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1. Introduction

On a bounded domain D in R" (n>3) with smooth boundary S we consider
the initial value problem for the Navier-Stokes equation

—aa% — Au + (u, grad)u + gradgq = f in Dx (0, 7T),

(N.S) divu =0 in D x (0, T),
u=20 on S x (0, T),
u(x, 0) =a(x) in D.

Here u=u(x, )= (x, t),..., u(x, 1)), q=q(x, t) and f=f(x, t)=(fi(x, 1),...,
f.(x, 1)) are the velocity, the pressure and the given external force respectively, and
(u, grad)=3 ;u;0/0x;. Our main concern is in the existence and uniqueness
problem of strong solutions of (N.S) in the Banach space (L?(D))", n<p<oo.
In treating this problem we employ the method of Kato and Fujita [2], [7] and
transform the equation (N.S) to the following evolution equation in the Banach
space X,:

(1) %lz’lti + Au + P(u, gradyu = Pf, t>0, u(0)=aeX,.

Here X, is the closed subspace of (LP(D))" consisting of all solenoidal vector
fields on D whose normal components vanish on S, and A= — P4 is the Stokes
operator with P denoting the projection onto X ,. See [4] for the details. Kato
and Fujita [2], [7] considered the equation (I) in X,, n=3, and proved the
existence and uniqueness, generally local in time, of strong solutions for initial
data in D(A'/*) under a certain assumption on Pf. In this paper we shall show
that the above restriction on the initial data can be removed by considering (I)
in X,, n<p<oo. Further, we show that, as is done in [2], [7], the solution
exists globally if the data are sufficiently small. What is basic for our discussion
is the estimation of the nonlinear term P(u, grad)u by the fractional powers of the

Stokes operator, the existence of which is assured by the fact that the Stokes
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operator generates a bounded holomorphic semigroup in X,, 1<p<oo (see
Theorem 2.1 below). It is to be noted that our estimates for the nonlinear term
are weaker than those given in [11] for the Navier-Stokes equation with the
Neumann condition. We also note that in the case of the Neumann condition
we can solve (I) even in X,. (This fact is not mentioned explicitly in [11].) In
order to include the case p=n for the problem with the no-slip boundary con-
dition, it seems necessary to determine explicitly the domains of fractional powers
of the Stokes operator.

In the final section we apply our results to the uniqueness and regularity
problem for weak solutions. In particular we improve a result of von Wahl [15]
concerning the regularity of weak solutions in four dimensions.

Recently von Wahl [16] has announced results similar to ours. In addition,
he studies regularity in Holder spaces and improves the regularity result of Serrin
[12]. (See Remark 3.8.)

2. Solvability and uniqueness in X,

It is proved in [4] that the following direct sum decomposition holds for each
p, 1<p<co:

(1) (LD)Y =X,®G, X:=X,, X:=G, p =plp—1),

where X, is the closure in (LP(D))" of the space of all ue(CF(D))" such that
divu=0in D, and G, is the closed subspace of (L?P(D))" consisting of gradients of
scalar functions in Wt-?(D). (Here and hereafter we use the standard notation
of Sobolev spaces.) Let P=P, be the projection onto X, along G,. Then ap-
plying this to both sides of the Navier-Stokes equation, one can derive the follow-
ing evolution equation in X,

du ,
D W+Au=Fu+Pf, t>0, u(0)=aeX,
Here Fu= — P(u, grad)u, and A=4 »= — P4 denotes the Stokes operator defined
on D(A)=X,n(W§r(D) n(W2r(D))". It is shown in [4] that 4 is a closed
operator in X, and that A¥=A,. The regularity theorem for the stationary
Stokes equation tells us that the spectrum of 4=A4, does not depend on p and is
contained to (0, + o0).

