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Introduction and Summary

In this paper, p denotes always an odd prime number.
Let Kk — {Kk{n)} be the spectrum such that Kk(n) is λ -th element of the

Postnikov system over Sn (see (1.1) of §1) and S={SW} be the sphere spec-
trum.

In [6: III], H. Toda has calculated #*(K*)1} for k<2(p2-iχP-l)-2 as
the module over 4̂*, the Steenrod algebra mod />, by making use of several
exact sequences of ^*-modules and by the induction on k using Lemmas 3.3
and 3.4 of [6: III], which are stated in Proposition 1.2 of §1.

Also in [6: III], for k<2p2(p — 1) — 3, the p-primary component pπk(S) of
the A -th stable homotopy group πk(S) of spheres has been determined from
the above results on H*(Kk) by use of Lemma 3.1 of [6: III], which is quoted
in (1.4) of §1. Furthermore in [6: IV], he has given the generators of pπk(S)
by means of the compositions and the secondary ones in the same range of k.

The purpose of this paper is to calculate H*(Kk) and pπk(S) for k<=
2(p2+p)(p — l) — S by use of the methods introduced by H. Toda [6] and some
relations in pπk(S). *Γhe results are summarized in Theorems 4.1, 4.4, 5.1, 6.2,
7.8 and 7.9. The exact sequences presented in [4] together with the ones in
[β :I] are used in these calculations.

The beginning of our calculations is summarized in Theorem 4.1 of §4,
which is due to H. Toda [6: III]. For further calculation, we use the
following two relations:

^ ό f - W i , Jd! = ̂ pta0 in

which are given in Lemma 4.2 of §4.
Using these results and the exact sequences in [_4Γ\ and Q6: I],

ΛΓ*(K2(/)2_1)(^1)_1) is determined (Theorem 4.4), and also H*(Kk\ 2(p2 - l)(p - 1 )
^k^2(p2+p — 2)(p — 1) — 2, in certain dimensional restriction (Theorem 5.1).

These results enable us to calculate the group pπk(S) for k<,2(p2+p —1)
(p — 1) — 4 (Theorem 6.2). In addition, theorems presented in §3 give the
description of generators of pπk(S) based on the compositions and the second-
ary compositions.

1) In this paper, the cohomology H*( ) will be understood to have Zv for coefficients.
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For funrther calculation, it is necessary that the following two coefficients
x3, x4 6 Zp are determined:

(7.1) &ιep-2 = X3b% ^1Jep_2 = x4Jb°p in ίΓ*(K2 ( ί ϊ + ί_2 ) (^1 )_2).

In [7], H. Toda has calculated the (unstable) homotopy groups pπ2n+ι+k

(S2n+1)ΐor k<2(p2+p)(p-l)-5 by the methods which differ from [6]. By
use of the result pπ2(P2+p_1)(p_ι:)_3(S) = 0 of [7], we obtain ^ 3 ^ 0 (Lemma 7.1).
To determine #4, in §8, we continue the calculations of Q7] and obtain the
partial results on pπ2{P2+p){p_l)_z(S). These imply * 4 = 2Λ;3^0 (Proposition
7.7),and so H*(Kk) is determined toτ2(P

2+p-2Xp-ΐ)-2<:k<:2(p2+pXp-ΐ)
— 3 under certain dimensional restriction (Theorem 7.8).

In the forthcoming paper of the same title [5], we shall calculate the
module H*(Kk) for k^2(p2 + Sp)(p-l)-4, p>S and for &^74,p=3, and the
group pπk(S) for k < 2{p2 + 3p +1)(p -1) - 5, p > 3 and for k <Ξ 76, p = 3.

The contents of this paper are as follows: In §1, we review the method of
H. Toda Q6]. Section 2 is devoted to introducing some known facts on H*(Kk)
and pπk(S), which are used in §§3-4. In §3, we discuss the relationships between
some special relations in H*(Kk) and the compositions in pπk(S). The module
H*(Kk) is calculated for & < : 2 ( / - 1 ) ( J D - 1 ) - 1 in §4, and for 2 ( / - l ) ( p - l )
<Lk<:2(p2+p-2)(p-l)-2 under degree < 2 ( / + p + l ) ( p - l ) - 3 in §5. Using
the results in §§3-5, pπk(S) is calculated for k<^2(P

2+p-l)(p-l)-4: in §6.
In §7, the non-triviality of the coefficients x3 and χ4 is discussed by use of
Propositions 7.5-6, and H*(Kk) is calculated for 2(p2+p-2)(p-l)-2<,k<:
2(p2+p)(P-l)-S. Also pπk(S) for 2(p2+p-2)(p-l)-S^k^2(p2+p)(p-l)

— 3. In §8, by means of the methods established by H. Toda [7J, the
unstable group pπ2n+i+k(S2n+1) is calculated partially for 2(p2+p)(p — 1) — 5<;
k<:2(p2+p)(p — 1) — 2, and in particular, pπ2(P2+p)(p-ι)-3($) is determined for
p=3 (Proposition 7.5). Moreover, by those methods together with the results
of [3] [10], the non-triviality of the element aιεp-ι is proved for p>3 (Proposi-
tion 7.6).

§ 1. Postnikov system over spheres

In this section, we shall review the methods of H. Toda [6: III] (cf. \ΊLJ).
Let Kk = {Kk(n)} be the spectrum such that Kk(jι) is the A -th element of

the Postnikov system over Sn. The indexing is given by

) = 0 for j^k,
(1.1)

i*: πj+nW-OUπj+nίKkin)) for j<k.

Let S = {Sn} and K(G)={K(G, n)} be the sphere spectrum and the



The Stable Homotopy Groups of Spheres I 307

Eilenberg-MacLane spectrum respectively. The fibering i: Kk+ι(n)-+Kk(n)
with the fiber K(πn+k(Sn), n + k) gives rise to an exact sequence of the
cohomology of spectra, which is the sequence (3.1) of [6: I I I ] :

(1.2) .. .J^HKKk)^HKKk+ι)-^Hι-\pπk{S))J^HM{Kk)-^...,

where Hn(G) = Hn(K(G)), PG denotes the ^-component of G for any finitely
generated abelian group G, and the cohomology H*( ) is understood to have
Zp for coefficients.

By (1.1) and (1.2), it follows that

(1.3) ([6: III, (3.3)]) H\Kk) = Q for 0 < i < * + l and /*: H%pπk(S))-+Hk+\Kk)
is isomorphic. j * : H1(pπk(S))-+Hk+2(Kk) is monomorphic.

Let Δr\ HK )Γ\Ker Jr^->Hi+\ )/ImJr_χ (Ji = J) be the higher Bockstein
operation of r-th kind. The following two statements are Lemmas 3.1 and
3.2 of [6: III] and are used to determine pπk(S) in this paper.

(1.4) The number of the direct summands of πk(S) which are isomorphic to
ZPr is equal to the rank of the image of

Jr: Hk+\Kk)Γ\ KerJr_1-+Hk+2(Kk)/lmJr_1.

(1.5) // HXKk) = 0 for 0<ί<:k + r, r>0, then ,τry(S) = O for k^j<k + r
and ΐ*: H*(Kk)-+H*(Kj) is isomorphic for k<j<;k + r.

The module H*(pπk(S)) is the direct sum of the copies of A* and A*/A*Δ,
where A* denotes the Steenrod algebra mod/?. Thus HXPπk(S)) = 0 for2<Ji<;
2p-3 and H\pπk(S)) = 0 (Jfe>0) if and only if pπk(S) = 0. This implies the
following

LEMMA 1.1. (i) The map i*: Hk+1(Kk_j)->Hk+1(Kk) is epίmorphic for
0<;/<;2p-4.

(ii) Let k>l. The map i*: Hk+\Kk^)-+Hk+\Kk-i) is monomorphic for
l<,j<;2p-3. ί*: flr*+1(KJk_i)->.Hr*+1(Kik) is so if and only if pπk_1(S) = 0.

We can consider that the vector spaces Hk+ι(Kk) and Hk+2(Kk) are given
by

Hk+\Kk) = Zp{ah bj;
(1.6)

Hk+2(Kk) = Zp{aU Δbh cu c 2 , . . ; l ^ ^ r , l^j

where Jαz = 0, Jk.ai = af

i(ki^>2) and Zp{dU' 9 dn} denotes the vector space
over Zp spanned by the elements du .. , dn. Then we have

H*(pπk(S))= Σ Aψ-χ

ai+ Σ A*j*-1a'{+ Σ
i i j

(1.7)
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To determine the module structure of H*(Kk) by the induction on k, we
shall employ the following proposition, which is proved from (1.2) similarly
to Lemmas 3.3 and 3.4 of [6 :I

PROPOSITION 1.2. In the notation (1.6), let

OLf

itla'i+ Σ βj.ibj = O; Z = l, 2,...}
j

Σ auai+ Σ

be the system of relations in the submodule Σ -4*α, + Σ -4*α{+ Σ Λ*bj of

H*(Kk) and let

{Σ Tι,mBι = 0; m = l, 2, . }, Bi = (alth..., ar,h a'lth .., a'rM βu,,•••, βStl\

be the system of relations in the submodule Σ A*Bt of (®A*/A*J)®

(®A*/Λ*J)(B(®A*). Then there exist elements

dt e H*(Kk+ι) and wm e H*(Kk)

such that

d*dt= Σ aitlf~
1ai+ Σ a'uj*-1a'i+ Σ βj.if^bj, Σ ϊι,mdι = ί*wm.

i i j I

Let {en;n = l,2, } and {rq — 0; q = l, 2, } be the systems of generators
and of relations of H*(Kk), then H*(Kk+1) has the systems of generators
{ί*em dι} and of relations {ι*rβ = 0, ϊ*α, = ί*αί = ι*6<7 = 0, Σ Ϊi mdι — i*wm = 0}.

i

§2. Some known results on H*(Kk) and pπk(S)

Let a be an element of H%Kk). Then, following to H. Toda [6: III], we
denote by a in Kι or simply a (I7>k) the image of a under the map i*: H*(Kk)
->£r*(K/). Moreover, when n>i-k, by the stability Hi+n{Kk{n))=H\Kk\
we use the same letter a for the corresponding element of Hi+n(Kk(n)). In
particular, let a0 e H0(Kk) = Hn(Kk(n)) = Zp denote a generator.

