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§ 1. Introduction

This note is concerned with the irreducibility of representations of SU(29 1)

induced from one-dimensional representations of its minimal parabolic subgroup.

Let B=MΛ+N be the minimal parabolic subgroup of G associated with an

Iwasawa decomposition KA+N of the group G = SU(2, 1). Let go = su(2, 1) be

the Lie algebra of G, and α + (resp. n 0 ) the subalgebra of g0 corresponding to A +

(resp. N), and we define a linear form p on α+ by

p(H)=2-iTmcc(adno(H))

for every H&a+. Then a unitary character σ of M and a complex number λ

define a representation μσλ of B by

μσλ(m(exp H)ή) = σ(m)exp (λp(H))

for m e M , H<=a+ and neiV. Let X<τλ be the space of all C-valued C°°-dif-

ferentiable functions / on G such that

f(xb)=μσtλ+i(b-1)f(x)

for every X G G and b^B. The group G acts on Xσλ by left-translations, and

there exists a canonical G-invariant non-singular pairing between Xσλ and Xσ>~x.

The universal enveloping algebra U of the complexification g of g0 acts on Xσλ

as infinitesimal representations of left-translations, and stabilizes the subspace

Xσλ o f χoλ consisting of all K-finite elements. The X-module Xσλ has the

irreducible decomposition

where Eσ

κ is the set of all equivalence classes of irreducible unitary representations

of K which contain σ when restricted to the subgroup M, and Xσ

τ

λ denotes the

X-submodule of Xσλ equivalent to τ. We shall make investigations into the

irreducibility of the U-module Xσλ by using its X-module structure and a can-

onical pairing ( , ) of Xσλ and Xσ>~% The set Efc contains a one-dimensional
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representation of K, which we shall denote by τ 0 . Choose / O G I J O

A and / ' o e
χσ^-x s u c h t h a t (/0,/'0) = l. There exists a X-submodule H* of U such that

i) Ufo=H*fo, U/' 0 =i/*/Ό

and

ii) H*(S)Xχo is X-isomorphic to XσA.

Now the set of matrix elements

gives us an information about the irreducibility of the U-module Xσλ, where

{unm: n and m are non-negative integers} is a set of highest weight vectors of the

iC-module H* constructed in a standard way. These matrix elements are cal-

culated by using Casimir elements of g and ϊ, and our main result can be stated as

follows:

THEOREM. 1) The U-module X1**** is irreducible if and only if \λ\ is

not a positive integer, and

2) when σ ^ l M , the U-module Xσλ is irreducible if and only if λ—v is not

an integer, where 1M denotes the trivial representation of M and v is a parameter

of a unitary character σ of M which will be introduced in § 2.

§ 2. A characterization of Ex

κ

Throughout this paper, we put G = 5(7(2, 1) and g o =su(2, 1). Let Θ

be a Cartan involution of g0 and 9o==^o + Po ^ e the Cartan decomposition of

g0 associated to θ, where f0 is a maximal compact subalgebra of g0. Let I)o

be a Cartan subalgebra of g0 contained in ϊ 0 . We denote by g, !, p and ί) the

complexifications of g0, f0, p 0 and ί)0 respectively. Let A be the non-zero root

system of g with repect to I). For a root α in A, we set

gα = {Xeg ad(H)X =a(H)X for every H ε ί ) } .

Then the set A is the disjoint union of At and Ap, where At (resp. Ap) is the set

of all compact (resp. non-compact) roots:

At={oc<=A; g α c ! } ,

Ap={a^A; g α c p } .

For each oc^A, the element ifα in ί) is defined by
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for every //ef), where B is the Killing form of g. Let ί)R be the real linear

subspace of ί) generated by {Ha; α e J } , and f)£ its dual vector space. Then a

lexicographic linear order in ί)£ determines a positive root system A+. We set

Δι—Δ+ Π At = the set of all positive compact roots,

and

Ap =A+ f) Ap= the set of all positive non-compact roots.

