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Introduction

Recently Stitzinger [4] presented several equivalent conditions for a sub-
algebra to be an w-step ascendant subalgebra in a locally solvable, ideally finite
Lie algebra. On the other hand, Togd [5] introduced the concept of weakly
ascendant subalgebras generalizing that of ascendant subalgebras and Kawamoto
[2] considered E . -pairs of subalgebras to study ascendancy in Lie algebras.

The purpose of this paper is first to generalize and sharpen the results of
Stitzinger [4] by using the concepts of weakly ascendant subalgebras, E_-pairs
of subalgebras and others, and secondly to characterize the class of locally solva-
ble, ideally finite Lie algebras and similar classes.

Section 2 is devoted to searching several equivalent conditions for a sub-
algebra to be a weakly ascendant subalgebra in a certain Lie algebra (Theorems
2.1, 2.2, 2.3 and Corollary 2.4). In Section 3 we shall show that if L is a locally
solvable, ideally finite Lie algebra and H is a subalgebra of L, then the condition
H<® L is equivalent to each of the following: (a) HascL; (b) HL®L; (c)
H wasc L; (d) (H, L) is an E-pair; (e) (H, L) is an E -pair; (f) L=H + Ly(h) for
all he H; (g) L,(h)<H for all he H; (h) Ha* K for any subalgebra K of L con-
taining H; (i) H<® (H, x> for any xe L; (j) H=®{(H, [x, H]) for any xeL;
(k) For any x € L, there exists an n=n(x) such that H<* (H, [x, ,H]) (Theorems
3.1 and 3.2). This sharpens [4, Theorems 1 and 3]. We shall also give a simple
proof of [4, Theorem 2] in Proposition 3.3.

In Section 4 we shall show that all ideally finite Lie algebras belonging to a
class X are precisely locally solvable, ideally finite Lie algebras, if X is a class of
Lie algebras being between the class B(<) (U N F) N E,(<)A and the class X, of
all Lie algebras in which every non-zero finite-dimensional subalgebra is non-
perfect (Theorem 4.3). Finally in Section 5 we shall show that (a) the class of
locally nilpotent, subideally finite Lie algebras coincides with the class of Baer
algebras and (b) the class of locally nilpotent, ascendantly finite Lie algebras is
contained in the class of Gruenberg algebras (Theorem 5.3). We shall also give
two examples showing that there are no inclusions between the class of locally
solvable, ideally finite Lie algebras and the class of locally nilpotent, subideally
finite Lie algebras (Example 5.7).
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1.

Throughout the paper, Lie algebras are not necessarily finite-dimensional
over a field T of arbitrary characteristic unless otherwise specified.

Let L be a Lie algebra over f and let H be a subalgebra of L. For an ordinal
o, H is a o-step ascendant subalgebra of L, denoted by H<a? L, if there is a series
(H,).<, Of subalgebras of L such that

(1) Hy=H and H,=L,

(2 H~<H,,, for any ordinal a <o,

(3) H,;=\U,<, H, for any limit ordinal 1<o.
H is a o-step weakly ascendant subalgebra of L, denoted by H <° L, if there is an
ascending series (M,),<, of subspaces of L such that

() My=H and M =L,

2 [M,.,, HI=M, for any ordinal a <o,

(3) M,=\U,.; M, for any limit ordinal A <a.
The series (M,),<, is called a o-step weakly ascending series from H to L. H is
an ascendant subalgebra (resp. a weakly ascendant subalgebra) of L, denoted by
H asc L (resp. H wasc L), if H<1° L (resp. H<° L) for some ordinal ¢. When ¢
is finite, H is a subideal (resp. a weak subideal) of L and denoted by H si L (resp.
H wsi L).

Let us recall some classes of Lie algebras:
Le A iff L is abelian.
L e § iff L is finite-dimensional.
L e N iff L is nilpotent.
Le@ iff for any x, ye L there exists a positive integer n=n(x, y) such that
[x, ny]1=0.
L e &t iff L is the sum of the nilpotent ideals of L.
Le B (resp. GOr) iff {x) si L (resp. {x) asc L) for any x e L.
Le 3, iff L=\U,.y ¢,(L) where ({,(L)),n is the upper central series of L.