We shall define a map ψ\ pπk(S)^Hk+\Kk) as follows:

φ: pπk(S)^-pπk+i(Kk, S) —-+Hk+ι(Kk, S; Z)
(2.1)

—>Hki(Kk S)<-^-Hk(Kk)—^+H +

where H, p and D denote the Hurewicz homomorphism, the reduction mod p
and the duality map respectively.

Any element a e Hk+1(Kk), Jr_i« = 0, Jrα=V0, gives rise to a direct summ-
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and Zpr of pπk(S) by (1.4). Then an element γ e pπk(S) generates this summand
if φ(γ) = a (see [6: III, pp. 192-193]).

DEFINITION 2.1. Any element a c Hk+ι(Kk) together with the element
a0 e H°(Kk) forms a subcomplex of Kk(n) (up to homotopy type mod p) by the
first statement of (1.3). We denote this complex by Pn

k(a). In more detail,
there exist a complex

P«/_,\ QΠ\ I -tl + k+l
k\^) ^ ^^ "

and a map fn: P%(a)-+Kk(n) such that H*(Pn

k(a)) is spanned by the elements
/*(α 0 ) and /*(α). Moreover we denote by Pk(a) = {Pn

k(a)} the spectrum of
these subcomplexes. This spectrum is stable, since SPn

k(a) = Pn

k

+ι(a) for n>
k + 1.

LEMMA 2.2. Let a 6 Hk+1(Kk) and let γ € pπk(S) denote the attaching class
of(n + k + V)-cell of PJ(o). Then φ(γ) = a.

PROOF. Comparing the diagram (2.1) and the diagram which is obtained
by the replacement of Kk by Pk(a) in (2.1), this lemma follows immediately.

Q.E.D.
Since Kτ = K(Z), we have

(2.2) The module H*(Kι) is generated by a0 with the relation Jao = O.
By use of (1.4) and (1.5), we have

(2.3) for k^2p- = 0 for l^k<,2p-4 and

Since H2p~2(K2p-3) = Zp{0>1ao}, we obtain a well-known fact: the generator
oί\ of pπ2p~3(S)^Zp is detected by 3?1 operation.

The module H*(Kk\ k<,2p(p-2)-2, is calculated by H. Toda in
Theorems 3.6, 3.7 and Lemma 3.8 of [6: III].

THEOREM 2.3 (Toda). Let 2(p-l)<,k<.2p(p-l)-2. Then H*(Kk) has a
minimal set of generators which is given by the following

TABLE Al

Generator a

aQ

ar

(Z^r^p)

ap

Degree of a

0

2r(p-l)

2p(p-l) + l

2p(p-l)-l

Range of k in which a
exists

k^l

k^2(r-l)(p-l)=h(ar)

k^2(p-l){p-l)=h{a'p)

k^2(p-l)=h(bl)

o*-image of a in Kh ( α )

δ*oa = Λ1y*-1(^1αo)
δ*ar = Rr_1j*-1ar-1(3^r^p)

d*a'p = Δ^Δj*-'ap_1
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The relations in H*(Kk) are given by the relations in Table Bl below.

TABLE Bl

(α-1) ΔaQ = ̂ aϋ = 0. (α-2) Rrar= Δ&1 Δap^ = Δap = Δap = Δ^ap-^ap = 0.

(b-1) ^>Pa0-Jb0

1-^>P-2a2 = 0. (b-2) ̂ ^1 = 0.

(/) a=0 in Kk> k^dcg a, for the generator α=Vα0 in Table Al.

The relation (b—1) induces the following

(b-3) (20>v0>x-0>v^)Δb\ = c(0>v^-^)Δb\=§ in Kk3 k^4(p~l), where c: Λ*->A* denotes
the conjugation of A*.

From this theorem and (1.4), pπk(S) is calculated for k<^2p(p — 1) — 2.

COROLLARY 2.4. The group pπk(S) is isomorphic to Zp for k = 2r(p — l)
— 1, li^r<:p — 1, and for k = 2p(p—l) — 2, and vanishes for other k<,2p(p — l)
- 2 .

Now the element ό? of Table Al gives rise to a generator βι of pπ2p(p-i)-2
(S). According to the relation (b — 1) of Table Bl, the generator βλ can be
determined uniquely by the following

(2.4) (see e.g. [ 3 : Remark in p. 172], [7: III, p. 102]). A map f:

Sn+2P(P-i)-2^Sn Qf Qγfaγp represents βx if and only if ^u = (-l)nv in H*(L\
where L= Sn\Jei~ι\Je\ ί = n + 2p(p — l), is a complex such that the map f (resp.
a map Si~1-+Si~1 of degree p) is the attaching map of (ί — l)-cell (resp. i-celΐ)
in L (resp. L/Sn), and u e Hn(L) and v e Hl(L) are the generators correspond-
ing to the cells of L.

From the results on pπk(S) of Corollary 2.4, we have the following facts
about the element βι.

LEMMA 2.5 (see Q6:IV, Lemma 4.10]). (i) For 0<^ί<p, there exists a
complex Ln

i = Sn\Jen+2ip-1)\J-"\Jen+2i{p-l) such that Hn+2Hp-1\Ln

i) = Zp is span-
ned by 0>ku for u e Hn(L% 0 <:&<;*.

(ii) There exist maps A: Ln

pt
2

2

p-3->Sn and B: S^2^-^-2-^^!^-3 such
that the composition AB represents an element xβu x^O mod />, and that both
Aj and nB represent au where j : Sn->Lni and π: L^sn+2i(p~1) denote the in-
clusion and the projection respectively.

(iii) There exist maps A!\ Ln

p!\
p-*->L\ and Br: sn+2pip-l)-2-^Ln

ptγ^ such
that AB' represents /*( j/?i), j ^ O mod /?, and that both πA'j and uB' repre-
sent Cίi.

PROOF, (i) and (ii) are proved in [6 : IV, Lemma 4.10]. The maps Ar

and Bf are constructed by the following homotopy commutative diagram of
cofiberings:
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point >

1 I* I -
ς>n + 2p-3 / τn+2p-3 > Tn + 4p-5 τn+2p-3 / qn+2p-3

O >Ltp-2 •Llp-3 —•Lίp-2 I °

l 1 kl 1
n + 2P-3 a, > gn

which is obtained from (i) and (ii), and so (iii) follows from this diagram.
Q.E.D.

§3. Some relations on H*(Kk) and the compositions in p7tk(S)

Let Xk = {Xk(n)} be the spectrum such that Xk(n) = Ω(Kk(n), Sn), the
space of paths in Kk(n) starting from the base point and ending in Sn. Then
pk: Xk(n)->Sn is an (n + k — l)-connective fiber space over Sn with the fiber
ΩKk(n). The inclusion ί0: Kk{n)^{Kk{n), Sn) induces isomorphisms

(3.1) ([6: IV, (4.7)]) r:

LEMMA 3.1. The map φ of (2.1) coincides with the following composition.

PROOF. The following diagram is commutative:

H* ' - - PH ^τirv \ }ΩiQ)* τj rnτr \>Hk{JLk) <-^ HkKiάKk)

where all maps except pH are isomorphic. Then this lemma is immediate.
Q.E.D.

PROPOSITION 3.2. Let / : Sn+k^Sn be a representative of γ e pπk(S), and
assume φ(γ)=a^=0. Then there is a map F: Sn+k^>Xk(n) such that pkF=f,
i r*( r - i α )^o and F*(Hn+k(Xk(n))/Zp{-c-1a}) = 0.

PROOF. By the covering homotopy property, there is a map F such that
phF=f. Consider the map F*: Hn+k(Sn+k)-+Hn+k(Xk(n)). Let e e πn+k(Sn+k)
be the class of the identity map and c' = pHc e Hn+k(Sn+k) be the generator.
Then pkF=f implies (pk*)~1r = F*c. By Lemma 3.1, D~1t~1a = pH(pk*)~1r-
Thus, D'1v~1a = pHF*c — F*tf. This implies the rest of the assertions.

Q.E.D.
The following theorems give the information about the compositions
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with the elements aλ and /9i in pπk(S).

THEOREM 3.3. Let a e Hk+1(Kk) and γ e pπk($), and assume that
(1) φ(γ) = a^O,
(2) ^ W O inKk.

Then there is an element b € Hk+2p~2(Kk+1) such that δ*b = gPιj*~ιa by Proposi-
tion 1.2. Furthermore such b satisfies:

b^ψO in Kk+2p-3 and φ(a,ιγ)—±b.