THEOREM 2.1. —A generates a bounded holomorphic semigroup, ¢4,
in X,

To prove this, we make use of the following

LemMA (Solonnikov [14], von Wahl [15]). For each fe L?(0, T; X,) and
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each ae X, n(Wgr(D)" n(W2p(D)", p#3/2, there exists a unique function
ueLrP(0, T; D(A)) with u'eLr(0, T; X,) such that du/dt+Au=f on (0, T),
w(0)=a. Moreover, there is a constant C=C(p, D)>0 such that

T , T T
@ (Cwongde+ ] o ,de < o {lag, +§ 1o,

This lemma is proved in Solonnikov [14] in the case n=3. Necessary
modifications in higher dimensions are given in von Wahl [15].

PROOF OF THEOREM 2.1. We fix 4, ReA>0, and ge X,, p#3/2. Put v=
(A+A)"1g, and choose h(f)e C'([0, «©0); R) such that 0<h<1, h(t)=1 if t>1,
and h(f)=0if 0<t<1/2. Then, the function u(t)=ve* h(et), £>0, satisfies

u' + Au = ge**h(et) + eve* h'(et), u(0) = 0.

Since u'(t) = Ave** h(et) + eve* ' (et) it follows from (2) that
G A+ olg,, | ermeniiaenear
T T T ,
< ¢, {([; 1w olga + { 1uwg,di + oriolg,, | ermeniiweniear}

T T
sc,,{ugug,,,go eP®Ret|h (at)|Pdt + 2svuung,l,go ep(kewlh'(at)ipdt}.

Here we apply the following

LEMMA 2.2. Let 0<d<1 be fixed. Then there exist for each i, Re 1>0,
constants T, >0 and &;>0 such that

T T
4 C, &8 S * ep(Reayt [h'(e;0)lPdt < 6(1 4+ [A[P) S * eP(Red)t| (g, t)|Pdt.
0 0
Admitting this lemma for a moment we continue the proof of Theorem 2.1.
Applying (4) to (3) we see
T
0

(1=0)(1+127) HUHS,,,S " PRt (e )Pt

< Cyllglg, | e incenied,
so that
®) (A1) 1018, < Clgl/(1=3),  p # 32,

Thus the proof is completed in the case p#3/2. The case p=3/2 is treated by
the use of (5) with p=3 and a simple duality argument.
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PROOF OF LEMMA 2.2. From our choice of h(?) it follows that

T 3
(6) cpsvg el’(R“)'lh’(st)lPdtSCpel’MPS” eP(Re g
0

1/2¢

= CpgpMp{ep(ReM/e —ep(Red)/22} . Re ),

where M =max |h’(f)]. On the other hand we have
) (1+1217) ST P Red)|(er) [pdt > (1+]7]7) gT er(Rei g
0 1/e
= (1 +|A[p) {eP(ReDT — ep(Red)/e} /. Re A.

Now, put ¢;=Re 4. Then, since the right hand sides of (6) and (7) are equal to
Cy(Re 2)p~'MP{er —er/2}[p and (1+|A|P) {eP(ReDT —er}/p.Re . respectively, it
suffices to prove the inequality

(8) C,MP(Re A)P{eP —ePl2} < 5(1 +|A[P) {ePReHT — p} |

by choosing T >0 appropriately. But the validity of (8) for a large T>0 is ob-
vious, and so the proof is completed.

REMARK 2.3. The above proof of Theorem 2.1 is motivated by the work of
Sobolevskii ([13]). The proof in [13] seems to be incorrect.

Theorem 2.1 enables us to define the fractional powers of 4. The propo-
sition below plays an important role in constructing a solution of (I) for an arbi-
trary initial value.

PROPOSITION 2.4.  Suppose that n<p< 0.
(i) There exists for each e>0 a constant M ;>0 such that

I1P(u, grad)oll,, < M| A% 2ullo, [ 457/ 20]l,,,

for any u and v in D(A*+1/2),
(ii) There exists for each ¢;>0, j=1, 2, a constant M, >0 such that

|4=51=114P(u, grad)ollo,, < M, llullo I A***20]lo ,

for each ue X, and each ve D(A**¢2). Here a=1/2, if p>2n, and a=1/4+
n/2p), if n<p<2n.

