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0. Introduction and summary. It is very difficult to obtain exact distri-
butions of most of the test statistics used in the multivariate analysis.
Therefore, some statisticians have hitherto obtained asymptotic expansion of
test criteria instead of the exact distributions. This paper is divided into
five parts and deals with the problem of asymptotic expansions of test criteria
on variances and covariances in normal populations. In Part I we compare a
modified likelihood ratio test (Bartlett [8]) with the asymptotically UMP
invariant test (Lehmann [18]) for testing homogeneity of variances of %
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normal populations under the local alternativs. Comparison of the two tests
is done by first expanding asymptotically the test statistics under the assu-
mption of local alternatives approaching the null hypothesis. Such an asym-
ptotic expansion in other problem was first used by Sugiura [24]. In our
previous paper [ 27 ], the two tests were compared under fixed alternative.
Part II deals with the asymptotic expansions of sphericity test criterion by
using the result of Part I under local alternatives and with numerical power.
Part III is concerned with multivariate Bartlett’s test, the limiting distribu-
tion of which under fixed alternative was shown to be normal by Sugiura
[23]. We shall give the asymptotic expansion in Part III. Part IV is to give
the asymptotic expansions of some test criteria for testing the equality of
two covariance matrices. Some desirable properties of the above tests were
discussed by Anderson and Das Gupta [2] and Giri [6]. Part V treats a
modified likelihood ratio test for eigenvalues and eigenvectors of covariance
matrix. The unbiasedness and the asymptotic expansion of the test criterion
will be given.

Part I. BarTLETT’S TEsT AND LEHMANN’S TEST

1. Preliminaries. Let X;i, Xjs,..., X;n, be a random sample from a normal
distribution with mean x; and variance ¢%(i=1, 2, ...,k). For testing the
hypothesis H: ¢i=--- =0} against all alternatives K : ¢?2x¢% for some ; and
j (i2¢j) with unspecified x;, the L test criterion due to Lehmann [13] is given
by

L) L= Shon{log(Sa/na)—nt Shoinslog(Ss/na},

where S;=181,(X;a—X;)* with X;=N;'2%:,X;, and n;=N;—1 with n=
2.k _n,. The M test criterion due to Bartlett [ 3], without correction factor,
is given by

(1.2) M = nlog (L& Sa/n)— Lke1nalog (Se/na)

with the same notation as above. The L (or M) test rejects the hypothesis
H, when the observed value of L(or M) is larger than a preassigned constant.

In our previous paper [27], the L test and the M test were compared
from the following points: (1) Unbiasedness (2) Limiting distribution under
local alternatives (3) Asymptotic expansion under fixed alternative. The M
test has also been investigated by many authors. (Mahalanobis [14],, Nayer
[187, Bishop and Nair [4], Nair [17], Hartley [10], Thompson and Merrington
[28], Box [57], Pearson [ 19], Harsaae [ 9], etc.) However as far as the author
is aware, Sugiura and Nagao [27] are the first ones to consider the L test.
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We could not compute the power by using (8) of our previous paper [ 27 ]
when the alternative hypothesis is near to the null hypothesis. We shall
give the asymptotic expansions of the L test and M test under specical sequ-
ences of alternatives converging to the null hypothesis with the rate of n?,
where n means the total degrees of freedom. As we have already seen in
our previous paper [ 27 ], the limiting distributions of the L (or M) are (a) no-
1

rmal for 0<6<%— (b) non-central z* for 6:—21— (c¢) «* for 6>§.

2. Asymptotic expansions of Lehmann’s test under local alternatives.

2. a. Asymptotic distribution for 5:%. Without loss of generality,

we may assume ¢2=1 under the alternative hypotheses. First we shall con-

1
sider the sequence of alternatives K, : 62 =14+n 40, (a«=1,2, ..., k). By the

fact that the statistic 7.=[(S./0%)—n.]/V2n, has asmptotically the stan-
dard normal distribution as n, tends to infinity, the statistic L is expressed
in terms of 7, T3, ---, T as

(2a1) L=—g Th10a (@) +V20 BhorV 00 (Fo— &) Tat Thoy (6 —5at DT

— (ke 00 Te)*+0y(n 70>

which was used in getting the asymptotic expansion of the L under the fixed
alternative by Sugiura and Nagao [27], where &,=1logo% and 6= %_,0.
-loge? with fixed p,=n./n. Under K,, we can rewrite the expression of L in
(2.a.1) as

1 1

1
2a2) L=-p LS 00O 02— T 0. (00—0)(0%—02) + 1 4 1o(T)

Do

L L
+ 0 (T)+n *1(T)+0,(n 2),
where, putting 0,=>%_,0.0% with §,=40,

ZO(T) = Zg=1'\/§pﬁa(0a_ 5) Ta)

@a3)  LW(T)=Yh T4 (Th WouTa)*— %m:lma(aa—ézm
1 k 2 g \2 1 k Fal 3 a
‘}‘—g—Za:lpa(@a’“@z) +?Za=10a(0a_’0)<6a—63)>

(1)=& Dher20u(0h— ) Tu— Thes 0a— D) T
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o The1pa(8a— )04 81— The1 005 —02) (82— 00).

1
From the expression of (2.a.2), we can see that the statistic n~ ¢ L’ converges

in law to the normal distribution with mean zero and variance
1
2 1

TszzzIZt=1pa(0a_6>za Where L/:L— % ’ Z’&=1pa(6a—6>z+%*n TZ%&=100¢

(6,—0)(0% —0§,), which was shown in our previous paper [ 27 ].
Now we shall derive, more precisely, the distribution of the L test. The

1 .
characteristic function of n 4 L'/r;(z;>0) is expressed as

(2.0.4) CL(t) = E[e™Dime {1 n £ 1,(T)it/c1+n 2 [1o(T)it/cs

L DG/ IO ),

By using the formulae (3.a.6) given in Section 3.a, we obtain each term of
(2.2.4). Letting a,=+v20,(0,—8)it/c; in [,(T), we have

%?Zﬁﬂa?x/\/a} +0(nh.

(2.2.5) E[eitDim] = e‘%{lﬂ

Noting 24_Vo.2.=0, we can write each expectation in (2.a.4) as

2
(2.2.6) E[h(T)ei””(T)/”]:e_%{Z'«i:la%&‘Fk_l_‘%'Zﬁﬂ V20,(0%—05)a,
1 k 2 A\2 1 13 X 3 ~ 1
+—8-— a=1pa<6a_02) +? a=10a(6a_0)(6a“63)}+0(n 2);
2.2.7) E[1y(T)eit®irz]= e“‘tz—{-;?}]’&:n/%a(@i— 0)ae— 2 %-1(00—0)ak

— By 0= )= g Ther0u0u— D04 —0)

g DheapulBh— 1) 0 | 0 ),

and

(2.2.8) ELB(T)e =7 [{0k_ a2} — N h_1y20,(0%— 02)aq
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berah 2 {E+ 14+ 5 Dho10(0u— DO )
1 k 2 2 k 2 1 ISR 0 (H2 12
+*‘8~Z a=1(6a _ 52) Za=1aa ‘l‘T LZ a=1\/0a(0a - gZ)aaf

R (RRERE K WNC R AL S RIS A)

1

-zzzzlﬁp‘mz—52>aa+k2~1+{T b1 0a(0%—85)°

g Dkt O D) 03— 09} + (bt DD ho100(03 )"

2 (=D Zhes0u0a— DO =) |+0(™ ),

1
Thus the characteristic function of n~ ¢ L'/t can be expanded asymptotica-

lly as follows:

©229) €)= e"""z‘[1+ n ‘—i{[ig—u% b 0a(6%— )

1 i — 3 __ i_t_ 3 — 2 __ _it_z
5 Dher0alOa— DO 0 — Dh-1000a— (0= 05 )

(At sl _ —5 s RUACPESIIE ST iza}
—HL(rL) } . Z{Z“:O‘gM“( z'L> “=1g2“<n> }
3
+0(n 4 ))
where the coefficients g, are given by (2.a.10).
—_ k i 1 k 4 1 k 2 A 3 q
gl—Za:l(aa—0)+ZZ«=1pa(0a_6)<aa—54)4‘@201:10‘1(‘901_02)(011 —03),

_ 1
82=

)

b+ D) D100 (O DO =05+ 5 (K= D+ 5| & The10a(03

—02)°

g Dher0e0a— DR~} + -5 (b D Thorp a0~ 0%,
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(2810) go= 2 Thoi0a(Ou—0)+ {h+1+ 1 Dhor0a(05 0"

ot DhebalOu— DO )} Thmr0u(Ou— B (0%~ 02,

a={h T L Th 0000 = D020+ 5 D000k — 02}

g ATk O0— DOE— D)},
g =t} Thr0la—DO—0),  g=Tf-

Inverting this characteristic function, we have the following theorem.

1
Turorem 2.a. Under the sequence of alternatives K,: ¢4=1+n 10, (a=
1 1
4

n n
1,2, ..., k), the distribution of the statistic L'=L— TZ{i:lpa (0,— 0)% + 5
100, —0)(02—0,) 1s expanded asymptotically as follows:

1

(2.a.11) P(L’/n%ug@:w(x)—n‘T{[(lH)+% 100 (0% — §5)°
1 «, 2\ (A3 Y
g Dher0al0a— DG~ 02 [00(5)/ 71
T hes0ulOa— D05 — 00D (x)/7] + 09() /71
_1 __3
TN g0 () /TS O ),

where t3=2Y%_0,(0,—0)* 05=2%_,0,05 with 6,=0 and 0V (x) means the
J-th derivative of the standard normal distribution function @(x).
The coeffictents g. are given by (2.a.10).

2.b. Asymptotic distribution for 6:%—. The statistic L can be rewrit-

ten as follows:
1
n

@b1) L= 3| Shorna{log(Se/na} — = {Zhornslog(Ss/n )} |
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By expressing the L with T, (=1, 2, ..., k) as in Section 2.a, we gave the
1

limiting distribution under the sequence K, : d2=1+n 260,(a¢=1,2, ..., k)

in our previous paper [27]. However we can not obtain the asymptotic ex-

pansion of the L by the same method.

Instead, we consider the distribution of y,= / e logS,/n., whichis gi-

ven by (2.b.2).

—lg, _;L—Oé‘ ~_’lﬂ_ T
(2Db.2) cu0a exp[‘/_z_ylY 2géexp<‘/n

yaﬂ, — ooy, < o0,

L -1 —
where c,= (n/2) 2 ( ”{F [%]} . Then we can express the characteristic

function of L as

2b3) €)= {ljlc Gu }gexthZ b yE— (ko V0w y) ]

ol 55 g 2

1
Under the sequence K, :0i=1+n 20, (a=1,2, ..., k), the second enpone-

>de1~--dyk.

ntial part in the above integrand is expanded asymptotically for large n as

follows:

@ba) BhoPenpy Ly, — L nh Do R T, Vet g Dhenst

1 EN, a1
g DOyt g P b 2 )4 (g DO
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Therefore we have

(2.b.5) cL(z):{ 1 cnaa;"aexp[ 907 ]}SeXpl:ltZa 1y —1t(Eh -V 0, ya)®

a=1

e Thoyt g Dhebday [{L 40T T L) 4 a7 ()

.3
+0(n" 2 )}dylmdyk,

where the functions /;( y) and /,(y) are given below.

=

—__ k 2__1_7 k —p2
<2b6> Zl(}’)— 5 Za=10a}/a \/~2— a:l\/paeaya 3\/2252 1}”11/\/0,1,

k 03 1 k 2,2 1 r Gayd
(2b7> lz(y \/? a=1\/0a0aya_*2—2a=10aya +W‘Za=1\/—
1 yc% 1,

After some calculation, the exponential part of the integrand in (2.b.5) can

be written as follows:
@b8)  —: (I y—p) L Dh0u0h A T 0u(0.— 07,
0. 2 y y 4 a=1Va a 2<1 2t) a=1VMa

where 5= (0 o) With 0s=(00s—2ityp,0,)(1—2it)", 7= (p1, .-, 74) with

=]/L§<oa—ziw)<1—zit>—l and y=(y, .-, y»). The symbol 0., denotes
Kronecker delta. Hence (2.b.5) is expressed as C.(¢:)=C,(¢) C.,(t), where

Cr,(t) and Cr,(¢) are given as follows:

(2.5.9) cL,@):{ofj1 n g3 exp] - = 2]}e b 5 Thoaoald @0 72T

[2(1' HT gy Dh-s0ae !

@b10)  Co(O)=E[l+n 2hL(y)+n 1) +0n"2)7,
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where E denotes the expectation with respect to the k-variate normal distrib-
ution with mean vector » and covariance matrix 2. So we shall first calcula-
te the first factor (2.b.9). The symmetric matrix 2 has a simple characteri-

stic root equal to 1 and (k-1)-ple root equal to (1-2it)~'. Applying Stirling’s
formula log/ (x)=logy 2z + <x —%)logx —x+ %%— 0(x~%) to the coefficient
cn, in (2.0.9), we get

-
2

L i ~
@b1L)  Cr ()= (1—2it) Zexpl:%dﬂ{l—kng (v5+ 8005+ 0%)
(L 00 00 0 0, 03
+n (18v3+ 2v2+18+3v2v3—|—9v3—1 gv2 T g

_3hy. 942, 3 4__5> =3
20))3 40V2 85 F}—*—O(n 2)9

where 6%=i—2’&=10a(6a—5)2, vp= 0k 10,0,—8)°, f=k—1and 6=k 03"

In order to calculate the second factor C;,(z), the moments with respect to

¥y« are needed.

(2.b.12) E[ yol=%a, Elyaysl=0ap+1a7s
Elydys]=0aans+20asma+7%7s,
Elydyp]1=800abapt800alalp+80apsn+ 1470
ELyéy3]=00a0pp+0aabt20%s+40usnans+ 057k + 7575
ELydy3]=600a00pmp+300a0psMa+t30aatan+60%s7a

+60p18n5+ 05518+ 787%,
ELydy81=900a00p055+90ualapt3+900al 3pMan s
+80aaanl+60%s+180% 577 3+ 90050 557%

490, 57273+ 80551305+ 739 4.

Putting aus=(0as— Vpa0s); 0ap =00z, ca=p,(0a—0)/V2and do=vp,0/V2,
we can express 0.z and 7, as 0y,s=a,s(1—2it) " +b,s and 7,=c,(1—2it)"!
+d,. Thus we obtain the following table by substituting the above ¢,z and
7. into each termin (2.b.12), which is essential in order to simplify (2.b.10).



Hisao NAGcAO

162

98 p8m g
g8 poo. g8 pdopoon 0979
Qm.euamwnuﬁ\_ummnmaﬁﬁﬂaﬁnTau& v o188 po0
hnedﬂc 9
88y 1 8288 9Py " -
mmaau@qua._‘mc@c Q%¥n+979%%q P %S.Ta.emm@dud._uum»m D°PD o
ac@mmﬁaa@ §¢ oo folat) o, s
o0 8. v D o
Pot9qPPq 4 "p"Pq¥n+"ptiq 8977q9Pp - 959°¢7?p - IpsPp*Pp o
aﬁ%@aum g0 400, o7?q o
®Q"*p
) ” mua._.mmu : RN A
Ipirgg 92877 +9p™7q Ppdotep 4 I pPotrp 4 897087g o o
90 195208 ’
IpPpPp+2pdatrg I prattg 2p¥2Pop 1 IpPoPPp 497077 o
IpPpieq 8ym 70 P2 P o i
0, B%L ki + Nv 9 AN o m
IpPp¥rq IpPpPPp4-997pPq R, o -
2
© 00 mdﬁ N
u%ma d.wm Nm~+ Nu Q N ahﬁuommﬁn_lanmo d oo Mbn&b
N 27D
[ RN N
W e " Ipdapg 4+ 4277q g 24879
N 209"D
87,0500 |
4p" o+ p?o qg 5patpg 4 2ot i
o ; 2% 3
go, o GO%H N w
0 d0 MN» D+ P q amumoaoNl_nvamm e
P79 o
Yo%p +p7p . -
: . d29P%9
%w% g4 o0 g¢ ddﬁ
g9 dd@ D AN+ q do ooy, o
Q 0,
go 00 g0 ooy
o o Pydrp #4rog
Q go UQITBNQQNSG
. nd@ m~ %Q%ﬁ@ mbﬁ%
’ dyo0g 1 dpooy
"9 +7p o u
§ o0 0 -
P9 - . m
997p +¢p?o ]
vaamu 4 m:m\bm\ QM maub
m&dm\d
go 29% QMS .
[
0 8,
go q g, -
[3 .
md@ w9}
o
2
».
| ’ (12— 1)
‘ jo 1omod
T
I
0
12198l




Table 1 (continued)

power of | \ |
(1-2it)-1 |
— 6 5 4 : 3 2 1 0
|
term | i
T , T
1 | | |
R cieg ‘l 3cicyd,+cidg : 3ctd,dg+3c,codl i Sc didy+cpdd : did,
| |
n2n% cich : 2¢%cpdg+2c,chd, | c2dbt4c,cod,dg+chdl ; 2cqd d}+2cpdid, | d?d%
T, agsc, i bggcd +3ag5cid, 3bsc d o+ 3apsc . dl, i 3bgscad? +ag.dl i bgpds,
2 | !
i el 9chcyd, +3chetd, | 0% ”i%cdgj;fd 6cacodldy+chds +3c2d,d? Sedidy+20,did, | didy
! “ :
3cic d 3cdcpdb + 9cchd,d 9c2cpd,d%+ c3d3 , |
3.3 3 8 8 8 8 8 | 2 ]2 2 73 2 3 2 J3 3 J2 3 3
s | kel om0 eedas [ e e .idld, i 9cacadsd +3ch ds dy+ 3% d, dP, 3¢, d2dS +3c,did? | d3d?
’ |
. B | uaCldy+ CuClbog | beoctd, +2aa,,cﬁd dg+2bgqcqcqd, 2b,.c5d.d, .
e neetels | hlded; Caucid s be,dy, | beadhda
i |
N ) @ossd s+ bapcic, bapclds+2005c,dody+2bagccpd, | 2c,d, dﬁbaﬁ+aaﬂd dy | .
Gap?as @apCaCp ' +2,5CaCyd, +UapCad2 +bopeod? ‘t bagdid,
| 2 2 |
9 2 aaabaﬁcﬁ + aaﬁbaacﬁ banbaﬁcﬁ + 2aaabaﬁcﬁdﬁ 2bat¥brxﬁcﬁdﬁ +aaaba3d ! 2
TaaTasls GaallasCs ’ + 20000a5Cpds E + 205D 00Cpd s+ Qanlapd’ +opbaadd : bacbasdy
|
2 2 | algcedstadadacy ! a5 dodg+2a,5b,p¢,d, 2aaﬁb ododg+bi,c.ds | 4,
TasTale GasCaCs | +2aaﬁb 4CaCsp | +200pbagCpdat b3 5CaCs +b%5C5da E Pasdeds
| | |
U @basch + agsh st bagh 20,17 d. DeasbssCalatbaptppds |
2 2 380apCa t QaplpsCa ap BBC +2045045C 2bapbgsCalatbapody | 2
0040357 QaplpsCy i %500 d, } 1gb psCale +aa9aﬁﬁd4zz T b gy d> : begbssd
Il I}
| |
baaCaC® +3000Cectdy | 3bpaCachds+bogcdd, 3¢3buedods+ 3banCacsd? 3b cdd+b cody |
3 3 aa B aa s%s aabat ptp aal g BYaa B aa B8 aalp aa B 3
TalaTls GaaCaCl +amcﬁda i+3a,mcﬁd g+ 30uaCocd? +340Cpd o dY +a,mcadﬁ +0ped d% ‘: baadod}
' |
baocdcg+3agcdcyd, | 3byuciepd, +bgyedd 3bgsct dody+3bgsccpdl 3bgscadidyt-byseedd |
3 3 58CaCp 88CaCpla | 56CaCp 58Ca Qs 56 ] 88CaCp 86 5 0ppCs 3
TesTale R +agpcidy :+3awc d dﬂ+3a,,ﬁc cpdl +3agc,ds dﬁ+awcﬁd +a58da " ; bagdids
|
| 2b,pctcpdy+2b 4 aC %d, ) 2 |
3.3 2 3 | C2chbagt 20,52 cﬁdﬁ apCacp p T Elal oot dly+4bascaCpdady+bopchdy | 2bg5c,d, d%+2b,pc,d2ds | 5o go
Taslals FasCals +2a05CaChdy if;zﬂ;cdcigajgcﬂ “ +2005Cadod} +20agcds dy +aa8dadﬁ | dadibes
@ |
! baabpsCaCstCaabpsCals+@aabspcsdal baabssCads+baabssceds |
i a:xlbeﬁc Cﬂ+aﬁﬂbaac Cﬁ aaVpplabp aaV gt at®p aaVpplpY a aa’ppbap aaVppbl g a |
TaaT8p7a”s CaCplaalpy | +aﬂﬁbaacad8+aﬁﬁ @aCpla +aa0pp0alp | baabgpdads
l+aaaaﬁﬁc «pt CaallppCpde + Qoutppdad, 4 @pbeadady 1
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Put £s=21%_,(0,—06)". Then by using Table 1 and > %_,Vp,c,=0, we ob-
tain the following formulae, which are also applied to the M test in the latter
section.