THEOREM 3.4. In the above theorem, assume also
(3) ^ - 1 δ = 0 in Kk+2p_3.

Then βir^O in Pπk+2P(P-D-2(S).
Let c e Hk+2p(p-1)-\Kk+2p-2) be an element such that δ*c = 0>p-1j*-1b.

Assume further
(4) ^- 2 ^0wK W H .
(5) c^ψO in Kk+2P(P-i)-2'

Then φ{β\ϊ) = xc for some x^=0 mod p.

PROOF OF THEOREM 3.3. By Lemma 1.1, b^O in Kk+2p_±. Assume that
b = 0 inKk+2p_3. Then by (1.3), b = ΣxiΔrίuh Jri_lUi = 0 (if rz ^>2), J^u^O,
for some x{eZp and r , ^ l , where Hk+2p~3(Kk+2p_4) = Zp{ui}. By Lemma 1.1,
m exists in Kk and Jri-ιUi = 0, Jr.Ui^0 in Kk. Thus b (in K^+i) is con-
tained in Imj*. This contradicts to £*ό=^0. Thus b^ψ0 in Kk+2p-3.

Now put L = Pn

k+2Ps(b\ Af=PJ(α), and let / : L^Kk+2p-*(n\ gr: M^
Kk(n) be the inclusions (see Definition 2.1) and f=if: L-+Kk+1(n).

Consider the cofibering of spectra Kk+1-^Kk-^—>Q, where Q={Qn} is the
spectrum such that Qn = K(pπn+k(Sn), n + k + 1). Since the element γ generates
a direct summand ZPr of pπk(S) for some r, we have Qn — QnxQ^ Qn = K(Zρr>
n + k + l\ Ql = K(G, n + k + l) for the decomposition: pπk(S)7&Zpr@G, and so
H*(Qf) is generated by the elements q and q—Δrq which correspond to a
and Δra, where Qr={Qf

n}> The element b corresponds to ^q, since δ*b =
0>lj*~la. Thus the cell of Q corresponding to b attaches only to the cell
corresponding to q, since H*(Q') is a direct summand (as ^*-module) of
H*(Q). This implies that the map if: L->Kk(n) passes through the subcomplex
M (up to homotopy). In other words, there is a map I: L-+M such that the
following diagram is homotopy commutative:

L-UKk+1(n)

Let δ e pπk+2p-3(S) and n e pKk(S) be the classes of the attaching maps
of (n + k + 2p — 2)- and (ra + A; + l)-cells of L and M respectively. From the
above discussions, we have δ= ±γ1a1= ±a1y1. By Lemma 2.2, φ(δ) = b, φ(τi)
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=a = φ(γ). The kernel of φ consists of all jo-divisible elements. Hence φ(ctιγ)
= ±b. Q.E.D.

PROOF OF THEOREM 3.4. First we shall prove βir=¥0. Assume that
/9ir = 0. Let g: sn+k^Sn be a representative of γ. Then (gA)B is null homo-
topic for the maps A, B of Lemma 2.5, so there is a map/: £«+*+2^-3->sw such
that / | sn+k+2p~3 represents ±αir Let F: L^+2p-3-^Xk+2p-zM be a lifting of
/. By Proposition 3.2, F*(r"1ό)=M for a generator a of Hn+k+2p-\Ln

pt\
+2p-*).

Hence, ^ ( r - ^ ^ M ^ ^ ' ^ ^ O . This contradicts to ^ " 1 δ = 0. Thus

Let us put L = Pn

k+2P(p-i)-2(cX Mι = Pn

k+2p_3(b\ N=Pn

k(a), and denote the
inclusions by / : L^Kk+2p{p_l)_2(n), gi'. M1->Kk+2p_3(n) and A: N->Kk(n)
(see Definition 2.1).

From the discussion of Theorem 3.3, the attaching map of (n-\-k + 2p — 2)
-cell of Mi represents ±axγ by the replacement of this map if necessary.
Then there is a homotopy commutative diagram of cofiberings:

ς>n + k_J_ τn + k π on + k

S" JU M1-^Sn+k+2p~\

where the left vertical arrow represents ± γ and JJ\ is in Lemma 2.5. Let
λi € pπn+k+2(i+i){p-i)-ι(Ln

i

+k) be the attaching class of the top cell of ΊJ\X\. Then
for l < j j < ^ — 1, we can construct inductively a complex Af, = sn\Jen+k+2p~2

w . . . U e ^ + 2 i ( M ) a n d a m a p ? . . Ln+k^Mi g u c h t h a t f o r i < p _ i the following

is a homotopy commutative diagram of cofiberings:

I
ς,n + k + 2(i

By Lemma 2.5 (ii), π*(qiλi) = π*(λi) generates pπ2p^{S), hence H*(M{) is
spanned by the elements u, v, ^v,--, 0>i~1v, where deg^ = ̂ , degv — n + k-\-
2p-2.

Set M=Mp-i. The map ^i has an extension g' \ M^Kk+2p-?>(n) by (1.1).
Then H*(M) is spanned by the g ^-images of the elements α0, 6, ^ 1 6,.. ,
0>p-2b. P u t / =£/ ' : L-+Kk+2p_2(n) and ff=*V: M-^^ + 1 (^).

By the similar discussions in the above proof of Theorem 3.3, we obtain
the following

(3.2) There exist maps I: L->Mand m: M->Nsuch that the following diagrams
are homotopy commutative for some xu χ2^0 mod p:
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±

2A

+p

[ι I1*

k+ι

1 ι

where A, B and Zf are in Lemma 2.5, and π denotes the projection.
By this, we have a homotopy commutative d iagram:

p-l)-l n

5-+Λ+1,—jr N JL^Kk(n\

where C represents yβλ for some y ^ O mod/?.
Let Tι be the class of the attaching map of (n + k + l)-cell of TV. Then by

this diagram, φ{βιϊι) = χc for some x^ψO mod p. Since ΐι = ΐ+pλ for some
λ, we obtain the equality φ(βiτ) = χc Q.E.D.

Similarly to the above theorems, we obtain the following

THEOREM 3.5. Let a' e Hk+1(Kk) and f e pπk(S) with
(1) φ(γf) = a\ cdr' = 09 &2a' = 0 in Kk.

Then the secondary composition {γ\ au cti} does not contain zero.
Let br e Hk+*p~XKk+ι) be an element such that δ*bf = 0>2j*~1a. Assume also

(2) 6 ^ 0 inKk+Ap-s.
Then there is an element ε e {γ\ au aλ} such that φ(έ)= ±b\

Assume further
(3) ^ - 2 i ' = 0 i w K * + 4 ί - 5 .

Then βιf\0.
Let c' e Hk+2p{p-l)-\Kk+Ap_±) be an element satisfing δ*cf = 0>p-2j*-lh'. In

addition, assume
(4) <?*-3b'±r0 in Kk+4p_5, c'^0 in Kk+2p{p__λ)_2.

Then φ(βιγ/) = x/c/ for some xr^0 mod p.

PROOF. Assume that {γ\ <X\, aλ} B 0. Then there is a map F: Lγk^^
Xk(n) such that pkF\ Sn+k represents γ'. By Proposition 3.2, iT*(r"V) = u for
a generator u of Hn+k(Ln

2

+k). Then F*(r-1(e^V)) = ̂ 2u=V0. This contradicts
to ^ V = 0. Thus {γ\ au aλ} i 0.

The assumption a1f = 0 implies ^V=V0 in Kk. From the discussion of
Theorem 3.4, there exist a complex M=Pn

k{a)\Jen+k+2p~ι satisfying M/Sn =

Ln+k+ι a n ( j a m a p g. M^Kk{n) such that H*(M) is spanned by g*a0, g*a\
^g*^. Put L = Pn

k+4p_5(b/) and let / : L-+Kk+ip_5(n) be a map such that
H*(L) is spanned by /*α 0 and f*br.
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By the similar argument of the above theorems, we have a map I: L-+M
and a homotopy commutative diagram:

5 n + π τ fL

I '

where the left vertical arrow represents ± a x . This implies φ(ε)= ±br for
some ε e {γ\ <xu αi}.

The rest of the assertions is proved similarly to Theorem 3.4, by use of
Lemma 2.5 (iii) instead of (ii). Q.E.D.

The following theorem is obtained similarly to the previous theorems
and the proof is omitted.

THEOREM 3.6. Let a" e Hk+\Kk) and γ" e pπk(S) with φ(γ") = a", and
assume that Jα"=V0, 0>ιJa" = O. Then{γ", pc, aλ} is defined and does not con-
tain zero (c denotes the class of the identity map). Let b" £ Hk+2p~1(Kk+ί) with
δ^b/f = ̂ >1Jj^-1a\ and assume also b"^0 in Kk+2p-2. Then there exists an
element λ e {γ"9 pc, aλ} such that φ(λ)= ±bfr.

§4.

In this section, we shall compute H*(Kk), k<,2(p2 — l)(jo — 1) — 1, continued
from Theorem 2.3 of §2, for our further calculation.

For any non-zero element a e Hι{Kk\ £>0, we define

h{a)— min {/: there is a' e H*(Kt) such that af = a in Kk}.

We put q = 2(p — l) in the rest of this paper.
Almost all of the following theorem is occupied in Theorem 3.10 of

[6: III].

