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Introduction. Let M be an m-dimensional smooth complex projective
variety, 4,={(z;)eC"; |z;|<1} the unit polydisc in the complex affine space
C" of dimension n and 4¥=4,—{z,=0}. Kobayashi-Ochiai ([5]) proved that
if a holomorphic mapping f: 4%— M is of rank m, i.e., the differential df is non-
singular at some point, and if the canonical bundle K,, over M is positive, then
f has a meromorphic extension from 4,, into M. Kodaira showed that this exten-
sion theorem remains valid in the case where M is of general type (see Kobayashi-
Ochiai [5, Addendum]). The condition that M is of general type is birationally
invariant, whereas the positivity of K,, is not. For holomorphic mappings
f: 4¥—>M with n<m, Carlson ([1]) proved the analogous extension theorem under
the condition that the vector bundle Q(n) of holomorphic n-forms over M is posi-
tive.

In the present paper we shall establish such an extension theorem for alge-
braically non-degenerate holomorphic mappings f: 4¥—M with n<m under an
assumption for Q(n) which is birationally, moreover, bimeromorphically invariant
and coincides, in case n=m, with that M is of general type (see (1.1), Corollary
1.2 and Theorem 3.1). Furthermore we shall deal with the case where M is a
Moisezon space.

In the proof of that theorem, the key is a lemma of the Schwarz type (Lemma
2.2). In the last section we shall apply this lemma to study the family .# of
meromorphic mappings from an n-dimensional compact complex manifold N
into M of rank n. We shall prove that if the analytic set B in M defined in section
4 is empty, then .# is m-normal and the limits belong to .#, i.e., the space .#
endowed with m-convergence is compact (see Definitions 5.1, 5.2 and Theorem
5.3). In general, however, it seems that the m-convergence does not determine
a topology in the precise sense. To make clear this fact we shall prove that .#
can be embedded into some complex affine and projective spaces in such a way
that .# is compact in each of them (Theorem 5.4).

1. Preliminaries

Let M be a compact complex manifold of dimension m and Q(n) the vector
bundle of holomorphic n-forms over M. Suppose that there exists an effective
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divisor D on M with x(D, M)=m (litaka [4]), that is,
limdim I'(M, [kD])/km > 0,
ko0

where I'(M, [kD]) denotes the vector space of global holomorphic sections of the
line bundle [kD] determined by the divisor kD with integral coefficient ke Z.
By litaka [4] there is a positive integer k, such that the image of the meromor-
phic mapping

T: M>3x — (1,(x),..., Tx(x)) e PN~1

is m-dimensional, where {r;} is a basis of I'(M, [ko,D]), N=dimI'(M, [k,D])
and P¥~! denotes the (N — 1)-dimensional complex projective space. Pulling back
rational functions on P¥~1 through T we see that the meromorphic function field
of M is of transcendental degree m, i.e., M is a MoiSezon manifold. We consider
the following condition for M:

For some effective divisor D on M with k(D, M)=m,

a.1) there are a positive integer | and a point xo€ M such
that for any & € Q¥ (n) with £#0 there is a section c € I'(M,
SYQ(n))®[—D]) such that o, (S'€)#0,

where Q*(n) denotes the dual bundle of Q(n) and S'(-) the I-th symmetric tensor
power. When E is a line bundle, we shall simply write S'(E)=E".

ReMARK. In the proof of Theorem 3.1 in section 3 and in section 4, we
shall see that condition (1.1) is independent of the choice of such a D. In case
n=m, (1.1) is equivalent to that M is of general type (cf. [7]).

Let O denote the zero section of the bundle Q*(n) and PQ*(n) the quotient
of Q*(n)— O by the multiplicative group C*. Then Q*(n)— O0—- PQ*(n) is a princi-
pal bundle with group C*. Let L be the dual of the associated line bundle over
PQ*(n). Letting n: PQ*(n)—»M denote the projection, we have

I'(M, S'(Q(n)) ® [—D]) = I'(PQ*(n), L' @ n*[—-D]) (cf. [3]).