Since G = SU(2, 1) is a simple Lie group of Hermitian type, a lexicographic linear

order in ί)J can be so chosen that At\jA% and Atl)A~ are additively closed

subsets of A. We fix a linear order in A as above. Let /7 = {α1, α2} be the fun-

damental root system of A with respect to this linear order, where we may assume

that aί is compact and α2 is non-compact. For a root αE/1, we define a linear

form α* on ί)R by

α = 2 < H β , H β > - 1 α ,

where < , > is the inner product on ί) via the Killing form B of g. The set

{<**, α*} i s a basis of ί)g, and let {εf, εf} be its dual basis of \)R. The inner

product < , > on ί) defines a linear isomorphism of fy% onto I)R, and under

this linear isomorphism, we have

0Cι =2sι ε 2 ,

and

α 2 = —

LEMMA 2.1. For each ct^A, a vector J α G g α can be chosen so that

2) σXΛ=-X_a

3) σXα=X_α i p

w/iere σ denotes the conjugation of g wiί/i respect to g0.

PROOF. For each αe^d, we select JBαegα such that

£_α) = l for all α ε i

Since I) is a Cartan subalgebra of g contained in !, we have σ(gα) = g"α for

every α e i So there exists a non-zero scalar ααGC* = C-{0} such that

Since B(σEΛ, σ£_ α )=£(£ α , £_(3f) = l, we have
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Also, by σ2 = 1, we have

So αα is real, and by setting Xa = \aa\~jEa, we have

and

where sgn a (a is a non-zero real number) designates the signature of a.

2) Suppose that α is a compact root. If σXa=X_a9 then

belongs to ϊ 0 . Since B is negative definite on ϊ 0 , we have

B(Xa + X_a, Xa + X_a)<0.

This implies B(Xa9 X_a)<09 which contradicts B(Xa, X_α) = l. Thus we have

σXa=— X-a for every α £ J t .

3) Suppose that α is a non-compact root. If σXa= — Z_ α , then Xa + X-a

belongs to ^/ — lp 0 . Since B is negative definite on λ/— lρ 0 , we have

which is inconsistent with B(Xa, X_a) = l. Thus we have σXa = X_a for every

αe/lp. Q.E.D.

We define the number Naβ (α, β&A) by

Naβ=0 if

Then

LEMMA 2.2. |Nα / 9 | 2 =2-^(1-p)α(H α ) , w^ere j3 + nα (p^n^^f) is ίhe α-

serΐes containing β.

PROOF. Let τ=σθ be the conjugation of g with respect to a compact real

form gM = ϊo + V^-Ίpo Then the vectors in Lemma 2.1 satisfy

for every ac&A. Now we have
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and

Hence

From Lemma 5.2 (Chap. Ill) of Helgason [2], we have

Thus we have

Q.E.D.

By Lemma 2.1, the element H 0 = N /<α, α>/2(Jfαi+α2 + X_ ( α i + α 2 )) is in
p 0 . Let Int (g) denote the group of all inner automorphisms of g.

LEMMA 2.3 There exists an element w in Int(g) such that w(Haί+a2)=H0

andw(Haί-Ha2)=Hai-Ha2.

PROOF. We shall show that

has the required properties, where α=α 1 +α 2 . We set

Z = ~ 2̂ /2 <α, α> (•*«-•*-«

Then we have

So we have

(exp ad(Z)) (H,, -
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and

=V<α, α

Q.E.D.

We set

and let αί, α£, α, 3, ϊ ' be the complexifications of α + , α_, α0, 30, ϊ'o respectively.

Then α0 is a 0-stable Cartan subalgebra of g0 with a maximal vector part.

Let A be the non-zero root system of g with respect to α. Since wί)=a, each

element μ in ί)*=Hom c(ί), C) is transformed to a linear form wμ on a:

(wμ)(H)=μ(w~ιH) for every

Under this transformation, we have Λ=w(J). We set

and

Since a+=R(βί+β2) and <βh βt+β2> > 0 for i = l, 2, this linear order in

Λl is compatible relative to (aR, α+) where aR = wί)R = ̂ / — lα_ + α+. We set

o (Σ o
βeΛ +

Let K, A+ and iV be the analytic subgroups of G generated by f0, α+ and α0

respectively. The centralizer M of o + in K is connected and coincides with

A_=AΓ\K9 where A is the Cartan subgroup of G corresponding to α0.

The set M of all unitary characters of M is given by {σv; v e — Z (i.e., 2v

}, where σv is the unitary character of M whose derivative is the restriction of
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f — εf) to α_. We define a linear form p on α+ by

2-'Σ β(H)=(β1+β2)(H).