THEOREM 4.1. Let pq-l<^k<:(p2-l)q-2. In degree <(2p2+p)q — 2,
H*(Kk) has a minimal set of generators given by the following table:

TABLE A2

Generator a

a0

ar

(p£r£p -l)

a<s<apf

Degree of a

0

- ,

spq + 1

h(a)

(sp-l)q

δ*-image of a

1 mod p
ιaspfor r = sp + l
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O>0, 5>1

(^0,^1

d2

,r + s<p)

r + s<p)

- 2 r - l

- 2 r - 2

p*q-l

(P*+P)q + 1

q

{{s — l)p + s — 2)q—\

{{r-\-s — l)p-\-s)q—2r

((r-\-s)p-\-s — l)q
-2τ-\

pq-l

(p*-2)q-l

w s-ίj °s-

(ttp — 1 j s|e — 1 f>τ —

& •*•* j ~ ^ b r

a0) for r = 0, s = l

χfor r = 0, 5^2

x for r ^ l

Here Rt = (t-\-l)0>lJ-tJ0>\ Wt = (t + l)0>p0>1J-t0>p+1J + (t-l)J0>p+1, and c:
A*->A* denotes the conjugation of A*.

The relations in H*(Kk), degree<(2p2+p)q — 2, are given by the following

TABLE B2

(α-2) h

(6-1) ^

(6-1)' ^

(6-2) 9

(6-3) a

(6-4) J

(6-5) J

(c) ^

' ^ ^^^^o^^i,^,^^
}16° - Wpcl_! Ξ O mod Λ*6f

^δf" 1 — Λ ; 1 C ? 1 = O for some X^

^6?=o, rA°-^Λ°-iΞθ

r p 6j-

ŝp+i J ^ M δ " . ! — Acp_2 — λt(

^ 'J i jΞOmod y4*αί,2_2 + J

-^asp = Δ^Δas,

--(p-1, 1)), ^ ^ ί

-1.

{eZp.

mod ^^α^+s.j (2

^ipCj.^O mod J

τp-λ2ap = 0, λt =

*bp-\

p + A*a'p.

P+'d^B^cl-B^l^O mod

(d-iy Jdί-x2^P2a0-Bίc°ί-B2bl=O mod ^4%^ + J * ^ /or wwί * 2 e Zp.

(J-2) Jίί2 = ̂ 1 ί ί a -CcJ_ 1 = ̂ ί'rf2-Z?ό»=O mod A*ap2_2 + A*bP-\

(/) a = 0 in Kk, k^deg a — l,for a=a/

sp,

a = 0 in Kk, A ^deg α,/σr oMίr β in Table A2 z&z/Λ 0 < d e g a<:(p2 — 1) 9 —2.

ίF s, y4s, ^4, 5^, C β/ίί/ D are elements of A* such that

REMARK. The element br

s (resp. cr

s) corresponds to b{

r

s+s

1] (resp.c^+/) ) of
: III, pp. 201-202] so that our br

s (resp. cr

s) corresponds to the element β{βs
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(resp. ctιβ[βs) of pπk($) by the map φ of (2.1). The element dλ corresponds
to d of [6: III]. The elements b°p and d2 do not appear in [6: III] by the
dimensional reason.

PROOF OF THEOREM 4.1. Except the relations about the elements b°p, dλ

and d2, this theorem is proved in Theorem 3.10 of [6 : III].
Let r=pq-2. By Theorem 2.3, Hr+\Kr) = Zp{b°1}, and the submodule

A*b\ has the relations:

Bl (6-2) ^ 5 = 0, (6-3) r i 6 ϊ = c(^*(*-1))J&? = 0.

By Proposition 1.2, these relations give the elements cj, b°2 and dγ of H*(Kr+ι).
Now we consider the relation a^1 + βWrι + rc(^M~1))J = 0 in A*. The

exact sequence (4.11) of [4] implies r = Ti^ + ϊ2^1 + Ϊ3^p+1 + ΐ^2p for some
Yi e v4*, and the following relations in A*:

for some B{ e A*. We can check that these four relations generate the rela-
tions in A*0>ι + A*Wι + A*c(&>M-1))ΔCA* which contain the element
c(0>p{p~l))Δ. Hence, by Proposition 1.2, we obtain the relations about the
element d\:

Jdλ- Bicl- B2b°2 = ί*wu ^>ιd1-B3c
0

1-B4b°2 = ί^w2,

for some w{ 6 H*(Kr).
By Theorem 2.3, i*if*(K r), ί: Kr+ι->Kr, is generated by α0, ap, ap with

the relations Jao = 0>1ao = 0>pao = Jap = Jap = J0>1ap — ̂ ^ = 0. Thus the rela-
tions (d — 1) and (d — iy are obtained.

The relations about b°p and d2 are obtained similarly by making use of
the exact sequences (4.8) and (4.14) of Q4]. Q.E.D.

Let t = (p2 — l)q — 2 in the rest of this section.
To compute H*(Kt+ι), it is necessary that the coefficients xι and x2 in

the relations B2(ό —1)' and (d — 1)' are determined.
H. Gershenson has proved the non-triviality of χ2 \Λ\ Lemma 4.2],

from the triviality of the mod Hopf invariant.
H. Toda has proved the relation aλβ{ = 0 in pπt+q(S) (|]8] and [9 : Theorem

3]). The element b{~x gives rise to the generator β{ = β1o -oβ1 (p-fold com-
position) of pπt{S)^^Zp^ and so the relation αi/?ί = 0 implies ^1δi~1=^=0 by
Theorem 3.3.

Since ap = ap = cl = b% = 0 in Kt by B2(Z), by the suitable replacement of
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the generators, we have

LEMMA 4.2. Let t = (p2 — l)q — 2, then

(b — iy 0>1bp~1 = d1 in Ku (d in Kt.

Now let γb{-ι = Q, γ β A*, be any relation of A*b{-1 in H*(Kt). Then γ =
\ Tιdι = 0, by B2(ό-iy, and γ1 = r2J + γ30>1 + r40>p+1 + γ50>2p, r 2 ^ 2 α 0 = 0,

by B2(d—1) and (J — 1)'. The element r2 is contained in the kernel of the
right translation:

hence r2 = r6^ + r7^ 1 + r8^)2/' in degree <(p2-\-p)q by Proposition 1.7 of [6 :1] .
Using the Adem relations, we have r = δ10

>2 + δ20
>2Λ + d30>p+10>1 + δ40>2p0>1, in

degree <(p2+p+l)q + l, for some δitA*. Conversely &>2b{-1 = &2Jb{-1 =
^>p+1^1bp

1-
1 = ̂ 2p^1bp

1-
1 = 0 in Kt. Therefore the following lemma is obtained.

LEMMA 4.3. Let t = (p2 — l)q — 2. In degree <(2p2+p)q — l, the submodule
A*b{~1 of H*(Kt) has the relations given by

From this lemma, we calculate H*(Kt+1).

THEOREM 4.4. In degree <(2p2+p)q — S, H*(K(P2_1)q_1) has a minimal
set of generators:

{aθ9 aP2_u bp~s(2<;S<^p\ e'u eu

where the new generators are given by

TABLE A3

Generator a

go

d3

Degree of a

( p . + l)?_2

(p2-\-l)q — 1

(p2-\-p + \)q — 2

{p>+2P)q-2

h(a)

(P 2 - i )?- i

( , 2 - l)g- l

δ*(a)

έP2Δ j*~1bp~1

I
( p 2 — \)q — 1 (^>2jj^ιiy*-i^p-i

1

The relations of H*(K(P2_1)q_1) are given by

TABLE B3

(b)
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(e-1) -ΛgβΊ+^β^O ifp>3,

^>1eί — xφl=0 mod A*bp_x for some xze Zv if p = 3.

(e-2) —2Δ^1Δe\+^1Δe1=0 if p>3,

Δ&1Δe\+&'i-Δe1 — #4zίέJ = 0 for some xAeZp if p = 3.

(e-3) ^>P-2e\=0 mod A^bl^ if p>3, ^e\=0 if p = 3.

(g) 0>ίgo-A'1e'1-λ1afl-λib
1

i = &1Δgfi-A'ie'1-Aieί-λibl-

λt€A*,λt=0 if p>3.

(d-2) If p>3, pidi-AΊeΊ-AlgoΞzO mod A*bp_l9

If p = 3, ^dt-

3 _ A ' ^ = 0 m o d A*

^-AlgQ=0 mod

^Δ0>xΔdz-A\e\-AΊex-An

Ί

Here D, A't, Ai and A" satisfy the following.

^ = ̂  mod ^*α 8 + A*b\ + A*b\.

PROOF. The existence of the elements e'u eu g0 and d3 follows from
Lemma 4.3. The relations B3(α-1), (α-2), (6) and (d-1) follow from Theorem
4.1 and Lemma 4.2. To investigate the relations related with new generators,
we consider the relations in the submodule

Of A*.

By (4.13) of Q4], we have the following relations in A*:

(*)

By the Adem relations, we can put

p, A3=0, A'i = 0>p,

for p>3,

forp>3,

for p=S.

