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Introduction

The Lorentz space lp,q{E} is the space of zero sequences {xj with values in

a Banach space E such that

Σ iqlp~i\\xi\\*q) for l<p<oo, l<g<oo,
\i=ί /

"||Xil|* for l < p < o o , q = oo

is finite, where {||Xj||*} is the non-increasing rearrangement of {||Xj||}. In par-

ticular, lPfP{E} coincides with lp{E} (cf. [10]). Recently, the space lPΛ{E) has

been used to introduce and investigate several classes of operators, e.g., (p, q)-

nuclear, (/?, q\ r)-absolutely summing and (r; p, g)-strongly summing operators

([6], [9], [10]). However, concerning lPtq{E} itself very little is known, although

the Lorentz space LPtq(E) has been considerably investigated ([1], [5], [12]).

Thus it seems to be significant to clarify fundamental and intrinsic properties of

lp>q{E}. The purpose of this paper is to establish a sequence of important proper-

ties of the space lp,q{E} and especially to characterize the dual space of lpq{E}.

We shall show that lp,q{E}f and lp>tq>{E'} are isometrically isomorphic (resp.

isomorphic) for p<q (resp. p>q) where l/p+l/p' = l/q + l/q' = l. It should

be noted that for p>q lP',q'{E'} is not a normed space but a quasi-normed space.

In this case, we shall introduce the space lP'>q>{E'} as the Banach space of all £'-

valued sequences {x[} such that for each {xj e lPtq{E} the series ΣT=i<χbχ'i>

converges, where the norm is given by | |{x'i}| |p',β '=sup{|ΣS=i< ^iJ^ί>U llί^Jllp.g

<1}, and show that lp,q{E}' is isometrically isomorphic to lp^q'{E'} and lp>tq>{E'}

is isomorphic to l^i(l>{E'}. As an application we shall refine the main result in

[6], that is, we shall characterize the conjugates of (/?, q\ r)-absolutely summing

operators ([9]) as (r'\ p', g')-strongly summing operators where Ijp+ijp' = \jq
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§1. The space lp,q{E}

Throughout the paper E and F will denote Banach spaces and E' and F'
their continuous dual spaces. Let K be the real or complex field and / be the set
of positive integers.

DEFINITION 1. For l<p<oo, l<g<oo or l<p<αo, g = oo lPΛ{E} is the
space of all E-valued O-sequences {xj such that

( Σ M k ψ c o l l Ί for l<p<κ>, ί<q<co,

/or 1 </><<», q = co

is finite, where {||Xφ(i)||} is the non-increasing rearrangement of {||Xf||}. In
particular, ίfE = K, lp,q{K} is denoted by lPΛ (cf. [10]).

In case of p = q lp,p{E} coincides with lp{E} and || | | P f P = || \\p.

REMARK. In the case where l<p<q<oo, || \\Ptq is not a norm. Indeed,
ifl<p<q<co, we can take two positive numbers α and β such that

1 < j <

By the mean value theorem of differential calculus there exist two positive num-
bers yί and γ2 such that

and

Then we have

< 2'/'-1,
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whence

Consequently, if we put

u = (α,jJ, 0,0,0,...),

v = (β,ot, 0,0,0,...),

we have

which implies that || \\p>q is not a norm. If 1 <p<q = oo, we can take two posi-

tive numbers α and β such that l<α//?<2 1 / p , and show that || \\Pt<X3 does not

satisfy the triangular inequality for u and v, which implies that || ||p>00 is not a

norm.

We now recall the following inequality (Hardy, Littlewood and Pόlya [3])

which is one of the most useful tools in our subsequent discussions.

