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§1. Introduction, notations and the results

Consider a system of the same kind of a large number of (say, N) rough
elastic spherical molecules with the mass m, the radius a, and the moment of
inertia I=ma?k (0<x<2/3). Such a molecule possesses energy of rotation which
is interconvertible with energy of translation. This model was treated by F. B.
Pidduck [S5] (see also [3]). The motion of a molecule can be specified by a pair
(&, o), where & e R3 is the velocity of its center and o € R3 is its angular velocity.
The dynamics of a collision is given in the following way: Let (&, «) and (3, f)
be the velocity pairs after collision of two molecules (¢, «’) and (1, f’). Then,

kV+(m—¢&, 6)¢

&=L+ K+1 ’

', kV+(n—¢&, )¢

n=n- K+1 ’
(1.1)

NS 2.3 A

* =at a(k+1) °

;L 234
B —ﬁ+m,

where ¢ denotes the unit vector in the direction of the line from the center of the
molecule (£, «) to that of the molecule (, ) at collision and V the relative velocity,
after impact, of the points of the spheres which come into contact, that is,

(1.2) V=n—¢+a étx(a+p).

(In (1.1) and (1.2), ( , ) and x denote the inner and the outer product respec-
tively.) Note that this dynamics preserves the linear momentum and the total
energy, i.e.,
{ g+n' =C+n,
(1.3)
(&', 1+ [n', B1* = [E, «1*+n, 1%,
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where [&, a]=x/—%'—|§|2+»§!a| 2, and leaves the volume element invariant;

(1.4) dé'da’'dn’'dp’ = dédadndp.

Let Nu(t, & a)dédo be the number of molecules with linear and angular
velocities in the ranges d&, da respectively at time t. Then the spatially homo-
geneous Boltzmann equation in the absence of exterior forces takes the form

?ﬂ(l;??éﬂ)_ - (’1_6, é)+

S2xR3XR3

(1.5)
Hut, &5 au, n's ) —ut, & oult, n, Brdédndp,

where (n—¢&, £)T=max {(n—_¢, £), 0}, d¢ denotes the uniform probability measure
on the unit surface S? in R3 (cf. S. Chapman and T. G. Cowling [3]) and the mul-
tiplication 4Na? of the right hand part of (1.5) is neglected.

For non-rotating models the initial value problem of the Boltzmann equation
was solved by T. Carleman [2] for the molecules with elastic spheres, and by A.
Ya. Povzner [6] and L. Arkeryd [1] for the molecules with differential collision
cross-section satisfying certain boundedness conditions.

In this paper we prove the existence and the uniqueness of the solutions of
the equation (1.5). The method is similar to those of the non-rotating case due
to A. Ya. Povzner [6] and H. Tanaka [7]. The entropy argument such as in
L. Arkeryd [1] would work if we consider only those solutions that are even in
o; however, we do not employ this argument since it cannot be expected that there
are many even solutions.

The kernel (n—¢&, £)* is not invariant under changing ¢ to — ¢, so it is conven-
ient to introduce the following notations

kV_+(m—¢, 6)¢

fo=<¢+ P )
’ KV—+(’7_6, ﬂ)Z
n-=n— K+1 )
(1.6)
;o LxV_
X = ET 0k +1)
, 4xV_
ﬂ‘_ﬂ-a(x+1) g
(1.7) V_=n—¢—a éx(@+p),

and write x=(éa a), y=(’1’ B): x,=(€,s a’), y’=(11’9 ﬁl)’ x,—=(€{—, al), y.=
-, BL), [x1=I[¢&, o, [y]1=[#n, f], and so on. Note that the relations similar to
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(1.3) also hold;
[ EL4nl = &4,
| x12+ )2 = [x12+ [y12.