^O, A'ί=S<?2p,

ι!
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Let a&2 + β&>2J + r&>p+1&1 + δ0>2p0>1 = O be any relation in
ι0>1 + A*^2*^1. Then, by (4.13) of [4],

where δ2 = δ3 = 0 for p = 3, δ5 = 0 for p>Sx\

Hence we have

'0>2 A + γr0>p+ι&1 = 0,

By (4.12) of H4Γ\ and the Adem relations, we have the following relations:

(**)

Furthermore γ'^γi^ + γ^^-J in degree <(p2 — l)q2) for some /,- e A*. Hence

By (1.1) and (3.4) of Q4] and the Adem relations, the relations in
A*0>2Δ are generated by the following ones:

(***) I 0>ι0>2Δ-εR2έ?2 = O, ε = 0 for p = 3, ε = l for

[

Thus we have

>1Δ, for some au βi e A*, βx = Q foτ

From the above calculations, a, β, γ and δ are determined:

1) In the casep = 3 of (4.13) of [4], we can omit the term ( ^ 4 J ) * , since 0>*Δ=&XΔέPz C A*0>K

2) For degree ^(p2 — l)q, this relation is understood up to modulo A*^*2'1, and so there is a new

relation in A*g0 of degree (2p2-\-p)q — 2. This gives no effect for the calculation of H*(Kk) under

degree <(2p*+p)q-3.
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where 01 = δ2 = δ3 = O forp=3, δ5 = 0 f o r p > 3 .

Thus, it follows that the relations (*), (**) and (***) generate the relations
in Λ ^ + A^J + A^+W + Λ*^2^1.

By Proposition 1.2, there are elements Wi e H*(K(P2_1)Q_2) such that

>ι Δ go- A'2e[

By Theorem 4.1, i*H*(K(P2_1)q_2) is generated by α0, ap2_u bp

s~
s(2<^s<,p)

and d2 with the relations B3(α-1), (α-2), (b) and (d-1). By the dimensional
reason and the relation ^xoJ_i = O, wι = x0>ιΔb\_ι for some x e Zp. For p = 3,
replacing e[ by e[ — χAbyu we obtain the relation (e-3)1}. By dimensional
reason, (e-1) is obtained. For p>3, 0>1Jί*w3 = 0>1J(0>1Je1—2J0>1Jeί) =
J^>1J^1el = J^>1JR2e[ = 0, For p = S9 Rιί*w3 = Rι(0>1Δeι +Δ0>ιΔe[) = O. Set
w3 = y^3aP2^ + χ^b% χ4 = 0 for p>3. Then ^ 1 J^ 3 α / , 2 - i^f0(p>3) and i ? ^ 3

aP2_1^ψ0 (p = 3) imply y=0, and (e-2) is obtained.
The relations (^) and (d-2) are obtained similarly. Q.E.D.

§5. H*(Kk) for k^2(p2+p-2Xp-l)-2

In this section, we shall continue the calculations of H*(Kk) in certain
dimensional restriction. Results are stated as follows.

THEOREM 5.1. Let (p2-l)q<,k<:(p2 +p-2)q-2. In degree <(P

2+p + l)q
— 3, H*(Kk) has a minimal set of generators:

'ph b*Γ\2<,s<,p\ b\, bp

2~\ifp>3\

1) If we use a result of §6: φ(β1βp-1) = bl_1, then Λ ̂ O mod p implies {̂ 1^2,-1, pc,

Theorem 3.6. But 0 = ^^-! {βl9 pc, α j Ciβiβp-u Pe> aΔ> hence x Ξ O mod p.
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The new generators are given by

TABLE A4

Generator a

(p*ύr^pl+p-2)

ap2

cf-s(2^s<p)

e't(2£i£p-2)

eί(2^ί^p-2)

Degree of a

(p*+p-l)q-3

(P

2+p)q-l

(p2 + s-l)q+2s-4

(p* + i)q-2

(p* + i)q-l

h(a)

(r-l)q

(P2-Vq

(p* + l)q-2

(p* + s-2)q+2s-3

(p* + i-l)q-l

(p* + i-l)q-l

δ*(a)

Rr-.1j*-ίar_1(r^p* + l)
J&1j*-1aP2-0>1j*-1ap2(r=p* + l)

^>p~2j*-ie'i

0>P~lj*cP-2

^jx-tbf-8

The relations in the submodule of H*(Kk) generated by the above elements
are given by Table B3 and the following

TABLE B4

= 0 mod Im i*. (b-2) χ = § mod Im i*

mod Im i* ( 3 ^

o = 0 for some xΆe Zp.

3 ,

= 0 / o r some x A e Zp

(a)

(6-1)

(c)

(e-2)

(e-3)

o = 0 in Kk) A ^deg α,/or Me β̂ oί e generator a^apι with deg a^(p2-\-p — l)q — 4.

PROOF. The proof is done by the induction on k. The following cases
are considered.
(i) Hk+\Kk) = Zp{ar}
(ii) Hk+1(Kk) = Zp{aP2+u c
(iii) Hk+\Kk) = Zp{b>-}
(iv) ff*+1(KJfc) = ^ { c Γ ' }
(v) ^ + 1 ( K , ) = Z {̂e<} for & =
(vi) Jϊr*+1(KA) = Z ί{e ί} for* = dege f —1,
(vii) Hk+1(Kk) = 0 for other ifc.

Assume that the theorem is true for Kk in each case of the above. In
the case (vii), the theorem is true for Kk+ι obviously. In the case (i), by
Proposition 1.2, new generators of H*(Kk+i) are ar+ι and afr (if r=p2 — 1),

for A =
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and by Proposition 1.5 of [β: I], new relations are the following:

Rr+ ιar+1 = i*wι(r >p2 + 1 ) , ΔaP2 = i*w2, Δap2 = i*w3,

Since Wι and w4 belong to flr(/+1>«+1(K(ί_i)β_1), t^p\ and ί*
= 0 from the assumption of the induction, we see i*wi = i*w4 = 0. Since i*w2

6 i*H^+\KiP2.1)q.1) = ZPibt2} and ί*t*,3 e i*fr^ + 2 (K ( ί i_ 1 ) ί _ 1 ) = Zί{J&f-2} ( +
Zp{e[} if jo = 3), the possibility of z*w2=V0 or ί*w3=^=0 is the following.

~2
ΔaP2 = i*w;2 — xb\~2, Δap2 = ί*w3 = yΔbp

Hence xΔbp

2~
2 = ΔΔaP2 = 0, zΔe[ = ΔΔar

pi- yΔΔb%-2 = 0, and it follows from Δbp

2~
2

^0 and Δe[^0 that ΛJ = 2T = 0. Thus i*^2 = 0. By the replacement of ap2 by
ap2 — ybp

2~
2, we have z*w3 = 0.

Consequently, by a suitable choice of <ψ, the relations (α) are established.
Thus, the theorem is true for Kk+ι in the case (i).

Next we consider the case (iii). Since A*bp

s~
s(2<;S<;p — 1) has the

relations generated by 0>ιbp~s = O, new generator of ZΓ*(KΛ+i) is c£~5(2<;s<;
jo —1), and by (1.1) of [_4Γ\, new relation is given by the form 0>p~1cp~s = ί*w.
But for s^3(/?>3) the degree of this relation exceeds the range of degree
in this theorem1^ For 5 = 2, the possibility of £*u;=^0 is i*w = χ&p~1aP2+1.
Replacing c\~2 by cξ~2 — xaP2+l9 we obtain i*w = 0. Thus the relations (c)
are obtained, and the theorem is true for Kk+ι.

The cases (ii) and (iv) are similar to (i) and (iii).
Next we consider the case (vi). By Theorem 4.4 and the assumption of

the induction, A*e{ (in H*(Kk)) has the relations 0>1ei = 0>1Δei = O and new
generators e-+i and ei+1 of H*(Kk+ϊ) are obtained. By (1.1) and (3.3) of
and the Adem relations, new relations are

The possibility of ί*wι^ψθ or ί*w2^0 is as follows:

Wp ίor ί + l=p-2 (ί*w1 = Q tor i

if i + l=p-2).

Since RιΔJrΔ0>1Δ = O, i*wι = x3b°ptor ίJrl=p—2 by a suitable choice of e£_2.
Since 0>1Δ(ί*w2) = 0>1Δ(-Δ0>1Δe'i+ι + 0>ιΔei+1) = Δ0>1Δ0>ιei+1 = Δ0>ιΔ(R1ei+1 +
ί*wι) = 0 and ^ J ^ α ^ + ^ O , we have y=0. Thus (e-1) and (e-2) are obtained
and the theorem is true for Kk+Ϊ.

Finally, we consider the case (v). A*e{ has the relation 0>p~2e[ = O in Kk

(k= deg e[-l\ and the new generator of H*(Kk+ύ is b{. By (1.1) of [4],

1) In this case, the proof of ί*w = 0 will be given in [5: Theorem 13.1]. Also in [5: Theorems 10.1
and 13.1], we shall discuss the relations B4 (ό-l), (b-2) and (e-3).
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the new relation is 0>2bl = ί*w. For i>l, A*e\ has the relation of the form
0>p-1e/

i = ί*w/ and this gives no new generators in degree <(p2+p+l)q —3.
Thus, the theorem is true for Kk+λ. Q.E.D.

§6. pKk(S)tork<2(p2+p-lXp-l)-3

In this section, we shall compute the group pπk(S) for k<(p2+p —1)^ — 3,
using the results on H*(Kk) in previous sections.

In [7], H. Toda has calculated the unstable group pπ2n+ι+k(S2n+1), hence
the stable group pπk(S\ for k<(p2+p)q — 5. Our results in this section are
independent of his results.