@b13)  E(Sh-wpi0hyo) = ¢2(u3+20v2)(1 2it) ! 4 (00, 4 09),
@b14)  E(Thowp,0hya) = (vat 8va+ 307 (1—2it)
\/~(0»3+35 v+ 64,
(2.b.15) E(S%_ aya)——<u3+6w>(1 2it)~?
{0+ Gt G- DB} A-2it) " 045,
@D16)  E(Tha0hyd) = 5 (at20vs 8) (1-2it) >+ {00 + 20,

+82+208: —vo + (k—1)0%} (1-2it) _1+_;_(52+2)(V2+52)>

(2.b.17) (S h_\p 0% ya)? 2%(1)3-}—251)2)2(1—2%)_2—{- (Bv2v5+20%v3

72.,2
+53p3+254»2+»4+45v3+452p2—»§>(1—2it)—1+£§”£
6
0t g+ 20+ 040,
@b.18)  E(Shoiyi/Npl) = \/4»3(1 2it) 4+ 2(& Iv: )(1—2it)
1 .
2 (k—1)§(1—2it 36 +-—-10°
=10 —2it) + (30 +5-0),

@b19)  B(Theleyd/Noo) =g g Cat 002+ S (5400,

1 6 . 3 N
+T€V3 —I——*z—l)z )(1 —21t>_2+7?{5C1 + (k—l)@z-l- Vs

+572»2}<1—2it>~1+ 7%(362+~52:>,
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- 1 .
(2b20)  E(TE 100yt bW 0k v =55 (s 092) (04 +2092) (L —2it)
1 3 g
Bt G GBI i g | 20004208
5, g . 1 5
+1)@2+702y2+7—2»2]}(1~21@—2+ ﬁ{ayg ?+3)
Ly +2) + 20+ b+ DI+ 00T+ (= D+ 607 (- 2it)
e 5
+ﬁ(vz+02)<3+vz‘>,
@D2D) Bk, y4/00)= 5 vs(1— 21t + (94— 8v, +80) (1—2i)°
1 ~9 ~ TEN—-2 2
+3{(70 ~|—1>uz+25C1+p-—2k+1}(1—21t) +8(k—1)(02+2)
34
°(1_2it)_1+T+352+3’
(2b.22)  E(Dhosfyd =45+ 052)* A= 210) + {204t vil 00+ Lot (4 0]
52 A2 +\—3 1 52
+ o[ (0% —2)y,+ (k+1)0 +C15]} (1 —2it)* + {ﬁps(—2~e +5>
+»2[<52+2)»2+%~54+2515+(2k+3)52—4]+c%+2(k+1)9c1

(=184 285 (L= 26) 2 o+ {2 (04855 +-4)+ (b= 1)7" +€,0°

6
—l—2(lc—1)62—|—2C15}(1—2it)‘1 +%+354+352’

25.28)  E(Thoryd/Nou Dhenloathye) =~ 0+ 20 (1—2it) + {54
3
+»3(5T+ Iv2+30+ 5 ¢ )+ uz[—}(az_n»ﬁsacl]}(1—2&)—3

3 3 3 3
+ {5+ Dovs+ »Z[Twz + 2y kg0 52kt B)0
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3 3 L (o
g 0C =3k [+ G861+ 80 (1—2i) P+ {0 +6)vs
94
‘}‘Vzl: 5T 2 (k+1)5%+3(k— 1)]

§5—2(k 1)(0° +2>}(1 2it) "1+ (vg+ 6

+3),

2b.24)  E(XCho1y3/Noo X tio10ayd) =ms(1—2it) " +m,(1—2it)*
+m3(1—2it) 3+ my(1—2it) 2+ my (1 —2it) ! + m,,

where the coefficients m, are given as follows:

) 1 5 1
ms= gy s+ 0v2), ms :ﬁ{sw + v{T@»er —5~(k+5) 5+2cl}

oGt S,

_ 1yl s 1 . 3 52
mg—\/—z——{us[ 0+ 5 (3k+16)a]+»2[ (0% +2)v, +3(k+1)8

(2.5.25)

g 6(k+2) |+ 8L+ 126, +3Gk+3)08 |,

{ 1 v3(6°+60) + o[ 0% +3(k+3)0% + 6(k+ 1) ]+ 34> — 1) 52

1210 +3(k+4)cla}

II

ol w|1“ “”“ 311“

{ ( 5 +662+6>+2(k—1)54+-;-Clé3+12(k—1)52+3€;15},

|I

(JZ— +50"4157°),

(20.26)  E(Sh_yy3/Now)?=pe(1—2it) =5+ ps(1—2it) =5+ p,(1—2it)~*

+pa(1—2it) "+ pa(1—2it) >+ py (1 —21t) " + po,
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where: the coefficients p, are given as follows:

1 3

P6:__8_y§, ps= —4—{3))4—{—))3(51)2‘1’2C1)_3V%},

pi=g A4Ch+ B)vs-+ vaLv2(80° +6)+ 126,5 — 24(k+2)] + 1263 44853},
1

p3= Ty;g(gs +66)

(2.b.27) +~£2)—u2(/c +1)(0%+2)+9(k+3)8:6—9k*—18k+12+ 155,

= (0 120712 4y (=104 £10°+9%,04+9( — 1),

= —g—(k—l)(54+1252+12), Po= %5% %54 +42ﬁ552+15-

Thus, by the above formulae, second factor C;,(¢) is given by

__1
(2b28) G ()=1+n 2 {—%(1—2%)‘3—{—<—é—él—%u3>(l—2it)‘z
g . g 5
(G gve— g G2 gt g b Dhg

3

-(1—=2it)"*+0(n ?),

where the coefficients g, (@=0,1,2, ..., 6) are given by

1 1 1 1 1
g12=2?8‘1)§, 810= EV4+ 2—4511)3—4—8”%—1—6”%,

13 7 0 1 5 1
go=—gg >+ o gg % T 5 G ) H g (D
1 1 7 1 [} 3 g°
+’8 ¢4 2 Lo &6=79 V4_V3< 3 y3+ 12 Vo — ) C1— 36

g 3 7] 3 1 1 1
SR DR r S R SR e N
5
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3 1 g ° 3 1 *
2029)  gi= vty gt g gg g 00 )tn (g L)

53
5 @B Gt g Tt D 22—,

3 ] g 8 . 1 (2 _
='4—V4+ Vg(TVz-l— 74‘70)-1— Vz[%(ﬂz—g)-l—j’{?gd‘-l—&?z
~ 1 g° ]
=0 +2(k+1)}]—TCz—C1<T+T>a
] g2 1 g* 38 1 . 3., 1
gOZTle-I-Vz{Vz(?'F 4 >+ 6 +-—5 5 g2 } ﬁg —l-?g +T.
Multiplying the two factors (2.b.11), (2.b.28) together and arranging the ter-

ms according to the power of (1—2it)~?, we can get the asymptotic formula
for the characteristic function of L under K, as

f 1
@b30)  C:()=0-2it) Texp| gy ZI;t)aL][ TS

5

+< 2 S y3)(1 2it)~ +< ;3 + §21“)(1—2it)_1

R »2}+n—1 2=0h2a(1—2it)‘“+0(n__§)},
where
h12=g123 h1o=g1o, hszgs,

7 11 ] 3 ] 3 ]
ho= g2y qguot g g G )l gn G

3 1 5 Kk s
B R B e e o e L

3 5 3 3. 5 g*
(2b.31) hy= — 4 Vs +v3(ﬁv3 +T5v2 —TG—ﬁQ)—I— Vz{ ?—]-1)1)2

1 ] 5 1
— g @k +8)— g i} g LI

_2_5>$
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T IR T PRE TS (. D0

3 , @ 1 1 4
O R e G e

3 10 i 1
ho= —g vt v ggvs + g v 0) g A +Dr—60% +—5-(1— ).

Inverting this characteristic function, we conclude the following
theorem:
_L
TuroreMm 2.b. Under the sequence of alternatives K,: oc2=1+n 20,

(a=1,2, ..., k), the asymptotic expansion of the L test given by (1.1) can be

expressed as

20.32)  P(L<x)=P(X(0})<x) — {T”g—ch§+6<6%)gx)
(5 g9 PG D<) +(gvs + v 5
Pl (09) <)~ (v + g 02 ) PH0D) <)}

_3
+ n_lzg=oh2ap(x%+za(6%)_<_x) +0(n 2),
where the symbol z2(0%) means the non-central x* variate with f=k—1 degrees
. 1 .
of freedom and noncentrality parameter 6%=Tvz. The coefficients hy, (=0,

1,2, ..., 6) are given by (2.b.31) with vg=72 %100 (00a—0)7, Cs=2k_1(0,—0)",
0=2%10.00 and 6=21k_10a"

2.c. Asymptotic distribution for d=1. We shall give the asymptotic
expansion of the statistic L by the same method as in 2.b. under K,.: %=1
+n7t0, (=1, 2, ..., k). The characteristic function of L is given by (2.b.3).
Under K., the expansion of the exponential part corresponding to (2.b.4) is
given by

a 9" 1
(2.c.1) Z§=12n7-‘zleXp[}/ni%z]=TZI& Ea‘ \/2 Za 1VoaYa+ 5 2 2bo1yh

a
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_1, 1 L -
[ k - _ k
FnH(ayg Doy, g Bherbutere)

1 s 1 , _3
which yields the characteristic function under K,: o2=1-+n"16,

@2, .., k):

k

2.c2)  Cu)= {

e LaNomy e |57 14 ‘%i §
en. o exp| — g5 [} @) ¥ 121 E [ 14" (5 2k

where 3= (0,4) With 0,5=(0.s—2itVp,0,)(1—2it)"! and E denotes the expec-
tation with respect to the k-variate normal distribution with mean zeroand
covariance matrix ~. Here we have the same covariance matrix as under
K; but different mean vector.

Now applying Stirling’s formula to the first factor of Cz(¢),
we get

—1

(2.¢.3) {fjl Cu, T2 exp[——z%]} @m) T3 F =1 2it)“’5[1 -t

-<3y2+352+25)+0(n~2>].

Since all product moments of odd degree from normal population with mean
zero vanish, we can see that the terms of order »~'? and »~%? of the expect-

ation part in (2.c.2) are zero. So putting 7,=0 and 0.5=(0as—2itVp,0,) A
—2it)~! in (2.b.12), we can easily get the following formulae with the same
notations as in Section 2.b.

E(410.y8)= {(k_1)5+C1}(1—-2it)”1 44,
Bk eilpafaya) =va(1—2it)  +3%

(2.cd)  E(Xhoiyi/0.)=(36—6k+8)(1—2it)"*+6(k—1)(1—2it)*+3,
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E(Xh-N0 00 ya ey yd/N0w) =88, (1—2it) *+3(k—1)d(1—2it) " +37,
E(h o1 y8/Np)?=(—9k* =18k +12+15p5) (1 —2it) *+9(k*— D (1

—2it) *+18(k—1)(1 —2it) 1 +15.
Thus the expectation part in (2.c.2) is given by

2.¢.5) 1—|—n“l[—le(Skz—l—G/c—zl—w)(l—2it)’3—i——i—(kz—l—Zk—Z—ﬁ—ZCl)(l
N NI Jpge; -2
—20t) Ty (o 2L (A 20t) 4y (30 +2)]+0(n, ).

Multiplying (2.c.3) to (2.c.5), we obtain the asymptotic formula for the char-
acteristic function (2.c.2) under K, as follows:

(2.c.6) CL(t):(1—2it)__£[1+n‘l{%(55—3k2—6k+4)(1—2it)”3
+%(k2+2k—2—5—2(1)(1—2it)‘2 +711—(»z+2cl)(1—2it)-1
1
—ﬁ(gvﬁzﬁ—z)} +0<n~2)].

Inverting this characteristic function, we conclude the following theorem:
THEOREM 2.c.  Under the sequence of alternatives K,: 62=1-+n"10,
(@=1, 2, ..., k), the distribution of the L test can be expanded asymptotically

with fixed po=n./n(a=1,2, ..., k) as

-1
@eT)  P(L<x)=P(#}<x)+ 7g {(50— 8k —6k+4) P(x},s<x)
Bk 46k —6— 30— 68,) P, 4 <)+ (Buz 4 681) P2, , <)

+(2-25—3v) P(3<x)} +0(n"?),

where f=k—1 and v,= 3k 10,(0.—0)% C1=2%_1(0,—0) with §=3%_,
0aba and §=21%_,0a".
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8. Asymptotic expansions of Bartlett’s test under local alternatives.
3.a. Asymptotic distribution for 6=1/4. Using the correction
factor c=1—(2k_nz'—n"")/3(k—1), we can rewrite (1.2) as

3.a.1) cM=mlog X} t_,S./m— 2 k_1mogS./ma,

where mo=cng,, m= 2 %_m,. As in the Ltest, we may assume ¢?=1 under the
alternative hypotheses. Consider the sequence of alternatives K,: 62 =1

4 0um T (@=1,2, .., k). By the well-known result that U, —[(S./02)—m]

/N2m, has asymptotically the standard normal distribution as m, tends to

infinity, the statistic ¢M is expressed in terms of Uy, Us, ..., U, as

1
382  cM=mlogi—&) +mZ Yk V3. (5u—1) U+t Yh_ U2

—(DEVpus Ua)?+0, (m”E),

which was given in deriving the asymptotic expansion of the ¢M under the
fixed alternative in our previous paper [27], where 6=7%_,0.0%,
F=2%_10.logo%, v,=0%/5.
1
Now we can give the expression of ¢M in (3.a.2) under K,: ¢3=1+m ¢
O.(ax=1,2, ..., k) as

1

m2
2

,,4,_‘

m

(8.a.3) cM= (6,— 6% — 3 (53—53)+m_‘%qo(U)+91(U)+m~_‘1_92(U>

+0,(m ™),
where the coefficients ¢o(U), ¢:(U) and ¢,(U) are given by
qo(U) =2 t-1V 20, (02— 0) U,
(3.a.4) G(U) =24 UE—(Zh_ Vo, U)?— 0% _1N20,(0.—0) U,

1
+T(94 - 54))
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QZ(U): g §=1vm(6a_6) Ua_221&=1\/(_);[]a21&=1\/0;a(0a_6) U.

1
——5~(55—55).

1 1
From the expression of (3.2.3), we can easily see that m™ ¢ M'=m ™ +¢ {cM

L 1
2

—% (0,—0%) + %i Y (-0 3)}converges in law to the normal distribution with

mean zero and variance t3,=23%_,0.(0,—6)% which was shown in Sugiura

and Nagao[27]. Further we shall give the asymptotic expansion of the M

1
test. The characteristic function of m™ 4 M'/cy is given by

(3.2.5) cM@y:E[aWMWhM{l+qn“%qu)n/nw+nf“%ﬂp<UﬁQ&M

+u%iq§(U)ﬁt/fM){ﬂ}-FO(mf%%)

We state the following formulae which were used to obtain the asymptotic
expansion of the M test under the fixed alternative in Sugiura and Nagao

re7.

E[etUa]:e‘;lil + mg;%{d?d Oal —l—%ﬁ }]+0<m_1)’

2 _1
E[UueV]=¢2t+0(m  2),
2 1
(3.0.6)  E[U3eV=]=e 2 (124+1) +0(m 2),
E[Uie" =7 (1 +80) +0(m™ %),

1

E[UteVa]=e 2 (+*+6624+8)+0(m™ %),

where 4 :%(n —m). The above formulae corresponding to T, are obtained

by putting 4=0, which were used in Section 2.a. Setting b,=+v204
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«(0—0)it/7y in qo(U), we easily have
B.a.7) E[e“"“(U)’“"]:e—_;—[l—]-m “%*/—; Sho, b&/x/&]w(m—l),
328  E[q () emfowwwjze‘%[ bbb k—1—0 k2. (Ou—B)ba
1 \ 1
oy B9 |0,
(B89)  ELquU)e s ®m]=e t I Nh 25,00~ Dbe— (55— 0%}
1
+0@m”™ 2),
3.2.10)  E[q3(U) e a®ima] :e‘_é[ (Db 1b2} 2 — 2054 V2pa (00— B)b

£=1b%¢+2{k+1+%(54—54)} b b%+20°

AT hepaOum Db} —20{k+ 14 (5= Y]

k20, (00— Dbo+E*—14+20°T k10,

N 1. 1 "
(0= 00+ 15 (F— 09+ 5 (=D (3,—1" |
L
+0(m™ 2).
Thus the characteristic function of m—%M’/rM can be expanded asymptoti-
cally as

Ball)  Cu() :e“é“z[um‘%{[k—u%(m —54)?—13— de3, (it oa)?