Let {cf} and {*cj be the non-increasing and non-decreasing rearrangements

of a finite sequence {cι\ of positive numbers. Then for two sequences {a}

and {frJi<;<n of positive numbers,

(1) Σaΐ*bt < Σdtbi < Σafbf.
i i i

L E M M A 1. Let {x j and {j/J be ^-sequences in E. Let {||xψ(i)||}, {11^(0II)

and {||xω(i) + j>ω(i)||} be the non-increasing rearrangements of {H^H}, {Hĵ ll}

and {||Xj + j>j||} respectively. Then for any positive integer k

PROOF. The first inequality is clear. Since

{iel: \\Xi + yt\\ > ll^(fc)ll + l l^ w l l}

c {iel: \\Xi\\ > \\xφik)\\} U {iel: \\yt\\ > \\yφ(k)\\},

comparing the cardinal numbers of these sets we have

card{ie/: | |x,+^| | > ll^wll
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< c a r d { i e J : \\xt\\ > \\Xφ{k)\\} + caxd{ieI: \\yt\\ > \\yφ(k)\\}

< 2 ( / c - l ) ,

which implies the second inequality.

PROPOSITION 1. // l<q<p<oo, lp,q{E} is α normed space. If l<p

<q<oo9 lPfq{E} is not a normed space but a quasi-normed space; for any {xj,

{yi}elp>q{E}

\\{xt + yt}\\p,q < 21''(\\{xi}\\p,q+\\{yi}\\PΛ).

PROOF. Let {xt}9 {yj e lp>q{E}. Let {\\xφ{i)\\}9 {\\yφ(i)\\} and {||jcω(0 +

j;ω ( 0 | |} be the non-increasing rearrangements of {\\xi\\}, {||^||} and {||x/ + ^||}

respectively. We assume pφq. In the case where 1 <q<p< oo, {iqlp~1} is non-

increasing and hence by (1) we have

/ 00

"'" = Vί?i '*

" ii=ί

\ 1/9

Σ MI^OIIΊ +(Σ

Thus lp,q{E} is a normed space in this case. In Remark after Definition 1 we

have shown that for l < p < g < o o lp>q{E} is not a normed space. Let l<p<q

< oo. Then, by Lemma 1 we have

Therefore,

Σ
= l



K oo

Σ i"1"-1 \\χΦW

= 2""(\\{xi}\\PΛ+\\{yi}\\Pιq).

For 1 <,p<q = co we can show in a similar way
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l/q / oo

+ { Σ r " p 1 \ \

Thus lPΛ{E} is a quasi-normed space if l < p < q < o o .

LEMMA 2. Lei 1 < p, q<co. Let {xj e /p,g{£}. T/ien /or every i e I

(2) ll^(t)ll^(f)1/4»"I/1ΊI{*ι}llp.ί if l<P<q<n,

(3) ll*«oll ^ ' " " Ί I W U M if l<q<p«x>.

PROOF. If {*,} e lPΛ{E}, for every i e I

t

(4) UxMli* Σ^'-H

In case of p = q (2) follows immediately from (4). If 1 < p < q < o o , for each fee/

whence (2) follows from (4). In case of l < g < / ? < o o , {i'*^"1} is non-increasing

and therefore (3) is immediately from (4).

PROPOSITION 2. (i) Lei 1</?<OO, I<^<^r 1 <oo. Then

and for every {x(}

(6) ll{*ι}IIMl ^ ll{*ι}llM if P>q

(ii) Lei βiί/ter l < p < P ! < o o , ί<q<oo or ί<,p<pt<co, q = co. Then

and for every {xt} e lPΛ{E}
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PROOF. Let {x, } e lM{E}. Let \<p<q<q1<oo. Then by using (2)
we have

whence we obtain (5) and lPιq{E}c=.lPtqι{E}. If I < p < ^ < g 1 = oo, (5) follows
immediately from (2). In case of p>q, in a similar way we can deduce (6) from
(3).

The proof of (ii) is easy and omitted.

COROLLARY. Let \<p1<p<q<qί<oo and let p, q be not both equal to
oo. Then:

0) lPl{E) c lPtq{E} cz lqi{E}

and for every {xj e lPί{E}

( f )lί9'1/9l\\{χt}\\9ι < iiwiip., <

(ii) /Pl{£} cz /βiP{£} c: /qi{E}

and for every {xj e /Pl{£}

We shall now show in the following lemma a generalized form of Holder's
inequality which is stated in a more generalized form without proof in [10].