Then the set A of all characters of A is given by {ξλ; AeC}, where ξλ is the cha-

racter of A defin

and λ e C, we set

racter of A defined by ξλ(expH)=exp(λp)(H) for every H e α + . For v e - y Z

for every X G G , m^M, a^A+ and

and define a G-module structure πvλ on Xvλ by

(π»\x)f)(y)=f(χ-ίy)

for x, J G G and / G ! V A . The representation 7rvA determines the infinitesimal

representation ϊt\λ of g0 on Xvλ, which can be extended to the representation

of the universal enveloping algebra U=U(g) of g. Let Xvλ be the subspace of

Xvλ consisting of all 7Γvλ(iC)-finite vectors in Xvλ. The space Xvλ is stable under

πvλ(K) and πlλ(U). Let π v A (resp. πjλ) denote the representation of K (resp. lί)

on Xvλ.

Let ^ ^ be the set of all equivalence classes of irreducible unitary represen-

tations of K. For v G y Z, we set

where [τ |M: σv] denotes the multiplicity of σv in the representation τ |M which is

the restriction of τ to the subgroup M. Let K' (resp. Z) be the semisimple part

(resp. the center) of K. Then K' and Z are isomorphic to SU(2) and 1/(1), and

are the analytic subgroups of K generated by Vo and 30 respectively. A unitary

representation of K is determined by a representation of K1 and a character of Z.

A representation of K' is characterized by its highest weight, while unitary cha-

racters of Z are parametrized by integers. So the set Eκ is characterized by

{αεf + feεf αeiV 0 , 5 G Z } 5 where iV0 is the set of all non-negative integers. The

irreducible representation of K corresponding to αε? + frεf is denoted by τ ( f l b ) .

PROPOSITION 2.4. For a half integer v e — Z,

{ ( , ) , b=a-3k-2v )

for some integer k such that O^k^a J.

PROOF, Since α 1=2εf — ε | e ! / and ε f e j ' , we decompose αεf + ftεf to the
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sum of f'-part and 3'-part:

aε\ + bet = α(6? - βJ/2) + (b + β/2)βf.

Since ϊ ' is isomorphic to su(2) and αx =2ε!f — εf, the weights of τ(ab) are given by

By the condition that τ ( β f f c )ei?£, there exists an integer k(0<^k^a) such that

(a — 2k) (ε? —εf/2) + (ft + tf/2)εf is equal to v(ε? —εf) when restricted to α_

- a?) So we have

a-b-3k=2v

for some integer /e(0 ̂  fc ̂  α). Q.E.D.

COROLLARY 2.5. [τ |M: σv] = 1 /or ei ery τ e ^ ^

From Proposition 2.4, we can see that τ ( 0 _ 2 v ) belongs to JE* ,̂ in other words,

there exists a (unique) one-dimensional unitary representation in Ev

κ. Hence-

forward we fix a half integer v e — Z and, for the sake of simplicity, we write τ 0

instead of τ(0f_2v)

For τ^Eκ, let Xv

τ

λ denote the isotypic component of Xvλ of type τ, that is,

X\λ is the sum of all X-submodules of Xvλ which is isomorphic to τ. Then, by

the Frobenius' reciprocity theorem, Xvλ is the direct sum of K-submodules

0 \
τeE"κ

And, by Corollary 2.5, Xv

τ

λ is the irreducible K-submodule of Xvλ isomorphic to

τ.

There exists a K-invariant non-singular pairing ( , ) between Xvλ and

Xv>~x, which is given by

(/,0) = \ fik)g{k)dk
JK

for / G Γ A and g^Xv>~x, where dk is the Haar measure on K normalized by

\ dk = l. This pairing ( , ) is U-invariant in the sense that the following
)κ
equality holds:

for every w e l i , / e X v A and 6 f G Γ " x , where u^us is the JMinear automorphism

of the linear space U such that i) Xs = —X for J e g 0 , ii) {au)s=άus for oceC
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and MEU, and iii) (uv)s = vsus for every u, t e l ί . Since the K-module Xv ~x

is isomorphic to Xvλ, it decomposes into the direct sum of irreducible X-sub-
modules:

τeEκ

Choose/0El\ λ

0 and fteX^ such that (/0, ft) = 1.
The space p admits the canonical K-module structure. Let p' be the

^-module dual to p, and S' =S(p') (resp. 5 = 5(p)) the symmetric algebra over
p' (resp. p). The algebra S' may be regarded as the polynomial ring on p,
while S as the ring of differential operators on 5' with constant coefficients, and
each algebra carries the canonical K-module structure extended from that on p
or p'. We set

h = x for every k^K}

and

J+ = {XG J; the constant part of x is zero}

where S* is the subspace of S consisting of all homogeneous elements of the
degree i. And we define the space H' of all harmonic polynomials on p by

H'={ft=S';xf=0 for every X G J + } .