Let A be the analytic set of the common zeros of global holomorphic sections of
L'®n*[— D] and B=mn(A4). Then (1.1) is equivalent to

(1.1) B#M
and the set of points at which (1.1) does not hold is the analytic set B.

ProrosiTION 1.1. Let M and M, be compact complex manifolds of di-
mension m and f: M, —M, a surjective meromorphic mapping. If M, satisfies
(1.1), then so does M ,.
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ProoF. Let S be the singular locus (indeterminant points) of f. Then
Slp,-s: My —S—M, is holomorphic and d(f|y,-s) is non-singular in a non-
empty open set. Let D, be an effective divisor on M, with which (1.1) holds.
By the above argument we may assume that (1.1) holds at a point x, =f(x,) with
X, € M, —S at which (df),, is non-singular. Let D, =f*D, be the pullback of the
effective divisor D, on M,. Since dimI'(M,, [kD,])=dim I'(M,, [kD,]), x(D,,
M,)=m. We naturally get a homomorphism

J*: T(M3, $4(Q4,(n)) ® [—D;]) — I'(M, §'(2y,(n)) ® [—D,]).

Since condition (1.1) for M, is satisfied at x, and (df),, is non-singular, M, satisfies
(1.1) at x,.

CoROLLARY 1.2. Condition (1.1) is bimeromorphically invariant.

DEerINITION 1.1. We say that a MoiSezon space X* satisfies condition
(1.1) if a non-singular model X of X satisfies (1.1).

By Corollary 1.2 this condition for X is independent of the choice of X.

In general, a meromorphic mapping f into a complex space X is said to be
algebraically degenerate if the image of f is contained in a proper subvariety of
X. Ifit is not the case, f is said to be algebraically non-degenerate.

Let Y be a complex space and f: Y- X a holomorphic mapping. We define
the rank of f by

rank of f= mayx {dim Y — dim,f~!(f(y))} (see [9, Chap. VII]).

In the case where f is meromorphic, there is a modification ¥—Y and a holomor-
phic mapping f: ¥- X such that the diagram

\
f -

~ ——— =

X

is commutative. We set

rank of f = rank of f.

2. Schwarz lemma

In this section we let M be a smooth complex projective variety, D an ample

x) Throughout the present paper, complex spaces are assumed to be reduced and irreducible.
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divisor® on M, and assume that M satisfies (1.1) with D.  Let {7,,..., Ty} be a
basis of I'(M, [D]). Then p=3|t;|2e (M, [D]®[D]) is a positive section which
naturally determines a metric in [D]— M, where the bar denotes the complex
conjugate. We denote by o the curvature form of the metric, which is positive
definite. By using a local coordinate system (x,), we set

© = Thys—dx, A d%,.

The Kihler metric h associated with w is locally given by

h= Shy=dx, ® d%,.
The metric naturally induces a metric A in Q*(n) in the following manner:
For decomposable vectors £=&, A--- A&, and n=n; A -+ An, in Q¥(n),

2.1 hi")(f, n) = det (h(&;, ’7;))

and h is defined for general ¢ and 5 by linearity. Let {c,,..., o,} be a basis of
I'(M, S{(Q(n))®[—D]) and set

Y=(0,®6,++06,06)Qpel(M, S'Qn) @ $'Qn)).
Let X be the unit sphere bundle of Q*(n) with respect to h"., For (€X,
Y(S', 1) = T oSO’ @ p

is a smooth function. Since X is compact, we can take the above {o;} so that
Y(SY, S <1 for £eX. This implies

(2.2) Y(S*¢, §'8) = (M, &)

for £ e Q*(n). Let W be an n-dimensional complex submanifold in a domain of
M and assume that the restriction Y|y € ['(W, K4 ® K},) does not vanish identical-
ly. Then Y| is locally written as

Ylw = plw(x) (Xlax)?)ldx; A -+ Adx,|*,

where x=(x,,..., x,) is a local coordinate system in W and a; are holomorphic
functions. We define the curvature form @(y, W) of ¥ relative to W by

O, W) = 400 log (plw) (L |ai]?)),

*) We call D ample if the associated line bundle [D] is ample in the sense of Griffiths [3], i.e.,
I'(M, [D)) gives an immersion of M into some complex projective space.
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which may be singular on a subvariety S of W. Since a; are holomorphic,
(2.3) oW, W) =2 oy out of S.

