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1. Introduction

In this brief paper, we shall give a result on the existence of solutions of a
boundary value problem for second order delay differential equations. We
consider the delay differential equation

(1) (p(Ox'(O) = f(1, x(©), x(t—g(1)), x'(1)), a=st=D
with boundary conditions
2 x()=¢@), t=<a, x(b)=A4,

where f(t, x, y, z) and ¢(t) are continuous functions defined on [a, b]x R3 and
(— 0, a], R being the real line, respectively, p(f) is a positive, continuously
differentiable function defined on [a, b] and A is an arbitrary constant. In (1),
the lag g(t) is assumed to be a nonnegative continuous function defined on [a,
b].

Several authors have contributed to the establishment of the existence and
uniqueness of solutions of such boundary value problems. Among them, K. de
Nevers and K. Schmitt [1] have obtained an existence theorem of a unique solu-
tion under the assumption that p(t)=1 and the right hand member f of (1) does
not depend on the fourth argument x'(f) and satisfies the following condition:

@ x, p)—f(t, X, y) 2 p() (x—X)—q(®) (y— )

if x=2X,y=y and te[a,b],

3

where p(t) is a continuous function and ¢(¢) is a nonnegative continuous function.
Their proof is based on the so-called shooting method.

We here apply the same shooting method to prove our existence theorem,
though our hypotheses on f are somewhat different from those of K. de Nevers
and K. Schmitt and, for instance, the condition (3) may be replaced by the follow-
ing:

f(t’ X, Y, Z)—f(t, i’ J_’s 2)
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C)) 2 p() (x=X)*+q@) (y = )P +r() (z—2) —s(1)
if x2Xx,y=jy and (¢, z z)e[a, b]xR?2,

where p(t), q(t) and s(t) are nonnegative continuous functions, r(¢) is a continuous
function and a, f2>1.

2. An existence theorem

We shall first show a comparison theorem between solutions of initial value
problems for two delay differential equations which plays an important role in
the proof of our main theorem.

The initial value problem is to find a solution of the delay differential equation
(1) with initial conditions

©) x(t)=¢(), t=a,
(6) x'(+a) =,

where ¢(t) is a given continuous function and y is a given number. We denote
such a solution of the initial value problem (1), (5), (6) by x(t, ¢, y).
We can now prove the following

Tueorem 1. Let U(t, x, y, z) be a continuous function defined on [a, b]
X R3 such that
(i) U(, x, y, z) is nondecreasing in x and y, respectively, for each fixed
triple of the other variables,
and
(ii) for any number A>1, AU(t, x, y, z)<U(t, Ax, Ay, Az) holds on [a,
b] x R3.
We shall assume:
(iii) U@, x, y, 2) S f(@t, x, y, 2) on [a, b]xR3;
(iv) for some n>0, a solution u(t, 0, ) of the initial value problem for the
delay differential equation

@) (p(Ou'(®) = U, u(t), u(t—g(0), u'(t)), ast=b,
subject to the initial conditions

(3) ut)=0, t=a,

9) w'(+a)=n,

exists in the whole interval [a, b];
(v) for anyy, a solution x(t, 0, y) of the initial value problem (1), (5), (6),
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putting ¢()=0, exists in the whole interval [a, b].
Then, if y>n, we have

(10) x(t,0,7) 2 (y/m)u(t, 0,n)  on [a, b].
ProoF. Choose £>0 so that (y—¢)/n>1 and set
m(t) = x(1, 0, y)—((y—&)/n) u(t, 0, ).
We then obtain
m(t) > 0, te(a, a+d]

for a small positive number J, since m(a)=0 and m’(+a)=¢e>0. Now assume
that there exists a point ¢, € (a, b] such that m(¢t,)=0 and m(¢)>0 for te(a, t,).
Then m(t) attains the positive maximum at some point ¢, in the interval (a, t,).
Then

m (ty) = x (16, 0, y) — ?;3 u (10,0, 7) >0,
, ) y—8& —
m' (ty) = x' (29, 0, y) — T” (20,0,1) =0,

m'(t,) = x"(t,, 0, y)— ”—;—“’— u"(tg, 0,1) 0.