This proposition is an immediate consequence of two lemmas stated below,
and so the proof is omitted. In what follows we denote by B= B, the Laplacian,
— 4, on (LP(D))", 1 < p<oo, with the Dirichlet boundary condition. It is well
known that B is a closed operator defined on. D(B)=(W{-?(D))* n (W2:P(D))",
and that B} =B,, p'=p/(p—1) (see [10]). By the apriori estimate for 4 it is
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easy to see that D(A)cD(B) and |Bull,,<C||Aul, , with a constant C>0 in-
dependent of u € D(A).

LEMMA 2.5. Let n<p<oo be fixed. Then there exists a constant M >0
such that
(i) I, gradyollo,, < M|BY2ullg ,|B'20],, forany u,v in D(B'?),
(i) [B~"*(u, grad)vllo,, < Mlullo llB*vllo,, for each ue(LP(D))
and each ve D(B*), where o is the number in (ii) of Proposition 2.4.

LEMMA 2.6. Let O<a<1 and 1<p<oo be fixed. Then there exists for
each f>a a constant C,;>0 such that |B*ullo ,< Cypll4Pull, , for each u e D(AF).
Thus B*A™* is a bounded operator from X, into (LP(D))", and hence, by duality,
A~PPB= is extended uniquely to a bounded operator from (LP(D))" into X ,.

PROOF OF LEMMA 2.5. (i) From a result of Fujiwara [3] it follows that
D(BY/?2)c(W{-P(D))* with a continuous injection. Therefore, by the Sobolev
imbedding theorem and the Poincaré inequality, we have

ll(u, grad)vllo,, < Csup [u(x)| |lgrad vllo,, < Cllgrad ulo,,lgrad vllo,,

< CIIB2ullo,pl B'?v]lo,-

This completes the proof of (i).
(i) Let B'/#(x, y) be the kernel function of B~'/4. Then we have (see
(2D

)] |B~Y4(x, y)| < C[lx—y|""¥2  forany x,yeD, x # y.
Therefore we see, for each e (L' (D))", that

(10)  [(B™"*(u, grad)v, )| < |((u, grad)v, By} /*y)|
<cl| el Pl WO - 1x =yl ndx dy.
Put w(x)=g Y(y)|x—y|/?2 "dy. By the Sobolev inequality we have
D
we(LiD)", g7t =1—-02n)~" = p7', and |wlo,, < Cl¥lo,»

so that, by Holder’s inequality,
(1) |(B~1/*(u, grad)v, Y)| < Cl[ [ul-17v| o4 Wlo.q

< Clllul-1Pol llo,¢1¥llo,,r < Cliullo,plvll1,2al¥l0,p 5
since ¢"'=1—¢g '=(2n)"'+p~!. This implies that when p>2n we have

(12) 1B=1/*(u, grad)v|lo,, < Cllullo,p| B*?ullo,p -
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When n < p<2n, we proceed as follows: A result of Fujiwara [3] tells us that
D(B*)c(H?*»(D))" with a continuous injection, where H%?P(D) denotes the
space of the Bessel potentials (see [1], [10]). Since H?2*P<=H"%2" if 20—n/p=
1/2, n< p<2n (see [1]), the assertion follows from (11) by taking a=1/4+n/(2p).

PrOOF OF LEMMA 2.6. By the moment inequality, we have
(13) I1B*ullo,p < Collulls;; 1 Bullg,, < Callulls; Il Aulls,,
for each u € D(A). Using this, we see, for each f>a and u € D(A),
(14) [1Bullo,, = I1B*A* A7 ull,,

< ns(l? BZ} S S' P B(s+ A)T AP(s + A) Mo, pds

< ns(llnﬁ;;) Ca S st= ”II(S+A) TAP(s+ A) tull§ 2 A(s+ AL AB(s + A)~ul|§ ds

sin S

N s1=Bds o
n(l—p) Caﬂ {S (T+5) 5 (1 +s)P llu ”0p S (1+S)2- ||A# u”op}
< Cop{N*[[ullo,pfo+ N8| APullo /(B — )} .