M

1
+Z']2w(it/TM)3}—m 2 {Zi=0g2a+1<it/fM)2a+l

— Do gaalit/e)*} [+ 0007 ),
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where

1 N 1 1 . 1 o
g1="5 (O:=0%), go=5(k*=1) + 550~ +—(k—1)(6,— 0%
3 72..2 1 1. 4 2 4 k 7)3
(3.2.12) + 5 0%k, ggzo{k+1+ 1 (m—é)}w— 3 2b10a(0a—0)°

N 1 4 9 ‘ 52 x T]\}
g4={k+1+7f(54—5)}w+77}‘m gs=0tl, 8="5 -

Inverting this characteristic function, we have the following theorem:

1
TuroreMm 3.a. Under the sequence of alternatives K,: 62=1+m" 40,

L 1
m 2 m 4

(@=1,2, ..., k), the distribution of the statistic M'=c M—=4 (8:— %) +7g
(65— 0%) 18 expanded asymptotically for large m=cn with ¢=1—(3%_,

‘nzt—nY)/3(k—1) as

1
4

8a13) Pln T M /ry<x)=0(x) —m {[k—l+%(54—54)]a><1)<x)/m
_1_5@(2)(96)_1_?;41@(3)(96)}+m“‘§”zg=lga@<a)(x)/1.]o&

+0(m~1),

where 3, =23 %_10,(0.—0)* and the coefficients g, are given by (3.a.12).
3.b. Asymptotic distribution for 6:%. In Sugiura and Nagao [27], we

obtained the limiting distribution of the statistic M by the method in 3.a, by
which, however, we could not obtain the asymptotic expansion of M by the

same method.

2“(10g5a/ma—10g‘63) (=1, 2, ..., k), which has asy-

So we put Y, =]/

mptotically normal distribution with mean zero and variance 1.

Then we can express (3.a.1) in terms of the statistics Y, («=1,2,...,k) under

1
K,:0%=14+m 20,(a=1,2, ..., k) as follows :
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L
2

Bbl) cM=qy(Y)+m 2q(Y)+0,(m™Y),

where

40 ()= Dhor Vet 00— {2hes (Vo Vet Jgoati )},

@b gu(V) = Db (Y et p 0= Va2, Vo)~ Zhos V25, Yo+ 0u80)

S— 1 S
Dby (YE+ V20,00 Yo) + 5 {55120, Yot 0602}

—*%Z’&ﬂ m(;/% Yo+ 6a>3.

Thus we can give the characteristic function of ¢M as (3.b.3).
B 1
(3.0.3) CM(t)zELeitq°<Y>{l+ m 2 itgl(Y)}]—l—O(m’l).

In order to calculate (8.b.3), we require the distribution of

Za= ]/_”2"_“10g5a/ma, which is given by

(3.b.4) c,’,,ucfa’”“‘““exp[l/ May 4 Aa/ 2 gexp / iza}
2 My a My

_°°<za<ooa

2 2
note that the distributions (2.b.2) and (3.b.4) are the same when 4,=0.

where c,’,,a:< m“)%('”“_”““{r[ﬂqu Aa]}_l and 4, Z%(na—ma). We shall

Thus we can rewrite ¢o(Y) and ¢,(Y) in terms of z, («=1, 2, ..., k) under

K,. Then we have

-1
m 2

(Bb5)  g5() = Thorzt — (Thor ooz’ + g AThor0,0%2

- Z’&=1\/Ezazlfx=10a0§} +0(m™),

(3b6) i) =T Thor(g7h— g Voudhza)~ Th-iVZpara Thoo(5h
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0 22

1
— 508 )+ T2 (T heipaza O 2,

Hence the expected value E[*©®)7] is given by

., k . o
(8b.7)  E[el]= { I ¢}, a;f"«-“a}gexp [itZ’;@:lz%—lt(Z’&:n/paza)z
a=1

L
2

m _
+-\/:2‘* it{204- 1\/0a0aza Zlé:lpaagzgﬂ\/paza}

+0(m_1):|eXpL gz:l }/*maza_k th:lda]/*z Ra
2 Me
Z’;é:l%gexp ‘/_n%za]dzl- .dzp.

1
Under K,: 62=14+m 20, (a=1, 2, ..., k), the second exponential part in the
above integrand is expanded asymptotically for large m as (3.b.8).

1 vm
za:—z_zlé \/;Za 1\/paza+ 2 Za 1Za

(3.1.8)

1 — 11 -
_\/_E—Zﬁ=1\/pa0aza+m z(ﬁZ}&:l\/paﬁﬁza

Thus we can rewrite (3.b.7) as follows:
., k m .
@09)  ELews)={ [T o), gameexp| — g% || fexp| it T2
a=1 0«
: k — 2 1 k 2 1 k —
_1t<Z a=1\/paza> _“_2_2 a=1%a +\/72‘Z a=1 \/Odeaza:!
{1+m 2(\/2Za 1\/pa0aza \/2 Za 1\/0a aZa lpaaz
1 1

+'2‘Zl&=16az%z -

\/
V2 AT paze) F O D} dr - d,
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where 4 = %(n—m). Since the exponential part of the integrand in (3.b.9)

is the same as in the case of L, we can express, with the same notations as

in Section 2.b.

1 1 it
(3b.10)  —5(Gz—n) I a—p) +— Lhroabit 2(Tl_~2i—t)2f;=loa(0a —0)%

Hence we can put E[ !4 =E(¢t)Ex(t), where

. Mo 1., ) EoL
(BD1D)  B={ 11 choam 2 exp| — gt |lexp| 4 Tho0.0% [27) 2|3

-exp[m%tzm ko, oa(ﬁa—ﬁ)z}

1t _ it _
(3.0.12) Ez(t)zE{l—i—m 2(j—fzzﬂx/paeaza~\/i7—zﬁ=1¢pazazz=maea

1 1 .
+—2—Zf§ 10222 —\/—?Zfz:l\/paﬁgza—?)\/fzaﬂ:/p—a’

2o Vpze )+ O}

The symbol E in (8.b.12) denotes the expectation of (zi, ..., z;) with respect to

the k-variate normal distribution with mean 7 and covariance matrix 5.

4
Since | 2| 2 T =(1—2it) 2, the first factor (8.b.11) is calculated as follows:

(3.0.13) (1~2it)“£_exp{(l 21;1*5) ]{l—i—m_%( 5 V3+0vz+~3— —Aa)
+o(m b},
1

where 04 = 215100, —0), ve=21k 10.(0,—0)", f=k—1land §=3%_,
4

*0404. The first term in (8.b.13) shows that ¢M is asymptotically non-central

x® with f degrees of freedom and the noncentrality parameter 6% under K,
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which is well-known. By using (2.b.13), (2.b.15), (2.b.18) and
(3.b.14) E(Zﬁ:l\/aZa):J%‘g)
we can obtain the expectation in (3.b.12) as follows.

1

_.1 1 . 1 .
(3b15) 1+4m 2{——lé—uga-zltys+<—4—»3—?c1)<1—21t>-2

1 1 5
+< 5t »3)1 2it) " ——4va—Iva— g +Aé}+0(m‘1),

where £s=>%_,(0,—0)". Thus, multiplying (8.b.13) with (8.b.15), we have

v 1
(31.16)  E[eit0] = (1—2it) 2 exp[ a 22tlt) }[l-{—m 2 {—%32‘(1—2%)4

(25 Ya-it) e (s Y12ty
tpa) +0(m™) |

Also we have

BbIT)  Elitgl(2)e ] =E [gi(z)]+0(m” ©),

where the expectation in the left is under the distribution (3.b.4) and the ex-
pectation in the right is under the normal distribution with mean 5 and co-
variance 3. Using Table 1, we can easily get the following formulae:

(3.0.18) E(Z’&ﬂz?zZ’Zz:l\/b—aza):%51}2(1—2%)‘2+-—4(k 1)a(1 —2it)*

3

NE I
v2

3
+2\/~2—5 ,

™

(8019)  B(Thosipeze)’ = gty s

By using (2.b.13), (2.b.18) and the above formulae, we have

_f
(3.0.20)  E[itg](2)el ™6™ ] =(1—2it)” 2 exp[ a 21;”.1,0 aﬂ{%ysa —2it)~3
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1 1 . 1 0 1
+(—2_C1 127 >(1_21t)ﬁ2 —<—4‘vs+ o V2t —2—C1>
il 1
.(1——21t)_1 +%+—g‘l)2+0<m 2)}

Hence the characteristic function of ¢M under the sequence of alternatives

1
K, :04=14+m 20, (a=1,2,...,k)is given by

__f i 1
3b21)  Cu(t)=(1—2it) 2 exp[%t—afw ][1 w2 {%—m(l —9it)-2
(B (120t g +%pz} —I—O(m_l)].

Inverting this characteristic function, we have the following theorem:
1
TureoreM 3.b. Under the sequence of alternatives K,: 62=1+m 20, (a=

1,2, ..., k), the asymptotic expansion of the M test given by (3.a.1) can be expr-

essed as follows:

(3522)  PM<n)=P(ON<0tm ¢ {5 Pl 33

— %+%»2)P<x;+2<a%w>gx>+(—”;-+a—’;i)p@;(a%w)gx)}

+0(m1),

where 03 2—1—2’&=10a(0a—5)2 and c=1—(Sh_nat—n " Y)/3(k—1), m=cn

and Ypg= ZZ=10a<6a - 5>B

3. c. Asymptotic distribution for 6=1. In this section, we shall give the
asymptotic expansion of the M test under the sequence of alternatives K.:
03=14+m™10, (a=1, 2, ..., k). By the method used in Section 3.a, we can not
get the asymptotic expansion though we can get the limiting distribution as
in Sugiura and Nagao [27].
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SinceS, has 0%xZ , the characteristic function of ¢M is given by

"‘(1 2it)+dos—1

Bel)  Cu=K|(Th,S. )Wns exp| — 2i2]d5

where 4, :%(na—ma) and the coefficient K is given by

(3.c2) K= {Hr[ 52+ 4o Jz‘z da ’"“”““}_1< 1 ma’”>m

a=]

Since 64=1+m"'0, (=1, 2, ..., k), we can put 6z2=1—m™*4,
(=1, 2, ..., k), where

(3.c.3) Apg=0,—m 0%+ m™260%+0(m™?).

Thus we have

Ma(l 2i6)+dg—1 S A,
Bed)  Cn@=K|(ThorS)™ 11 5. exp| —57 4525, |dS.

k
HA’“ -5k,

“KZi Dt (s
AL te

k mau 210)+ 1+ de—1 1

I_I exp[—TSa]dSa,

where the range of summation is [,=0,1,2, ... (=1, 2,...,k).
By the reproductive property of x? distributions, we can rewrite the above
integral, obtaining

_ ]___[a ]_A 5 1la k RUT .
(3¢5  Cu=KT1, uqpi ,(zm) {} 1r[ L (1—21t)+la+4d}}

M >k -
oo z+Za=1l“+" 1

T a—2ity+ Sholara]t (s
2

0

:K.thz,k-ﬁkg;l—:—<2m) : {anr[ 2“(1—21t)+la+da]}
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M5+ Dhola +4]

Fl:%(l—Zit)—F Sheile +A}

k
2Lzl+2a=lla+4

b

where 4 =%(n —m). Putting

8.c6) =111 Fl:%‘f(l—2it)+da] F[%+ A] m~iom ﬁ[ mitme,
o[ Besa ] rlpa-zined)

and

5 1 5
8.e.M C,(t)= {al;llda'”“‘z"“} DIFREED I magl(fla/m)"’

My

. r[ 2 (1-2it)+la—|—4a] r[%(l—2it)+4]r[%+ Z’a=lla+4]

o r[—”zﬁa—zmwa] r[%a_zimzz=1za+a]r[%+4}

we have Cy(t)=C1(2)Cy(¢). The first factor Ci(¢) gives the characteristic fun-
ction of ¢cM under the hypothesis, which can be expanded asymptotically with
fixed po=m./m (@=1, 2, ..., k) (Anderson [1]) as

(3.c.8) 11— 2it)—_£[1 +m Y1 —k)4*{1—2it) *—1} ]+ 0(m?),
where f=Fk—1.

k
Under K,: c2=1+m7'0, (a=1, 2, ..., k), the term [] o524«
a=1

is given by
@) exp| — 5 tm (S a0)—m (gl )0 |

where 5= %_,0,05 with §,=0. To calculate the summation terms in (8.c.
7), we shall use the following abbreviated notations.
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a1<l):Zfl=1la3 aZ(Z):ZZ=1(la)2+ ;ﬁgﬁalﬁy
a3(l):ZZ=1(ZOL>3+3Z(Z&)2ZB+Z lalﬁ'l'n
axp alhy

(3.¢.10)

€)= Thori BT, Uullade+4 T (il
axe a5h
+6 2 Ua)elely+ 20 lalglyls,
axi By axfRyas
5:(0= Zhor g (s BsD= Thor (Ut 5 (el
Bul)= 21k (la)4 + Z (la)Z(ZB)Z +2 Z (la)slﬁ

lo)alsl,,
+ae§ee~/0 Uadalsly

Ts(l):Zk 2 (la)3> 74(l)= z —(la)s+ Z (la)z(lﬂ)b

where (Io)s=1.(lo—1)-(Io—B+1). Thus the summation in (3.c.7) is expre-
ssed as follows:

1
Ny [1+m-1{(32(1) (D)1 —2it)"!

@ell)  Zo xS
+24a: (1) + ao(D}y +m ™ L h_0gs(D(L—2it) 7
+0(n~) |

where go(1), ¢:(l) and g,(l) are given by

3.el?)  go()=— 5 D) +3 A )+ 2D+ (D) + 28,

B.e13)  qi()=FsD)—au(l)+4(Bs(D)—as(1)+2(82(1) —ax(l)

+244B5(1)— (1) +2(B82(1) —ao(D))}



184 Hisao Nacao

Bell)  gD=g 7D+ g 7D~ B+ 485D+ 28:0) (D)

5 )+ 2asl)— 28— s L)
First we let

3.c15) L) =exp[B],

where 2(f ()= X( 11 1) T1(0ada/2)D
and

(3.cl1l6) B =%5—%m_152+%m453—!-O(m_s).

To calculate (3.c.11), the following formulae are used,
easily.

ey (1)="546—m™28+ O(m™")}expL B,

—

Daas(1)) =540~ 2m~"60, + O(m~3exp[ B,
(BelT)  L(ayD)="g {7+ 0 exp[ B

L(en(1) =5 {0"+0(m™Dyexp[ B,

L(BAD) = ABs—2m0:-+ O expL B,

L(B1)=g{002+0(m}exp[ B,

L) =5 488+ +0(m~ )} expL B,

LGri0) =g {Fa+0(mHyexpl B,

L(r ()= 1 103+ 0(m™ )} exp[ B

which can be proved



Asymptotic Expansions of Some Test Criteria for Homogeneity of Variances 185

By using the above formulae, we can easily calculate (3.c.11). Hence, multi-
plying three factors (3.c.8), (3.c.9), (8.c.11) together and arranging the terms
according to the power of (1—2it)"!, we obtain the asymptotic formula for
the characteristic function of ¢M under K, as follows:

(3.c18) Cu()=( —Zit)'%[l + ﬁ(éz — ) {1 —(1—2it)""}

Ly hea—2itye +7117(1—k)42{(1—2it)“2—1} +0<m~3>}

m
where the coefficients hg, ho, by are given by

1 1 1 1 4
ho= ~3§(52— 0%)? +5 05 — o 00 +TGS +7(52—52>>

1, - 1.
3.19) hy= ~E(02—02)2+002 — 5 0s —%53 +~éA(52— 0%)+ 4(8,—06%),

1 .. 1 1 1 1 1 4 ~
ha =gy (02 =0+ g 03— 5 00a+ 3 0049 00— g 0at 5 (0°02)

Inverting this characteristic function, we have the following theorem:

THEOREM 3.c. Under the sequence of alternatives K,: 63=1+m 0, (o=
1,2, ..., k) the distribution of the M test given by (3.a.1) can be expanded asymp-
totically for large m=cn with fized p.=n./n (@=1,2, ..., k) as

(8.c.20) PlcM<x)= P(x3<x) -{-4—1m(52— O)AP(x2<x)— P (%%, ,<x)}
1 2 2 1 2 2
‘I'—m_z‘za=oh2aP(xf+2a§x>+—,ﬁ(1_k)A LP<Xf+4_§x)
~ P} +0(m™),

where f=k—1 and the correction factor c=1—(Zk_nz'—n"")/3(k—1).
The coefficients hy (=0, 1, 2) are given by (3.c.19) with AZ'%:(n——m), b=
k10,08 and §,=40.

The result corresponding to this theorem in a multivariate two-sample

case is proved by Sugiura [24].



186 Hisao Nacao

4. Numerical examples. We shall give some numerical values of the asy-
mptotic power of Lehmann’s test (=L) and Bartlett’s test (=cM) when alt
ernatives are near to the null hypothesis in the following special cases.

ExampLE 4.1. When k=2 and n,=n,, the L test is shown to be equivar-
ent to the M test by our previous paper [27]. Hence the two powers should
be equal within the accuracy of the percentage points. The 5% points of L
and c¢M in case n,=n,=>50 are given as 3.929 and 3.841, respectively, by our
previous paper [ 27]. Also it was remarked by Sugiura [ 24 ] that the asymp-
totic powers should be computed by the different formulae according to the
departure of the alternative hypothesis K from the null hypothesis and that
the non-centrality parameters 0% and 0% may be used as a measure of the
distance of K from the hypothesis. For the alternatives K: ¢}=40%, case 1(4
=1.05) is computed by the formulae (2.c.7) and (3.c.20), as well as case 2(4
=1.2) and 3(4=1.4) by the formulae (2.b.32), (3.b.22) and (2.a.11), (3.a.13) re-

spectively.
P (L>3.929) P(cM>3.841)

WAI 1.05 1.2 - 1.4 1.05 7 7)127kl;r
non-centrality 0. 0156 0. 2500 1. 0000 | 0.0155 0.2475 | 0. 9900
first term 0. 0474 0. 1047 0.1673 0. 0500 0. 1084 0.1729 ]
second term 0. 0060 —0.0118 0. 0601 0.0035 —0.0119 0. 0578
third term —_ 0. 0044 —0.0247 —0.0003 o —0. 0200
approx. power 0.053 0.097 0.203 0.053 0. 096 0.211

Exampre 4.2, When £=2 and n;=4, n,=20 the exact values of the
power of the M test for some alternatives have been given by Ramachandran
[21] in his Table 744a. Using the 5% point of c¢M 3.801 in our previous
paper [ 277, and specifying the alternatives K: 6= 4¢%, we have the following

approximate powers of the cM test:
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Py (cM=>3.801)

formula (3. ¢. 20) (3.5.292) (3.a.13)
B 4 R 10/9 10/7 5/2 o
N first term . 0.0512 0. 0843 0.0361

second term 0. 0022 —0.0188 0. 0997

third term —0.0018 e 0. 0237
approx. power 0. 052 0. 066 0. 160

exact power 0. 052 0. 068 0.158

Thus our formulae give a reasonable approximation in this case.