LEMMA 3. Letl<p,q<oo and l/p+l/p' = l/<? + l/g' = l. Let {xj e lPΛ{E}
and {x'Je/pW{£'}. Then, {<xu x'i>}elί and

PROOF. From (1) and the usual Holder's inequality we have
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ί = 1

In the rest of the paper, we denote by 1F(E) the space of £-valued finite

sequences.

PROPOSITION 3. For l<p<oo, l<q<oo, ^{E) is dense in lpq{E}.

PROOF. Let {xj e lp>q{E}. When 1 < p < q < oo, let

ίiίi
(7) if, = f (0,..., 0, xφ ( 0, 0, 0, 0,...).

Then un ε «^(£) and

χ l / 4
^ - \ 'n'— Λ " " - *

-> 0 (n -> oo).

When l < g < p < o o , let

and

(8) v M = Σ(0,. . . ,0,X 0,0,0,...).
ieln

Since /„ is finite, we put kn = card /„. Then for any j 0 e I we have

/ oo

ιi{*(}-«.ιιM = ( ε '"^"-Mi^^+
I/a



80 Mikio KATO

Hence

ΠS||{xj- vJU<( f iq/p-ι\
n-*co \i = jo+1

Therefore, letting j0-+oo, we have

LEMMA 4. Let {x\v)}iiV be an E-valued double sequence such that limί_MDOxί v )

= Ofor each vel and let {xf} be an E-valued sequence such that Γim^ooX^^Xf

(uniformly in i). Then, lim^ooX—0 and for each iel

(9) | |xφ ( l ) | | < Urn l l x ^ o | | ,
v—*<x>

where {\\Xφ{i)\\} and {\\x(^(i)\\}i are the non-increasing rearrangements of {\\xι\\}

and {||x(iv)||}i respectively.

PROOF. It can be easily shown that lim^ooX^^O (uniformly in v). There-

fore we have immediately lim^ooX^O. Let i be an arbitrary positive integer

and fixed. If there exists a positive number c{ such that

then the inequality

II Y II ^> r ^> II γ ( v ) II
ll*0(i)II > Ci > \\xφv(i)\\

is valid for infinitely many vel. Since \\xφ(k)\\ > c t and limv_>oo||x^v

(

)

Jt)|| = ||x^(fc)||

for 1 < / C < Ϊ , there exists a voel such that 11x )̂11 > c ( for v > v 0 and \<k<i.

Therefore, if we take a positive integer v1 such that v x > v 0 and c f > IIXφVAoll'

we have

11̂ ,11 > c, > llx^oll

for l<k<i, which is a contradiction since the number of k such that ||XfcVl)||>

ll^Vλoll i s ΐ-L τ h u s ( 9 ) h o l d s f o r e v e r y iEl

THEOREM 1. For l<p, q<co, lp,q{E} is complete.

PROOF. Let {xlv)}f e lp,q{E} (v e J) and

(10) lim | |{χ^>_χ(v) } | | = α

μ,v->oo

In the case where q < oo, for any ε > 0 there exists a v0 e / such that
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* < ε for a n y ̂  v > v0

where {| |x^ v(o~xi^lv(oll}i ^notes the non-increasing rearrangement of

{||x(iμ)— Xiv)||}i Then for any μ, v>v 0 , from Proposition 2 we have

||

< supz / JΊI**μ i V(i)-**μ i V(j)ll

v ( μ ) _ γ(v)\|| if n
i x i S\\ptq

 π P

v)\|| , f π

ί\\p,q n P

I ε if p > q.

Therefore there exist xt e £ ( / 6 / ) such that

(12) xt = lim x\x) (uniformly in ϊ).