IA

Taking the minimum in N we obtain
1B=ullo,, < Copllulld /0 APullgly < Copll AT (220 APulls,, -
Note that here we have used the formula
AP = Li’l_/ilt_S:sl-ﬂ{(s+A)-l}2ds,
" which is easily verified by an integration by parts and by shifting the path of
integration. This completes the proof.

Choose now ¢;>0, j=1, 2, so that ¢, +&,+a<3/4, and put f=3/4—(a+e¢,
+¢,). Then, by (ii) of Proposition 2.4, we get

(15) [ A==~ 1/4P(u, grad)vllo,, < M, APullo,pll4***2vllo,p -

Note that (¢, + 1/4)+ f+(x+¢,)=1.
" Let us now construct a solution of the integral equation:

) u(t) = e~t4a + S; e~U=94{Fu(s)+ Pf(s)}ds,

by means of the following iteration scheme:
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uy(t) = e *1a + Sl e~ =94Pf(s)ds,
(16) ’
Up (1) = up(t) + g e~U=9)4Fy (s)ds, m > 0.
0

Using the estimate (15) one can prove the proposition below in just the same
way as in [11] (see also [7]). In what follows the LP-norm will be denoted

simply by |- |.

ProposiTiON 2.7.  For each Pfe C([0, T]; X,) and each ae X ,, n<p<o0,
the functions u,(t) in (16) are well-defined and belong to C([0, T]; X,)n
C((0, T]; D(AY)) for each y,0<y<3/4—¢,. Moreover, we have the estimates

amn [A"u, (O < Kyut™,  m =0,

ym

where K,,, are defined inductively by

K,o = sup, 0’| A7e"4al + C,NB(3/4—e,~y, 1/4-+e,)

(13)
Ky,m+1 = KVO + CyMZB(3/4—81—y’ 1/4+31)KﬂmKa+sz,m m = Oa

with a constant C,>0 depending on y and &,. Here B(a, b) is the beta function
and

N = sup, (34~ A= 4Pf (1)
Repeating the arguments given in [7] and [11, Sec. 4] one can now prove

THEOREM 2.8. For each ae X, and each Pfe C([0, o0); X,), n<p<co0,
there exist a T>0 and a solution u(t) of (Il) belonging to C([0, T]; X,) N
C((0, T]; D(A")) for any vy, 0<y<3/4. If the data are sufficiently small, then
we can take T=o0. Further, u(t) is unique within the class of functions v(t) in
C([0, T]; X,) such that A°v(t)e C((0, T]; X,) and ||A%(t)|| =0(t"°) as t—0, for
some 0, 1/2<0<3/4.

THEOREM 2.9. If, in addition to the assumptions of Theorem 2.8, Pf is
Hdélder continuous on each compact subset of (0, T], then the solution u(t) of
(II) satisfies the evolution equation ().

3. An application

In this section we consider the equation (N.S) with f=0. Let us recall the
definition of weak solutions (see [9]).

DEFINITION 3.1.  Let u(f) be a function defined on (0, T) with values in X,
and a be an arbitrary element in X,. We call u(t) a weak solution of (N.S) with
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f=0 and with the initial value a if it satisfies the following conditions.
(1) wu(®) les in L0, T; X, n(W§2(D))") n L*(0, T; X,).
(ii) The identity

T T
- So (u(®), v)h'(t)dt + So (Fu(t), Fv)h(t)dt

+ g:((u(t), gradyu(), v)h(t)dt = (a, v)h(0)

is valid for each ve X, n(W§2(D))"n(L"(D))" and each h(t)e C'([0, T]; R)
with h(T)=0.
(iii) u(t) satisfies the energy inequality

19 13z + 2, I7uo)32d5 < lalfa  for ae. 1€, T).

From the above definition it follows that every weak solution is weakly con-
tinuous on [0, T] with values in X,. Although the existence of a global weak
solution for an arbitrary a is established e.g. by Hopf [5], its uniqueness is still
an open problem. We note that the solution of (I) constructed in the preceding
section is in fact a weak solution in the above sense which, moreover, satisfies the
energy equality

(@0 w13z + 2 IPu)Eads = lalza  for cach (0, T).