187

ExamrLe 4.3. When £=3 and n,; =50, n,=100, n;=150, the approximate

5% points of L and c¢M are 6.109 and 5.991 respectively, which were given

by our previous paper [27]. For the alternatives K: ¢}=0%=40%, we have

the following powers.

P(L=>6.109) P(cM=>5.991)
formula 2.¢.7) (2. 5. 30) (3.¢.20) (3.0.22)
4 0.995 1.3 0. 995 1.3
first term 0.04715 0. 2063 0. 05001 0.2127
second term 0. 00249 —0. 0402 0. 00016 —0. 0668
third term —_ 0.0035 | —0.00001 —_
approx. power 0. 0496 0.170 0. 0502 0. 146
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Part II.  Spuericity TEsT

5. Asymptotic expansions under local alternatives. As in Sugiura and
Nagao [ 26 ], the modified LR criterion for testing the sphericity hypothesis,
based on a random sample of size N=n-+1 from a p-variate normal popula-
tion, is given by

1
X nf2f _—__ —npl2
(5.1) =S| (p trS) ,

where S has a Wishart distribution W2, n). By the transformation S—
cH SH for some orthogonal p x p matrix H and scalar ¢, we may assume Y=
A=diag (1, Zs, ---, 1;) without loss of generality. In this part we shall con-
sider the sequence of alternatives Ks: 1,=1+0,m~° for 6=1/2 and ¢=1,
where m=pn with

(5.2) o=1—(2p*+p+2)/6pn,

and derive the asymptotic expansions of —2plogi* directly from those of
c¢M given in Section 3. The relationship between Bartlett’s test and the
sphericity test 1* was used by Gleser [7] to prove the unbiasedness of
the latter.

5.1. Asymptotic distribution for 0=1/2. The characteristic function of
—2plogi* is given by

7

D
5.1.1) cx,m:cp,,lg pmiE| S|y Sy | S| T 4] e
-etr(-%A-ls)ds,

where the coefficient ¢, , is given by

nb 1 pp—1)
4

o b1
(5.12)  c;L=2%1 075 G-at)

U
Transform the variable S to D and R by S=D 2 RD 2 such that the matrix

D is diagonal and composed of the diagonal elements of S. Then



Asymptotic Expansions of Some Test Criteria for Homogeneity of Variances 189

1y
10S/a(D,R)| =|D| 27" and tr4-'S=tr4'D, so we have

Lim—2itm—p— . . .
GL3)  Culiy=ey, || RIZ"H70 R (fomie) ppowieer pyi

D4 ]_%etr<—~%A“lD>dD

i [—(1 2it) + 2 (1 cz)+d] N rﬁ[ig—ﬂq e

Sy Lawrd [ r[ma-zinra]

where 4 ~%(n—m) and Cy(t) is given by

(5.14) ()=t
rﬁ[%}z%

which may be seen as the characteristic function of Bartlett’s test of p-sam-

—mit, mpi 1 - L -1
SIDI (trD/py D] 2t 4| 2etr<— oA D)dz),

ple case with equal sample sizes N. Thus, by Stirling’s formula the first
factor of (5.1.3) is expanded as

(6.15) (11— 2it)_%(""” +0(mY).

On the other hand, replacing k, oo, mo, m and 0, with p, p=*, m, pm and Vpg.«
in (8.b.21), respectively, the characteristic function (5.1.3) is given by

- 2t , L1 1 1
616)  Ce()==2it) Texp| rgp0* | 14+m *{( g g, et g ut)
1 1 1 s
+<*p-t1t2-——2—t3—?t§ )(1—211:)

A 32 N o2 4]
+ 6 <t3 » t1to+ I t1>\1 2it) }—i—O(m )1,

where 62:<tz —%t%)/él, 6=diag(0, 0, --,0,), t;=t6" and f=p(p+1)/2—1.

Inverting this characteristic function, we have the following theorem:
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_L
TuroreM 5.1.  Under the sequence of alternatives Ky : A=I+m 20, the

distribution of the modified LR criterion given by (5.1) can be expanded
asymptotically for large m=opn as follows:

G.17)  P(—20lo /1*<x)—P(x2(62)<«¢)+m»;ﬁ{<-'1—~t L, +“"1‘t3)
A plogA" . x )= hn A g s 2}712 6]’21

1
P00 <x)+ <*%'t1tg — g ls— é%tﬁP(x%.,.z(az)gx)

1 3 2
+~6f<53 —7::152 + ?'t§>P(x}+4(52)gx)} +0@m™Y),

where the correction factor o is given by (5.2) and t;=tr®’. The symbol x¥0*)
denotes the noncentral z* variate with f=p(p+1)/2—1 degrees of freedom and

. 1
non-centrality parameter 0°= <tz — }Tt{)/ 4.

5.2. Asymptotic distribution for 6=1. In this section we give the asy-
mptotic expansion of —2plogi* under K,: A=I1+m™g.
By (5.1.3) and (3.c.5), the characteristic function of —2ploga* is given by

G2 Col—" ] g m ] ﬁf&“gﬁitﬁﬂj
r[ ity pa ]| 1] Ltiatd]

4 ?»

w T1 (Ao/m)s {Hf[lg~(1—2it)+la+d {
|A| 2 Lyasl . - la=y ] )
I1 Ip —TTL— __o:

gy rﬁ[ "1 21t)+4]

i a—zi+pa] T[T Sholetpd)

' F[%(I—Zit)-i— Shoilo+ pd] F[—;—pm + pd]

)

where A,=0,—m '0%+m 2603 +0(m~?). The first factor of C,«(z) in (5.2.1) is
the characteristic function of —2plogd* under the hypothesis, which is exp-
anded as follows (see Anderson [17]):
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_ L
(5.2.2)  (1—2it)” 2 [1+w.{(1—2it) 2~ 1} ]+0(m"%),
where f=p(p+1/2—1 and the coefficient w, is given by
1
(6238)  0:=5gg5,2(p+2(p—1p—2) (2p'+6p°+3p+2).

Using the following table, which shows the relationship between Bartlett’s
test and the sphericity test,

Bartlett Sphericity
My m
_ - o
Oa Pla
4, 4
4 p4
Pa o r

the second factor in (5.2.1) is expanded asymptotically as

(624 1+ ﬁ(zz—%@{(l —2it) 1 —1} +Elz— 3% ohha(l—2it) 4 +0(m ),

where the coefficients A}, 15, k) are given by
, 1 1, 1 1 1 471
h{ =§<tz—7t{>2 +?t3—-$t1tz+6—p?tf —I—? “—t%—tz)

1 1 1 1 1 1/1 1
hé= —1—6<tz—‘?t%>2 +?t1tz-——2—t3-———§tf+—2— —P—tz—?t%)

625  + A(tz—%tf)

N 1 1 1 1 1
hy =§<tz—7t%>2 + Tts—ghtz‘i‘g}?tf‘*‘jp‘zt%_—

471
+7(7tf—tz>»
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with ¢;=tr®’. Hence, multiplying (5.2.2) and (5.2.4), we have the following
theorem:

Turorem 5.2. Under the sequence of alternatives Ky: A=I1+m™'0, the di-

stribution of the modified LR criterion given by (5.1) can be expanded asymp-
totically for large m=opn as

1 1
(526)  P(~20log 1" <) =P(G=<)+ g (1= 1} ) {P(231 <)
— PO} + 0Py <)~ P(13<)}

1
7 DamohbaP(1F 4 pa %)+ 0(m™?),

m2

where f zép(p—kl)—l and the correction factor o is given by (5.2).
The coeffictents hj, hy, hy and w; are given by (5.2.5) and (5.2.3), respectively,

with 4= (n—m).

6. Numerical examples. Evaluating the asymptotic formula (5.2.2) for the
characteristic function under the hypothesis more precisely, we obtain

6.1)  P(—2plogh*<a)=P(ri<u) + o {P(xd, < x)— Pk}
1
+ AP (225 <)~ P <)} + i[04 APy <)

P23y — 0F APk ) — P22} 4 0(m™),

where w; is defined by (5.2.3) and
1 4 3 2 4 4 9
a)gzmp@p +15p°—10p*—30p+3+16p )~1—2p(p—1)(p+1)(p+ )
4° 2 a2 -1
+Tp(2p +3p—1—4p )——g—d p(p+1—2p™),

62) o= gggrp— 1" +8p 4 8’ 1Tp—14) — LA + 155~ 10p* 30
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4° 4° )
+3+16p7") +T]’(p— D(p+1{p+2)— {(2p2+3p— 1—4p~?)

2
+d'p—D)(p+2)+ 5

Applying the inverse expansion formula due to Hill and Davis [11] to the
above expression, we cbtain the following asymptotic formula for the 100c %

point of —2plogi*:

B R W O D)

1 [ 2041 {4+ (f+6)u+(f+6)(f+Du

(6.3) T DD 6)
+(f+6)(f+([+2) — }3-(3’—(%-235 {wf +(f—=2)u” +(f+2)[—6)u

FP D=2} |+ 00,

where v is defined such that P(x}>u)=« and f=p(p+1)/2—1.

ExawmpLE 6.1.  When n=50 and p=2, the asymptotic formula (6.3) gives
the following approximate 5% point.
first term 5.99147
term of order m=%  0.00000
term of order m=%  0.00000

term of order m=*  0.00000

approx. value 5.9915

When p=2, making use of the exact distribution under the hypothesis, as

seen in  Anderson [ 1], we can get the exact 5% point as 5.9915. Our asy-

mptotic formula (6.3) gives good approximation for the percentage point.
Sugiura [ 23] gave the asymptotic expansion under the alternative K as

6.4)  P([—20logd*—mlog{(tr2/p)*/| X} J/Nme <o) = 0(x)—m %_[(2}7/ 3c%)
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0D (x) {—3(ty—1)2+2t53— Bty + 1} 4+ (1/20)0D(x)(p>+ p—2¢5)]
_.3
+m o1 8204 (x)/TP +0(m ),

where t; =p’~}(tr2’)/ (tr3)’,c* =2p(¢,— 1) and the coeflicients g, are given by

(6.5) g4:*§— l(tz—1)2(26Z2—3p2—3p—8>+2(t2—1)(15t2—14t3>+6t4
+2(p+3)(p—2)t3—(3p2+3p—4)tz+p2+p+2},
211’2 2 2 2
g6=—9—{[3(t2—1) +8t2—8t3 )°+1—6(22—1)*+423—6¢2}.

ExampLE 6.2. When p=2 and n=50, the approximate 5% point of —2
-olog2* is given by Example 6.1 as 5.9915. The asymptotic powers should be
computed by the different formulae according to the departure of the altern-
ative hypothesis K from the hypothesis. Let us specify the alternatives K
as 1;,=1; 2;=1+4. The following case 1 (4=1) is computed by formula (6.4)
due to Sugiura [237] and the case 2 (4=0.4) and 3 (4=0.05) by the formulae
(5.1.7) and (5.2.6) respectively.

approximate powers, when p=2 and n=50

4 1 0.4 0.05
first term 0.4812 0.2217 0.0500
second term 0.0856 —0.0758 0.0023
third term —0.0003 —_—— —0.0002

approx. power 0.567 0.146 0.052
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Part III. MuLTivARIATE BARTLETT’S TEST

7. Preliminaries. In this section, we shall give fundamental formulae used
in part III, IV.

Turorem 7.1, Let S(p x p) be distributed according to the Wishart distr-
wbution W (2, n). Then for any px p matriz B, we have

(1.1) E[trBS|=ntrB3,
1.2) E[trBS*B )=ntrBI*B'+ ntr StrBI B + n*tr BB

Proor. Since S is distributed as XX’ where the columns of X (pxn)
are independent, each with normal distribution N (0, 2), we have

1
2

(7.3) E[trBS]=E[trB(XX")] :(2;:)‘%"1 3| StrB(XX/)

-etr[— %2—1){){"] dX.

Let T be an orthogonal matrix such that 7" T'=A=diag(l:, 4z, -+, 45).
Put 7"X= Y=(4;a), so the Jacobian is 1. Thus (7.3) is rewritten as

_bn _n
(T.4) 27) 4| 2 StrC(YY/)em—%A*YY')d Y,
where T'BT=C=(c;;). The term trC(YY”) in the integral (7.4) is rewritten as
b 7 ]

(1.5) trC(YY')= '21 Zl Ciiytat ; 21 CijYiaYiar

i=1a= ixj A=
Since the variables y;,(i=1, 2, ..., p, «=1,2, ..., n) are mutually independent
and y;, is a normal distribution with mean zero and variance 1; (a=1,2, ...,
n), by taking the expectation of (7.5), we have

b 7 )4
(76) E[tI'BS]: Z Z Cﬁli= n Z C,'M,'= ntr(CA)z ntrBS.
i=1d=1 i=1

By the same argument, we have



196 Hisao Nacao
_pn __n
@7 E[trBS*B=@r) * 4] 2 StrC(YY’)zen'(—%A‘lYY’)dY,

where T'B'BT=C=(c;;). Since the term trC(YY’)? in the integrand (7.7) is
rewritten as

b n
@8  wevry= 3 St D

A

7 7

3 2 2
Z CijYia ‘a+Z Zcii iaYija
2, ciyiaylat D 2 cuylay

1

2 ciiyiayiat 2 2 CiiYiaYiaYia

a=1 i¥jFk =1

+ 2
i¥j

P
Ve v2? i Via Via 2
+i; a;ﬁcuyz Yin + Z a;ﬁcjy YiaYiB

1 i¥j
Vio ViR Vi Vi Vi Via Vi

+ 2 Cij Yia Yha Yrp i
G s e Y RE Y1

taking the expectation, we have

b n n b
(7.9) 320 e+ 2 2 cikilit 20 2 cudd
i=1 d=1 ixj d=1 i=1 d%p

» » » »

=n 2 A X cidi+n® Y ciditn X ocull
i1 i1 =1 i=1

=ntrAtrAC+ n*trA*C+ ntrA%C.

Hence we have the desired conclusion.

From the formula (7.1) in Theorem 7.1, the following corollary is obta-
ined immediately.

CoroLLARY 7.2, For any px p matriz B, if S, and Sg are independently
distributed according to the Wishart distributions W (2., ne) and W(3 s, ng)
respectively, we have

(710)  E[trBS.Ss]=nanstrB3, 2.

Now we define the statistic Y as follows.
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2 252 2——mI

71 Y= 5

B

where S has the Wishart distribution W(2, n) and m=pn with arbitrary
number p=1+0(1). The above statistic Y is a generalization of the statistic
(x2—mn)/V 2 n. We shall now give some asymptotic formulae with respect to Y.

TureorEM 7.3. Suppose S, and Sg are independently distributed according
to the Wishart distributions W(ZX., ng) and W(Z s, ng) respectively. Let Y,
and Y, be matrices defined by (7.11). Then the following asymptotic form-
ulae hold for the symmetric matrices 2., 25 and non-singular matrices B, @,
and 0.

(7.12) E[etr!?aYa]:etr[ ][H V2. %tr!??ﬂrdatr!)a

\/ my
b L (00 4 0ty 4,2, ir 0}

3

+ 4, tr 2%+ A?z(tr!?a)z}]—l-O(ma_T),

(113)  E[trB(0,Y.0,)>Betr(2.Y.)] :etr[—%gg][trB(@{x.Qa@a)zB/

+ %trB((pmayB' +%tr@;a)atr3(a)g@a)23/

+://i{tr3(@ 2,.0,)0,9:0,)B

+trB(0LR240,)052,9,)B + %trﬂi trB(0.0.) B’

+ troitrol 0t B(0L0) B —{—%tr.Q?ztrB(Qgﬂa(Da)zB/

6
1 / 7 / 1 / / /
+g trBOLO(042.0.)B + 5 tr B@42,0,)0.0,B

+ %tr@;@atrB(Q)&Qa@a)B’—}—%tr@&!)a@atrB(@gd)a)B’

4+ A 472, tr B(042.0,)°B + 4,tr B(OL,0Y 0,2 ,0,)B
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+ At B(04L2,0,)(040,)B + %tmatrajga}atw(@gm)y

Aa

+5 trszatrB(mamaYB’}]+0<mal>,

(T14)  E[trB(0LY.0,)X0sYs05)B'etr(2, Y.+ 2,Ys) =etr [%92 +%%]

[trB(cpg:zaa)a) (049 ,0 B)B/—F%{%trﬂ%trB(@&!)adia)(%Q 505) B’

FtrB(DLR20,) (052 505) B + A, tr 2 ArB(0L2,0,) (052 ,05) B’

4 A trB(0L0.) (042 5%)3'} +%{%trﬁ%tr8(@&ﬁa@a)(a);g!2 s0)B
B

FtrB(04,2.0,) (04230 ) B + 45tr Q2 str B(042.0,) (042 ,0,) B’
+ 45tr B@L2.0.) @505 B} |+ 0z,

where Aez—;— (ne—me), me=opnes (e=a, B) with p=1+0(1), and m,, mg are

assumed to be the same order for large ne.

Proor. Since S, is distributed according to the Wishart distribution
W(Z' as na)s

1

.
2,1 2 aZa 2 _“mal) IS I —é*(“a—.b""l
a

S
v 2m,

(T15)  E[etr2,Y.]— cp,,,agetr!}a (

Sl ‘T“etr[— %Ezlsa]dsa.

1

L L .
Put w=2, 2S,3. ?,so the Jacobian is equal to [0S,/0W |=|2.]| * @

Thus the expectation (7.15) is given by
\/ Ly L —p-1) 1 \/ 2
- 2 a —_— R S
(7.16) cp,,,zetr[ N .Qa]g | W | etr[: 2 (I Ve 2, > W]d W

\/E v 2 =~ A
_etr[—ﬁﬂailll—\/—mﬁal )
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where Aa:%(na—ma). Since the following asymptotic formula
(7.17) ~log|I—2Z/n|= _n""txZ" /r+0(n"*1)

holds for any symmetric matrix Z, (7.12) follows from (7.16).
Next we shall prove (7.13). By the same argument as above, we may
assume Y,=1. Therefore we have

Se—mel
v 2my,

(7.18)  E[trB(0,Y.0,)*B'etr(2.Y.)]= ct,,,,agtrB (a)g 0, )ZB/

Sa—mel L a—p-1) 1 1
e ) Sel P et (=g S JaS=g,

-etr(Q

-etr [—g%xga ] @, | % E[trB(04S.0,)*B — 2matrB(04S,0.,)
«(04,0,)B +mitrB(0,0,)*B"],

where ¥, =(I—+22,/Vm,) " and the expectation is taken with respect to the
Wishart distribution W(¥,, n,). Therefore, by (7.1), (7.2) in Theorem 7.1,
we have

(T19)  E[trB(0LY.0,)*B'etr (2, 7.)] :Q—%;etr [—%ga} v,
AT BOLY o0,)* B + notr(0L¥ .0 )tr B0V . 0,) B’
+nitrB(OLY ,0,.)°B —2m n trB(OLY ,0.)(0,0,)B’
+mitrB(0,0,.)*B'}.

