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Let R be a commutative ring with a unit. Then R is said to have a few
zero-divisors if the total quotient ring of R has only a finite number of max-
imal ideals. Non zero-divisors in R are said to be regular elements in R,
and an ideal 4 of R is called a regular ideal if 4 contains a regular element.
Let R have a few zero-divisors and 4 a regular ideal of R. Then it is known
that A is generated by regular elements in R®. A ring R with a few zero-
divisors is called a quasi-valuation ring if for any pair (a, b) of regular ele-
ments of R we have either eRC bR or bRCaR. Let R be a quasi-valuation
ring and M the ideal of R generated by all the non-unit regular elements in
R. Then M is the unique regular maximal ideal of R unless every regular
element is a unit in R.

In this paper we shall prove some properties of intersection of a finite
number of quasi-valuation rings. Among others we have the following result:

Let Ry, Ry, --., R, be quasi-valuation rings with the same total quotient

ring K. Then R= [j\Ri has K as the total quotient ring.

Let s be a non—tlirllit regular element in R. If there exists a polynomial
fx )=1+"§_}1h,~X "+ X™ with integer coefficients A; such that f(s) is a unit in
R, we call?(ls) a unit associated to s.

LemmA 1. Let R be a semi-local ring with a unit (not necessary Noetherian)
and let a be a non-unit regular element in R. Then there exists a unit f(a)
associated to a.

Proor. Let My, M, ..., M, be all the maximal ideals of R. Since a is
not a unit and R has the identity, there is at least one maximal ideal contain-
ing a. We denote by A4, the set of all the maximal ideals of R containing a.
If 1+a is a unit, then f(e)=1+a is a unit associated toa. If x;=1+caisnota
unit, then the set 4, of all the maximal ideals of R which contain 1+ is not
empty and 4;N\4;=¢, and moreover, 0=~ax, ¢ M; for all M;e A,\JA,. If
1+ax; is a unit, then f(a)=1+ax; is a unit associated to a.

If x;=14ax; is not a unit, then we proceed further as above. Since R
is a semi-local ring, there exists a positive integer & such that 1+ax,x;s...x,
(x;=1+ax1x2 --x;_1) is not contained in any one of maximal ideals M; (1 <i
<n). Hence f(a)=1+ax1%.---x; is a unit associated to a.

(%) cf. E. D. Davis, Overrings of commutative rings 11, Trans. Amer. Math. Soc. 110 (1964), 196-212.
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LemMma 2. Let R, and R, be two non-trivial quasi-valuation rings with
the same total quotient ring and let My, M, be the regular maximal ideals of R,
and R, respectively. Let r be a non-unit regular element in R, such that r~1 is
a non-unit regular element in R,. Then there exists a unit associated to r in
R,, and moreover for any unit f(r) associated to r in R,, we have

N-1 .
Q) e H=1+ Nhy_a'+r" is @ unit associated to r~' in R,, where
i=1
N-1 .
AX)=1+ 2 hXi+ X",
i=1
(2) N/f(r) e rRiNRy, rV/'f) e r"™"RyN R,

@) (/)N fGE) € rYRiNr VR, € My M.

Proor. Since R; is a quasi-valuation ring, R; is a semi-local ring for
i=1, 2. By Lemma 1 for r there is a unit f(r) associated to r. Let N be the
degree of f(X). Since r" is regular in the total quotient ring K and f(r)=
NG h, ') is also regular in K and it is contained in R,. Moreover, ‘f(r~1)
is not contained in M,, and so ‘f(r~') is a unit associated to r~' in R, since R,
is a quasi-valuation ring. (2) and (3) obvious.

We denote by S(R) the set of all the regular elements in a ring R and
Q(R) the total quotient ring of R.

LemMA 3. Let R, and R, be two non-trivial quasi-valuation rings with
the same total quotient ring K. Then we have the following three facts:

1) SRSS(R) (i=1,2), where R=[\R.
(2) QR)=K.

(3) For any element r in S(R,) (resp. S(R»)), rRiN M, (resp. rRyN M) con-
tains a regular element, where M, and M. are the regular maximal
ideals of Ry and R,, respectively.

Proor. First we shall show that if » is an element in R;, then there
exists a regular element r in K which is contained in R such that rx € R. In
fact, assume that x ¢ R,. Then there is a regular element a in M, such that
ax € Ry, IfacR,thenae Randax e R. Ifa¢ R, ie. a~' € M, take a unit
f(a) associated to @ in R,.

Let N be the degree of f(X). Then by Lemma 2 (a"/f(a))(a™"/'f(a 1)=r
is a regular element in K and contained in R, and moreover, rx=(a"/f(a))-
(@ /'fla D) x=(a"""/f(@)(a"/'f(a"))ax € R by Lemma 2.