The existence result in the preceding section enables us to prove the follow-
ing theorem. Note that we do not impose any regularity assumption on the
initial value a.

THEOREM 3.2. For each ae X,, p>n, the weak solutions with the initial
value a coincide in a neighbourhood of t=0. Furthermore, there exists on
(0, 00) a unique weak solution with the initial value a if a is sufficiently small in
X,

REMARK 3.3. The above theorem is a generalization of a result of Serrin
[12], where a uniqueness criterion is given when n<4 (see [12, Th. 6]). By our
results in the preceding section, we can remove the restriction n<4, (see Lemma
3.4 below).

To prove the above result we begin with the following

LemMA 3.4. Let v(t) be an arbitrary weak solution on (0, T) with the initial
value ae X, p>n, and suppose that the solution u(t) of (I) exists on [0, T] with
u(0)=a. Then we have
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Q2D (@), u@®) + 2 S; (P u(s), Pu(s))ds

=|all3 — S; {b(v(s), v(s), u(s))+ b(u(s), u(s), v(s))}ds for eachte[0, T],
where b(u, v, w)=((u, grad)v, w).

Proor. First we note that Holder’s inequality and the Sobolev imbedding

theorem imply
[b(u, v, w)| < Cllullo,2n/m-2llvll1,21Wllo,s < Cllully 2 M0l 1 2lWllo,ns
for any u, ve X, n(W{*D))" and any we X,. Thus the integrand on the right
hand side of (21) makes sense. (Note that the roles of u and w can be inter-
changed in the above inequality.) Let B be the nonlinear operator from X, N
(W§(D))" to the dual of X, n(W§2AD))" n(L"(D))* defined by b(u, u, w)=
{Bu, wy. Then we see from Definition 3.1 that the weak solution v(t) satisfies
(22) V'@, w) + (Fo(®), Fw) + (Bu(r), w) =0
we X, n (W§2(D)" n (LY(D))",

as a distribution on (0, T). Now, take a non-negative even function p € C§(R)
such that Sm p(Hdt=1, supp p=[—1, 1], and set p,(t)=¢e 1p(t/e). Defining

v(t)=u(t)=0 outside (0, T) and putting v,=v*p, we see from (22) that
(23 (d]d1) (v(1), u(®)) = (1), u(®) + (v0), u'(¥))
= = 2(Pv,(0), Fu(®)) — <(Bv)*p,, u(t)> — b(u(?), u(®), v1)

on (¢, T—¢). Choose t, se(0, T) and £>0 such that 0<s—2e<s<t<t+2e<T.
Then, integrating (23) over (s, t) we obtain

(24)  (vLD), u(n) — (v(s), u(s))
= -2 S' (P v,(0), Pu(o))do

+ {S dr S do + S dr Sz dﬂ} Pt —0)b(0(x), v(7), u(0))

s—-e s—2e¢ t—

- S: {b(v(9), U(0), u(0)) + b(u(0), u(0), v(0))}ds

- {S_ + S+} b(v(0), (o), u,(0))do.

Here we have used the fact that p(f) is an even function. As ¢—0, u, and v, tend
respectively to u and v in L% (0, T; X, N (W}2(D))*). Therefore we may as-
sume, by passing to a subsequence, that v,(¢) tends to v(s) in (W}3-2(D))* almost
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everywhere in (0, T). Moreover, since ue C([0, T]; X,), we see that u,o)
tends to u(g) in X, uniformly on each compact subset of (0, T). These obser-
vations together with (24) imply that for almost all ¢ and s,

(25) (), u(t)) — (o(s), u(s)) + 28:(70(0-)’ 7 u(o))do
= - S: {b(v(0), v(0), u(a)) + b(u(o), u(o), v(s))}do.

But, since v(t) is weakly continuous and u(t) is strongly continuous on [0, T]
with values in X ,, one concludes that (25) is valid everywhere on [0, T]. Letting
s—0 we obtain (21). Thus the proof of Lemma 3.4 is completed.