Then, making use of (1.4) and (1.3)" we can easily transfer the equation (1.5) to
the equations for measures;

(1.3)’

ag HCD o g 0560 =50, D)}dlutt, dxut, dy),
S2xR6xR6
or equivalently,
ou(t, I
o HED—  y—g o
S2xR6xRS6

(R DFSOLT) 9 D400y, Dl gus, dsyuc, dy),

where u(t, I’ )=S u(t, x)dx for I'e #(R%). For the solution u of the equation
r

(1.8) (=(1.9)) with the given initial probability distribution f, we use the terminolo-
gy ‘‘u preserves the mass, the linear momentum, the total energy”, when

[ weoute, ax) = weosan

for Y(x)=1, &, [x]? respectively.
Now we can state the results.

THEOREM 1. Assume that ¢2% = S [x]2f(dx) < o  for the probability
R6

distribution f on R®. Then there exists a solution u of the equation (1.8) with
the initial distribution f such that u preserves the mass and the linear momentum.

THEOREM 2. Assume that pu® = g [x]?f(dx) < oo for the probability
RS

distribution f on R® for some p>3. Then there exists a solution u of the equa-
tion (1.8) with the initial distribution f such that

(1.10) u®@ ()= g 6[x]l’u(t, dx) is a locally bounded function of t,
R
(1.11) u preserves the mass, the linear momentum, and the total energy.
THEOREM 3. If the assumption for f in Theorem 2 is valid with p=4, then

the solution u of the equation (1.8) with the initial distribution f satisfying (1.10)
and (1.11) is unique, and has a density whenever f does. Moreover, if we put
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jf(dx) = LD ftax),

(1.12) )
1 att, dx) = SE L, ),

then i is the unique solution of the following equation (1.13) with the initial
distribution f:

(113 22GD.

= (1+0?) S (1+[x12) {fi(x, y, )= 6(x, D)}, dx)i(t, dy) ,

R6xR6

where

(ﬁ(x, y,T) = - [x]21+[y_L Sr(1+[z}2)H(X, v, dz),
o

(1.14)

Hix,y, )=

5(x,F)+5(y,F)+ 1
2 (I+[x]15)(+[y]1%»

{ =g oy PELDIASOLT) 86 D460 D gy
SZ

In § 2 we prove the existence of solutions of the equation (1.8) with the replace-
ment of (n—¢&, £)* by (n—¢&, )t AN, and prove the local boundedness of the
corresponding moments p‘P)(f) of this u. In §3 we demonstrate the above theo-
rems. Finally, in §4 we mention some remarks on steady state solutions which

are even in o.
The author thanks to Professor H. Tanaka for valuable advices.

§2. Preliminary lemmas

In this section, we consider the following equation.

ey 2ED - gm0

S2xR6xR6

'{5(xi, r);a(y; r &, r)era(y, r }déu(t, dxyult, dy),

an(x, y, £) = n—¢&, £)* A N.

If the initial distribution is f, the equation is easily written in the integral form:
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2.2) u(t, I')=eMf(IN+ NS e N(—s) S I \(x, y, Dyu(s, dx)u(s, dy)ds,

t
(o]
R6XRS6

using the probability measure ITy(x, y, ) defined by

@3) My(x,p, 1) =202 D200 D Ll 4ux, v, 0)

.{5(xi, F)-;é(yi, Iy 6(x,I)+d(y, r)}dé
5 .

LeEMMA 1. For any probability distribution f on RS, there exists a unique
probability solution u of the equation (2.2) with initial distribution f.

Proor. Define u®(t,I'), n=0,1,2,..., t>0, I'e #(R®) successively as
follows:

u(t, I) = eV f(I),

2.4)
wrti(t, I) = e NS+ N eneo

t
0
Oy(x, y, Du"(s, dx)u"(s, dy)ds, n=0,1,2,...

R6xRS

Then we can easily prove that u”(¢, ) increases, as n— o0, to a solution u(t, *)
of the equation (2.2). The proof that u(t, -) is a unique probability solution of
the equation (2.2) is also routine.