Using the hypotheses, we have
f(t09 X(to, O’ Y)’ x(to—g(’o), 0, '))), X’(IO, 0’ )’))

= p(tO)x”(IO’ 0, )’)+Pl(to)x/(to, 07 ?)

S L= p(to)u(ta, 0, M)+ L p' 1) (13, 0, )

= V;S Ulto, u(to, 0, n), u(to—g(to), 0, n), u'(ty, 0, 1))

< U(th '}’"1"8 u(t09 09 ’7), ?;8 u(to—g(to)a Os ’1)2 7"1'3 u,(t()’ O» ’1))

é U(tl)s x(to, Oa ‘y)’ x(to—g(to), 0’ '}’), xl(t0= 0; ?))
§f(to’ x(to, 0’ '}’), x(to—g(to), O, 7): x,(th 0, 'Y)),

which is a contradiction. It follows that m(f)>0 on (a, b]. Since & can be chosen
arbitrarily small, by letting ¢ | 0, we arrive at (10). This completes the proof.
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REMARK. Suppose that the function U(t, x, y, z) satisfies the properties
(i), (ii) only for (1, x, y, z)e[a, b]x R* x R* x R, R* being the nonnegative real
half-line, and that for some #+0, there exists a positive solution u(t, 0, 1) in the
whole interval [a, b]. Then we have the same result as in Theorem 1, replacing
(iii) by the assumption

(iii)’ Uui, x, y,z2) 2f(t, x, y, 2) on [a, b]xR*xR*xR.
We are now in a position to state our main theorem.

THEOREM 2. Assume that
(1) f(@, x, y,z) and U(t, x, y, z) are continuous functions defined on
[a, b] x R3 such that

f(t9 X5 Y, Z)—f(t, ')_C, j)-, 2) g U(ta x_.f, J’“f, Z_E)!
ifx g i’ y ; j)- and (t, X, Y Z), (ti 56! f, z)e[ai b]st;

(I1) U(, x, y, z) satisfies the conditions (i), (ii) in Theorem 1 for (t, x, y, z)
e€[a, b]x R*xR*xR;

(IIT) for some n>0, there exists a positive solution u(t, 0, n) of the initial
value problem (7), (8), (9) on (a, b];

(IV) for any y, the initial value problem (1), (5), (6) has a unique solution
x(t, ¢, y) on [a, b].

Then, for an arbitrary function ¢(t) and any constant A, there exists at least one
solution of the boundary value problem (1), (2).

Proor. Let x(t, ¢, I') and x(t, ¢, y) be two solutions of the initial value
problem (1), (5), (6) corresponding to the initial data (¢, I') and (¢, y), respec-
tively. We put

(1) X(t, T,y) =x(t, ¢, I—x(t, ¢, 7)
and then have
(12) (pOX'(t, I, y)) = (p(Ox'(t, ¢, I)) —(p()x'(, ¢, P))’
= f(t, X(t, I, y)+x(t, &, ), X(t—9g(2); ¢, 7)
+ x(t—g(0), ¢, y), X'(t, T, p)+x'(t, , 7))
= [, x(t, ¢, ), x(t—g(), ¢, ), X'(t, $, 7)),
ast=sh,

(13) Xt T,y)=0 t<a,
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(14) X'(+a, T,y)y=T-—y.

From Theorem 1 it immediately follows that
(15) (4, T, y) 2 5 u(t, 0, on [a, 6],

provided that (I'—v)/n>1. Therefore, if I'—7v is sufficiently large, we have

(16) x(b, ¢, I = x(b, ¢, 7) 2 Fn“’u(b, 0,7)>0.

Keeping y fixed and letting I'— oo, we obtain x(b, ¢, I')— oo and similarly, keep-
ing I fixed and letting y— — oo, we have x(b, ¢, y)— —o0. Since the assumption
(IV) implies that x(b, ¢, y)— A4 is a continuous function of y (see J. K. Hale
[2, Theorem 5.1]), there exists a y, such that x(b, ¢, yo)—A=0. We thus obtain
a solution x(t, ¢, 7y4) of the boundary value problem (1), (2).

