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Let R be a commutative ring containing an identity. Then a derivation on

R is an abelian group homomorphism D: R-+R such that for all a, b in R,

D(ab) = aD(b) + bD(a).

A higher derivation of rank m on R is a sequence of abelian group homomor-

phisms Si'. R->R, i = 0, 1,..., m such that

(1) δQ is the identity mapping,

(2) for all x, y in R and i}t 1,

δt(xy)= Σ δj(x)δk(y).
j + k=i

We shall let Der (R) denote the collection of all derivations on R and let Hm(R)

denote the collection of all higher derivations of rank m on R. If m is infinite,

we shall call this sequence merely a higher derivation. Let α be an ideal of

R and let T, G be subsets of Der(R% Hm(R) respectively. We shall say that

α is a T-ideal if D(α) g α for all DeT. Similarly, we shall say that α is a G-ideal

if for all <5 = {(5J eG, ^ ( α ) i Q for all i = 0, 1,..., m. Let x be an element of R.

We shall denote by [x] the smallest G-ideal that contains the element x. This

is well defined since the intersection of any number of G-ideals is again a G-

ideal.

On the primary decomposition of differential ideals, the following is known:

THEOREM A (Theorem 1, [1]). Let R be a Noetherian ring and let a

be an ideal of R with associated prime ideals p 1 ? p2> > Ps Let δ = {δi} be

a higher derivation such that a is a δ-ideal. Then p l 5 p2> > Vs

 a r e a^so δ-

ideals and a can be written as an irredundant intersection qί Π ••• Π qs of primary

δ-ideals qf.

In this short paper, we wish to generalize Theorem A to the case of a set

of higher derivations of rank m. Since in [1] they use essentially the fact that

the rank is infinite, the method can not be used for the case of finite rank. So,

we shall take up new techniques. We shall begin with the definition of G-primary

G-ideals.

DEFINITION 1. Let q be a G-ideal of R. q is called a G-primary G-ideal
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if the conditions qz^ab, q φ α / o r G-ideals α, b of R always imply q-z>bn for some

integer n.

From Definition 1, it is immediate that primary G-ideals are G-primary.

But the converse is not necessarily true. Here we shall give an example.

EXAMPLE 1. Let R = k[Xί, X2> ] t>e a polynomial ring in infinitely

many variables Xi(i = l, 2,...) over a field k of positive characteristic p. Let

D be a fc-derivation of R such that D{X^ = Xt for every i. Let α be a D-ideal

generated by the set {X\p, X\, X^Xf, i = 2, 3,...}. Then α is not a D-primary

D-ideal but a primary D-ideal. For, since N/α = (Xi, i = l , 2, 3,...), ^/cΓ is a

maximal ideal and hence α is primary. On the other hand, let b = (Xp

ί), c = (Xp

l9

χf9 i = 2, 3,...) Then b, cn (for any integer ή) are D-ideals not contained in α.

But bccα. Therefore α is not a D-primary D-ideal.

DEFINITION 2. Let q be a G-ideal of R. q is called a G-irreducible G-

ideal if q can not be represented as an intersection of two G-ideals strictly

containing q.

LEMMA 1. If a, b are G-ideals of R, then a + b, ab and (α: b) are G-ideals.

PROOF. It is straightforward that α + b, αb are G-ideals. Let x e ( α : b ) .

We shall prove by the induction on i that for any <5 = {(5J e G, ό^x) e(α: b), i = 0,

1,..., m. The case i = \ is immediate from αe(51(xb) = x51(b) + δ1(x)b for any

beb. By the definition, we have

δ&b) = δ^b+'Σ δ^δ^ib).
k = 0

By the induction assumption and ^_fc(fc)eb, we obtain δi(x)bea for any beb.

Therefore δ^x)e(a:b) and (α: b) is a G-ideal. Q. E. D.

LEMMA 2. Lei c\ be a G-ideal of a Noetherian ring R and let x be an

element of R such that x φ y/q. Then for some integer /c, (q: xfc) = (q: xι) for

all i^k and (q: xk) is a G-ideal.

n

PROOF. Let q = r\q( be an irredundant primary decomposition. We
ί = l

m a y s u p p o s e t h a t xφs/qi(i = l,29...9t), xeyfq](j = t+l9...9m). T h e n ( q :
ί

xk)= r\ q, for some k and this is the first part of this assertion. Next, let y
e(q: xk). We shall prove by the induction on i that for any δ = {δt}eG9

e(q: xk) (/ = 0, 1,..., m). The case ί = l follows from δ1(xky) = δί(xk)y + δί(

and (q: xk) = (q: x f) for i ̂  fc. The equation
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implies δj(<v)xfc2eq by the induction assumption. Therefore we have δi(y)e(q:

χfc2) = (q: χ&) and this completes the proof. Q. E. D.

LEMMA 3. Let q be a G-primary G-ideal of a Noetherian ring R. Then

q is a primary G-ideal.

PROOF. Let xy eq and x φ λ/q~for x, y in R. Then by Lemma 2, (q: xk)

for some integer k is a G-ideal. Thus [)>]<=: (q: χk) and hence xke(q: [y]). By

Lemma 1, we have [xfc] c (q: [yj) and [x f e ][y]cq. Since q is G-primary and

q, we obtain y e q and q is primary. Q. E. D.

LEMMA 4. Lei q be' α G-irreducible G-ideal of a Noetherian ring R.

Then q is G-primary.