For any symmetric matrix Z, the following formula holds:

(7.20) (I‘%Z)“1= Eon 7274 0(n 7Y,

Applying the formula (7.20) to the bracket in (7.19), we have
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(7.21) %trB(a){ta)a)zB’+%tr@é,a)atrB(d)gQa)B’+trB($gQa$“)zB

\/*/72_{~t B(0L0)(0,2,0)B + étrB\(D 2.0,)(0,0,)B

+ “%‘tr@mmB(@mawa)B’+é‘tra)a:2a@atr3(@&@a>3'

+trB(0 2 ,0,)( 0,230 ,)B +trB(0, 230 .,)(0.2.0,)B’

+4,trB(0.0,)(0.82,0,)B + AatrB((DgQad)a)((ﬁad)a)B’} +0@mzh).

Thus, multiplying (7.12), the formula (7.13) is shown. Finally we get

(722) E[tr B0, Vo) (04 Y 0 )B'etr(2, Yo+ 2,Y5) = etr[ Vvﬁm ]

Vmg LZE |
-etr[ Qﬁ_lli”l Wﬁlz‘m—mﬂ

@Saa)(PsSs05)B’
—matr B(0eSa0o)(D505) B’ —matr B(06.0,)(PsS:05) B’

+ mamgtrB(@&@a)(@%@@B/],

j’ja )--1 and ?15,:(1 \/\/jﬂ

the expectation with respect to the Wishart distributions W(¥ ., n.) and

W 3, ng). Applying (7.1) in Theorem 7.1 and Corollary 7.2 to the expectation
(7.22), we have

where ¥, :<[ — 2 ) and the symbol E denotes

(7.23) etr[ \{/@“52 ]etr[ \/\/@-le’lf | 21| 22\/ !

[n nptrB(@LY ,0,)
(DY 50 5) B’ — namptr B(OLY 0 ,)( 030 5) B'—mon str B0 ) (0¥ 0 5) B
+memgtr B(040,)(@505)B"].

From (7.20), the bracket in (7.23) is expanded asymptotically as follows:
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(7.24) t1~B<a)maa7a>(a)g.qﬁa)ﬁ)B'+;/*/mitrg(a);gaa)a)<a)ggﬁa),g)3’

NID) Aa o
+—V»JzzztrB(a)gg,,(@a)(a)ggzﬁa;ﬁ)B’+—v V2

mg mey

trB(040,)(052,05)B’

Aﬁ\/z ’ NCA \ R/ o1
—+ \/EVtrB(@agama}(@ﬁ@ﬁ/B —1—0\m5 ).
I

Making use of (7.12), we obtain the formula (7.14).
Now the limiting distribution of the statistic Y={(y.z) defined by (7.11)

isa ‘%p(p—i—l) variate normal distribution with mean zero and covariance

(7.25)

More precisely, the limiting distribution of a variable (yi1, ---, ypp y12, -5
¥p-1,p) is given by

(7.26) c-etr[- %Yz]dY,

L .
where ¢c=(2n) * Nm(%) +2% Vand dY=T];c;dy; By regarding that the

random variable Y is distributed according to (7.26), we have the following

theorem:

TurorEM 7.4. Let a random matriz Y be distributed according to (7.26).
For symmetric matrix £ and matrices A, B and diagonal matrices 4, K, T, ¥,
the following formulae hold.

(127)  E[trdYetr(2Y)]= etr[%gﬂ.tr/m,

(128)  E[trAYBYetr(2Y) ]zetr[%ﬂz]{tr A9BQ+ %trAB’ + %trAtrB},
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(7.29) E[trAYtrBYetr(2Y)]= etr[é—m] {trAgtng n %trAB 4 %trAB’},

(1.80) E[tr(AYKY)trA Yetr(2Y)]—etr [—;—_QZ] {tr(A.QK!B) tr A9+ —%trAtthrAg

+%trAKtrA.Q L trAAKQ+ trAA’K.Q},
(1.81)  E[trK(AY A)*Ketr(2Y) ] :etr[%!!z ] {trK (194)°K +-2~trK(A39A3)K
+ %—tr(KA)ztrAz.QAz T tr 2K (A2 AN K }
(1.82) E[trAYK Ytr TY¥ Yetr(2Y) = etr[%!ﬁ] {trAgthr TOU O+ %trAtrK

Ar TRV 2+ %—tr Ttr¥trAQKQ -+ %'tr TTtrAQKQ+ ~%trAKtr TRV Q+2trAV QK TQ

+2trATRKY 2+ %trAtthr Ttr? +tr AKTY + —41—trAKtr TY

+ %trAthrK T+ %trA TtrK¥ + %trAtr KtrTY + %trAKtr Ttr&”} .

Proor. Since
1 1 1
(183)  c-etr(2Y) etr(— o Y2>: c.etr[ggﬂetr [—f( y— 9)2],
we have
(1.34)  E[trAYetr@Y] :etr[%QZJE[trA o
where the expectation of the right-hand side is taken by a normal distri-
bution with mean matrix 2= (w;;) and covariance (7.25).

Thus we immediately get the formula (7.27).
In order to prove (7.28), we shall write tr4YBY:

(7.35) trdYBY=21} %; ; aijbr yinyi= 2 2 aisbii v
[ t 7

+ 220 aibyyi— 2 aibiiyi; +. k)Z(l ,)aijbkzyfkyu-
i 7 i 7 i

IR
GRG0



Asymptotic Expansions of Some Test Criteria for Homogeneity of Variances

203

Therefore, by taking the expectation with respect to a normal distribution

with mean matrix £ and covariance (7.25) and multiplying

etr [-17.92], we have

2
(7.36) etr [—%m] {trAgBQ +3 ;a,-jbijl—l_ 1i26‘ ;
1, 1,1
— Sasbif —etr| 5 @ |{ra@Be+ ytraB + jtratrB].

Next we consider the expectation E[ tr4YtrBYetr(2Y)]. Then
(71.837) trAYtrBY=2.}] Zk,' Zl:a b yij yu= Z Za,] i YE
i J
+ 2 Daibiiyii— Danbuyi+ X aiibuyiiyu
i j i (1,7)%(k, 1)
(1,7)% (1, k)

By the same argument as above, we have

1‘1‘61] +6ZJ

(7.88) etr [%522] {trAmng + X Zasby + 5 Sasbs
1, 1 , 01
— Yasbu| =etr] 5 @ [{rAQtrBe+ 3trdB + 5 traB).
Hence the formula (7.29) is proved. Similarly
(7.39) tI‘(A YKY)tI'A Y= Z Z l,/ﬁ]d,]yf] + Z Z /b/cjaﬁyﬁj
i 7 [
_Zli/fiaiiygi“'"( Z )lz/fﬂkly;,yzk
(z k)
Therefore we have

(7.40) etr [—;—gﬂ[tr (A2K@)tr 42 + % ST Dayos

1
+7Zz: }xiliizi: ;aijwji_!- Zz: ;/Z;/ijaija)ij—F ZZ: %]/bfc,-aﬁwij]

—etr [%522] [tr(AQKQ)trA,Q 4 LAtk 42+ StraKktr 40

2 2
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+tr 44K —l—trAA’K.Q].
Moreover we require the following expectation E[ trK(4YA)*Ketr(2Y)].
(7.41) trK(4Y A K= Z/cz/lﬁy, ;2 Z 162}.4/12y,,y” + Z,' /cf/lf/l‘}yj,y”
+ ig#k K3RZAZAG 5ii ik Yie
Using the formulae (2.b.12) with respect to the moment, we have
(742)  etr [%g | B R SRS RN Z fcmmﬁ]
1 2 3 3 3 3 1 2 2 2
- etr[?q J[trK(A.QA) K+ trK(£ 0K+ 5 tr(Kd)*tr 4224
L trAPtrK (A2 A7) K]
Finally we shall prove the formula (7.32).
(743) trdYKYtr TY? Y= ; ZJ: /hz‘,-lijgbjy‘}j -+ Zz: ZJ: l,‘ﬁb,‘/ﬁjij?j
- Zli/fifiﬂbz‘y%rf‘( Z ATy E v i

kyl)
(7 1,k)

By taking the expectation, we have
(T44)  etr [7 J[tr(AHQK.Q)tr(T,QQfQ) +ISITAn we (g 1+ 9y )2,
< ) <1+2ﬁ>(1i26_f>} 2% el

+%§IZ]I“@¢;+ZZZZ¢/€;% w3+ ZZ;Z]: itk

—I—Zillifﬂﬂiﬁbi]-

Arranging this result, we have the desired formula (7.32).
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8. Asymptotic expansion under fixed alternative. Let Xji, X3, ..., Xin, be
a random sample from a p-variate normal distribution with mean vector u;
and covariance matrix X; (i=1, 2, ..., k). For testing the hypothesis H: ¥,=
=2, against all alternatives K: 2;°¢2; for some i and j (i=¢j) with unspe-
cified u;, the multivariate Bartlett’s test is given by

(81)  M=mlog| Xt ,Sa/m| — Lk-malog|Sa/mal,

where Sa:Zl/ggl(XaB_}Za>(Xaﬁ—Xa)/s Xa:Nalzg§1XaB, Ng=Ng— 1; me
=0na 2 k_yms=m and ) %_,n,=n with correction factor

11 ) 2p*+3p—1

B2 o=1-(Zhar = e D (= 1y

Using the statistic Y defined in (7.11), we can express the statistic
M as follows:

—~ 1 1
(8.3) M=mlog|2|— 2k imJog| Y| 4+m 2qo(Y)+q1(Y)+m 2¢qy(Y)

+Ob<m_1)3
where the coefficients ¢,(Y), ¢:(Y) and ¢.(Y) are given by

q()(Y) = 273:1\/%;131'(@0[@&— I) Yafa

(84) (M=t trYi—tr(Th Vo, 0.Y.0,)%

29 S trY3
c]z(Y)=%{tr(Z’&=1\/ 00 06Y 0,)°— 5:1777},

L
2

- B 1
with py=m./m, 2= > k., 02, and 0,= 22 X The matrices 2,2 and

L BN -
2 2 mean the symmetric matrices such that 3 2 2, =2, and %

Now putting M'=M—m(log|3|— Xk 0.log| Z.|) in (8.3), we can easily

1
see that M'/Vm — 2k _1V2p tr (@0, —1)Y,=0,(m *%). Hence the statistic
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M /{"m converges in law to the normal distribution with mean zero and var-

iance t%,=2>%_,0, tr (0,0,— I)% which was shown by Sugiura [25]. Fur-
ther the characteristic function of M’/ ;e (v >0) can be expressed as fol-

lows:
(8.5) Cu(®) :ELeXp(itqo(Y)/rM) {1 n m“é’ugl(v)/fMer—l[uqz (Y)/tu
+5 g0/ | +om ™),

Applying formula (7.12) to the first term in (8.5), with the abbreviated nota-
tion B, =+2p (0.0,—I)it/ty in ¢o(Y), we have

(8.6) E[exp(itgo(Y)/v:M)]:exp[( O ][1+i§< Ty B g
G (Tt BaN 5, ) 4 5 Dhoate B o
__3
—I—AZ’g,:ltrB%}]—i—O(m ),

where 4 = %(n—m), and the relation }4_,v o, trB,=0 was used.

Next we compute the expectation E[exp(itqo(Y)/tu)q:(Y)]. Using for-
mula (7.18) in Theorem 7.3 by putting B=0,—1, we get

k
87  E[NA_tr¥ietr(Sh_B.Y.)]= exp[(”) }[ boytr By + 5 p(p+1)
o L s s s peps o Lo
tVom {gzaﬂtrBa/\/pa by br By 5 (hp+ kp+12)
Dot BN g, + (D Dheatr Bo/Np, | | +0Gn ),
From (7.18) and (7.14), we obtain

(88)  Btr(Thonp 04 Va0 etr(Th, B Vo) J=exp| g~ (Zt)z]
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1 1
[0 (Ao, 04 BB + 5 Thosp by (000,045 Th0,(11040,)°

o __% 1 k U 2 k 3 B 1 k —
’I‘\/ 2m {gtr(2a=1\/ O« @aBama) Za=1trBa/\/ Qa +-6—Z“=1tng/\/ O«
X 0at0(040.)°+ X0, (tr040,)* ]+ 2tr (T, 0, B0,
ek N0, OB D)+ YoV 0, tT (040 ,04B,0,) + Yk, tr(040,)

(OB D)+ 2460 (D000 Dhor 0, O BB} |+0Gm),
Thus we have

B9 ELqu(Vexplitg(V)/mw)]=exp| 5 | Dt itrB?

k 1
— (ke 0q 04 Bl )+ 5 p(p+ D — 5 Thor0,tr(040,)°
1 k ’ 2 Y "_12_ 1 k LN k 2
— g Dheru(B0L0, )P+ 2 m * {5 Dhotr BN o, [ Thostr B

R 1 -
—Ar(ShorV g 0LBuB )] + 5 ShoitrBY/N g, Chp(p+1)+12

— L he10atr(000)° — Tho10a(tr000,)* ] —2tr(Lh-, 00850,

'Z§t=1\/ Oa w&Bama)+(_p"'l)Zfr:]trBa/\/E_ Zg:l\/patr(m&@amlea@LJ
— zgﬂ\/gtr(@mam(@wam@—zm(zﬁzloa@gaﬁazji';:lx/ﬂdf&Baa}a)}]

+0(@m™1).

As the third term in (8.5) is of order m™!, we can regard the variable Y, as
the random matrix having a normal distribution with mean O and covariance
(7.25). Therefore making use of (7.27), (7.28) and (7.31) after some modifi-
cation, we have

8.10) Eltr(Zé-1 o, fbfxYaaﬁafetr(m:lgaya)]:exp[(i?z ]
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[r(Sh o 0, 0B+ 5 Thor0utr(@L0)tr @00, T 5, 0BLD)
3 . _1
D000 Tk o, VB uluf +00m” ).
Similarly, from formula (7.31) we get

GAD  ECEh S tetr(ThaBav] = exs| (5 [{ShotBi G,

1

+%(P‘|‘ 1)2’34:11:1“3&/\/@} +0(m ).

Therefore we easily obtain

-
812) ELgu()explieqo(¥)/eay)=exp| -2

{r (i o, 0280,
— S BUN 5y g Do 0atr (040 (00, Sk, 0iB0.)

3 S 3 S
U1 0a(040) Tk p, VBl 5 (p+ D ThortrBu/N p, |

1

+0@m *%).

Finally we shall compute the expectation E[ ¢?(Y)exp(itqo(Y)/ta)].
By formulae (7.28) and (7.82), we have

(813)  EL(ho trv)etr(DhB.Yo)=exp| U |frms. o

k L
+kp*+kp+4) 2k (trBi +4P(p+1D (kp*+ kp+4)} +0(m ?).

By formulae in Theorem 7.4, it follows that

B14)  E[Lho trY3tr(The Vo, 04Yo0.)%tr(The; B Y.)]

—ex (Z—t)z k 2 k 0’ 2 l k 2
- 1Y 2 w=1trBdtr(Za=1\/0a@aBa(pa) + 2 Za:ltrBa

1
L2 ho10atT(000)° + Lho10a(tr0a0,) 1+ 5 (kp*+kp+8)
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1
(Sho1V 0y 0uBuBo)+ (k" + kpt+-4) They0ot0 (040,)°

1 _L
g p* - hpt-) Tho 0o (4r040,0% 0™ ),

Similarly we have
(8.15)  E[{tr(Nh V. 04V 0% %etr(Sh_ B Yo ]
-exp[f\fij[ﬂcr(z WL OLB D) Y tr (D ko o 4B oD,)?
{12 10atr(@L0,)° + k10, 8r0L0 )P} + 43k 0, tr (040,
Sho s 04B0.) + ATk P00, ) 4 Thos0 (tr040,)7)
STk 1 0a0 s (SEBLD BB )P+ Tk o pupptr (D400 40 ) }

+0 (m—%)

Hence we get
(8.16)  E[qH(YV)explitgol¥)/zy)]= expl: N ][ b trBE—tr(Sh_ o, 0L
B0 )+ {(kp® + kp+4) — Xk 0,t0(040,) — Yk 0, (tr0,0 )%}
b ArBi+ {3k 0 tr(@40 )2+ k0. (trdL0 )
—(kp" + kp+ Y tr(LhoV 0, 0iBa0)* +4 5k 10atr{0L0, 3k o, OLB,
D)+ ANk 10atr(000) + Tk 10.(tr0.0,)"}
+ 2k 510005t 000 @EQB) + 22k 5-10a0ptr (0[O D0 5)*

—I— (/Cp +]€p+4)”€p(p+1> ZZa 10atr<m Qa)z—zza 10a
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1
(tr00)% |+ 0@ *).
Therefore the characteristic function of M'/y mrw is given by

617 Cu=exs[ G [1em T E 1) ) Dot

g Do trd [T ot (A D,

—2tr{Thos0e( A D} +m o Db M>2“]+0<m ),

where t4,=2Y%_,04tr(4o—I)? with 4,=3,3' and the coefficients s, iy and

he are given by

(818)  ho=dcYy—25k_0atr Atr Au(Au— 1) — 25 k1 0atr A%(Ay—I)

—Adtr k10 (Ae— 1)+ 27k 10atr At A, Y5 100(Ay— I)?
26 D100 Thosu( a1 g Dhosoatr 3
DA 10a(tr 4D g Dhoa 1005t Audp)? + 5 Tk pa0as
tr (Ao Ay + 8(kp +hpt ) thp(p+1)— 254 patr A2

274 104(tr 4%,

2
h4:22)&=lpatr (Aa"l)4 +§Zg=10atr<Aa_I)SEkp(P+ 1)+8

—Z§=1patrAt%_ ﬁ:lpa(trAOJZJ_8trzlg¢=1pa(~’4a_I)a
k 2 § k
be10a(Ao— 1) + 3tr(za=10a(/1

2
«— D)+ G {hp* +hp+)

- Zlfz=10atI'A(21—' 10a(t1'Aa) }‘ + "Za 10atrAgz
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+ ZIé:lpa(trAa)z_ (k])2+kp+ 16)}tr{25=10a(*4a_ 1)2}2

A E 0atr {4 2k 10a(Ae— 1),

8 8 2
hg :'9‘{2}&=10atr(14a— I)S} 24+ §Z§t=1patr<Aa_ I)s[}-zﬁ— tr {Z{Zx=10a

1
(Aa= D |+ 5 Tehi—2tr {Thespulde— DT
Inverting this characteristic function, we have the following theorem:

Tueorem 8.1, Underithe fixed alternative K:X=52; for some i, j(i=%)),
the distribution of M =M—m(log]| }[ — 2k _joldog|Z.]), where M is given
by (8.1) with T= 2k 1042 4y can be expanded asymptotically for large m(=on)
as (8.19).