PROPOSITION 6.1 (cf. [6: III, Proposition 3.11]). The vector space Hk+\Kk\
k < (p2 +p — I)*? — 3, is as follows:

for k = q — l.

Zp{ar}, Jα r=^0(r^0 mod p), J2asp^ψ0(r = sp^0 mod p2), J3aP2^0 (r=p2),

[), for k = (P

2-p)q-l.

for k = (p2

Zp{br

s}, Jbr

s^O, for k = ((r-\-s)p + s — l)q — 2r — 2, r

r-\-s<^p and (r, s) = (p, 1).

r + s^p, (r, s)Mp-2, 1), (p-1, 1), (p-2, 2).

for k = (p2 + ΐ)g — 2, 1 <C i <^p — 2.

0 for other value of k.

PROOF. For k<;(p2+p — 2)q — 2, Hk+ι(Kk) is computed directly from
(2.2), (2.3), Theorems 2.3, 4.1, 4.4 and 5.1. For (P

2+p-2)q-l<:k<(p2-\-p-l)q
—3, it is computed easily.

The assertions on the Bockstein operations Δ2 and J3 follow quite simi-
larly to Lemma 3.12 of [6: III]. Q.E.D.

By (1.4) and this proposition, the group pπk(S) is calculated.
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THEOREM 6.2. Let k<(p2+p — l)q — 3. The group pπk(S) is the direct sum
of the cyclic groups generated by the following elements of degree k:

Generator γ

( r ^ O mod p)

(SΞ^EO mod p)

r>Oβ\<s

(r^O, 1^5<p, (r, s)^(p~ 1

ε'

, 1))

Degree of γ ( = k)

rq-l

spq-l

/»'?-!

((r + 5)p + 5 — l)g — 2r — 2

( ( r + ^ + S) 9-2r-3

(jo2 + l )^ —3

(p2-\-i)q — 2

(p2-+-ί +!)</ —3

Order of /•

P

P2

P*

P

P

P

P

P

Φ(r)

ar (r>l)

. . ,

ap2

K

cϊ

e\

elements ar, a'sP^ α^5 ε' cmd ε, ( i > l ) are by the following form-

(6.1) α r e {αr_1:

(6.2) ε' = {/9{,α:

(6.3) ε, = {εz _i5 pi, αi}, 2 ^ i ^ p —2.

jPor p = 3 the following relation is satisfied:

(6.4) ([7: III, Lemma 15.5]) (p = 3) axe
r =±β{.

REMARK. We shall prove in [_h\ Corollary 12.4] that the element εi is
chosen so that it satisfies the following

(6.5) εi = {c^i, pc, @ι, oil},

where the right side is a tertiary composition (for the definition see e.g. C2]).

REMARK. In our situation, the element ar is determined up to the in-
determinacy of the secondary composition and the element βs of pπ(sp+s_1)q-2

(S)τ&Zp9 l<s<p, is determined up to a multiple of the non-zero element of
Zp. In [10] these elements are determined uniquely.

REMARK. The generator εj in [7 : III] correspond to εf (for ί = l ) and
αiε, _i (for ί > l ) . The non-triviality of a^ and the relations (6.2) (for jo>3)
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and (6.3) do not appear in [7], and appear in [8 : Proposition 1] without proof.

PROOF OF THEOREM 6.2. By Proposition 6.1, it follows directly that the
group p7ΐk(S) is the direct sum of the cyclic groups generated by 0"1(^1αo)3

φ~\ar\ φ-\K\ Φ~\crs\ φ-Ke'd and φ-\ei).
By Theorem 3.3 and the relation <?ιbr

s = Q, φ(β[βs) = br

s implies φζcdβίβs)
= ±cr

s for (r, 5)=V(p-l, 1). By Theorem 3.4 and the relation ^>p-1cr

s = 0,
φ(aιβ

r

ιβs) = cr

s implies φ(βr

1

+1βs) = xbr

s

+\ x=^0 mod p. By Theorem 3.5 and the
relations 0>2b{-1 = 0>p-2e[ = O, φ{β{) = b{-λ implies φ(ε')=±e[ and φ(βp+1) = xbp

u

xi^O mod/?, where the indeterminacy of {β{, au <X\} is trivial and ε' satisfies
(6.2). By Theorem 3.3 and ^ 1 e ί = 0, 0(ε, ) = e, implies φ(a1ei) = ±e'i+ι for l<Ξί
<=p—3. By Theorem 3.6 and 0>1Δei = O, 0(ε, ) = e, implies 0(ε ί +i)= ± e f + i for
l ^ ί ^ j o — 3 , where ε, +i satisfies (6.3).

The relation (6.1) is quite similar to (4.11-12) of [6 : IV], and (6.4) follows
from Theorem 3.3 and 0>ιe[ = O. Q.E.D.

§7. H*(KΛ) and pπk(S) for k^2(p2+p)(p-l)-3

We shall start from the discussion on the following coefficients x3,
x4 e Zp in the relations B3 (e-1), B3 (e-2), B4 (e-1) and B4 (β-2):

(7.1) ^1ep^2 = x3b% ^1Jep^2 = x4Jb°p in

Set t = (p2+p—2)q — 2 throughout this section.
H. Toda has proved pπ2n+t+q(S2n+1) = Q for n>p2-l hence pπt+q-i(S) = 0

[7: III]. By Theorem 3.3, xs = 0 implies a^_ 2 =V0 in ,7Γ/+ff_i(S). Thus
^3^0. Replacing b°p by (l/x3)b°p, we have the following

LEMMA 7.1. &1ep-2 = b0

p in Ku t = (p2+p-2)q-2.

Let R = x4J&1-0>1J. Since the submodule A*b°p of i7*(K,) has the rela-
tions 0>ιb°p = Δ0>ιΔb°p=Wpbl = O in degree <(2P

2+p)q by B2(ό-1), (6-2) and
(6-5), we obtain the following

LEMMA 7.2. In degree <(2p2+p)q, the submodule A*ep-.2 of H*(Kt\ t =
(p2+p — 2)q — 2, has the relations 0>2ep-2 = Rep-2

PROOF. Let γep-2 = 0. Then r = γι0>1 + γ20
>1J, and n and γ2 satisfy
p. Then

Thus the lemma follows from this relation. Q.E.D.
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Let ep_i and / be elements of H*(Kt+ι) such that

(7.2)

The following lemma is used to determine the relations related with ep-ι
and /, and follows from routine calculations by making use of the methods
employed in

LEMMA 7.3. The kernel of /?*: A*^*A*, the right translation by R, is
equal to

if Xi^l,

if XA = 1 modp,

if xt=2 mod p.

The kernel of O 2 ) * : A*^>A*/A*R is equal to

S)^1Δ-(xi-2)Δ^1) + A^^p-2 if X4^O, 2, 3/2 modp,

*0>p~2 if xA=2 mod p ,

if x4=0 modp

A*Δ&1 + A^Δ^Δ + A*0>p-2 if xA=S/2 mod p.

PROPOSITION 7.4. Let t + l-<>k<Lt + 2q — l, t = (p2+p—2)q — 2. In degree
, H(Kk) has minimal sets of generators:

{α0, α/,2+/,-2, ap+p-u cp-u H> δf"1, ep_u /, /'}

and of relations:

2 _2 = 09 0>2cl = O (if p = 3),
ιep^ = 0 if x^2 modp,

a = 0 in Kk, k^>deg α5 for a = aP2+p_2, aP2+p_u cj_i, b{, ep_ι}.

Here aP2+p_x and f are given by

δ*f = (Δ&1 + (x4 - ψ

PROOF. The new generators of H*(Kt+ι) are ep-.x and/of (7.2). From
the above lemma and the Adem relations, the relations in the submodule

*0>2 of A*, degree <3gr, are given by
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\R = 0 if x^2 modp,

= 0 if x± = 1, 2 mod />.

Hence, the new relations are the following:

1 i*w1 if * 4 = 2 modp,

^ = ί*w2,

if # 4 = 1, 2 mod/>.

The degree of the last relation exceeds our restriction of the degree. The
possibility of i*wι^ψθ or £*w2=̂ =0 is the following:

yξ1 ( y = 0 if JO = 3) ,

= 0 if JD = 3).

By the replacement of / by / + Λ;^31 Jόf, we have i*wι =
Before proving y—z — ^) for p>3, we shall prove the proposition for

k>t + l. Since Ht+2(Kt+1) = Zp{aP2+p_2}( + Zp{c\} if jσ = 3), the new generators
of H*(Kt+2) are aP2+p_1 and of in addition for p = 3, and new relations are
RP2+p_ίaP2+p_1=0 mod Inu*, J«^1Jα/,2+/,_1=0 mod Im£* and ^bl=0 mod Im£*.
These are of degree ^ ί + 2 ^ + 2. Thus the proposition is true for k = t + 2.
For A;>ί + 2, the proposition is proved rather easily.

Consequently, if * 4 ^ 2 m o d p , p > 3 , Ht+2q+\Kt+2q) = Zp{bp

2-
1}, Jbp

2~
1 = 0 or

= Zp{bt\f'}> Jbt^O according as z ^ O or z = 0. Since φ(β{-ιβ2) = bp

2-
1 and

pβp

1~
1β2 = 09 it follows from J δ f - ^ O that ^ = 0. If Λ ; 4 = 2 mod p, p > 3 , the

triviality of j is equivalent to z = 0, by comparing Ji*tι;i and i*w2, and so
ff'+2<r+i(K/+2β) = o for the case j=V0. By Theorem 3.4, β^β^O in pπt+2q(S),
hence j = ^ = 0. Q.E.D.