The K-modules p and p' are isomorphic via the Killing form B of cj, and this
isomorphism can be extended to the K-isomorphism of Sf onto S. The image of
H' under this isomorphism is denoted by H.

It is well known that there exists a linear isomorphism β of the symmetric algebra
5(g) over g onto the universal enveloping algebra It such that (i) β(Xk)=(β(X))k

for every l E g and /ceiV0 and (ii) (with the obvious identification) β is the
identity map on g. This mapping is called the symmetrization and has the
following property:

for Z l 5 . . . , Z f ceg, where 6fc denotes the permutation group of fe-numbers

{i,..,fc}.
We set H* =β(H). Note that the restriction β\H of β on H is a X-isomor-

phism of H onto Jϊ*.

LEMMA 2.6. ([5], Proposition 10)
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Let φλ (resp. <p_x) be a linear mapping of H* to Xyλ (resp. Xv»~x) defined by

and

LEMMA 2.7. / 0 is U-cyclίc in Xvλ if and only if Ker φλ is zero.

PROOF. By Kostant-Rallis [4] and Corollary 2.5, the K-module H* decom-

poses into the direct sum of irreducible X-submodules {H* π e

Since τ 0 is one-dimensional, the mapping of E% to £ ^ defined by τ-»τ(g)τ0 is

bijective. This proves the lemma.

Q.E.D.

PROPOSITION 2.8. Xvλ is U-ir-reducible if and only if Ker^Λ = {0} and

PROOF. By the existence of a U-invariant non-singular pairing of Xvλ

and Xv>~x, Xvλ is U-irreducible if and only if Xv>-* is U-irreducible. If Xvλ

is U-irreducible, /'0 and f0 are U-cyclic, and so by Lemma 2.7, we have Ker φλ

= {0} and Ker £>_£ = {()}. Conversely, assume that Ker^ λ = {0} and Ker^>_x

= {0}. Let F b e a U-invariant subspace of Xvλ. Since each element in Xvλ

is JOfinite, Fis a X-invariant subspace of Xvλ. Let F 1 be the orthogonal com-

plement of F i n Xv>~x with respect to ( , ). Then it occurs that i) X^czV

or ii) X^0~
xcz V1. Since, by our assumption, f0 and /ό are U-cyclic in Xvλ and

χv,-x respectively, i) implies V=Xvλ, while ii) implies F 1 =XV'~X or equivalently

F={0}. Therefore Xvλ is U-irreducible.

Q.E.D.

§ 3. AΓ-highest weight vectors in Xvλ

The space H decomposes into the direct sum of irreducible K-submodules:

H = 0 ^ Hτ9

and E% is given by
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and

In this section, we shall describe highest weight vectors in Hτ and φλ(Hτ).
We set X+ =Xaι+Λ2 and X- =X_a2. The vector X+ (resp. Z_) is a highest

weight vector of theK-module p+(resp. p_), where p+ = Σ gα andp_ = Σ g~α.
aeΔ* αeJ*

As one can see easily, p + (resp. p_) is the irreducible K-module characterized
byτ(1>1)(resp. τ ( 1 >_2 )).

LEMMA 3.1. For n, k^N0 (0^/c^n), Xί Xχ~k is a highest weight vector

PROOF. It is enough to prove that XiXl~k is in H. By Kostant-Rallis
[4], H is the linear subspace of S(p) generated by {Xm; X is a nilpotent element
in p, meΛΓ0}. And aX_ + bX+ is a nilpotent element in p for any α,
So we have

for every α, b e C. Thus we have X±X\~k e //.
Q.E.D.

LEMMA 3.2. For n,

PROOF. It suffices to show that

for every /c, /eiV0. And this equality holds, since [X+, X_]is a scalar multiple
of Xαi and πlλ(XΪXl)f0 is a highest weight vector in X^k+ttl.2k}.

Q.E.D.

Summing up Lemma 2.7, Lemma 3.1 and Lemma 3.2, we have the following:

LEMMA 3.3. f0 is VL-cyclic in Xvλ if and only if

πlλ(X»X>ϊ)f0=0

for every n9 meiV0.

We set
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and

t*nm \Jnnt9 J nm)

for n, m^N0. Then we have

PROPOSITION 3.4. Xvλ is U-irreducible if and only if anm±?0 for every
n, m^N0.