PROOF. Let α, b be G-ideals of R such that αb £Ξ q and α" SJΞ q for any integer

n. Let q = /Λ qf be an irredundant primary decomposition. From a^^/q,

we may suppose that α^^/q^ ( l ^ / ^ O and αg^/q^ ( ί + l g j ^ n ) . If ί = n, we
n

have (q: α)= Π c\i = c\ and bgq. Suppose ί^w. Then since R is Noetherian,

there is an integer M such that ctMgqj ( ί + l ^ J ^ n ) . Therefore,

qg(q:αM) n (q + αM) g ( Λ q^nf Λ q/> = q

and hence q = (q: αM) Γ\(q + aM). On the other hand, we have (q: αM) 2 (q + b).

So, we have q = (q + b)g(q + αM). From Lemma 1, (q + b) and (q + αM) are G-

ideals. Since q is G-irreducible and α M ^ q , we must have(q + b) = q and hence

b g q. Thus q is G-primary. Q. E. D.

THEOREM. Let R be a Noetherian ring. Then every G-ideal can be

represented as the intersection of a finite number of primary G-ideals of R.

PROOF. The routine technique shows that every G-ideal can be represented

as the intersection of a finite number of G-irreducible G-ideals. Then this theorem

follows from Lemma 3 and 4. Q. E. D.

COROLLARY 1. Let R be a Noetherian ring. Then every T-ideal can be

represented as the intersection of a finite number of primary T-ideals of R.

Let q be a Γ-ideal (G-ideal). Then the radical ^/qΓis not necessarily a T-

ideal (G-ideal). But we shall show that if R is a ring of characteristic 0, a certain

T-ideal has this property and furthermore we shall show that for a family G

of higher derivations the radical of a G-ideal is a G-ideal.

LEMMA 5. Let R be a ring of characteristic 0 and a be a T-ideal of R.
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Ifxneafor an integer n, then we have

(nlKn-iγ^x^Dix)21-1 ea (0 g i ^ n)

for any derivation D in T. In particular, n\D(x)ln~x eα.

PROOF. We shall prove the Lemma by the induction on /. The case i = l

is immediate. Now assume the Lemma for the case i = k. Since α is a T-ideal,

we have

(n!/(n-fc)!)D(x"-*D(x)2 Λ-1)eα

for any derivation D in T. Hence,

( n i / C n - Z c - l ) ! ) * ' 1 - * - 1 ! ) ^ ) 2 ^

Therefore multiplying D(x) on the left hand side, we have (n\j(n — k—\)\)xn~k~i

D{x)2k+1 e α. This completes the proof. Q. E. D.

PROPOSITION 1. Let R be a ring of characteristic 0 and let q be a primary

T-ideal of R not containing non zero integers. Then -yjq is a prime T-ideal.

PROOF. Let x e ^/q. Then there is an integer n such that xn e q. By

Lemma 5, we have n! D(x) 2 "" 1 eq. Since q does not contain non zero integers

and q is primary, we have I^x) 2 " " 1 eq and y q is a T-ideal. Q.E.D.

REMARK 1. Theorem 1 in [4] is an immediate consequence of Corollary 1

and Proposition 1.

DEFINITION 3. A T-ideal (G-ideal) p is called a T-prime T-ideal (G-

prime G-ίdeal) if the relation α b ϋ p for T-ideals (G-ideals) a,b of R implies

either αep orbep.

Let r(q) be a T-ideal (G-ideal) generated by the T-ideals (G-ideals) α such

that αMgq for some integer n. From Definition it follows that for a primary

T-ideal (G-ideal) q, r(q) is a T-prime T-ideal (G-prime G-ideal).

PROPOSITION 2. Let R be a Noetherian ring and let G be a family of

higher derivations of R. Then a G-prime G-ideals p is a prime ideal.

REMARK. Let p be the characteristic of R. (1) the case /?>0. It is

sufficient to prove p = λ /p. Let x m e ρ for an integer m and let t be an integer

such that p'^m. For any δ e G, we have

p e <5ίp(xpt) = <%x)pt for every i.

Therefore ^/p is a G-ideal. Since R is Noetherian, we have p N g p for some

integer N. By the assumption, we have p = ̂ y. (2) the case p = 0. Let S be
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the set of non zero integers. Then δ is uniquely extended to a higher derivation

δ of Rs. Furthermore pRs is a δ-prime 5-ideal. Since Rs contains the rational

number field, there is a bijection from a set of higher derivations to a set of in-

finite sequences of derivations ([2]). Therefore τρRs is a Γ-prime T-ideal for some

set T of derivations. Hence by Proposition 1 pRs is a prime ideal and also

p = pRs n R is a prime ideal. Q. E. D.

REMARK 2. Theorem 1 in [1] is an immediate consequence Theorem and

Proposition 2.

PROPOSITION 3. Let R be a Noetherian ring such that (0) is the only one

Hm(R)-ideal in R for m<oo. Then if the characteristic p of R is positive, R

is either afield or a primary ring in which every element is nilpotent. If the

characteristic of R is 0, R is an integral domain.

PROOF. The case p=£0. Suppose R is not a field. It follows that (0)

is primary by Theorem and the assumption. Let x be a non-unit of R. Then

(xpn) is a Hm(R)-idea\ for some integer n and so we must have xpn = 0. Thus

the set of non-unit elements is an ideal and hence R is a local ring. Since any

non-unit element is nilpotent, R is primary. The case p = 0. Since (0) is the

only one iίm(.R)-ideal, R contains the rational number field. In this case Hm(R)-

ideals are Der (JR)-ideals and vice versa ([2]). Therefore, by Corollary of Theorem

1 in [4], R is an integral domain. Q. E. D.
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