Since lim^ooJC^^O for each vel, we have by Lemma 4

(13) lim Xi = 0.
i->00

Hence we can take the non-increasing rearrangement {||^v(i) — x^^lDi of

{||Xj--Xiv)||}i. Let v be an arbitrary positive integer with v>v 0 and fixed. If

we put

v (μ) _ Y ^ — Y^V)

y. = Xi-χ[v\

then

lim y\μ) = 0 for each μ e I.
i-*ao

lim y^ = yt (uniformly in ί).

Therefore by Lemma 4 we have

Uncoil ^ U53: IIJ 7 ^oil f ° r e a c n z e ̂

that is,
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0 4 ) l l ^ v ( O ~ χ ί Λ i ) H ^ U5* W^Ψ^vii)" X<Ψμ,v(i)W ^O Γ e a C Γ 1 * G ^

Consequently, by (11) and (14) we have for any v>v 0

P'q \i=ί /

/ oo \ 1 la

< (Σ /^" l̂im " '"* '"* "
\i= 1 μ-^oo

/ °°
< l i m ( Σ iqlp~l\

μ->c» \ ί = l

and hence {xJ = {Xi — x vo)} + {x vo)} elpq{E}, which completes the proof in

case q<oo.

In the case where q = oo, by (10) for any ε > 0 there exists a v0 e / such that

(15) sup i 1 /p\\χ(ψμ,v(i) — χ{φμ,v(i)\\ < ε for any μ, v > v0.

Hence we can take in a similar way a sequence {xj which satisfies (12) and (13).

Then by (14) and (15) we have for any v>v 0

< lim sup illp\\χψμ

l!,v(i) — χ(φμ,v(i)\\

< ε

and hence {Xi} = {x, — x vo)} + {x v o ) } e lPtO0{E}, which completes the proof.

§2. The space JJ >g,{E'}

In this section we assume that l < g < p < o o , Ijp + λlp' — λjq + λjq' = \. We

now introduce the space l$>fq>{E'} which will play an important role in the next

section.

DEFINITION 2. l®,>qf{E'} is the space of E'-valued sequences {xj} such

that for every {xf} e lp,q{E} the series Σ?=i<χh χi> converges. The norm

\\ \\°,)q,onl°p,,q,{E'}isgivenby

1 = 1
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It should be noted that ||{jcί}||£iβ,<oo for all {*;.} e/°,,,,{£'} and || ||°,fβ,

is really a norm. Indeed, if {x'J e lP',q'{E'}9 then {x^} can be considered as

the linear form / o n lPΛ{E} defined by /({xJ)=ΣS=i <xi9 x\>. Define a

sequence {/„} of linear forms on lp>q{E} by /„({**}) = Σ ? = i <xi9 x't>. It is

easy to see that each /„ is continuous. Furthermore {/„} converges to / at

each point of lpq{E}. Since lPfq{E} is a Banach space by Proposition 1 and

Theorem 1 (p>q), from the Banach-Steinhaus Theorem it follows t h a t / i s con-

tinuous and ||{x'i}||p',€ '-1|/|| <oo. Hence || \\°.tq, is a norm.

The norm || \\p»tq' is also given by the following form

(16) ll{*ailpo',«' = sup Σ l < * ι , * ί > l ,
| |{xι}||p iβ^l i=l

as can be easily seen.

LEMMA 5. Let {xβelζ.^iE'}. Let xr

Vti = x'i for 1 < / < V and x'Vf, = 0 for

i > v. Then

lim IKx . J I I ^ . ^ = IKx'JIlp0',,'.
v->oo

PROOF. By (16), for any ε > 0 there exists an {xj e lp,q{E} such that IKxJH^

< 1 and

Then there exists a v 0 e l such that for any v > v 0

Σ^ I <xi9 x\> I < Σ t

Therefore we have for any v>v 0

< Σ \<xi9 x'i>\ + ε

< sup Σ \<xi9 x ' v , i > | + ε

which shows that ||{xifι}ι||p'iβ' converges to ||{xί}||J'fβ' as v->oo.