Next we estimate the moment of the solutions of the equation (2.2). For

this purpose we first consider the moment of the approximate solution u"(z, ).
We put

i = brsan, 0o = e, a),
and assume that u® <oo for some p>3. Since
[ L2y, a2 = A DT
by (1.3)', we have

2 | Iy, downts, dowrts, dy) < 12,

Using (2.4), we have
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t
w21 < e Nig? + NS e Ny (D(5)ds, n=01,2,..,
0

and pu{?(f)=e"N'62. Therefore u{2)(f)<o? for all n. Next we deal with u{?(1)
for general p>3. By (2.4) we have

t p p
25 wRO=epo+N | e S [[x] +0v]
(0]
R6xR6

+% Sszqw(x, y,é){ [xi]wzr Ly2lr -[x]“z“[y]p }dé]

‘u"(s, dx)u™(s, dy)ds .
LEMMA 2. There exists a constant C, such that
2P+ 2P = (1P + v1P) < Cx1P~2[y1* + [xTP[y1P2)
for all x=(&, a), y=(n, B) € RS.
Proor. The following elementary inequality holds
0 < (a2 +b2) 7 —(a?+b?) < C,(a?~2b% +a2br~2)
for p>2, a, b>0. Thus we have
217+ Dy PP —([x17+ Ly1P)
< D1+ [P = (X1 + D10 7 + C(IxP2y12 + K2 [607-2)
< (P+DIY T (K12 +D1) T + Culx1P2[y1* +[x12[y17~2)
= C([xIP72[y1* + [x1*[¥]*~2);
in deriving the last equality we have used (1.3)'.

Applying this lemma to (2.5), we have

t
(2.6) pR@O<eNuP+N § e N P (5) + C,o2uP~2(s)}ds .
Jo
LemMA 3. plP(¥) is a locally bounded function of t, that is, for any Te
(0, 00) there exists a constant K depending only on o, u®, T, N and p such that
(2.7) dPH<K, 0<t<T
Proor. Let us prove this by induction on p. In the case 1<p—2<2,
we have u{P~2)(s)<o?~2 by Hélder’s inequality. Combining this with (2.6), we
have
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t
”Slz?l(t) < e—Nt#(p)+NS e"N(“s’{uﬁ,")(s)+CpO"’}dS s
0

and hence by induction in n we obtain
wP() < e+ C,07Nt.
Especially u{*(t)<u*)+C,0*Nt, and so in the case 2 < p—2<4, using Holder’s

inequality for u{?~2)(s) in (2.6), we have

p20) < e per N (v
0]

[EP(5) + C,o (1) F +(Cyo®)' % (14+NS)}1ds .

From this we have p{P(f)<const(1+N2t?), n=0, 1, 2,.... This method is suc-
cessively applicable to the case 2k<p—2<2k+2, k>1; the result is u{?(H)<
const (1+ N¥t¥), n=0, 1, 2,.... Thus the lemma is proved.

LemMMA 4. Let u be the solution of the equation (2.1) with initial probability
distribution f satisfying u® < oo for some p>3, and put u(P)(t)=S 6[x]l’u(t, dx).
R
Then for any Te (0, oo) there exists a constant K depending only on o, u®, p
and T such that
pP() <K, 0<t<T.

Proor. Integrating the equation (2.1), we have

we, D=+ a0

S2xR6xR6

.{5(xi, rN+o6(y., ) o(x,I')+d(y, F)}
2 2

“dbu(s, dx)u(s, dy)ds.

Since u(P)(t) satisfies the same estimate as in (2.7), using Lemma 2 we have

t
uP(t) = ,u(m—}—go S gn(x,y, 4)
S2xR6xR6

{ Pyl IxPP4Dy)? }deu(s, dx)u(s, dy)ds

(2.8) su<P>+g; S gn(x,y, ¢)

S2xR6XR6
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¢, L P L2 445, dxyuts, dy)ds

<uw+C/ 2 (" {1+ 0D

R6xRS6

[x1772[y1%u(s, dx)u(s, dy)ds .

For the case p=3, this inequality (2.8) implies that
ud@) < (,u(” +C; «/—’121— a4t> c.exp(C3 \/% o—t> .