By this proposition, ff'+*+1(Kf+ί) = Z,{β,_i}, Jϊ ί + 2 β(lC / + 2 β_1) = Z ί{/}. Hence

pπt+q(S) and /,7Γί+2ί-i(S) are the cyclic groups generated by the elements ε^i
and φ such that φ(εp-1) = ep_ι and φ(φ)=f.

The following two propositions are proved in the next section.

PROPOSITION 7.5. For p = 3, 3τr45( S) is isomorphic to Z9.

PROPOSITION 7.6. For />>3, aιεp-ι^ψ0.

Using these propositions, we determine the coefficient # 4 in (7.1).

PROPOSITION 7.7. # 4 = 2 m o d p .

PROOF. By Proposition 7.4, it follows that
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J / = 0 if and only if x4=2 mod p.

= 3, by use of (1.4) and Proposition 7.5, x^=2 mod 3 holds.
For the case /?>3, since the indeterminacy of {ep-2, ccu <Xι} is the

subgroup generated by ocιεp-U which is isomorphic to Zp by Proposition 7.6
and pctι = 0, and since {εp_2, OLU

 aι\ does not contain zero by Theorem 3.5,
the group ^,+2^-1(5) consists of more than p elements. Thus ΛJ 4 =2 mod p.

Q.E.D.
By a little calculation of H*(Kk) and the above propositions, we have the

following

THEOREM 7.8. Let (p2+p-2)q-l<,k<:(p2+p)q-3. In degree <(p2+p
+ l)ςr —4, H*(Kk) has a system of generators:

α0, aP2+p_2, c£_i, b\, d2(if

and the following elements

TABLE A5

Generator a

ap2+p-l

if"1

e,-i

/

r
a p 2 + p

a p 2 + p

Degree of a

(p*+p-l)q

(p*+p)q-l

(p*+p-l)q-l

(p2+p)q~2

(p*+p)q-l

{p*+p)q

(p*+p)q + l

h(a)

(p*+p-2)q

(p*+i)q

(p*+p-2)q-l

(p*+p-2)q-l

(p*+p-l)q-l

(p*+p-l)q

(p*+p-l)q

δ*(a)

•Kp2 + p-2,J ap2 + p-2

opp-\ j*-lgP-2

Rp-2J^~^p-2

&η*-ιep_2

Δ0>xj*-^ep_x

Rp2 + p-.1j*-1ap2+p_ί

Δ^Δj*-iap2+p^

where by the dimensional reason we take off the last two elements if p = 3, and
we add the element d2 such that d*d2 = JέP1Jj*~1ep_ι, h(d2) = (p2+p — l)q^l
and deg d'2 = (p2+p)q if p>3 and x$ = 0 in the relation (e-2) in Table B5 below.

The relations in the submodule of H*(Kk) generated by the above elements
(except d2) are given by

TABLE B5

(α-2)

(b)

(c)

a^+p-^a^+pΞΞO mod Im i* if p>3f

alί=Δ^>1Δan = 0 mod Im i* if p = 3.

P = 0 mod Im i*9 ^>1bP-1 = 0 mod Im i*.

ί* if p > 3 , ^ 2 c | = 0 if p = 3.
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(d) Jd2 = 0>ίd2 = 0>Pd2 = O.

(e-1) Δ^ep_^0.

(e-2) J^>ίJep_ί—x5d2 = 0 mod A*ap2+p^2 for some x5 e Zp if p>3,

J^Je2 = 0 mod Im i* if p = 3.

(/-I) Jf—(l/2)^1ep.1=0f ^>P-2f=O mod Im i*.

(/-2) 4/"' = 0, &iJ&P-ψ = 0 mod Im i*.

(Z) α = 0 IΛ KΛ, A ^deg α, /or a=ap2+p_2, α3,2+p_1, ό?, e p _ l s /,

α = 0 IΛ K"fc, A:^deg α—1, /or a=f,

d2 = 0 in Kki k^(p2+p-l)q—l, if p>3 and x5=0.

Furthermore the following relation holds.

(/-3) J2f=(l/2)f inKk,te(

PROOF. By use of Lemma 3.5. i) of [6: III], the relation (/-3) follows
from the first relation of (/-I). The first relation of (/-2) follows from
(/-3). The second relation of (/-2) follows from (3.10) of [4].

Others are proved from Proposition 7.4 and Theorem 5.1 by a little
calculation. Q. E. D.

THEOREM 7.9. The group pπk(S), (p2+p-l)-3^k^(p2+p)q-3, is as
follows:

Zp generated by βp-! for k =

fzzZp generated by aP2+p_1 for k = (p2+p — l)q — l,

&ZP2 generated by φ for k = (p2 +p)q—3,

= 0 for other k.

The generators are given by

(7.3) εί_i = {εί_2,jpί, tfi}.

(7.4) aP2+p-! = {aP2+p_2, pc,

(7.5) φe {ε .̂2, a u aλ}.

And the following relations are satisfied:

(7.6) pφ=a1εP-U 2εp-ι = {εP-2,

PROOF. By Theorem 7.8, we have easily

Hk+1(Kk) =Zp{eP-1}, Jep-^0, for k = (P

2+p-l)q-2,

for k = (

0, for k = (p2+p — l)q — 1,

=0 for other k.
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Then, using (1.4), the group pπk(S) is determined immediately.

The secondary composit ion^^, pc, aλ} consists of single element, since
it has zero indeterminacy. Assume that {ε̂ _2, pc, αi} = 0. Then any
representative h: Sn+t->Sn, t = (p2+p — 2)q — 2, of εp_2 is extended to K=
S"+t\jen+t+1\jen+t+q+1 with <?>ιJHn+t(K) = Hn+t+<ί+1 (K). The extension H: K-+
Sn is liftable to Xt(n) of §3. By Proposition 3.2, the lifting H satisfies H*
(V-

Iep_2) = u for a generator u of Hn+t(K) = Zp. Then R*(τ-1(Rp-2ep-2)) =
Rp_2u= —^Ju^O. This contradicts to Rp_2ep_2 = 0. Thus {ε^_2,pc, aι}^ψθ,
and we can choose εp_ι so that it satisfies (7.3).

(7.4) is similar to (7.3). (7.5) is an easy consequence of Theorem 3.5.
The secondary composition {ep_2, au pc} consists of single element, hence aεp-ι
= {ep-2, <2i, pc} for some a e Zp. Similarly to Theorem 4.14. ii) of [6 : IV], the
relation Rp^2ep-2 = 0 implies a = 2. By Theorem 4.4 of [6 : IV], {au pc, ε/)_2}
= -ep-ι and {pc, ε^_2, aχ} = -ε/,_ i. By (4.4). i) of [6 : IV], pφ=pc{ep-2,au aλ}
= —{pc, εp-2, ai}ai = εp-ιai=aiεp-ι. Thus (7.6) is established. Q.E.D.

§8. Some relations in pπk(S)

In this section, we shall prove Propositions 7.5-6 in §7, by making use of
the methods of [T].

The inclusion s2n~1^>Ω2S2n+1 induces the homomorphism of homotopy
groups, which is equivalent to the double suspension S 2 : πi(S2n~1)->πi+2(S2n+1),
and the fiberingp: Qf -ι^s2n-χ with the fiber Ω3S2n+1 gives rise to an exact
sequence

(8.1) ((1.7) of [7:1])

where Qj'"1 = Ω(Ω2S2n+1, S2""1).
For the A -fold suspension Sk, this sequence is generalized as follows:

(8.2) ((1.7) of [7:1])

where Q«k = Ω(ΩkSn+k, S»).

The main tools of [7] are these sequences and the following exact
sequence:

(8.3) ((2.5) of [7:1])

Following to H. Toda, we use the notation: for γ e p7ti(S\ ΐ(n0) e pπi+nι
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(S*°) denotes an element such that S~γ(no) = r and γ(n0) f ImS, and γ(n) denotes
(n — n0)-fold suspension of γ(n0) for n^>n0. Also we use the notations Qm(r)
and Qm(δ) to the elements of pτti{Qlm~ι) for some elements γ e pπi-2mp+3(S) and
S e pπ,_2mp+2(S) such that Qm(γ) = Γ(r(2mp -1)) and / «jw(tf)) - 5 (2mp +1) (see
(6.3) of [7:1]).

The map Δ of (8.3) satisfies (2.7) of [7:1] and Corollaries 9.4-5 of [7 : II] ,
which are important properties for the determination of J. By use of
these properties, the sequence (8.3) and the results for /,7r2w+i+y(52w+1),

— l)q> of [7], we have the following

(8.4) The group pπ2n-i+k(Q2

2

n~1\ Z-6<:&<:/-2, I = (p2+p)q, is the direct
sum of cyclic groups of order p generated by the following elements:

= /-6) Q\β{+1\ Q<p-8-

and QXan-i)(l ^ i ^ 10), Qu(c) in addition for p

^p-2)9 Qp-\e'),

^s<p\ Q\β{+1).

=S.

ϊO modp),

\ Qp+\β{\

Qp2+P(t\ and Q\βf) in addition for p = 3.