819)  PM /Y mru<x)=0(x)— m“%{@m (x>[§p<p+ 1)— % kot A2

Zg=10a<trAa)2:I/TM + o (I’C)I:% ’é,lpatr(Aa—[)3

o|

ol 260Dk i00 (o= D /b d 4 D
.3
DO () T340 (m D),

where t3 =23 % _0,tr(A4,—I)* with Ay=23.3"1 and 09 (x) means the j-th der-
swative of the standard normal distribution function @(x). The coefficients ha,
are given by (8.18).
This theorem was obtained in case p=1 by Sugiura and Nagao [ 27 ].
Now we shall notice that the formula (8.19) is degenerate under the hy-
pothesis H. In two sample problem Sugiura [24] gave the asymptotic exp-
ansion under the sequence of alternatives X,=3+m 0, (a=1, 2), first

term of which is chi-square distribution with %p(er 1) degrees of freedom.

9. Numerical examples. Under the hypothesis, we can get

O PM<x)=P i)+ o5 {P(h <) — POd<)}
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1
DA P(t <) — PGE<)} + s [0a APy <)
— P3<n)} — 0} P23 <) — PC< )} +0(m ™),

where f= —;‘(k—l)p(p—l~1>. The coefficients w3, w; and w4 are given by

1 4?
02) 0:=4gpp—DE+D(p+2)(6:—1)——5 (k—Dplp+1),
4
w5 = (6p" +15p° = 10p° —80p+8) (55— D) — 14 p(p— D(p+ D(p+2) (52— 1)
4 3
+-5 4°(—Dp(p+1),
on=2 4 P (p 1) (2p* 85+ 8p*— 1Tp—14) (54— 1)— 1 p (6p*
1= T8\ p TOp T Op P 04 120P 0P
AZ
+15p°—10p* —30p+3) (53— 1)+ plp— D(p+ D (p+2) (5~ 1)

—384%(k—Dp(p+1),

where 4= %(n—m) and g;=>%_,02%. The formula (9.1) is given by An-

derson [1] up to m~2 Since the asymptotic null-distribution of M has the sa-
me form as in the sphericity test given by (6.1), the asymptotic formula (6.3)
for the percentage point is available for our present purpose.

Examprre 9.1. When case 1: p=2, n,=50, n,=100 and case 2: p=4, n,
50, n, =100, we have the following approximations to the 5% point.

case 1 case 2
first term 7.8147 18.3070
term of order m* 0.0002 0.0061
term of order m™? 0.0000 0.0000
term of order m~* 0.0000 0.0000

approx. value 7.8149 18.3131
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Evaluating the approximate power in two sample case, we may assume ;=
diag(dy, 0q, -+, 0) and Xy=1.

Exampre 9.2. Using the 5% point of case 1 obtained in Example 9.1, we
can get the approximate values of the power of the multivariate Bartlett’s
test from the formula (8.19).

Py (M=>7.8149)

term\K\ { 3, =0,=1.7 i51=1.552:0.7J 5,=0,=2.0
first ‘ 0.6134 0. 2462 1 0. 8497
second ; 0. 1071 0.1749 1 0.0734
third ‘ 0. 0036 —0.0014 I 0. 0068
approx. power ! 0.724 0. 420 i 0.930

Exawmpre 9.3. When k=2, n;=50, n,=100 and p=4, our asymptotic form-
ula (8.19) gives the following approximate power of the multivariate Bar-
tlett’s test for the alternative K: §,=0,=03=0,=1.7, based on the 5% point
of case 2 obtained in Example 9.1.

Pr(M>18.3131)
first term second term third term approx. power
0.5321 0.3594 —0.0080 0.884

Part IV. Some Test CRITERIA FOR EQUALITY OF TWO

CoVARIANCE MATRICES

10. Preliminaries. Let p x1 vectors X;;, Xjs,---, Xiy, be a random sample
from p-variate normal distribution with mean vector #; and covariance mat-
rix 3; (i=1, 2). We wish to test the hypothesis H: ;=25 against the alte-
rnatives K: 7;,>>1and },%_,7,>p, where y; means the characteristic root of
2.13;4(i=1,...,p). For this problem, many test criteria are proposed, that
is, | S2(S1+ Syt Y, trS; Syt and trS; (S;+Sz)~h, where S;= 1 ¥i; (Xip—X))
«(X;o — X;) with X; = N;* 3 %, X;,. The hypothesis H is rejected when the
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observed value of these test statistics is larger than a preassigned constant.
The monotonicity of the power functions of these tests was proved by An-
derson and Das Gupta [2] from a more general point of view. Giri[6]
also showed the test criterion trS;(S;+ S;)~! is locally best invariant. The
purpose of this part is to compare the above three test criteria from the view
point of asymptotic expansions of the distributions.

11. Asymptotic expansion of |S:(S;+S.)"'|. We may assume without loss
of generality that S; has the Wishart distribution W(I", n1) and S, has the
Wishart distribution W(I, n;) under the alternative K, where I"=diag(y1, 72,
7y and n,=N,—1 (=1, 2). Then the hypothesis H can be expressed by

_1 1
=1 Put V=T 287 2 —nI)/y2n, and Yy=(S;—n,1)/\2n,, then —y7

log | S5(S;+S5)7 | can be expressed with the terms Y; and Y, as
. _L
(111)  —+vrlog|S:(Si+ St =—Vrnlog ol +qo(Y)+n 2qi(Y)

_3
+17lq(V)+0,(n *),

where I'=p,1" 40,1 and n=n,+ n, with the fixed p,=n;/n and p;=n,/n.
The coefficients ¢o(Y), ¢:(Y) and ¢,(Y) are given by

qo(Y) =42 { p; tr@iY1 +v p, tr(@3— 031 1) Y3},

(112) (V) =pz"trYi—tr(Xi-1V o, 0o Yabo)

2\/? 2 — 3 '_g 3
‘]Z(Y)ZT{tr(Za=1\/ Oa @ayama) — 03 J‘-']:'YVZ}'>

A1 L
2

1
where @, =1" 2T’ and @, =1 2

Now putting 2;=—+ 5 {log|S2(S1+ S2)~!| —log|pe.l" |} in (11.1),

we can see that the statistic 2; converges in law to the normal distribution
with mean zero and variance t?=2{p,tr@%+ p,tr(@2—p;11)%*, which was sho-
wn by Sugiura [257] using Siotani and Hayakawa’s lemma [22]. We shall
now give the asymptotic expansion. The characteristic function of 2,/7; (r;
>0) can be expressed as



Asymptotic Expansions of Some Test Criteria for Homogeneity of Variances 215

DT o

Put B;=v2p10%it/7, and B, =v2p,(0%—p;'1)it/71, then we have from (8.6)

(11.4)  Elexp(itqo(Y)/e1)] = exp[“‘z)z Ik —i—gn Tyl BN
—I—n‘l{%(Zi:ltr Bi/\/a)z-I-%Z?x:ltrBé/\/b:H-FO(n—%).

By putting m.=n, in Theorem 7.3 we get

(115) B[ g (¥V)exnitgo(¥)/e)] = exp| 5 ][o;ltrB%—tr(Z%z:lvmaBmz

1 1
O p (D) = Ty putrOh — & Ty pa(tr02)?

+ﬁn‘_5{ 0;: : tr B thrBiNZi;—%ZthrBa/x/Etr(z?M\/a;
DBl Dhontr BN L07 p(pt D Thes0,t10%

X 0u(trO2) ]+ 205 BYA g 2tr(Sh 10, B0,

S5, 0uBu0) + 07 (pt DBy gy — Dot (02B.03)

- Zizlvmrmatr(maz}awa)}]+0<n~1).
From Theorem 7.4, we obtain the following two formulae:
11)*72) 9 _
(11.6) ELga(¥)explitgo()/z] =exo 5 [P 2 fir(52 o 08400

3

_.3 3 _
—0, Ztng—%pz 2(p+1)trBz+%Z§=lpatr(l)§tr(03 4 - Wp0.B.0,)

o D004 D500 B0,
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and

AL7) BT 0exp litgo(V)/e] = exp| Vg [T tor(S2 5, 0.3.0.°
— 05 tr B+ {tr(D%- o, 0uBa0.)" — 05 tr BY}
{Zao10atr08 + Doy 0a(tr02)° — 05 (p*+p+ 4}
+ 42131028004 DE - V0,00 Bal ) — 4tr(0,B20,)’
40105 'tr(@,B,01)" + 4 § AT 0 E0Y 4 Xh 0, (tr02))
X pe10ab s (TOOB) + N2 5 10,00040% — % plp 1)
A% 0atr@h + 2 0,(tr0 2% —2{trdi+ (trd?)?}

+4072p(p+1)(p*+p+4)].

Therefore the characteristic function of the statistic 1,/7; is given by
(it)* -1 .
11.8)  Ci(1)= exp[ ][Hn {T[‘ —p(p D Ly outros

— Tt |+ () [ 5 St ot

2Hr A= 20 (Ter 0ule Al || 17 ey o J 4007

where 4;=0% and 4,=0%—p;'1. The coefficients g», are given by

(119) gZ*zzo: 1patr@?rtr($?¥ %c:lpccQ A @a>+2t’r2a lpa
(X%-1000,A4:0,)—23 % 10,4104 A4,) —22%_,0,tr0%
(0, A0+ § AT er0atr0+ T8, 0o (br02))

1., N
+ MZ f\t,/S’:]_()ap/g (tr@é(ﬂﬁ)“ _I' _Z ‘&,/3=Lpap/gtr@1’i@‘,§
2 2

3

N

]
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-1
= O DAT L 0tr0h+ D20, (tr02)% — {00}
-2
+(trd3)%; +*p§*p(_p+ D Hp+4),
2
gi=22k10atr Ao — g 2h 0ot AZA{ DL 100 Dh + 2o 104 (tr0F)%)
2
—8tr (Z?!=lpa’®a Atzl@azgt=10ama’14a'd)a’> + 73—02—1}7(}7_1_ 1) Zg\f=1patrA§l
16 3 8 ( 2 3 ( 2
+gtrdi+ g tr(Zi 1000 AcD0)’+ {tr(Le-10.004a0.)
- tI.A%} {Z %:10&1—11‘@%&’ + Z %r;lpa(tr@?t)z— 02_1<])2 —1—])—|— 4)}
+4Z%_10ut1"<(])§ 421':1pa’maAa@a')2__4021:1'((02142@2)2
—{—40%051131‘((51/41071)2,
8 2 2 8 2 2 2 2
&6 :g(zazlpatrfl%) +§ Za:l()atrA?z {tTAz—tr(Za=10a@aAa@a)d}
+2{tr(22a=1pa@aAa@a)2—trA%} 2‘
Inverting this characteristic function, we obtain the following theorem:

Theorem 11.1. Put Ay = —+/ 5 {log| S5(S1+ S2)~!| —log| 0.l 1|} and 2=2

{01tr @4+ potr (03— 031 1)%}. Then under the alternative K, we have

L o1
(1110) PO/51<0) =0 )= T {%pptD— 5 Thosobr0t

1 . 4
— g Tha0a(tr0)* 00 @) /r1 + {5 Th potr A
_otr (ZLlpa(DaAa@a)z—i-ZtrA%}@“Kx)/ff]—!— RS g

3

O (x)/t3+0(n 7)),
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- -1
2 2
5 5

a N .
where O, =1 21T O,=1 A=0% and A, = 0%— 031 with I'=0.1"+ 0.1

The coefficients g:. (=1, 2, 3) are given by (11.9).

Under the hypothesis, putting 7'=1 in (11.10), we obtain the following
theorem:

Tueorem 11.2. Put 1,=—+ n, {log|S2(S1+ S2) ' | —plogp.} and t3=2pp;0;*.
Then we have, under the hypothesis H,

(L1 Py/mi<a)=0(x)—n 2| %p(p—r D010 0" (x)/7

2
+—3}1052@010%—20%+30%)0<3><x)/fﬂ+ nl Ne1g5a0% 0 (x)

3

/T340 ?),
where the coefficients gya are given by

1
g:="g03°p(p+ ) (0ip”+0ip— 403 +4),

g2=%£02‘3{p2(—20%+20%02+20%—20%— 80102+ 301) + p(— 20§ +20%0,

(11.12)
+203—20%— 30102+ 301) + 603+ 603 — 1607 +120,},

,_ 20}
g =" p"03 (401 — 8070} + 403+ 120,03 — 1201+ 909).

Theorem 11.2 was given by Sugiura [25] using different method. He
also gave the asymptotic expansion under the sequence of alternatives. Now
the above result differs from that of multivariate Bartlett’s test, namely, the
above result shows the continuity of the limiting distribution at the null hyp
othesis, whereas Bartlett’s test has not.

12. Asymptotic expansion of trS;S;!. The test statistic trS;S;! is exp-
ressed by the statistics Y¥; and Y, defined in Section 11 as

__1 _2
(12.1) ntrSiSit=vNrntroil /oo +q(Y)+n 2q(V)+nq(Y)+0,(n ¥),

where
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,, -1 -3
(122) g (V)=vV2trl'(0:* 0y Yi—010; * V),
1

B S L L
g1 (Y)=2(0103%r'Y§—p,% 0, 2tx]" 2 Y, " 2 Yy),

1 1 _1 I
2(Y) =22 (0, 0;%tr]" > Y1 1" > Y3— 010, *tx['Y$).

Putting 2,=+ 5 (trS;S;1—trpe.0z'7) in (12.1), we can easily see that the stat-
istic 1, converges in law to the normal distribution with mean zero and var-
iance t}=20,0;%trI"*. Hence the characteristic function of the statistic A,/
is expressed as (12.3).

(123) C.()=E [eXp(iZQO(Y)/Tz)[l—i— n _‘;‘gl(Y)‘Z——i— n‘l{gz(Y)i—i
+%~q%<Y)<-f%>2 }ﬂw(n“’g’).

_3
Put b1 =4 2p 03'it/7; and by=—+2p,0, 2 it/r2 in qo(Y). Then the first term
is given by

(124)  Efexplitqo(¥)/e) 1=exp| 3" ][H“—z T (0 b4 g Tl

— L
L R BTy DU vy

3

+0(n ).

By Theorem 7.3, we have

(125)  E[qi(V)explitgo(¥)/r2) J=exp| 5 [2{(010503— 0,70, * ido)ter”

0102 %" l "% 5 % ~27372 ’%" -27 74
5 (p+DtrI'+y2n 3(0102 b3+0,% 0320303 — 0, 03%b,b%

5 _3
2

_ _ 1
- g biby)(Ar )P+ (2010, 2 03—, 2 b2 2by— 0,2 0720163 trI ™

(p+1,

T %

__5 1 1 -5
{0105 203+ 017 020X + 5010, % (p+2)bstrl
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1 -5
3010, Fba(teD? [} 0,
We can calculate each expectation of »~! in (12.3) using Theorem 7.4 as

N2 5
(126)  Elqa(¥)explige(V)/e] =exp| U5 202 (Voosbibi— o0, 20

1 -1 -5 3 _5
el {50, 02t Db 0105 ¢ (et Jou 0T 2 =G0, F b (D)2
and

2 ; G* 2,474 _% ‘—g 3
A27)  E[g(Y)explitgo(¥)/r2)]= exp g [4{(6t07°04—20," 0, 7 010}

31
+ 010526303 (b117°)% + (40%05 4035+ 0105 %03 + 0103207 — 40,7 05 * b1b3)
<4 -2 T 3 0%
w7+ Lotor (p+ Db — 0,2 0y * (p+-1) baby Jbr It +[§pz‘4(p+2)
+G05° Jorl®+ O 01+ 2p 1+ 3) + = 103 (e
9 02 a 027 (p p 2 0102 .
Hence the characteristic function is given by

128) C;() =eXp[ (i2‘>2][1 + n_%{plpgz(p—}— Dtrl'it/o

4 8 , .
+<§01053+4o%og4+-3~p§055>trfs(w/rz)3} 0t e g2a(it/T2)%

_3
+o(” %) |,
where the coefficients g, are given by

1
go={Gp+ Dotor + @p+ Do el >+ {50l (P +2p+9)
+0:107%} (tr )%,
4
(129)  gi=2{p107*+60%07°+100803°+50%0s Y trl " +(p+ 1) | gotes?

+ 40%056+%0‘f057}trftrf3,
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8 16 104 32 32
&6 =<g@%056 +g 030z + g 0ioz +g0i0z? +§p?051°>(tr1”3)2,

which yields the following theorem:

Tueorem 12.1.  Under the alternative K, the distribution of A,=+n{trS;
«Syt—troel'/ps} can be expanded asymptotically as follows:

_1 4
(12.10) P(y/er<2)—0(x) —n 2 {0102-2<p+1)trrm<1><x>/r2+(§01053

+4o%0£4+%0§055)tr1"3@‘3) (x)/f%} 17 N 82a0%(x) /75"

3

+0m ?),

where t3=20,07%t1r1"* and the coefficients g,, are given by (12.9).
Putting /"=17 in (12.10), we obtain the following asymptotic expansion
under the hypothesis.

Tueorem 12.2.  Under the hypothesis H, the distribution of .=+ n {trS;

S;1—0103'p} can be expanded asymptotically as follows:
1 4
(1211) PlAy/ve<x]=0(x)—n * {plpgzp(p-l- DOD(x)/vs +p<§'01053

8 a p
+40%05* + 5 03077 )0 ()51} + 17 Tk 87000 ()7

3

+0(n 2),
where t3=2pp,0;° and the coefficients g,o are given by
1 _
gi=p{Bp+Hotoz*+2p+3)0107°% +pz{§0%054(p2+2p+3)+01023},

4
gi=2p{0107*+60207°+ 100305 +50t0; 7} +p* (p+1) {go%oa °
(12.12)

8
+40%056+73*p%057},
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8 16 104 32 32
g6 =p2<§o%pg S+golor"+g pioz + g 0l02° +golez " >

18. Asymptotic expansion of trS;(S;+S,)*. In this section we shall
give the asymptotic expansion of the test statistic trS,(S;+ S;)~*. This sta-
tistic is expressed in terms of the random variables Y; and Y, as follows:

L
2

(13.1)  VatrSi(Si+S) ' =y ntroidi+ +qo(Y)+n 2 qi(Y)+n"ga(Y)
_3
+ Oﬁ(”’ 2 )9

where, using the same notations as in Section 11, the coefficients ¢o(Y"), ¢:(Y)

and ¢.(Y) are given by

qo(Y) =V 2 {0, tr(@F— 0:09) Y1 —+ p,tr0, 0303 Y},

(V) =2{01tr03(T%- Vo 0.Y o0 .)*— p, tr (0, Y,0,)
(13.2)

24-Npa0a Y0},
q2(Y)=2J2 Noitr (0. Y,0,)(X%, N0 0.Y0,)?
—pltr@%(}:%:l\/a@a Yocma)S}
Now putting 23=+ 7 {trS;(S;+ S5)~'—p;tr@?} in (13.1), we can see that

the statistic 1; converges in law to the normal distribution with mean zero
and variance t3=2{0,tr(0?—0,0%)°+ pstrp?04@4}. Further we shall give the

asymptotic expansion. The characteristic function of 1;/t; (r3>0) can be
expressed as (13.3).