In the case p> 3, using Holder’s inequality we have

p—

k
B < W) P < THP(s), Kk =1,2,

and then by (2.8)
5 (e -
,u(")(t) < H(p)_|_ C”«/—HTSO{GZ +<#(3) + C3\/—m—a4s>

-exp <C3 \/% as)} (14+u®(s))ds .

Now an application of Gronwall’s inequality completes the proof of the lemma.

§3. Proof of the theorems

Let ux(t, -) be the unique solution of the equation (2.2) constructed in Lemma
1. If the initial distribution f has the finite second moment o2, then the follow-
ing (3.1) ~(3.3) hold.

(3.1) uul(t, +) is a probability measure on RS.
(.2) S [x]2ux(t, dx)=02, XR £ up(t, dx)=g ¢ fd).
RS® 6 RS
(3.3) There exists a constant K, independent of N, such that

[, .ot dx)={_ ounts, dv)| < K- 1] -1t=si

for any bounded continuous function ¢ on R®.

Thus the proof of Theorem 1 is now evident by the relative compactness of
{un(t, *)}n=1,2,.. and the equicontinuity (3.3), that is, there exists a subsequence
{N\}i=1,2,.. such that {uy(t, -)} converges to a probability measure u(t, -) as
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k— oo for all rational t>0, and hence for all t>0 by (3.3). Moreover u(t, *)
satisfies (1.8).

This construction of the solution u(t, *) of (1.8) is also useful for the proof of
Theorem 2, because the local boundedness of the moment of u(t, -) is already
proved in Lemma 4.

Proor oF THEOREM 3. The existence part is contained in Theorem 2, so
we prove the uniqueness and the existence of density solutions. Let II(x, y, I')
and fI(x, y, I') be as in (1.14). Then by

SR6(1+tz]2)H(x, y,dz) = 1+ LEAD

II(x, y, T') is also a probability measure in I' € #(R®) for each x, ye R6. On
the other hand, for a solution u of the equation (1.8) we have

[avey | a-cor

S2xR6xR6

.{5()6:, dz) +6(y’l,dz) d(x,dz)+d(y, dz)}
2 2

dbu(t, dx)u(t, dy)

Sr(1+[z]2) S (1+[x]2) (1 +[»1%)

R6x RS

-{H(x, y, dz)—

o(x, d2)4275(y, dZ)}u(t, dx)u(t, dy)

a+0an a+ D11+ BB,
R6xR®

_ I+ [x]1*)é(x, N+ (1+[y]1*)d(y, I')
2

bute, dxyute, dy)

(L+[x12) {f(x, y, I)=(x, 1)} (1+[x])u(t, dx)(1+[y1?)u(t, dy)

RéxR®

= (1+02)? S (1+[x12) {I(x, y, [)—6(x, D)}a(t, dx)it, dy),

R®xR®

Il

where i(t, dx) is defined in (1.12). Hence @ is a solution of (1.13). (¢, -) is
still a probability measure on R, so we obtain

oii(z, I')

LD —+on | A+, Die, doat, dy)

R6xR6

—(1+ aZ)gr(l +[x12)i(t, dx) .
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Therefore we can write

O gre-ﬂx)t Fdx)

+S' S ii(s, dx)i(s, dy)zi(x)g 1= fl(x, y, dz)ds,
r

R6xRS

where §(x)=(1+02)(1+[x]?).
On the other hand we can easily construct the minimum solution (¢, *)
of the equation (3.4) by iteration. If we take

5(t’ r) = a(t! F)“’Zo(t, F)a I'e Q(Ré),

then #(t. ')>0 and

dt
l 5(0, RS) = 0.

(AR _ pwyic, RO, 1) = | aiot, dv),

However fi(f) < qu(x)ﬁ(t, dx)<const (1+ u*)(t))is locally bounded in t, so (t, -)

vanishes identically. Therefore the uniqueness of the solutions of (1.8) is proved.
Finally assume that f and hence f have densities with respect to the Lebesgue
measure in RS. Then the usual method of iteration for solving the equation
(3.4) shows that the solution (¢, -)=ii(t, -) has a density for each ¢t >0.