Therefore A1OW, W)= Atwly. Now we let v(x)=>b(x)(i/2)dx; AdX; A--- A
(i/2)dx, A dX, be a volume form. Then v(x) can be written as v(x)=b(x)|dx, A
<+ Adx,|?. We shall freely use this identification. Combining (2.3) with
(2.2) we have

LemMMA 2.1. For any n-dimensional complex submanifold W in a domain
of M,

(A, W) 2 Yl
We set
Ar) = {ze €5 2] < 1,
a%(r) = {ze€; 0 < |z <1},
4,() = A(r)x - x A()  (ntimes),
A3(r) = %) x 4,-4(0).

In case r=1, we simply write 4,(r)=4, and 4*(r)=4%. Let (zy,..., z,) be the
natural coordinate system in 4,(r) and set

v = Dy.
LEmMMA 2.2. Let f: A,»M be a meromorphic mapping. Then
f¥ < vty
where cq=1'",
Proor. We may suppose that f*#0. Set
f* = a(z)ldzy A+ Adz,|?!,
v(2z) = b(2)ldz, A -+ Adz,|?,
¢(z) = log((b(2))'/a(2)),

where 0<r<1. First one notes that a(z) is a smooth function. If some [z;|—r,
then b,(z)— + oo and if a(z)=0 at ze 4,(r), then ¢(z)=+0o. The infimum of
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c(z) in 4,(r) is attained at some point z, € 4,(r) at which
2.9 a(z,) # 0.

We shall see that f is holomorphic at z,. Let {z,,..., Ty} be the basis of I'(M,
[D]) taken above and set

T = (tg5..., Ty): M —> PV,

which is an immersion. Then f*y =3, /| f*(6;®7;)|? and (2.4) implies that there
is a section f*(0;®1;), say, f*(g,®71,) such that f*(g,®1,)(z9)#0. The mero-
morphic mapping Tof is represented by

Tof = (f¥(0,®7),-.., f¥(0, ® 1y)).

Since f*(6,®70)(z0)#0, Tof is holomorphic at z, and so is f.
Since i(2n)~1dd1og ¢,(z,) is semi-positive definite,

1—2’?55 log b,(z) 2 - 80 log a(z,),
so that
(2.5) I {\ —5—00 log b,(z) 2 A +—00 log a(zo).

It follows from (2.4) that (df),, is of maximal rank. There is a neighborhood
W of z, which is biholomorphically embedded into a domain of M by f. We
regard W as a submanifold in the domain. The right hand side of (2.5) is equal
to A1O®W, W). From Lemma 2.1 and the identity, A% Ricv,=v,, it follows
that

I"(v(20))" 2 f*¥(20)-

Hence c,(zg)= —nllog! and so f*y <cqul in A,(r). Letting r—1, we deduce that
¥ <Zcovtin 4,

3. Extension theorem

THEOREM 3.1. Let X be a Moisezon space of dimension m satisfying con-
dition (1.1) and f: A¥—>X an algebraically non-degenerate meromorphic
mapping of rank n. Then f can be meromorphically extended over A,.

ReMARrk. Since (1.1) is bimeromorphically invariant (Corollary 1.2),
X may contain P™~!. Therefore the algebraic non-degeneracy of f can not be
dropped.

As immediate consequences of this theorem we get
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CoRrROLLARY 3.2. Let N be an n-dimensional complex manifold and S
a thin analytic set in N. Then any algebraically non-degenerate holomorphic
mapping of N—S into X of rank n has a meromorphic extension of N into X.

CoroLLARY 3.3. Let f: C"—»X be a meromorphic mapping. Then f is
algebraically degenerate or the rank of f is less than n.