18.3)  C() =E[exp (itgo(V)/e) {1+ n T g (Vit/7e+ n~1[92 (Vit/s

Haer}loah
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Set By =y 2 p1(0}—0:0%)it/vy and By=—120:0,0%0%it/7s.
Then from (8.6), we have

(18.4)  Elexpligo(V)/e]=exp| - 11 20" ;B
S (ks tr B 4
g (Zka o)+ 5 Tt /o |+0G 7).

Applying Theorem 7.3 to second term in (13.3), with the abbreviated nota-
tions B,=0,B.0, (=1, 2) and B=3%_,\p,B., we obtain

(135)  E[qi(Y)exp(itgo(Y)/ca)]= exp[“ >] [pltra)ZBz Vot B
_]__&ZZ t @2@4 _0_1 2 t @2@2t @2 ﬂ t QZ 2
2 a=10ar1(x+2 @=10Y07 Oa1TY a’_2<r 1)
Qg iyan T Bl A Tte0 B — o] Ttri B
“21'1“‘ 2n 3Za=1r a/\/pa[r i{B°—0, rBy B ]
+ 8 DAt B Np [ 530t 0 030% + Y3 0, tr0i04
—tr@!— (tr@%)* ]+ 20,tr03 Y%, 0, B0 B —tr(0, B30,) B— o, tr B
2 2 1 2 'S 2 2 B 1 2 — 202
10, BE0) + 01 k-0t r03tr0% B+ 5010 Xh-1p t1070%
tr By tr02 B, — g tr Bytr0? + 0y gzlv@tm%@zéa}]w(n—w.
Similarly, by Theorem 7.4, we have
(13.6)  E[qu(Y)exp(itqo(Y)/v5)]= exp[< >]2¢2{¢01tr3 B~ p1tr 0B
5/"1 4 lpatr31@é+01tr@%3+\/-§lZ%=1oatrwatrwaB1
—l—pltr@%tr@%f?—%plZizlpatr@%@“af?—plzﬁzlpatr@%trd)w?xﬁ

~ G500t 03 B,
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and

(13.7) ELq3(Y)exp(itqo(Y)/c5) ] zexp[ (ié)z]él[{pltrd)%f?z — ot B, By

+40 04,0t 0I0L B* + 02 521 0 4r@304tr 03 B + 02 %10, tr 0%
A @20 2t 0% B2+ 40,4 p, tr0i By B+ 01V o, (tr02)%tr By B+ 01\ p, tr
tr B1 B+ 0105tr@4 BE 4+ 0,0,tr04 B2 — p2tr B2 Y2, 0,tr00 2trd%

— 01 (4r09)* b1 04t1 03 B — 03tr01 %1 0,403 B — 03 o, tr

“tr By B— 80 0, tr@¢ By B— 40, 02y p,tr0304 By B— 01 o, p,tr By By
<A1 0atr0204tr0% — 0102V o, tr@3 04ty B1 B— 403 0,trd$ B, B
2000104103 By By {6109 +610% + (T30 4103410302

S0, 008+ 010} (T 0,08 + G T 1000

2 2
(10 030%)*+ 5 5L 5_10,00t1 030205t 020% + 5 {(tr0?)?

0102
2

(tr020%)% + 224 r o0

+tr @1} %+ p? {tr 03+ (tr 09 + 9

2 2
— Sl tr09)? D20, tr00%tr 0% — 207t 100 Ok — Gtrottro3

oF

208=10a0a—201 1%, 0atr 01 O%tY DT O — 5

tr@13 % ,0,tr 02 0%trd?
0_% 2Y2572 24
) (tr@)* 214104 tr030%
Thus the characteristic function of 1;/7; can be expanded as follows:

188) €4 =exa] 140 H (XY 0 02040030 40, D50
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; 3
Ar@Litr@i0% — o, (trd3)* — pﬁr@%}(%) [%Z?hlpatug

3

—|—4p]tr@%12—4pltr/1~1/1~]} 1y 1g2a<lt> ]+0(n“7>,

where Alz(ﬁfﬁpld)‘]‘,Azz—m@%@g, AT,Y:Q,,A,YQQV (CK:1,2) and /glu:z(zx:lpa/ga.

The coefficients g,, are given by

(13.9)  g2=201 2% 10, tr@%tr@3A ,+ 20, 2 %10, tr0? O 2tr A, — 40, tr O34,
—4p,tr@3r A1+ 201 2% 10,00 OLA 401 tr @A + 201 3% 104
Ar@Ltr@i A, + 40,0 % 10,0005 4, + 40, trd*trd2 A
— 6012510 1 OI0EA — 40, 3% 10 tr O3t OI0LA — 20, 314104
tr@20itroid + P1- 01 (X%, 0atrO2ETO20% + Y13, 0 trd204)>

+20%r@1 (14 _10.04)°+030% 510405 tr030%0%)°

['o

+ 0302 51000 tr DI OLDLLTDLO% + 2 ( rd%)% 4+ trd4) 2+ 202trd8

+ 203 (tr01)* + 0,02 (tr0303)% + 0, 0:tr 0 {0}

— 03 {(tr@3)* +trdd) Y% 0, trd30%trd% — 403tr08 Y% 0,04

— O {tr @+ (ArOH 02 Y% 0004 — 402 Y % 0T 0 DL tr 0202,
=2 T80 AL+ 5 01 A0t AU Do 0 ORAT 0307+ TE 0,

tr @204 —tr@t— (trd?)* ]+ 160, tr0? X2 0,0, A20 A

— 801'61’(0114%@1)14— 8011}1'1{1 Z?‘z:lpa@aAi@a + 801’(‘,1‘[1/[2— 801tr@%z“1~3
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+1602 2 %-10.tr0104 A% + 403t r 03 A% { %2 10,4100 4+ T %10, tr0%
tr@20%} +1603tr04 A, A + 40%tr A, A {(tr@%)* 4 trd*) +40,0%
tr@tA}+40t0otr 0347 — dodtr AL Vo 0, tr0I0%tr 0% — 403 1% 0%
Ar@3 A% {(tr0?)* +troty — 4p3trdStr A, A — 8203tr 084, A
—16020:tr Q30841 A — 40301 tr A1 A2 Y %10, tr020%tr D2,
—40%0,tr@304tr A, A — 16020,tr @8 A, A — 8030,tr @2 A1 A, {(tr02)* + tr @4},

go= 0 (Ther 0abr A)* +5 01 k10 tr A x0T — 04, A)

+8{0:1tr@2 4% —p,tr A, A} 2.

Thus inverting this characteristic function, we get the following theorem:

Tueorem 13.1. Under the alternative K, the distribution of 3=+ n
At S (Sy+ Sp) "t — p1tr@3} can be expanded asymptotically as follows:

_1
(18.10) P(As/vs<x)=0(x)—n 2 {[mZLloatr@%% +0122%-104tr0%

tr030% — 0, (br03)* — 01 trd1 0V (x) /75 + [% % -10atr A%

+4pltrm§£2—4pltrzlﬂm<3><x>/fg} P Y g2a 0PN (x) /73

3

+0(n %),

where t3=23%_,0,tr A% with A,=(0?—0,0%), A= —0,020% and A,=0,A4,0,
(@=1,2), A=Y%_10ad4. The coefficients g,, are given by (13.9).

From the above theorem we obtain the following asymptotic expansion
under the hypothesis.
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TuroreMm 13.2. Under the hypothesis H, the distribution of iz=+ n {trS;
«(S1+S2) "' —p1p} can be expanded asymptotically for large n as

14

(18.11)  P(ls/ts<x)=0(x) —n 2[§p0102(02—01)]@(3)(96)/73
-3
+n 7 31850V (%) /75 +0(n 2),

where t3=2pp10, and g5=—010:p(p+1), gi=2p0102(0%+05—30102) and g;=38
‘0%0%(02—01)2}72/9-

14. Numerical examples. Each test statistic 1;/7; (:=1,2,3) of one-sided
tests has the following asymptotic expansion under the hypothesis.

A41)  PQs/er<x)—0(x)— %{almm(x) +ay 0P ()}
L, »o “ 6)( .\ —
4, 1620 (%) + 540 (x) + 060 (x)} +0(n  2),

with the different coefficients a’s and b’s depending on 1;/c;. Applying the
general inverse expansion formula of Hill and Davis [117], we get the foll-
owing asymptotic formula for the upper a% point of 1;/r; in terms of the
upper a% point u of the standard normal distribution function.

(142)  ut e (anHo(w) + asHa@) — o fboy () + beHi(u) + boHi(w)

1 2
+—2-a%uH0(u)2+a1a3u Hy(u) Hy(u) —I—%qu(u)z— 2a1a3uHy(u)

——2a§uH2(u)} Lo,

where H;(u) is defined such that @Y*P(u) =H;(u)0® (u). For j=0, 1, 2, 3, 4, 5,

Hy(w)=1, H\(u)=—u, Hy(u)=u"~1, Hy(u)=—u"+3u
(14.3)
Hw=u*—6u?+3, Hs(u)=—u’+10u*—15u.

The above formula was also used by Sugiura [257].
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ExampLe 14.1. We shall consider two cases, namely, case 1: p=2 and
n1=13, n;=63 case 2: p=4 and n,=>50, n,=100. Asymptotic formula (14.2)
for the upper 5 percent point gives:

A1/71 Ao/ T2 A3/
case 1 case 2 case 1 case 2 case 1 case 2
first term 1.6449 1.6449 1.6449 1.6449 1.6449 1.6449
second term  0.2366 0.2622 0.3592 0.5011 0.1140 0.0232
third term 0.0206 0.0322 0.0973 0.1312 —0.0388 —0.0273
approx. value 1.902 1.939 2.101 2.277 1.720 1.641
exact value  1.9069 —— 2.1332 e 1.7154 —_—

The above exact values are given by Pillai and Jayachandran [207]. This
example shows the approximate value of 21,/c, is worse than those of 1./t
and ].3/1'3.

ExamrLe 14.2. We give each approximate power of the three criteria
based on the exact and the approximate percentage points in Example 14.1,
which is denoted by case 4 and case B respectively. Let ch;(Z, 250 =71,(i=1,
2,...,p) and let the alternative hypothesis be K: y;=1, 7,=1.5.

A/t 22/Ts A3/T3
case 4 case B case 4 case B case 4 case B
first term 0.1767 0.1777 0.1516 0.1575 0.2010 0.1998
second term  0.0128 0.0127 0.0378 0.0872 —0.0130 —0.0129
third term —0.0013 —0.0012 0.0032 0.0032 —0.0046 —0.0046
approx. power 0.188 0.189 0.193 0.198 0.183 0.182
exact power 0.186 0.186 0.192 0.192 0.194 0.194

Exampre 14.3. We shall give the approximate powers in case 2 in Exa-
mple 14.1.

K: ni=re=r:=r:=11

first term second term  third term  approx. power
/71 0.1429 0.0441 0.0040 0.1910
22/T3 0.0921 0.0743 0.0285 0.1949
23/73 0.2045 —0.0087 —0.0037 0.1922
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ParT V. TEsT CRITERION FOR EIGENVALUES AND EIGENVECTORS

oF COVARIANCE MATRIX

15. Preliminaries. Let px 1 vectors Xi, Xs,--.,Xy(N>p) be a random sa-
mple from a multivariate normal distribution with unknown mean vector x
and unknown covariance martrix 2. Let 0;(i=1,2,...,p) be an eigenvalue of
2 and let px1 vector r;(i=1,2,--.,p) be an eigenvector of unit length corres-
ponding to an eigenvalue 0;(:=1,2,...,p). From this sample we wish to test
the hypothesis H: 0;=0; and y;=71,(i=1,2,.. -k, k<p) against the alternatives
K: 0;2:0; or 7,257, for some ¢, j, where 0;, and r;, are known constant and
known vector and mean x is unspecified. The medified LR test for this prob-
lem is given by, as in Mallows [157] and R.P. Gupta [ 8],

nk

151 A= |5/n|"5‘|@0|"3‘|r55rz/n|"g‘etrL—%@glrgosrw]e 2
where S=Y0_(Xo— X)(X,—X), X=N"'20_,X., 0y=diag(010, O20,--,0%0),
I10=(T105 7205 »Tr0)s n=N—1 and a matrix /", is so chosen that T'=[71"1,: 1]
is orthogonal. The statistic 4 is independent of the choice of /7,. In case p
=k, we proved the unbiasedness of the test (15.1) in Sugiura and Nagao
[26], the monotonicity property of which was established by Nagao [167].
In our case £ <p, we shall prove the unbiasedness by the method in Sugiura
and Nagao [ 26].
The acceptance region of the modified LR test is given by

152)  w=1{s1151F 16 F1rysra Fetr| 565 5T e,

where the constant ¢, is determined such that the level of this test is «.

Tuaeorem 15.1.  For testing the hypothesis H: 0;=0;, 7i=71:0(G=1,2,.- .k,
k<p) against the alternatives K: 0,505 or 7757150 for some i, j with unknown
mean u, the modified LR test having the acceptance region (15.2) s unbiased.

Proor. Under the alternative K, the statistic S has a Wishart distri-
bution W(Z, n), so the probability Px(») of the acceptance region » under
the alternative K is given by
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I _n
(153 Pe@)=cpn| 151777 3| Fetr[ -5 3]s,

S€o

where the coefficient ¢, , is given by
1 _ o™ po-Ditys 1 :
(15.4) c;L=27n Nl j=1r[§(n+z— ])].

Put A=T'ST, where T=("1,: I';). Then the Jacobian is given by
|0A4/0S|=1. So we obtain

g _n
155)  Px@)=c,n| 14177 @] Fotr(—paa)au,
AEml
where 2= T"2 T and the region w; is given by

n 1
A5:6)  on={d] | Aii— Auadz} Aua] 7 105] Fetr(— 505 dur )=}

The A4;; is submatrix obtained from 4 as (15.7).

E p—k
z——’_\:F—M—\
(15.7) A= An A }’“

R. P. Gupta [ 8] gave the simple proof of independence of the statistics =
Ay — Ay2 A33 Az and Ay5A45) A2y when 2,,=0 in his appendix, where 2., is
submatrix similarly partitioned as 4 in (15.7). Based on 2! expressed by
211, 212, 245 and translating W=4,,— A1, 453 Az1, V=A12A45}, he gave the
decomposition of a Wishart distribution as

1o, _n k
(15:8) e | W] 77 |00l Fete| — 5050, W) sl Feta| 5 7Byt

I _n 1
-(V—B)Azz]|Azz| PR 1}I.sz| zetr[—?ng'g‘zléizz:l,

where !211.2:‘911—5212.95215221 and B= .912.9521
Therefore (15.5) is rewritten as



Asymptotic Expansions of Some Test Criteria for Homogeneity of Variances 231

L m-p-1 - 1 £
159)  Pr@=cp| 171" @0l Fetr| 505, ]| Aol ?

(W,V,Azs) €wy
1

' e“[—%af— B Qo (V=B Ay || A #7007 0 T

. etr [—%!J;;Azz]d WdVdAss,

where
% ——Z 1 -1 1 -1
A5.10) o ={(W, V; 4) || W] #166] Fetr| — 5051 W05V 4,

T [z}

S S B N I 1 1
Put C=6292,,5W2,,%0,> and Y=06,% 2,,%(V—B), sothe Jacobian is gi-

1|—12—<1>+1>

ven by |[0(W, V)/0(C, Y)| = [£211..05

Thus (15.9) is expressed as follows:

__n _k
151D Pr@)=cpn| €100 105 Fetr(—5672C) i
(C,Y,Ay))€Ed,

I _n
-etr[—%Y’@leAzz]lAzzl g OmtBL g T

-etr[— %Qg}Azz}dCd Yd Ass,

L 1 _ 1 __1
where a,zz{(c, Y, As3) | (2.2.,0, 7CO, ¥ 02,2.,,0.2.,0, 2 Y+B, As) ewz}.

So we have

Lo p
(15.12) PH(w)—PK(a))ch,,,{g —g ¢l 27
(C,Y,A)€w, (C,Y,Az)€d,
1

- - 1 k. U
0| ZetI‘L—f@alCihAzﬂ Zetr[_%y/@o—l YA22:||A22| o {n—-m-1}

| 2as —Tetr[—%ﬂggAzz]dCd Yd Ay,
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—en]] | gty

(C.Y, Ayy)€ay ~ 03Ny (C.Y, Ayp)Cay = 83Ny

__n k.
N Zetr[—l@glc]mm Zetr[—%Y'@o-lYAzz}

2

‘| 222 _Tetr[—%!zgzlAzz]dCdeAzz.

L k. e o
Since the integralg 1G] 72 | dyy| 2 | Ay | 2 Y7 00

@3

-!2521/122] dCdYd A, exists from (15.9) and (15.10), we have

(15.13) Pu(w)— Pr(o)=>c,., C{S _

(C,Y,Ay)C0, (C,Y, Ay ed,

"

1 k 1
T~ (D) 2 5 le=(p=m -1} -
CI T Agy| 2 [ Ayy| 2T T 0y, 2

-etr[—%.!?gzlAzz]dCdeAzz.

1

| sz | 2

7

Two integrals in (15.13) are equal by calculating the Jacobian.

Hence Py(w)>Px(w).

{n—(p—I—13}

2‘-etr[—%

Next we shall give /-th moment of the statistic 4 given by (15.1), which

is useful for obtaining the asymptotic expansion of A.

Tueorem 15.2. The moment of the test A can be expressed as (15.14).

(1514) EEAl]: cﬁ,ﬂcl:,%ﬂ nl—p~l—kcjjlk,n(e/n)ﬂkl/2(277)“1)_/1)/2
S R VA R e o ol R

+B' 271 ,B—B' 27}, (27, +10;) " Q1L B

where B= 921,255 and ¢, , s given by (15.4).

Proor. The moment of the test is given by

. 1 N— ph—
(15.15) LA J=cpu] @] (e/uy ) | 5] > 707 1]

b

2

7

5
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4 1 -1 nl|2 / -nl]2 l =17/
-etr[——z—z s]|5| | 74ST| etr[—f@o 1,8 |ds.
Put 4 = 1'ST then we can write
R
(U516 ELAT =y, |0 " 2e/my ™2 {4 20 g0

-etr(— %Q'1A>|A\””z|A22|’””Zetr[—é@glflu]dﬁl.