§4. Remarks on the steady state
Let u(t, £, o) be a (density) solution of the equation (1.5), and put
HO = | u(t, & 0logu(t, & a)dd
R3><R3
Then we have (at least formally)

—%H(z): S ‘z‘i%’i){log u(t, & a)+ 1} déda

R3xR3

- __‘1‘_5{(7,_ g, 0)" log u(t, &, ' Yu(t, n', B')

_(r’_é9 €)+ log u(t7 éa ot)u(t, n, B)}
Au@, &, o ult, n',p) —ult, &, w)u(t, n, p)}ydédidadndp

+ S(’?—é, OHut, &', oaut, ', B)—u(t, &, ou(t, n, B)ydédidadndp.
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In general, the non-increasing property of H(t) does not follow from this formula.
But if we assume that u(t, &, o) is even in «, then by considering the collision of
two molecules (£, —a’) and (', —p") with the unit vector —¢ which produces
(¢, —a) and (y, — ), we obtain the following inequality (see also [3, 1st ed.]).

d _ 1 _ + u, &' ault,n', )
ar o = TS(" R AT (AN
Sut, &, o Yult, ', B)— e, € 0ut, n, B)}dedédudndp
<0.

We next consider a probability density function f=f(&, ) in the steady state:
(n=2¢&, O N, a)fn', B)—&, f(n, B)}dédndp = 0.
S2xR3xR3

We only consider those functions f(£, «) which are even in a. Assuming that
L€, a2 f(&, ) logf(E, o) € L1(RS), we have

Ly e SE O B)
TS(" & O log = e B)

ASE, ), B)—f&, )f(n, B)ydédiduadndf =0,

and hence we have
@4.1) f&, &Y', B') = f(& 0)f(n, B) for almost all &, a, n, feR3, LeS>.

The purpose of this section is to show that an even f satisfying the relation
(4.1) is Maxwellian (Theorem 4). This fact is found in [3, 1st ed.]; the proof we
give here is a probabilistic one based upon the function ¢ of [4].

THEOREM 4. Let f=f(£, o) be a probability density function on RS, even
in a, and satisfy the relation (4.1). Then there exist a constant vector be R3
and a positive constant ¢ such that

f(S; &) = constexp {(b, &)—c[¢, ]}

The proof is divided into some steps. Before stating these lemmas let us
introduce the change of a-scale:

<ajx“a)—'(i>.

Then the dynamics of a collision is transformed to the following form:
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' kV+ (n—¢&, 0)¢ . K ExXV
{f=5+Am—’ R I
4.2) -~
N 1 e U bt TR AL , exV
{ w0y T
4.3) V=n—£+7;l€:éx(a+ﬁ),

and the total energy of a molecule (&, «) is changed to %(|§|2+|a|2). For each

fixed £=(4,, ¢,, £5) € S?, the relation (4.2) is written in short by

(4.4) =U

= = R

The invariance of the total energy then implies that U is an orthogonal matrix.
By elementary calculations, we obtain the following

LeMMA 5.
I-M N M N
-N M N —(I-M
(4.5) U= ( )
M -N I-M -N |
-N —(I-M) N M
where
03 48, 4,05
|
M=7€£T1+m 6,6, 063 6,05,
(4.6) 0,65 0,05 03
- 0 —¢ ¢
B \/K g 3 62
N=2F1 3 0 —4
—éz él O

Moreover,
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2 K o 2k+1
M? = — oI+ M.
,‘ 2 — _ K K
4.7) N I+,

—_— = K
MN = NM K+1N.

The following lemma is a key part in the proof of Theorem 4.

LeEMMA 6. If a probability density function f in R® satisfies the assumption
of Theorem 4, then there exist a constant vector be R3® and symmetric 3 x 3-
matrices Q, and Q, such that

(4-8) f(§9 a) = const exXp {(ba é)-(Qli’ 6)_(Q2a5 a)} .