In the above, we use the notations ε' and a^ instead of ε£ of [7: III] (see the
third remark after Theorem 6.2).

By Lemma 6.1 of [7: I], the p*-images of the following elements are
trivial:

and also the p^-images of the following elements are the unstable elements
of first type 1 } :

1) The classification of the unstable elements (5°°-kernel) of pπ2n+ί+k(S2n+1) is due to H. Toda
([7: I, p. 88]).
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By Proposition 8.8 of [7: II], the following elements give the unstable
elements of second type υ of pπ2n+i+ι-2(S2n+1):

QKap^p^){ί^p2jrp-^\ Qjp(aP>+p-jp\ Q\a"p2\ ^ ^ - 0 ( ^ 3 ) , Qp2+%c).

By Theorems 10.3 and 10.6 of [7: II], the following elements give the
unstable elements of third type υ of pπ2n+1+k(S2n+1):

Consequently we obtain the following

LEMMA 8.1. Let t = (p2 +p)q-3 and γr = Qi(a1εp-1-i\Qp-\εr\ uorQp+\β{).
f = Qi then there is an element γ a pπ2n+ι+t(S2n+ι) such that H(2)γ = γ' and

in pπt(S). Furthermore pπt(S) is generated by such elements S~γ.

Now we shall prove Proposition 7.5 of § 7.

PROOF OF PROPOSITION 7.5. By the relation (6.4) of §6, Lemma 6.1 (i) (ii)
of [7 :1] also holds for ε' and β\ instead of β[βs and aiβ[βS9 and so p*Q2(e')
=̂ =0. By the discussion previous to Lemma 8.1, there is no element
rtsKisiS5) such that S~r=¥0. By (2.11) and (2.13) of [7:1], arfi(S)=±GQ\0{)
=M). Since S™aιβKS) = (a1βl)βι = 0, p*Q\e') = ±arf{($)^0. Thus, by (8.1),
37ti9(S5) = 3π51(S7) = 0, and p*u = 0, p*Q\βl) = 0. Then 3π45(S) is of order 9 by
Lemma 8.1. It is also cyclic as is seen after Proposition 7.4, and the
proposition follows. Q. E. D.

For any map / : Sm+n->S\ the map ΩkSkf: ΩkSm+n+k-+ΩkSn+k induces a
map Qk(f): QV^Ql and for the class a e πm+n(Sn) of /, we denote by Qk(a)
the class of Qk(f) Then we have

(8.5) H(k\Skaoβ) = Qk(a)Hw(β) for a e πj(Sn\ β e πi(Sj+k\

where H{k)\ πi+k(Sn+k)^πi(ΩkSn+k)-+πi(ΩkSn+\ Sn)»τr t _i(ρj) is the homo-
morphism in (8.2).

Furthermore, for the inclusion j : Qh

k-^Qh

k+h the following is verified
easily.

1) The classification of the unstable elements (5°°-kernel) of pπ2n+1+]c(S2n+1) is due to H. Toda
([7: I, p. 88]).
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(8.6) (i) H<k+ιχsιά)=j*H<kXά) foraeπi+k(Sn+k\

(ii) j*Qk(β)r=Qk+ι(β)j*ϊ for βeπm+n(Sn\ r e 7d(Qt+H).

Let V2m+i,2=O(2m + ΐ)/O(2m-ΐ) denote the Stiefel manifold. This is an

S2m-i b u n ( i ie over S2m with the characteristic class 2c2m-i e 7Γ2w_i(52w"1). Let
p: ΩS^^S2™'1 be a map such that p* is equivalent to the boundary homo-
morphism d of the homotopy sequence of the fibering V2m+i,2-^S2m, i.e., the
following diagram commutes:

Then the following proposition is established.

PROPOSITION 8.2. There exists a map @2*(p): ^Qlf-^Qlf'1 such that the
following are satisfied:
(i) The following diagram is homotopy commutative:

i P

2m-lθ2m-l >Q^'k c2τw + 2

where the horizontal lines are sequences of fiberings giving the exact sequence
(8.2).
(ii) The following diagram is commutative:

i. I (fly). \j.

(iii) Let ΰ\ KiiQll^-^ni+iiQll) be the homomorphism induced by the inclu-
sion QH^-^ΩQH. Then

Q2k(Q)*Ω0(σa) = 2a for a e πiiQlΓ^Γλlm H^\

PROOF. Using the map S2V2n+ι,2->V2n+3,2 of Proposition 2.1 of [ΊΓ], we
have a m a p / : V2m+ι>2^>Ω2kV2m+2k+ι,2 and a homotopy commutative diagram
of fiberings:

5 2m-l _ . jr
> r 2m+l,2

j ]
c<2m

j ]
2k o2m + 2k-l ^O^kjyT v n2k

O >U r 2 2 k 2 * U
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where ί\\ Sι->ΩnSn+ι denotes the inclusion. By this diagram, we have a
homotopy commutative diagram:

ΩS2m ^ >S2m~1

Ωil[ I1'1

f)2k + l o2m+2k Ω21cp Γ)2k c<2m + 2k — 1

uo O > ύa O .

Then Ω2kp defines

+ 1s2 f f l + 2*, ΩS2m)-*Ω(Ω2ks2m+2k-\ 5 2 " - 1 ) = ρ | y - 1 .Then we see easily that this map Q2k(p) satisfies (i) and (ii). Since the
characteristic class of the sphere bundle V2m+1>2 is 2c2m-i e π2m-i(S2m~1)^Z,

p*Ω0Sa=2a for any a e TΓ^S2"1"1).

Then (iii) follows from this and (i). Q.E.D.
Now we shall give the proof of Proposition 7.6 of §7.

PROOF OF PROPOSITION 7.6. Set r = (p2+p —1)^—2. Theorem 15.2 of
[7: III] states the following

(8.7) There exists an element ε = eί_i(2p + 3) e pπ2p+3+r(S2p+3) of order p such
that Sooε = ep-l and H(2)ε = a1Q

p+\βp_1\ α i ^ O m o d p.

Since the suspension S: pπ2p+2+r(S5)->pπ2p+3+r(S6) is monomorphic, there
is an element μ e pπ2p+2+r(S5) such that Sβ = S3Aoε and Soa/i=aiεp-u where
A e pπ2p(S3) is an element such that SooA=α1.

By (8.5) and (8.6) (i), j^2)ju = QA(A)H^\Sε\ where : Q\->Q\. By Pro-
position 8.2 (iii),

Since σ(Q,{A)H^\Sε)) = QA{SA)H^\S2ε\ it follows from (8.6) that
σ(Q,(A)H^\Sε))=j^Q2(SA)H(2h. Thus, from Proposition 8.2 (ii),

Since Pπ2p+r+2(Q2

y) is generated by Q3(αP2+p_3) and p*Q3(αP2+p_3) = 0, t h e map

/* is monomorphic by (3.3), (3.4) and (5.2) of [7:1]. Thus we obtain the
following

(8.8) 2H^ju = Q2(p)*(ΩQ2(SA))*Ω0H^ε.

Now let Mn=Sn\Jen+1 be the Moore space of type (Zp, n\ i.e., the
mapping cone of a map Sn^>Sn of degree p. Then we have a cofibering:

Also let jtft(M) = \im[_Mn+\ MnJ N. Yamamoto [10] has proved that there
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exist uniquely the elements aes/q(M) and βω e ̂ ( s />+ s-i)
such that πaί—au 7ΐβ(S)ί = βs, aβ{s) — β{s)a = Q.

By the definition of Qm( ), Lemma 2.5 of [ 7 : 1 ] and (8.7), we have

H{2)e = a2G*(β{P-ι)ί), α 2 ^ 0 mod p,

where G: M2mp-fι-3->ΩhQ2

2

m-1 is the map of Lemma 2.5 of [7 :1] .

The map Q2(ρ)(ΩQ2(SA)) coincides with the map (?2(Pi) of [ 3 : (3.8)] up to
a multiple by non-zero element of Zp, by Definition 2.2 of [3] and the defini-
tion of Q2(pn) of [ 3 : pp. 171-172]. Therefore by (3.8) and (4.22) of [3],

(8.9) Q2(p)*(ΩQ2(SΛ))*ΩoH
(2)ε = a3G*(λβ(p-1)i) for some a3^0 modp,

λ = β(i) + r<x for some γ e s/(p_1)q_1(M).

By Lemma 4.2 of [10], we have

πλβ(p-1)i = πβ(i)β(p-1)i = {βu pc9 βp-ι}.

By (15.6) of [7 : III], {βι,pc, βp-ι}=a4a1εp_3 for some α 4 ^ 0 mod p. Using
Lemma 2.5 of [7 :1] , we get G*(λβ(p-1)ί) = a5Q

2(a1εp-3) for some a5=M) mod p.
Thus, from (8.8) and (8.9), we obtain

H(2)/x = xQ2(aiSp-3) for some x^O mod p.

By use of Lemma 8.1, it follows that a ^ _ i = S°°/*=V0. Q.E.D.

REMARK. For /? = 3, the above proof is not valid, since the element
ε/,_i(2p + 3) of (8.7) does not exist. In this case, the element ε 2(ll) exists.
This satisfies # ( 2 ) ε 2 ( l l ) = ±Q\aλβ

2) and 5°°ε2(ll) = ε2 (see [7 : III, Proposition
15.6]).
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