Expressing the Wishart distribution W(&, ») as (15.8), we can rewrite as

follows:

”_

|!211-2|_72

%~(n+;z1—p—1>

A7) ELAT= ey |06 " e/ny™ {1171
1 - 1 o
.etr[—g‘(ﬂll.z—kl@o )W]etr[—-i(V_B) 911-2(V—B)A22]
Jf)n—p—l) - 1 B / B /
.|A22| 2 |~922| 2etr‘:—?ﬂzzlAzz]etrl:_g@o1VA22V:1

| Aso |FA WAV d Ay

Integrating (15.17) with respect to W(k x k) over the region W >0,

we have

(15.18) E[A'J=cy |00 " (e/n)" "?| R11.2] 7"

=L g pap
| Q7,4 107 z p”)cl:,ln+nl—p+k
1 , Lt p-p-1) -
Netr| = 5 (7= BY @il (P —B) A || s | 2,|
1, Lot / +
-etr[—iszzzfzzz]etr[—g@o VAZZV]{AMI AVdAs,.

We consider the following integration with respect to 7.

_k
(15.19) Setr[_‘%'(V—B>/91—11-2(V“B)Azz]|A22| Zetr[~%@51VAsz/]dV,
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where the range of the integration is over a k(p—k)-dimensional Euclidean

L
space. Put Y=VA4,}. Then the range of Y is also a k(p—k)-dimensional

k.
space and the Jacobian is given by [0Y/0V|=|4::| ?. So we can rewrite

(15.19) as follows:

_1
(15.20) etr [—%B’Q;Q.ZBAzz]getr [—%(.Ql‘f.z—l—l@o‘l)YY’ ]etr (9L BAZ Y ]dY.

Using the following well-known result for m x n matrices S, X and R>0,
(15.21) Setr[—RXX/]etr[SX’]dXz "2 etr [-41—-1{*155} |R| "2,

where the range of the integral is a mn-dimensional space, we can express
(15.20) as

(15.22) (2r)t6-D12| g=1 , | [@=1| ~(b-P)I2 etr[——;—B’g;f.zBAzz]

1
-etr[iB’Qﬁl.z(.Ql‘f.z+l@gl)‘lﬂfll.zBAzz].
We, finally, consider the following integration with respect to As,.
L I O _n
(15.28) (2m)* =12 @7t 410751 2 ’”g | Ay | 200 g,
1, 1o Lot (011 16-1)-1
-etr[—75222 Am]etr[—EB .Qu.zBAzzJetr [fB 073,051, +167)
‘AQ;]_I.ZBAzzildAzz.
By noting that the matrix {2;}+B' 271 ,B—B' 271 ,(27L.,+10;)7 Q7L B} is
positive definite and that 4,; is distributed according to the Wishart distr-
ibution, we have

L 1, _n
(15.24) (2m) 27|00, 41051 TR, | 20| 2 | Q73+ B 271 ,B

—B'Q7L (271, + 1670 211,B| 2.
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Hence the proof is completed.
Especially when 2,,=0, Mallows [ 15] gave the above theorem.

16. Asymptotic expansion under hypothesis. Now we can obtain the as-
ymptotic expansion of the statistic— 2log4 under the hypothesis from The-
orem 15.2. R.P. Gupta [ 8] showed that the limiting distribution —2logA has
a chi-square distribution with f=#k(k+1)/2+k(p—Fk) degrees of freedom un-
der the hypothesis. Under the hypothesis, £ is reduced to

6 0
(16.1) 9=
0 2

Thus the characteristic function of —2log4 is given by

(n— p—I—k—i—l-—])—ltn] _knsitnk
a-2in 2 "

L
ws oy 4L

From this expression (16.2), the distribution under the hypothesis is shown
to be independent of the nuisance parameter 2,,. We shall use the follow-
ing formula for the gamma function, which is given in Anderson [17].

1 1 — 1B, (h
(16.3) logf[x+h]=§10g2n+<x—l—h—§>logx—x— glzl%%);f)

+0(] | ).

This formula holds for large value » with fixed 4. B,(h) is the Bernoulli pol-
ynomial of degree r. Some of these are listed below;

(16.4)  By(h)—h*— h+%, By(h)=ho— 3h2+éh
1 5, 5 . 1
By(h)y=h" - 2h3+h2_%, Bg(h)=h5—§h4+§h3—§h.

Applying the formula (16.3) to each gamma function in (16.2), we have

233

(16.5) logC(t)z—ilog(l 21t)—|—~7 {(Q—2it)~'— {(1 2it)%—
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2B
+3 311 =2i) * =1} +0(n ),

where

1 1
By =k(p—k—1) (p+2) +55k(2k*+ 9k +11),
1
By ={gh(k—p+1{2(k—p+1)*—8(k+3)(k—p+1)+2k*+ 9k +11}
1
(16.6) — k(b +1)(k+2)(k+3),
k
By=1gk—p+D{k—p+1)°—=2(k+3)(k—p+1)*+ (k—p+1)(2k*+ 9%k +11)
—(k+1D)k+2) (k+3)} +&(6/e4+45k3+110k2+90k+3).

Therefore we have

__f
A6.7)  C(t)=(1—2i1) 2 [1+ L, ((1—2i)— 1) +(%{<3Bg-433)(1—2n)—2

n
—6B3(1—2it) '+ (3B}+4B;)} +${(4B4—4Bng +BH(A—2it)7®
+ By(4B;—2B})(1—2it) ">+ B2(4B3;+3B3)(1—2i1)*
—@B.+4B.By+ BD} |+0™)
By inverting this characteristic function, we obtain the following theorem:

Tueorem 16.1. Under the hypothesis H, the asymptotic expansion of the
statistic —2logA defined in (15.1) is given by
(16.8)  P(—2logd<<x)=Px?<x)+n "By {P(x%,,<x)— P(x?<x)}

n—2

+ g ABBY— 4B Pt} <)~ 8BIP(1. <)

-3
+(3B3+4By)P(3<x)} + g {(4B1—4B;Bs+ BY)
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“P(x}6x)+ By(4Bs—3B})P(x}, ;<x)
+ By(4B5+3BYP(x2, ,<x)— (4B, +4B,B;+ BY)

P(i<x)} +0(n™"),

where f= %k(k—l— D +k(p—Fk) and the constants B, are given by (16.6).

This theorem is reduced to ones given by Sugiura [23] and Korin [12]
in case p=k.

17. Asymptotic expansion under fixed alternative. Now we consider the

1
characteristic function of —2n 2log4 under the alternative K. By Theorem

L
15.2, the characteristic function of —2n 2log4 is given by

A7)  Cx(t)=C1(1)Co()Cs(2),
where

17.2) Cl<t):<é%>v/;kit ﬁr[%(nzzu‘\/ n —ptk+ l—j)]
=) r[§<n—p+k+1_j)]

160l | 2172,
2it — M vnit
A73)  Co()=|27t,— =650 2,

2t
A74)  C()=| 23+ B OR BB 01y 81ty — 67" 0i1,B]

-
2

Applying the asymptotic formula (16.3) to the first factor C.(¢), we can exp-
and asymptotically as follows:

175)  logCi(t)= —%log | 2|+ mitlog| @0 | —ithy 1 +k(it)?

+7%{<pk—%2+%—)it +2 @} + {<pk—%z+-’2“—)(it)2
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2k -3
+ ’g‘(it)‘i} +0(n 2).
Using the formula (7.17), we can express (17.3) as (17.6).
n . R
(17.6) long(t)=<§—\/ nzt>log|!211.zl i ntr@;1 24y

+ (it)z{tr(@glgll.g)z—2tr@61911.2}

. \3 4
O (651011, 26651 211.°)

- \4 _3
+g’—?—{zw(@al!zu.2)4—%&(@51@11.2)3} +0@m *).

Applying the asymptotic formulae (7.17) and (7.20) to the third factor Cs(z),
we obtain

A7) logCs(¢)= %log [ Q23] + ity 7 trGP + (01)?{2trG® 4+ trGH%Y
+ %ﬂi {trG(” TGV + %trg(lﬁ} n 4_(iQi{2tr Q)
n n

__3
+trG®* 4 2trGH G + 2tr GV G + %tr G(D‘} +0(n ?),

11 1
where matrices G =F'C’F(j=1, 2, 3,4) defined by F=2,,%B2,} and C=2,}%.,

L
:0;12,%.,. Thus we have (17.8) by adding up the expansions (17.5), (17.6) and
a7.7.
_ 1 1 -3
17.8)  log C(t)=+ nE1+Ez+\/—7E3+—njE4+0(n )s
where the coefficients E,, E,, E; and E; of each term are given by

(179) E = it{tr(@glﬂu.z— I)—log ‘ 211 .2@61 l ‘|‘trG(1)},

(17.10) E,=@G6)*{tr(B;1211.2— I)*+2trG® + trGM?}
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(17.11) Es= it<pk— @; +§)+ (ir)? {2—;“ +—§~tr(@glgu.z)3 —2tr(0;1211.2)*
+ 441G + 4tr GG + %tr G<1>3},
(17.12) E, =(it)2<pk— >+ (it)* { +2tr(05 1 2:,. 2)4—%1«(@515211.2)3
+8trG™ + 4trG@* + 8trGIGA + 8trGH'GH
+ 2t G }

L
This shows that the statistic 4*=—2n 2log A—+ 7 {tr (0;1 2y1..— 1) —

log [6712,:.2| -+trGM} converges in law to the normal distribution with mean
zero and variance t2=2tr(6;12:,.,— I)*+4trG® + 2trGV’and further it enable
us to expand the characteristic function of 4*/z up to order »n~*', that is,

A7.13) Coy. (1) =exp[%)—2]{l n T A n*lAz} L0,

where 4; and 4, are given by

‘3{2k+4tr(@51911.2)3
—6tr(0;1211.2)% +12tr6® +12trGHG® + 4GV}

(17.15) 4, =%(it)2r‘z(2pk—k2+k)(2pk—k2+k+4) +—§<n)4r-4[2k+k(2pk— k*+k)
—3(2pk—k*+ E)tr(05  211.5)2 + 2(2pk — k*+ k— )tr(0-5211.2)°
+6tr(051211.2)" +2(2pk — k* + k) {3trG® + 8trGHG?

+trGM’} 4-24trG™M 4+ 12trG®’ 4 24tr GHG®

+24trGM'GP + 6trGV ]+ 2(it)6r*6{% + %tr(@glﬂu.z)g
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r(031 211.0)> + 26rC + 24rGICR) %trG(l)a}z.

Thus, inverting this characteristic function (17.13), we have the following
theorem:

Tuaeorem 17.1.  The distribution of the statistic — 2logA defined by (15.1)
18 expanded asymptotically by, under the fixed alternative,

1
(17.16) P[n ¢ [ —2log A—y 7 {tr(0312,,.,— I)—log |0512,1., |
_ir1
HCIY <] =0~ 2| 7 @k P+ OO()
—I—%r'3{2k+4tr(@31911.2)3—6131‘(@51.911.2)24—12trG(3)
12166 4+ 416D} 09 () 1 S gaat 20O ()

_.3
+0(n %),

_L L
where t>=2tr(0;*Q1;.,— I)*+4trGP +2trGY" with G =F'C'F, F=9,,,B2,%,

|-

1
C=92,2.,0;19,%.,. The coefficients g,81, g6 are given by

oo

g2=%(2pk—-k2+k) —I—%(2pk—k2+k)2,
2 :%(2;)15 — K2 ) {2k +4tr(651 211.2)° —6tr(051211.5)% +12trG®
+12trGYG? + 4tr GV} + %k +2tr(0512,;.,)"
(17.17) —gtr(@glgu.zf +8trG™ + 4trG®* + 8trcVG®
+ 8trG’G® 4 2trGH,

E 2
g6=2{§—|—gtr(@glﬂn.2)3—tr(@51Q11.2)2
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+2trG® + 2trGHG? + %tr(;“”}z .
For the special case p=£%, Sugiura[25] gave the above theorem.

18. Asymptotic expansions under local alternatives. Since the asymptotic
variance of —2log4 given in Theorem 17.1 vanishes at the null hypothesis,
we shall consider the asymptotic expansion under the sequence of alternati-

1 1 1
ves K5:0, 2 211..0, > =I+n"°0, and B2,} :n"3@2<62—;—>. By Theorem

15.2, we get the characteristic function of —2log4 under K;.

1
ok F[—(n—2itn—p+k—l—1—j)] =225
a81) €, =(gg ) I 2 (1—2ir)
S k1= )]
. A " (1-2i
R Ip e I

1 R 1 1
N T+n-2650, 2 (1+n7°6,)710, *0,—n 2046, > (I—2it]

J—
2

_1
—2itn90,) L (I+n26,)"10, % 6,

The first factor of Cx,(z) in (18.1) is the characteristic function of —2log4
under the null hypothesis, which is asymptotically expanded by (16.7). The
second factor, using (7.17) and (7.20), is given by

(18.2) exp(nl—”(l_i;it)(%tﬁnﬁnl—”{(%zﬁ%sl)(l—zn)-z—(%zﬁsl)

L (1—2i0)! —i—(%ts—l—%sl)} +n1’48{(%t4 + %32>(1—2n)-3 _<%t4+%32
—%rz)a—zm—u <%4+ %sz——%rz>(l—2it)_1—(%t4+ —%—32—%2)}
+ 0 (n1—58>:l,

-1 : -1 . .
where t;=tr0i, r;=tr(0;6;160,) and s;=tr0;60, >6{6, 2 @, for abbreviation,
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Multiplying (16.7) to (18.2), we can see that

i 1
(18.3) Ck,(5)=(1—2it) 2 +0o(1) when 6>~§

. L ic (1, o
=1—-2it) 2 exp[m {gtr@l +tr6,6, 1@2}]“{- o(1)
1
when 0= o>
which implies that the limiting distribution of —2log4 is x* with f :%k(k
+1)+k(p—k) degrees of freedom when 6>%and non-central x* with f deg-
. , 1 R PP
rees of freedom and noncentrality parameter 4 =4 troi+ §tr@z@o @, when
1

6=7. Further we can get the asymptotic expansion of the characteristic
. 1
function of —2log4 when 6=—2— as follows:
L 2 _ L
(184) Cx 1 (= (1—2it) * exp[u_—gmﬁ][un 2 {(—é»zg n %sl>(1——2it)‘2
1 1 1
—(Ts -|—31>(1——2it)_1 +<-3»z3 —I—§31>} Y gaa(1—2i0)
_3
B {(1—2i) " — 1} +0(n 2 )],

where the coefficients g,, are given by

(oo i) 3 (e o)

gz=<%t4 + %Sz— %m)—(%ts + 31)(%53 +é81>,
(18.5) gi=— <%t4 + %sz— %rz>+%<—;—t3 + 31>2+ (%t;} + é—sl><%t3—l— %31)

po=(hior ) Chue ) o)



Asymptotic Expansions of Some Test Criteria for Homogeneity of Variances 243
1/1 1\,
8s= §<fl3 +gs )
When d=1, we can get another asymptotic formula from (16.7) and (18.2) as
(18.6).
P N2 1 NS | 1
(18.6) Cy,()=(1—2i1) [1+ (gt grit B ) a2 (gt 5n+ B, )

n—2

+ " {(BBY— 4Bs)(1—2it) — 6BY(1—2it) "+ (3B3+ 4By}
+ n—zza=0g;a(1—zn)~“+0(n~3)],

where coefficients are given by

B 1 1 1/1
g(/):Tz(tz—i'zh)‘ths"‘?Sl +§<§Ifz+rl>2,

B 1 1/1
(18.7) gh=— g (@t 2r) — g+ 20— 5 (gutn ),
B 11 171
gi= 42(tz+2T1)+Ft3+_2*81+§<’§lz+r1>2-

Hence, inverting the characteristic functions (18.4) and (18.6), we have the

following theorem:

L L
Tueorem 18.1. Under the sequence of alternatives Ks: 0y 2 2,,..0, 2 =1
L . 1
+n7%0, and B2, =n""0,, when 0=,

1

(18.8)  P(—2logd<x)=P(x2(4*)<x)+n ‘T{<—%z3 +§51)P<x§+4(42) <)
1 2 1 1 2
(Gt st )P0 o) <)+ (grtatgon P (4D}
+ 17 Bo{P(x3, 5 (4%) <x)— Pr3(4*) <x)}

_3
07 D0 g2aP (1} 12a(4) <) +0(n *),
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1 , 1 s 1 o ;
wherefzgk(k+l)+k(p—k) and 4 :Ztr@l—k—z—tr@z@o O, t;=1tr0, r;=

11
tr(050510,5Y, s;=tr050, 20i0, ? 0,. The coefficients g, and B are given by
(18.5) and (16.6) respectively. When 0=1, we have
2 BT 1 2
(18.9)  P(—Zlogd<x) = Pluy<o)t n~ (g tat i+ Ba J{P(2ho <)
_2
— Py<)} + 7 (BB~ 4B5) Pk, <)
—6B3P(x}.,<x)+ (3B3+4B3) P(x;<x)}

+n 2% 08haP(xt 3a<x)+0(n"%),

where B,(a=2, 3) and the coefficients gia are given by (16.6) and (18.7) resp-
ectively.

19. Numerical examples. Applying the general inverse expansion for-

mula of Hill and Davis [[11] to the asymptotic null distribution of —2logA
given by Theorem 16.1, we can get the asymptotic formula of 100a% point of

—2log in terms of the 100a% point of the x* distribution with f :%k(k—kl)

+k(p—k) degrees of freedom as follows:

191 u +2n%u + %ﬁ{f—z&—”—%—GBg—szBs)+]7”2(6B§—4f33)}

1
+ 3@ gstulgtug)+0m™),
where u is chosen such that P(x%>u)=« and

4
(19.2) g1=@(f234—2f3233+33)>

4
&:=gp3(pra)S Bim2f BBy 5B,
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4 ) ;
&= 3oy i) S Bt 4 BBt 4By,

with B, By, B, in (16.6). This formula (19.1) is the same as that given by
Sugiura [24] in the case of p=#.

ExamprLE 19.1. When p=2, £=1 and n=>50,the approximate 5% point of
—2log4 can be obtained from (19.1).

first term 5.99147
term of order n! 0.10984
term of order n2 0.00249
term of order n~? 0.00005

approx. value 6.1039

Since the distribution under the null hypothesis is independent of 6,, /"1, and
I';, the above 5% point is of the null hypothesis 2=diag (e, ) with known
constant ¢>0 and unknown constant 5>0. For the specified hypothesis
H:2=diag (1,b) against the alternative K:

1 4
(19.3) 9 = < ) ,
4 2

the following approximate powers are computed by the different formulae
according to the value of 4.

(17.6) (18.8) (18.9)
normal approximation; noncentral x*approximation; x* approximation
4 =1 4 = 0.2 4 = 0.01
first term 0.4521 0.1283 0.0473
second term 0.0499 —0.0004 0.0035
third term 0.0001 0.0034 0.0001
approx. power 0.502 0.131 0.051
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