Let X, 9 be any classes of Lie algebras.
LerX iff L has a family (I,),., of ideals such that L/I,eX for all xeA and
maeA I a= 0
LeLX iff every finite subset of L is contained in an X-subalgebra of L. When
LeLR, L is called a locally nilpotent Lie algebra.
Le¥£,X (resp. £,(<0)¥) iff L has an ascending series (K,),<, of subalgebras (resp.
ideals) such that

(1) Ky=0and K,=L,

2) K,<K,,;and K,,,/K,€ X for any ordinal a <o,

(3) K;=\Ug<, K, for any limit ordinal A<a.
L e X (resp. E(<)X) iff L € £,X (resp. E,(<2)X) for some ordinal o.
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L eeX iff Leg,X for some finite ordinal n<w. When Le©g, L is solvable.
X is R (resp. L, E, E)-closed iff X=RX (resp. L¥, EX, EX).
Le X9 iff L has an ideal I € X such that L/I€9).

Now we introduce the following notations: Let 4 be any of the relations <,
si, asc, wsi, wasc. We say a Lie algebra L to lie in L(4)X if for any finite subset
Y of L there exists an X-subalgebra K of L such that YS KAL. When LeL(<)§
(resp. L(sD)§, L(asc)&), L is called an ideally finite (resp. a subideally finite, an
ascendantly finite) Lie algebra. For a subset X of L, we say a Lie algebra L to
lie in L(X)X if every finite subset of L is contained in an X-invariant X-subalgebra
of L. We say a Lie algebra L to lie in L(X-inv 4)X if for any finite subset Y of L
there exists an X-invariant X-subalgebra K of L such that YS K AL.

The Hirsch-Plotkin radical p(L) of L is a unique maximal locally nilpotent
ideal of L. If char =0, the Baer radical S(L) of L is the subalgebra generated
by all nilpotent subideals of L and the Gruenberg radical y(L) of L is the sub-
algebra generated by all nilpotent ascendant subalgebras of L.

For each x € L, we use the following notations in [4]:

Lo(x) = {ze L|z (ad x)* = 0 for some ke N},
L,(x) = N, Im (ad x)*.

For a subalgebra H of L, (H, L) is an E_-pair [2] iff for each x e L there
exists a positive integer n=n(x) such that [x, ,h] e H for any he H. As a gener-
alization of an E_-pair we introduce an E-pair. Namely, we say that (H, L) is
an E-pair if for any x € L and any h e H there exists a positive integer n=n(x, h)
such that [x, ,h]e H.

In [3] L was called ideally (resp. subideally, ascendantly) finite if L has a
collection {L;};; of finite-dimensional ideals (resp. subideals, ascendant sub-
algebras) which generate L and have the property that whenever i, jel there
exists k € I such that {L;, L;> <L,.

LEMMA 1.1. Let L be a Lie algebra over a field . Then LeL(<)§ (resp.
L(sD)F, L(asc)F) if and only if L is ideally (resp. subideally, ascendantly) finite
in the sense of [3].

ProoF. Let Le (<) and let I' be the collection of all finite subsets of L.
For any X eI there exists Ly minimal with respect to X< Ly<tL and Ly€e §.
Evidently L={Ly| X eTI') and for any X, YeI'

{Ly, Ly) < Lyyy,

by the minimality of Ly and Ly. Therefore L is ideally finite in the sense of [3].
The converse is evident. The other assertions are similarly proved.

Hence our definitions of ideally finite, subideally finite and ascendantly finite
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Lie algebras don’t conflict with those in [3].

2.

We begin this section with

THEOREM 2.1. Let L be a Lie algebra over a field T and let H be a sub-
algebra of L. Assume that LeL(H)§. Then the following conditions are
equivalent:

(1) H wascL.

(2) H<°L.

(3) (H, L) is an E-pair.

4 (H, L)isan E_-pair.

(5) L=H + Ly(h) for all he H.

PrROOF. By hypothesis we have
L=\ AA),

where A(A) is an H-invariant finite-dimensional subalgebra of L for each A€ 4.