ProoF oF THEOREM 3.1. By Moisezon’s theorem [8], there is a modifica-
tion 1: (X, §)-(X, S), where X is a smooth projective variety in some complex
projective space PN. By Proposition 1.1 X satisfies (1.1) with a divisor D such
that (D, X)=m. Let D be a general hyperplane section of X. Then by Kodaira
[7] there is an exact sequence

0——I(X, [kD—D1l)— (X, [kD])— I'(D, [kD]lp) — -

Since ’}i_mdim r'(X, [kD])/km>0 and dimI(D, [kD]|5)=0(k™ 1) as k- oo,
dim I'(X, [kD—D])>0 for a large k. Replacing [ in (1.1) by kI we easily see that

(1.1) is valid for the divisor kD. Using a section a e I'(X, [kD—D]) with a0,
we get an into-isomorphism

r'X, s*(Q(n)®[—kD]) 36 —> s Q@ae _r()?, SK(Q(n) ® [-D)).

Hence X satisfies (1.1) with the very ample divisor D.

Since f is algebraically non-degenerate, f can be lifted to a meromorphic
mapping f: 4*— X, which is algebraically non-degenerate and of rank n. Now
assume that f has a meromorphic extension over 4,. We denote it by f. Let
['=4,x X be the graph of f and I' that of f. Then we have

[f———4,x X

1,1

Fcd¥x Xcd,x X,

where A=(identity)x . Since A is proper, A(') is an analytic set in 4,x X
and A()>I. From the construction it is easily seen that I' (closure of I')=
A(I'). Thus f has a meromorphic extension from 4, into X.

Therefore it is sufficient to prove Theorem 3.1 in the case where X is a smooth
complex projective variety M and the divisor D on M in condition (1.1) is very
ample (i.e., global holomorphic sections of [D] give an embedding into some
PY). Let B be the analytic set in (1.1'). Since f: 4*—M is algebraically non-
degenerate, f~!(B) is a proper subvariety in 4*. Since df is of maximal rank in
a non-empty open set in 4¥, there is a section ¢ € I'(M, SY(Q(n))®[ — D]) such that
f*oel(4y, K4 ® f*[—D]) does not vanish identically. Let {7o,..., Ty} be a



418 Junjiro NoGUCHI

basis of I'(M, [D]) and set T=(z,..., Ty): M—P", which is an embedding. We
set

o = f*o @ f*r,e (47, K4s),
G.1) F = (dg,..., ay): 4* — PV,

Then (3.1) gives a representation of Tof. It is enough to show that each «; can
be meromorphically extended over 4,. Letting a« denote one of {a;}, we may
assume that

lx|2 < f*y (see section 2 for ¥).
Setting
a(z) = a(z)(dz, A--- Adz,),
we have by Lemma 2.2
la(2)|* = co(b(2))',
where
b(zyse..s 2,) = n"‘lzll“z(log|21|2)‘2j]i[2(1 —|z,1%)2.

We expand a(z) as a Laurent series

+ o0
a(z) = Y uzzoa,(,’:!.).,,nz‘izn-z‘,‘,"
J

Hy=—00 2
jz2

and set each z;=r;e!% with 0<r;<1. Then

2 d01 ...Szn den i i0,)]2
SO 2 o on Ia(rle l’--'s rye )l

n
< conimry?(log 1)~ T (1 — r)~28
j=2
Hence

+ 00
2u (ny) 2,203,201
> i |auz}~~u,.| g tergtn
By==—0 n;20
jz2

n
< con~inrii(log r})=2 TT (1 — r})2L,
j=2
Comparing the orders of both the sides as r,—0, we infer that at), =0 for

1, < —1. Thus a(z) has singularities which are at most poles of order /-1 on
{21 = 0}.
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ReMARK 1. It should be noted that the poles of all «; in the representation
of Tof (see (3.1)) are at most of order /—1 which is independent of each f.

REMARK 2. As proved above, the theorem remains valid without the as-
sumption that f is algebraically non-degenerate, unless f(4}) is contained in B.