Proor. The function f(¢, a)=f(¢, a)exp {—||2 —|a|?} satisfies the relation
(4.1) and (1+|¢|2 +|x|2)fe L1(RS). To prove the representation (4.8) for f, it
is sufficient to prove it for f (so normalized thatg f(&, a)déda=1), and therefore

R6

we may assume from the first that f itself has finite second moment. In general,
suppose we are given an R¢-valued random variable X with finite second moment.
As in [4], taking a suitable probability space (2, &, P) we put

e[X] =infE{|X-Y|?},

where the infimum is taken over all pairs of Ré-valued random variables X and Y
defined on (Q, &, P) such that the distribution of X is the same as that of X and
Yis a Gaussian random variable with the same mean vector and covariance matrix
as those of X. H. Murata and H. Tanaka [4] proved the following statement.

'If X, and X, are independent random variables with finite second mo-
ments, then we have

l [ X, +X,] < e[X,]+¢e[X,]

4.9

unless both X, and X, are Gaussian.

We now think of R'2 as a probability space with probability measure f(&, «)f(n, B)
dédadndf. Then both the random variables

~ ~ <

N

=W S R U
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on this probability space have the same probability density f(¢, «)f(n, B) by the
relation (4.1). We put

e b= ()
X1= 7X2= ’Xi= ’Xé= ’
a ﬂ al’ ﬁ/
I-M N M N
R L P |
-N M N —(I-M)

M —N I-M —-N
C= , D= .
—N —(I-M) N M
Since X, and X, are independent, an application of (4.9) for X, =A4X,+BX,
and X,=CX;+ DX, yields

(4.10) e[X'] < e[AX,]+¢[BX,], e[X5] < e[CX,]+¢[DX,].

Taking pairs (X,, ¥;) and (X,, ¥,) which attain the infimums in the definition of
e[X,] and e[ X,] respectively, we have by (4.10)

e[X T+ e[X5] < E{JACX, - Y)I2+|B(X,- 1))

(4.11) +]C(X, - Y)I?+ DX, - 1,)I12}
= e[X,]+e[X,];

here the last equality is derived from the orthogonality of U. On the other hand
since X; and X, (resp., X', and X%) are independent, we have from the definition

of e,

(4.12) e[X] = e[ X' J+e[X%], e[X] = e[X,]+e[X,],

and also ¢[X']=e¢[X] since X and X’ are identically distributed. Therefore the
inequality sign in (4.11) must be the equality one. This can happen only when

both X, and X, are Gaussian random variables by (4.9). Finally noting that the
density f is an even function in a, we obtain the representation (4.8) of f.

To finish the proof of Theorem 4, it is sufficient to prove the following

LeEmMMA 7. Let Q, and Q, be the symmetric matrices obtained in Lemma 6.
Then there exists a positive constant ¢ such that Q,=Q,=cl, that is, (Q,¢, &)
+(Qz2, a)=c(|¢]* + a]?).

Proor. The relation (4.1) and Lemma 6 imply the following invariance:
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(4.13) (Q.¢', &)+ (Qaa', ) +(Qy1’, 1) +(Q25', B)
= (Qléa é)+(Q2a5 a)+(an’ '1)+(Q2Bs ﬁ) .

Inserting the relation (4.4) and using Lemma 5, we have five equations for matrices
Q:, 05, M and N:

(4.14) 2ANQ,M—MQ,N)+Q,N—NQ, =0,
(4.15) MQ,(I—-M)+NQ,N =0,

(4.16) MQ,(I-M)+NQ,N =0,

4.17) MQ,M—NQ,N —(Q;M+MQ,)]2 =0,
(4.18) MQ,M—NQ,N—(Q,M+MQ,)/2 = 0.

Adding (4.17) to (4.15) (and also (4.18) to (4.16)), we have
(4.19) oM =MQ,, Q.M = MQ,.

The relations (4.7) and (4.19) therefore imply NQ,=Q,N by (4.14); here we have
used k#1. By the way, it is easy to prove that any matrix Q which commutes
with M for almost all ¢ € S? is a constant multiple of the identity matrix. There-
fore Q;=cI and Q,=c,I. Finally, ¢; =c, follows from the relation NQ,=Q,N.
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