LEMMA 6. Let {x\ti}, {x'2ii}elp>$q>{Ef}. If x\ti or x'2ti is equal to 0 for

each i e /, then
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.i}«?'%'+11^2.1} ιι^.v

PROOF. We may suppose 0<| | {x^ ι } i | |^> 9,<oo (fc=l, 2). For any ε > 0

there exist {xkti}ie lp,q{E} (/c=l, 2) such that

and

Σi\<χk,ήχf

k,i>\ > UxUiWWf-j

Furthermore we may assume that xkti = 0 if xkti = 0. Then we have

(17) Σ i l < X

= Σ l<^i i i ,Λ ' l i ί > + <x 2 f ί , x ' 2 f ί > |

= Σ I<*i f l , * Ί t < > H - f \<χ2,i'
 χl2,i>\

i = l i = l

On the other hand, denoting by {||x1)ψ(i)||}, {||x2,*<i)ll} and {||xi,«,(0+X2,»(i)ll}

respectively the non-increasing rearrangements of {Ix^ill}, {||x2,ill} a n < i {\\χi,i

} we have

= Σ'i"1"-1 \\χ1Mi)W
q+ΣV/'-i ||χ2.ω(ollί

^ Σ ^'-Mlxi.ψωl

since p > ^ . Here Σ ' (resp. Σ " ) denotes summation on those i for which X2,ω(i)==

(resp. Xi,ω(/) = 0). Hence

(18) ll{χi.ι+χ2.ι}llM < (llW.illlίr ' + IIW.JI^V)1^

Consequently, from (16), (17) and (18) we have
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< (II{*;.«}lip0-!,' + II{x'l.t)llp°'!V) 1/4II{xΊ.t+xΊ.i}llP

0-,, >

from which follows

PROPOSITION 4. ,F(£') is dense in Z£p „-{£'}.

PROOF. Let {*',} e/°, j β.{£'}\.^(£'). Then for any ε > 0 there exists an

e/M{E} such that | |{x,} | |M£l and

(19) ε I <* ( , jcί> III Wlllp0'*,-1 > ll{χί}II^.V-ε«'.

Since Ux'*.ι}ιW;q'-+UxW.9 (v^oo) by Lemma 5, we have

(20) f l<* i,x' v > ί>l| |K, i} ί | |P

0.V
i= 1

- » Σ χ ι < *ι, X'I

By (19) and (20), for a sufficiently large v

IK*ί} HtfV-β ' < tΣ I <*„ χ'V ) i> I UK,,}lip

^IIK.Jilir.V

This, combined with Lemma 6, implies

ll/v-M r v \i|0€' ^ ll/ir'IIIOί' ll/v' > It

< fi«\

that is,

PROPOSITION 5. T/ie Jwα/ space of lPtq{E) is isometrically isomorphic to

lp',q'{E'}> where a sequence {xΊ} in l^q>{E'} is identified with the linear form

f defined by

(21) ΛW) = Σ <x; x'i > for each {x,} e /,,„{£}.
ι = l *"*

PROOF. Let {xβefytq.{E'}. Then the linear form /defined by (21) is

continuous and | |/ | | = ||{x}}||p',e', which we have already shown in the para-

graph after Definition 2. Conversely, let fe lPiq{E}'. If for each iel we define
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x\ e E' by

<x,x\> =/((0,...,0, Xθ,...)) for each xeE,

then we have for any {xj e lPtq{E}

i

(22) ΣJ<Xi, *ί>l = .Σl/((θ,.., o, ̂  o,...))

= lim Σ α,/((0,..., 0, xj, 0,...))

(α 1x 1,...,αΛ,0,...))