PROOF. This is an easy consequence of Proposition 2.8, Lemma 3.3 and the
fact that ( , ) is a X-invariant non-singular pairing of Xvλ and Xv ~x.

Q.E.D.

§ 4. The calculation of anm

Let Ω be the Casimir element in lί, and we set

aeΔp

Then, by a simple calculation, we have

where {Hί9 H2} is an orthonormal basis of ^ —lί)0 with respect to the Killing
form B, and p' is a linear form on ί) defined by

LEMMA 4.1. πJλ(Ω) is a scalar operator given by

PROOF. Let H\ (resp. H'2) be an element in yj — 1 α_ (resp. α+) normalized
by B(H'i, H\) = 1 (i = 1, 2). Then

βeΛ+

Σ
βeΛ*

where XβG$β(βeΛ) is chosen so that B(Xβ, X_β) = l. It is known that πJA(Ω)
is a scalar operator. In order to obtain this scalar, we calculate [πJλ(Ω)/0](e).
Since each element in Xvλ is invariant under the right translation by N, we have
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where || || denotes the norm on aR defined by the Killing form B. For go

(2, 1), the norm of each root is 1/̂ /3 . So we have

and

Thus we have

Q.E.D.

In the following, for the sake of simplicity, we write ufnm or w/n'm instead of

m. We set

Then, by a simple calculation, we have

α 1 > = (

LEMMA 4.2. JFor n,

PROOF. Since / n m is a highest weight vector in τ ( r t + m >_ 2 v + m_ 2 π), we have

Q.E.D.
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PROPOSITION 4.3. For n, meΛΓ0,

PROOF. By the definition of anm9 we have

an,m+ί = KX+fnmi X+fnm) = \Λ%X+fnm* f'nrn)

an+Um=(*•_/•„., AΓ_/; j = ( ^ x-fnm, / ; j

= ~ (X-a 2^*2 fnmi fnm) ~~ < α 2 > ίinm>anm

where we have used Lemma 2.1. So we have

Q.E.D.

PROPOSITION 4.4. For

PROOF. We calculate (X-aιfOm9 X-aif'Om). By Lemma 2.1, we have

(X-aiJom* ^-αi/Όm) = (^-αi^r-αi/θm>/Όm)

= \X<xιX-aiJOmi J Όm)

=(m/6)αOm.

Since
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m

= 2 J X + L^-αi> X+J X+ JO2J

m
AT V vk-lγ vm-k f

we have

(XfXfΌ)==m l

Applying Lemma 2.2 to g0

 = δ U (2, 1), we have

|JV_α i > α i + α 2 | 2 = l/6.

So we have

On the other hand, we have

aOm==Uθm9 JQm)=\X +J0,m-U X+J6,m-l)

= (^+^+/θ,m-l»/θ,m-l)

= "~(^-(αi + α2)^αi + α2y 0,m-lί/Ό,m-l) (2).

From (1), (2) and Lemma 4.2, we have

(l + mKm=-m(ω/0>m_1,/{ ),m_1)

= ( - m / 6 ) { ^ - ( v ^ m » 0 ) m . 1 .
Q.E.D.

COROLLARY 4.5. For meiV0,

αOm=(-l/6)m(l/(m +1))fl U2-(v-fc)*}.

THEOREM 4.6. For π, meiV 0 ,

[ μ ( ) } ] [ Π μ
k = 1 k = 1

is ί/ie fteί/iα function: B(m + 1, n + l) = m!n!/(m + n + l)!.



406 Minoru WAKIMOTO

PROOF. We shall prove the theorem by induction on n. For n =0, the above
formula coincides with Corollary 4.5. Now we assume that the theorem holds
for a fixed n^N0 and for any raeiV0. Then, by Proposition 4.3, we have

^

[ { ( ) } ] [

!n!/(m^

[Π
fc=l

and this completes the proof. Q.E.D.

From Theorem 4.6 and Proposition 3.4, we have

COROLLARY 4.7. 1) The U-module XOλ is reducible if and only if λ is
a non-zero integer, and

2) when v±?Q, the U-module Xvλ is reducible if and only ifλ—v is an integer.

Added in Proof.

Recently the author is announced from Prof. K. Okamoto that Prof.
N.R. Wallach has proved the same results in a quite different way and that he
has also obtained the decomposition of the elementary series representations of
SU(2, 1).
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