REMARK. By a small extension of Kneser and Hukuhara’s theorem for
ordinary differential equations (see [3]) to that for delay differential equations,
we can know that S, ={(y(c), y'(c))ly=y(?) is a solution of (1), (5), (6) on [a, c],
(aZc=Zb)} is a closed connected set, as long as all solutions of (1), (5), (6) exist
on [a, b]. Therefore, we may replace the condition (IV) by

(V) for any vy, the initial value problem (1), (5), (6) has a solution on

[a, b],

obtaining the same result as in Theorem 2.

3. Examples

As a function U(t, x, y, z) in Theorem 2, we may take
U(t, x, y, z) = p()x*+q)y? —s(t), (t, x, y, z)e[a, b]x R* x R* xR,

where p(t) and q(t) are nonnegative functions, s(¢) is a positive function and «,
f=1. We can easily examine that the function U(t, x, y, z) satisfies the properties
(i), (ii) stated in Theorem 1 on [a, b] X R* x R* x R, and hence, we have only to
prove that for some 7 >0, there certainly exists a positive solution u(¢, 0, n) of the
initial value problem (7), (8), (9).

For simplicity, we here consider

a7 (p(Ou' (@) = pOu*(®)+q(uP(t—g)—-s®), 0=t=1,
(18) u®)=0, =<0

19 u'(+0)=n>0,
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where p(t)>0 and «, f>1. The following integro-differential equation is im-
mediately obtained:

(20) p(u'(t) = p(O)n+ S;{P(é)u“(€)+4(6)u"(€—g(€))—3(€)}d€, 0s:<1.
From the initial conditions (18), (19), it follows that

u(t) > 0, te(0, €]

for a small positive number &. Suppose that there exists a point ¢, €(0, 1] such
that u(t,)=0 and u(¢)>0 for te(0, t;). Then there exists ¢, €(0, t;) such that
u'(t;)=0. On the other hand, the relation '

e pOn— |7 s(@de+ | {pOu @ +a@uE - g@)yae = 0

means that u()=0 on [0, ¢,] under the assumption that # = ~—l—x max s(z).
. p(0) osrs1
Hence, if
1
22 > _
(22) nZ 50 012?;13(’)’

the solution u(t, 0, ) never vanishes on (0, 1]. Now we shall show the global
existence of solutions of (17), (18), (19). For that purpose, we have only to show
the fact that any solution does not blow up. From (20), u(¢) is a nondecreasing
function. If u(ty)=1, we have

(23)  u@ < 7}—(p(0)n—s+ M)t + S T} t—OMuNE)dE, 1, <t 1,
where we put

(24) M]J2 = max{max ¢g(t), maxg(z)}, N = max («, f), p= min p(t)
0sts1 0sts1 0sts1

and S= min s(¢).
0sts1

Moreover, we have

N N
@) < Loom-sem+ | Ta (29 Vae, ssest
{ p to P é
We here apply a generalization of Gronwall’s inequality to (25). (See, for instance,
D. Willett and J. S. W. Wong [4, Theorem 2].) We then obtain bounded solu-
tions of (17), (18), (19) under the assumption that
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(26) - %—M]]\\,'—: + {~[~l)—~(p(0)—S+M)}1_N >0.

Consequently, we obtain positive solutions of (17), (18), (19), if the conditions
(22), (26) are assumed. Hence, we can always solve the boundary value problem
of the form

(27 (p(Ox'(®) = h(t, x(1), x(t—g(1)), 0=t1=1
(28) x)=¢@®, =0, x(1)=4,

where the function A(t, x, y) is a continuous function defined on [0, 1] x R? such
that

(29) h(t, x, y)—h(t, X, §) 2 p(t) (x—X)*+q() (y — y)* — (1)
holds for x> and y > 7, if the initial value problem

(30) (p(O)x'(1)) = h(t, x(1), x(t—g(1))),

(3D x)=¢(), t=0

(32) x'(+0) =y,

has a unique solution on [a, b] for any 7.
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