In the case where Q(n) is positive, this theorem was proved by Carlson [1]
without algebraic non-degeneracy. In this case, we can take / in condition (1.1)
so that B=0.

4. The analytic set B

Let M be a smooth complex projective variety of dimension m and D an
ample divisor on M. The purpose of the present section is to show that the
analytic set B in (1.1") can be defined independently of each D, provided D
is ample.

Let B, (D) be the analytic set of all points x € M at each of which there is an
element &eQ*(n) with £+#0 such that o(S'€)=0 for all geI'(M, SY(Q(n)®
[—kD]). We set

4.1 B(D) = 100 B, (D).

k>0

ProrosiTION 4.1. Let D; (i=1, 2) be ample divisors on M. Then
(i) B(D,) = B(D,),
(i) B(Dy) = By(Dy)

for some le Z (1>0).

Proor. To prove (i), it is enough to show B(D;)< B(D,).  Let x be any
point of B(D,). Since D, is ample, there is a positive integer kq such that there
is a section ¢ eI'(M, [koD,—D,]) with ¢(x)#0. For an arbitrary oeI'(M,
S(Q(n))® [—kD,]), Skoo e '(M, S*}(Q(n)) ® [—kokD,]), so that Skeo®¢p*e
(M, S*'(Q(n))®[—kD,]). Since x € B(D,), there is an element &e Q*(n) with
£+#0 such that ¢/ (S*0!&)=0 for all ¢' e I'(M, S*}(Q(n))®[—kD,]). Therefore
we have (S*oo® k), (Ske!&)=0. Since ¢(x)#0, 6,(S'€)=0. Hence x € B(D,).

For the proof of (ii) we simply write D, =D. We first prove

(4.2) B(D) = N B,(D).

If it is proved that B, ,(D)> B, (D), then (4.2) immediately follows. Let x be an
arbitrary point of B,,(D). Since D is ample, there is a section teI'(M, [D])
with 7(x)#0. For any ¢eI'(M, S{Q(n))®[—kD]), c®7*~! belongs to I'(M,
S(Q(n))®[—D]). Since xe B, (D), there is an element (e Q*(n) with £#0
such that ¢7(S'¢)=0 for all ¢’ e I'(M, S'(Q2(n))®[ — D]), so that (c@1*1)(S'¢)=



420 Junjiro NoGucHI

0. Since 7(x)#0, 0,(S'¢)=0. This proves (4.2).

Since M is compact, B(D)=\}-,B, (D) for a positive integer s. In the same
manner as above, we see that B,,(D)> B, (D) for any l'eZ, I'>0. Let I,
be the least common multiple of {2,...,s}. Then B(D)=B,, (D). This com-
pletes the proof.

In the rest of this paper we shall denote by B the analytic set B(D). One
should note that this does not depend on the choice of D but essentially on the
vector bundle Q(n) of holomorphic n-forms over M.

5. Meromorphic mappings of N into M

Let M be a smooth complex projective variety of dimension m and N a com-
plex manifold.

DEFINITION 5.1. A sequence {f,},-;,. . of meromorphic mappings of
N into M is said to be meromorphically convergent (simply, m-convergent) to a
meromorphic mapping f of N into M if there are an embedding T: M—>PY and a
neighborhood U of each point of N in which Tef, and Tof have representations

Tofv = (avO!"', avN)’

T°f= (aOa'--s aN)s

where (wy,..., wy) is a homogeneous coordinate system in P and «,;, «; are holo-
morphic functions in U such that each {a,;}, converges uniformly on any compact
set in U to a;.

(5.1)

DEFINITION 5.2. A family .# of meromorphic mappings of N into M is
said to be m-normal if any sequence of .# has a subsequence which is m-con-
vergent.