/ w V/«
^ ll/ll l i m l2- ίy/jP Uncoil I

n-+oo\i=l /

= 11/11 ll{χJIIM,

where α; (i e/) are the complex numbers such that |α£| = 1 and |/((0,..., 0, xh 0,...))l

= αI/((0,...,0, xi9 0,...)) for each ίel9 and where •CI|jci||*>1=̂ 4̂ Λ, {||Xφ(0||} are the

non-increasing rearrangements of {||Xil|}i^^n, {ll̂ ill}î i<oo respectively. There-

fore we have {xβelfy^E'} and ||{xί}||j?' iβ'^||/||. On the other hand, if for

any {x{} e lPtQ{E} we put vn as in (8), then

«.-{**} (n-^oo) in lp>q{E}

by Proposition 3. Hence we have

/({*,})=/( lim !>,)

= lim Σ/((0, . ,0, ^0,...)
«-»oo ieln

= lim Σ <χh x'i>
n-+ao ieln

= Σ <^i5 χ ί>,
i l

where the last inequality follows from the fact that the series Σ S

converges unconditionally by (22). This completes the proof.

COROLLARY. l®>tq>{E'} is a Banach space.
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§ 3. The dual space of lp t q {E }

THEOREM 2. Let l<p<oo, l<q<oo and 1/^+1// = l/g + l/g' = l. The

dual space of lPtq{E} is isometrically isomorphic (resp. isomorphic) to lP'A>{E'}

if p<q (resp. p>q). In both cases, a sequence {x'J in lp>>q>{Ef} is identified with

the linear form f defined by

(21) /({*,}) = Σ^xi, A > for each {*,} e lPtq{E} .

In the latter case, there exists a certain positive number Mpq such that Mpq>\

and

(23) 11/11 < HKJIIpv,. < M M | | / | | for every {x\} e lpW{E'}.

PROOF. In case of p = q, the statement is well known and proved in [2].

(i) Let 1 <p<q< oo. Let {x\} e lp>,q>{E'}. Then the linear form / defined

by (21) is continuous and | |/ | | < ||{x'j}||P'>9'. Indeed, from Lemma 3 we have for

any {xj e lpΛ{E)

\f({Xi})\<Σ\<Xi,xfi>\
ι = l

< WixMrJixm^

whence we have/e lp,q{E}' and | |/ | | < iKx'JIlp'^ simultaneously with convergence

of the series in (21).

Conversely, let fe lpq{E}'. If we define xj eE' (i e/) by

i

<x 5 x;> =/((0,...,0, Xθ,...)) for each x e £ ,

then for any {xj e lp,q{E} the series Σ?=ι<Xh x[> converges unconditionally

by (22). Hence, if for any {xj e lPtq{E} we put un as in (7), then by Proposition

3 we have

/({*,}) =/(limiO

= lim/(ιθ

= lim Σ <x<κi), x'Φ(i)>

= Σ
iί
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where φ is the permutation such that {||^(/)||} is the non-increasing rearrangement

of {HJCJII}. Since fe lp{E}' from Corollary to Proposition 2 and lp{E}'' = lp.{E'}9

{x'^elp'iE'}. Therefore, lim^ooX'—O and we can take the non-increasing re-

arrangement {||x^(i)||} of {||xί||}. Let n be an arbitrary positive integer.

Then for any ε>0 there exist x^E, 1 < i< n, such that ||x; || = 1 and

where

Put

n v "

ιj — /̂  ̂  f> II *^ ι̂  ί i ) II V J s ^ J "^ f j ^9''' J '

Since the non-increasing rearrangement of {iβ7p'β""1/p||jc^(ί)||«'/β} ^ j ^ is invariant

because of q'/p'q — l/p = q'/P' —1<0, we have

Σ/β/'-1H^(ollί')
i=l /

On the other hand,

(25) \f{tn) I = f iq'lP'q-llP\Wni)Wqllq<xi> xΨd)
i= 1

> y β'/p'-iiiY'̂ .ji
^- Z-t ι ll-Λ '»/r(i)π

i l

By (24) and (25) we have

Since ε and n are arbitrary, this shows that {x\} e lp>iq>{E'} and

We have thus proved the theorem for l<p<q<oo.