Let x be an element of R. We denote by 4,(x) the annihilators of x in
R; and A(x) the annihilators in R. To prove (1) it is sufficient to see that
if Ay(x)+0, then 4(x)+0. In fact, for any y in Ai(x) there is a regular
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element r in K which is contained in R such that ry € R by the above remark.

Hence 0=£ry € A(x).

Since S(R)< S(R;) we have Q(R)C K. Hence to show (2) it suffices to
show R, Q(R). But this is immediate from the preceding remark.

To prove (8) it is sufficient to show when r is not a unit in R,, rR;N\M;
contains a regular element. If r € M,, thenre rRiN\M,. If r ¢ Ry ie. r~t € My,
then by Lemma 2 there is a unit f(r) associated to r in R,. Let N be the
degree of f(X). Then ("/fM)(r"/'fG¢~")) € rRiN M, by Lemma 2. The case
where r € R,—M,. Take a regular element 4 in M,. Then if b€ Ry, brerR;
NM,. 1Ifb¢R,ie. b~'e M, then by Lemma 2 there is a unit f(b) associated
to b in R, and bY/f(b) ¢ Ri\M,, where N is the degree of f(X). Thus
(Z)N/f(b)) re€ rle\Mz.

TueoreMm. Let Ry, R;, ---, R, be non-trivial quasi-valuation rings with the
same total quotient ring K and let M, ..., M, be reqular maximal ideals of R,

<.y Ry. Let us set R= [n\R,-. Then the following statements hold :
i=1

1) S(R)< S(R:)
@) UR=K

(8) Letr be an element in S(R;). Then rR;N\M; contains a regular ele-
ment, where M;= [\ M,.
h#1i
Proor. We shall prove the Theorem by induction on n. The case n=2
is proved in Lemma 3. We shall set R{=/\R; and M},=/\M,. Then by in-
Ve h#i,j
i+

duction assumotion we have
1Y  S(R})< S(R;) for any pair i, j such that ;.
(2) QR)=K

(3) For any regular element r in R;, rR; N\ M;; contains an element which
is regular in K.

We shall first prove:

(0) Let x be an element in R;. Then there is a regular element ¢ in K
contained in R such that cx ¢ R.

Without loss of generalities we assume x € R,. If x ¢ R] we have noth-
ing to prove. If x ¢ R, take a regular element ¢ in R; such that ax ¢ R].
By (2) a is also regular in K. Hence by (8) there is a regular element a; in
aR;\Mi;S Ri, for : >>2. Letusset 6= //a;, Wehave b ¢ M;. Moreover bx =

j=2

(//aj)x € R because a;x € R; and a; and a; € R; for any i>2 and j>>2 such
i=2
that j5~i. Now assume that b € R;. Then b € Ry\M;C R, and b answers the
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question. If b ¢ R, we have 5! € M, since b is regular in K. Take a unit
f(61) associated to 6~ in R;. Then by Lemma 2 c¢=5"/'f(8) € RiN\bR; for
any i, where N is the degree of f(X). Hence c € R. Moreover we have cx=
(bx)r; € Ri(r; € R;) for any i>>2. Since cx € R, we have cx € R. Thus the as-
sertion (0) is completely proved.

On account of the assertion (0) the proof of (1) and (2) is literally the
same as the proof of Lemma 3. (1) and (2), and will be omitted. To prove
(3) let r be an element in S(R;). Without loss of generalities we can assume
that r € M;. By (3') there is a regular element a ¢ rRi\Mi;. If a € M;, then
a € RN\ Mj and the assertion is proved. If a ¢ R;, then a '€ M,. We shall
again use Lemma 2, i.e., take a unit f(a~') associated to ' in R,. Then we
have c=(a""/fla ")) a"/'f(a)) € aRiNa 'R, SrRiN\M,. Moreover (a="/f(a™1))-
@/ f(@)=Q/ f(@)a"/'f(a)) € Mi,. Hence c e rRiN\M;. Finally assume that
e is a unit in R,. Take an arbitrary regular element b in M,, and a regular
element ¢ in bR;\Mi,. If c € Ry, then ca answers the question. If ¢ ¢ R,
i.e., c7' € My, take a unit f(c~') associated to ¢! in R;. Then we see as be-
fore the element (c"/f(c)) is contained in ¢cR,N\R, where N is the degree of
f(X). Then (c"/'f(c)) a € aRiNcR; SrRiNbR, SrRiNM,. This element is also
contained in Mi, hence contained in rR;\M;. The proof for other indices
i>>2 is the same.
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