REMARK. Fujimoto ([2]) first introduced the notion of m-convergence.
In his definition the representation of each Tof, in (5.1) is assumed to be reduced,
i.e., codim {f,o=---=f,y=0}=2, while ours is not. By using Stoll’s theorem
[10] we easily see that if {f,} is m-convergent to f in the present sense, a sub-
sequence of {f,} is m-convergent to f in that of Fujimoto. Hence, so far as the
m-normality is concerned, the present definition coincides with that of Fujimoto.

In the rest of this paper we assume that N is a compact complex manifold of
dimension n and restrict ourselves in the special case where the analytic set' B
in M defined in section 5 is empty. Let .# denote the family of meromorphic
mappings from N into M of rank n.

Let D be a very ample divisor on M, {z,..., Ty} a basis of I'(M, [D]) and
{o4,..., o5} that of I'(M, S'(Q(n))®[— D]) where [ is a positive integer such that
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B,,,(D)=0 (see Proposition 4.1). Set §;;=0,®7; € ['(M, S'Q(n)) and
Y= iZjSi i®9;.

By the assumption B=@, y,(S!¢, S!¢)= 2 1(3i)(S'O)I12>0 for &eQ¥(n) with
£#0. Let T: M— PV be the embedding defined by

X 3x t— (to(x), .., Ta(x)) € PV,

and w=i(2m)~10dlog (X -4l|7;|2) the positive (1, 1)-form belonging to the first
Chern class ¢,([D]) of [D]. Let X be the Kéhler form associated with the standard
Fubini-Study metric on P¥. Then w=T*X. We may assume that s satisfies
(2.2). Let Z be the unit sphere bundle of Q*(n) with respect to the metric de-
fined by (2.1). Then

inf {Y/(S'¢, §'¢); {2} > 0,

since X is compact. Thus there is a positive constant ¢, such that for any n-
dimensional complex submanifold W in a domain of M

(5.2) eo( Aol S iy < (Aoly)

By Lemma 2.2 we have

LeEMMA 5.1.  There is a smooth volume form v on N satisfying

[ s ot
for every fe 4.

LeMMA 5.2. For every fe #
co s mmsc,
N
where Co=c}/' with the constant c, in (5.2) and C1=S v.
N

Proor. The second inequality immediately follows from Lemma 5.1.
Let W=f(N). Then W is a complex n-dimensional subvariety in' M and

[ o = deg(nf Wi,
N w

where deg(f) denotes the degree of the meromorphic mapping f: N->W (cf.
Kobayashi-Ochiai [6, Lemma 4]). By (5.2)
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S W' 2 Co| THA D = Co|  Ax=Codeg(T(W)),
w w 1 w)1

T(

where deg (T(W)) denotes the degree of the subvariety T(W) in P¥. Hence
[ w12 codeg(f)deg(T(W) 2 Co.

THEOREM 5.3. The family .# of meromorphic mappings from N into M
of rank n is m-normal. Moreover the limits belong to 4.

ProoF. Let {f,},—; ,, . be asequence of .#. By Lemma 5.1
[f39412 S f*¢ <ol

This implies that f¥3;;€ I'(N, Kj) are uniformly bounded. There is a subse-
quence {f,.} such that each f¥ 9, converges uniformly to «;;€ I'(N, K}). By
Lemma 5.2

SN‘?% 759,191 2 Co.

We have
[ iz co
Ni.j

Therefore there is a section a;;#0, say, a;0#0. We define a meromorphic
mapping F by

F = ((110,..., alN): N — PN.
We may assume that all f¥ 8,,#0. Then Tof, are represented by
Tofy, = (f¥ 1005 [ 3. 918): N — T(M)<=P¥.

Hence F(N)c T(M). Setting f=T-'oF we infer that {f, } is m-convergent to f
and

(5.3) a;; = f*9j for all i, j.
Since f*3,,#0, f belongs to .#.

Theorem 5.3 means that .# is compact in the sense of the m-convergence.
But it seems that, in general, the m-convergence does not define a topology in the
precise sense. In the following we shall make clear this point.

Let I'y be the vector subspace in I'(M, S'Q(n)) generated by {9;;} and

I'y=I(N, K}). Then a meromorphic mapping fe .# induces a homomorphism