Proor oF THEOREM 3.2. Let v(t) be a weak solution and u(¢) the solution of
(I) with the same initial function a. As is noticed before, v(t) satisfies the energy
inequality

t
o132 + 2, 1791325 < lalg,  forae. te©, 1),
and u(t) satisfies the energy equality
w32 + 2 IPu(I3ads = lal,  for each re[0, T].

Adding these and subtracting twice the equality (21) we see, with w(t)=v(t) —u(?),
that

26) IO + 2{ 17w ods

<2 So {b(o(s), o(s), u(s)) + b(u(s), u(s), v(s))}ds

2 S; {b(u(5), v(s), u(s)) — b(u(s), v(s), u(s))}ds

=2 S; b(w(s), w(s), u(s))ds.

By the Sobolev imbedding theorem we get

[b(w, w, )| < Cl[{wl-lulllo, 217 wlo,2 < ClWllo,2p1¢o-2llttll0,pWll1,2
< Clullo, llwli2/®Iwls s
< Clullo IPwlsz/®Iwl§ 27
Since (1+n/p)/2+ (1 —n/p)/2=1, we see from Young’s inequality that

2[b(w, w, w)l < 2P wli3,> + Cllulgz®="1wl3,2
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with some constant C>0. Thus it follows from (26) that

w132 < € 111 2ds.

Since u(?) is strongly continuous with values in X, the assertion follows from the
Gronwall inequality. This completes the proof.

Finally we state a regularity theorem for the 4-dimensional problem.

THEOREM 3.5. Suppose n=4. Then for each ¢>0 and each aeX,n
(Wite2(D)y* n (W§-2(D))* there exist a T>0 and a unique weak solution on
(0, T), which belongs to L2, T; (W22(D))*)n W1.2(0, T; X,). Further, T>0
can be chosen arbitrarily if a is sufficiently small in (W1ts2(D))*,

REMARK 3.6. In [12] Serrin proved that for each ae X, n(W32(D))*n
(W2:2(D))* there exist a T>0 and a weak solution u such that u’ € L?(0, T; X, n
WEHAD)*) n L=(0, T; X,). But he could not prove its uniqueness except when
a is sufficiently small in (W?22(D))*. Then, von Wahl [15] proved that the
(unique) weak solution obtained by Serrin belongs to L#(0, T; (W2?(D))*)n
WLr(0, T; X,) if a is in X, n(W§2(D))* n (W2P(D))* for some p>35 with its
W2:2-norm sufficiently small. Thus Theorem 3.5 is, in a way, an improvement
of the results of [12] and [15]. The unique existence result for the initial data in
(Wi+e2(D))* seems to be new.

As for the proof of Theorem 3.5, the existence and uniqueness part follows
from Theorem 3.2 since the initial value a belongs to X,,; -, by the Sobolev
imbedding theorem. The regularity result follows from a result of Ladyzhenskaya
[8] concerning the uniqueness and regularity of solutions for Oseen’s linearized
equation.

REMARK 3.7. In [6], Inoue and Wakimoto extended the results of Kato
and Fujita to the case n=4, 5. They proved the existence of strong solutions in
X, for the initial data in X, n(W§2A(D))*, if n=4, and in X, n(W§2(D))°n
(W3/2.2(D))5, if n=5. Since the Sobolev imbedding theorem tells us that W12 <
L* (n=4) and W3/2.2c L5 (n=>5), it would be possible to include the results of
[6] if we could solve the equation (I) in X,. It is not known whether the solutions
constructed in [6] are unique or not in the class of weak solutions.

REMARK 3.8. In [16], von Wahl proved the existence of solutions of the
integral equation (II) with Pf=0 and p>n by a method similar to ours. In
addition, he showed that if ue C([0, T]; X,) is a solution of (II) then 0du/ot,
du/ox; and 0%*u/ox;0x, all belong to C((0, T]; C/**1(D)), where C*(D) is the
space of functions which are Holder continuous on D with exponent «. This
extends the interior regularity result of Serrin [12].
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