(ii) Let l<q<p<oo and suppose that E is reflexive. Since lPA{E}' is
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isometrically isomorphic to l°*tq*{E'} by Proposition 5, we have only to prove

that lp,j{E'} and l^tq*{Ef} are isomorphic. Here one should note that the

former is a quasi-normed space and the latter is a normed space. Let {x'J e

lpW{E'}. Then, by Lemma 3 for any {xt} e lp>q{E}

fl |<χ» χj>| < \\{χt}\\PJ{χϊ}\\pfl

from which it follows that {*{}e#,,<{£'} and | |{xί} | |^£| |{xί} | |p^.

Thus we have

(26) lpW{E'} c l°.tq-{E'}9 || \\°.9q. < || \\pW.

Let i be the canonical injection of lp>q,{E'} into /^q,{E'}; ί({xί}) = {x'j} for each

{χi}elP:q'{E'}' τ h e n t n e image of ί is dense in l*.tq.{E'}9 since ^ ( E ^ ^

/p^{F}cZ^ § q,{E'} and ^ ( E ' ) is dense in l^t^{E'} by Proposition 4.

Therefore H: 1°,ιq,{E'}'->lp>tq>{Ery, the transpose of i, is also a continuous

injection. Since J£,fg,{E'}'= ZPfg{E}" by Proposition 5 and since /^{E ' } '

= ίp.gίE"} = lp,q{E} by (i) and our assumption, we can regard H as an injection of

lp,q{E}" into lPfq{E}. Furthermore, H maps lp,q{E} onto /p,q{E} identically by the

definition of '/. Consequently, lpq{E}" = lpq{E} and 'i must be an isometric

isomorphism. Hence

'CO: W{£'Γ-#.,-{£'}"

is also an isometric isomorphism, from which it follows that the quasi-norm

|| ||p\q' and the norm || | |p',q ' are equivalent on lp.Λ.{E'} by Banach's homo-

morphism theorem (cf. [4], p. 294). Therefore lp>q,{E'} is complete for the norm

|| \\P',q> since it is complete for its own quasi-norm by Theorem 1. This,

combined with the fact that lpW{Er} is dense in ί^>β {E'}, shows that lp>Λ'{E'}

£ Thus /,-,,'{£'} and ifr^iE'} are isomorphic.

(iii) Let l<q<p<oo and suppose that E is an arbitrary Banach space.

Let {x'Je #,«'{£'}• Put ei = xj/||xi|| (resp. eJ=O) if xJ^O (resp. x{ = 0) and
αi=l|xίll Then, xj = aiei for each ΐe/. For any ε>0, if e'f#0, there exists an

eteE such that ||ef|| = l and <ei9 e\> > 1-ε. If β = 0, we put ^ = 0. Then,

for any {ξj e \PΛ with | | { y | | ^ < l we have

Σ \<χhχ'i>
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Letting ε->0, we have ΣT=i\ξfli\<.\\{x'i}\\$',q'> which implies

K } e / p ° w and

number such that Mpq>i and

Since l®,q> is isomorphic to lp>^ by (ii), {αf} e lp^q>. Let Mp>q be a positive

nd

w < Mpjm\\°P>,q> for every {βt} e / p \^.

Then we have

whence {x } e /p>sίϊ>{£'}. Thus we have

(27) # ,* ' {£ ' } <= ίp'

It follows from (26) and (27) that lp>Λ>{E'} is isomorphic to /^fβ»{£'}, which is

isometrically isomorphic to lp,q{E}' and (23) holds for this MPΛ. This completes

the proof of the theorem.

COROLLARY. Let l<p<q<co. lPtq{E} is a Banach space with the follow-

ing norm || | | £ g which is equivalent to \\ \\p>q:

\\\.xiS\\p,q — S U P Ẑ  ^-χb Xi^ jor eacn \Xβ e ιpq\rL} .
||{x'}|| ' '<1 ί = 1

PROOF. Since lPiq{E}" and /p/i{ '̂'} are isomorphic by Theorem 2, it is easily

seen that || | | p ί is a norm on lp>q{E} which is equivalent to the quasi-norm

As a consequence of Theorem 2 we have the following

THEOREM 3. Let l<p<co, l<q<co. If E is reflexive, then lpΛ{E} is

reflexive.

