak>k+ι = l and all other α/y = 0,

for k = l, 2, , n — 1 and 1 = 1, 2, ••-, n — k.
We put these elements of L in the following order:

( 1 0 ) e u ••-, en; e u , •••, en-ϊ>n; •••; e i , w _ i 5 e 2 w ; eϊn.

Then, corresponding to Lemma 1, for any derivation D of L we have

n-l

r /,* i l l H f o r * = 1, 2, •••, n9
ί = 1

k+lei,i + l ^ ' • \ Ak,k+leln
i = l

for it = l , 2, .-., 71 — 1 and / = 1, 2, ••-, n — k.

Corresponding to Lemma 2, we can show without any restriction on n and Φ
t h a t

λ\ = λl=...=λ»k for k = l,2,...,n

and ^;j[Tί = O for ί, A = l, 2, •••, Λ — 1 and ί^A.

The results corresponding to Lemmas 3, 4, 5 and 6 hold for a derivation of
L — i{n, Φ) without any restriction on n and Φ. It is to be noted that in the
proof of the result corresponding to Lemma 4 we only need to define Ό' as
follows:
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It is evident that the center of L is spanned by the identity matrix e0. We
define the derivation Dk, k = l, 2, .., n, as in Lemma 9. Corresponding to (8),
we consider the following system of n — 1 equations in n indeterminates:

xι~x2

xn~l %n An-l,n'

Then the system has a solution of the following type:

* i = 0 , ΛJ2 = < 2 2 , ••., χn = a n .

Putting

i = l ί = 2

we have

L

n-2

Now as in the proof of the second statement of Theorem 1, we see by making
use of the results corresponding to Lemmas 3, 4, 5 and 6 that Df is an inner
derivation of L and we can conclude that dim Hι(L, L) = n.
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