The assertion for p<q means lp>q{E} is reflexive as a topological vector

space (cf. [7]). However, it is also reflexive as the Banach space defined in the

preceding corollary.

§4. Conjugates of (p, q; r)-absolutely summing operators

In this section, as an application of the result obtained in the preceding sec-

tion, we shall characterize the conjugates of (/?, q; r)-absolutely summing opera-

tors ([6], [9]).
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We first recall the definitions of the space of weakly p-summable sequences

lp(E) and the space of strongly p-summable sequences lp(E} ([2]).

For 1 < p < oo lp(E) is the normed space consisting of all E-valued sequences

{xj such that for any x' eE' the sequence {<x i ? x'>} belongs to /p, where the

norm is given by

/ oo \ 1 jp

( sup ί Σ \<*i> x'>\p ) if l < p < o o ,

( sup HXfll if p=co.
i

For 1 < p < oo lp(E} is the normed space consisting of all E-valued sequences

{xj such that for each {xj} e lp>(E') the series ΣT=i<xv xi> converges, where

the norm is given by

= sup <XbXi> .

We now recall the following

DEFINITION 3. For l<p, q, r<co an operator T: E-+F is called (p,

q; r)-absolutely summing ([9]) provided there exists a constant c > 0 such

that

(28) \\{Txύ\\P.9 < cε^xύ) for every {xt}eSr{E)

and (r; p, q)-strongly summing ([6]) provided there exists a constant c > 0 such

that

(29) <τr({ΓxJ) < clKxJII^ for every {xj e^(E).

The smallest number c for which (28) {resp. (29)) holds is denoted by Πpq;r(T)

(resp. DnPtJ

Πpq;r (resp. Dr;pq) is a norm for p>q and a quasi-norm for p<q on the

space of (p, q; r)-absolutely summing (resp. (r; p, </)-strongly summing) operators.

(p, p; r)-absolutely summing operators are exactly (p, r)-absolutely summing

operators (B. Mitjagin and A. Petczyήski [8]), (p, p; p)-absolutely summing

operators coincide with absolutely p-summing operators (A. Pietsch [11]) and

(p; p, p)-strongly summing operators coincide with strongly p-summing operators

(J. S. Cohen [2]).

THEOREM 4. Let l<p<co, l<q<oo, l < r < o o . An operator T:E->F is

(P> <!'•> r)~absolutely summing if and only if its conjugate operator T':F'->E'

is (r'; p', qf)-strongly summing. In this case,



92 Mikio KATO

Dr.ip.Λ(T) < 22">ΠPιq;,(T) < 22lPMpΛDrΊpW(T') for p<q,

D,;p,Λ{T)<ΠPΛ,r(T)<MPΛDr,.tp.Λ.(T) for p>q,

where MpΛ is as in Theorem 2.

PROOF. By Proposition 1 we can improve the estimate in Theorem 2 of
[6] as follows: For every (p, q; r)-absolutely summing operator T, its conjugate
operator T' is (r'; p\ #')-strongly summing and we have

DrΊpW(V) < 2^ΪIpΛ,r{Ί) for p < q,

DrΊpW(T) < Πp>q;r(T) for p > q.

On the other hand, since lP)q{E}' and lp>tq>{E'} are isomorphic by Theorem 2, we
have by Remark 1 in [6] that if T' is (r' p', g')-strongly summing, then T is
(p, q; r)-absolutely summing and ΠPiq;r(T)<Dr,;p,fq,(Γ).

Similarly, by Theorem 4 and Remark 2 in [6], combined with Theorem 2,
we have the following characterization of an operator whose conjugate is (p, q
r)-absolutely summing.

THEOREM 5. Let l<ρ<oo, l<q<oo,l<r<co. For an operator T: E-^F,
the conjugate operator T'\F'-*E' is (p, q; r)-absolutely summing if and only
if T is (r'; p\ q')-strongly summing. In this case,

Dr,;pW(T) < Πp>q;r(Γ) < MpWDrΊpW(T)

for a certain number M p % ^>l.
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