(1)=>(2): Let (H,,<, be a weakly ascending series from H to L. For any
neN, let u(n) be the first ordinal such that [A(4), ,H]=H,q,. Since A(4) is
H-invariant, [A(A), ,H] is finite-dimensional. Hence u(n) is not a limit ordinal.
Therefore u(n+ 1) <pu(n) unless u(n)=0. Since the ordinals <o are well-ordered,
it follows that p(n)=0 for some ne N. Hence [A(A), ,HI<H,=H. As L=
\U 3e4 A(4), for any x € L there exists an n=n(x) € N such that [x, ,H]<H. Thus
we put

M, ={xeL|[x, ,H] < H} for each ne N,

M,=\U,co M,.

Then we see that (M,),<,, is an w-step weakly ascending series from H to L.
(2)=(1) is clear.
(2)=(4): For any x e L there exists an n=n(x) e N such that [x, ,H]=H.
In particular [x, ,h] e H for all he H. Therefore (H, L) is an E_-pair.
(4)=(3) is clear.
(3)=(2): Let A€ A and for each ne N put

H,={xeL|[x, ,H] € H}.

Now suppose that A(A)& H, for all ne N. Since A(4) and H, are H-invariant,
(A(2)+H,)/H, is a non-zero finite-dimensional H-module. By using the fact
that (H, L) is an E-pair, ad h induces a nilpotent transformation on this space
for each he H. Hence owing to Engel’s theorem, there exists

ze A(A)\H,, suchthat [z, Hl< H,.
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Hence ze H,,,. Therefore
AN N H, S AX) n H,,, forallneN.

This is a contradiction since A(A)e & Thus there exists an n=n(x)e N such
that A(A)< H,. We put

Ha) = Un<an'

Then we have H,= L, whence (H,),<, is @ weakly ascending series from H to L.

(2)=>(5): Let heH. For any xe L, there is an H-invariant finite-dimen-
sional subalgebra A(A) of L containing x. Since H<® L and A(A) e §, there
exists an n € N such that [4(41), ,H]<H. Especially, A(2)(ad h)»<H. Therefore

A() = A()(h) + A(A)o(h) = H + Lo(h).

1t follows that L=H + Lo(h).
(5)=>(3): For any xe L and any h e H, there exists k€ H and y € Ly(h) such
that x=k+y. Then we have y(ad h)"=0 for some ne N. Hence

x(ad h)" = k(ad h)* + y(ad h)" e H,

that is, there exists an n=n(x, h) e N such that [x, ,h]e H. Therefore (H, L) is
an E-pair.

By making use of Theorem 2.1, we have

THEOREM 2.2. Let L be a Lie algebra over a field ¥ and let H be a sub-
algebra of L. Assume that Le L(H)E. Then for any ordinals ;> w (1 <i<5)
the following conditions are equivalent:

(1) H<#L.

(2) H<*:K for any subalgebra K of L containing H.

(3) H<*3{(H, x) for any xe L.

(4) H<*{(H,[x, H]) for any xe L.

(5) ForanyxelL,thereexistsan n=n(x)e N such that H<*s{H, [x, ,H]).

Proor. By Theorem 2.1 it suffices to show the statement in the case that
o=+ =05=0.

(1)=(2)=(3) is clear.

(3)=(4) is clear since <H, [x, H]) <{H, x).

4)=(5): Put n=n(x)=1 for all xe L.

(5)=(1): Let xeL and let (Hy(x));<,, be an w-step weakly ascending series
from H to (H, [x, ,H]>. We define

Hw+i(x) = Hm(x) + ch=1 [x9 n—kH] for 1 <i<L n,
Hy(x) = Hy, 1 p(x) forw+n< f < w2
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Then we have
[Hy.1(x), H] € Hy(x) for any f < w2.
Thus we define
Hy = ¥ o Hy(x) for any f < w2,
Hy,, = \Upcpr Hy.

Then
[Hs+1, H] = Hy for any f < w2,
H, = \Ug<, Hg,
H,, = L.
Therefore
H<®? L.

By Theorem 2.1 we obtain
H<*L.

We strengthen the hypothesis of Theorem 2.1 to obtain the following

THEOREM 2.3. Let L be a Lie algebra over a field ¥ and let H be a sub-
algebra of L. Assume that LeL(H-invwsi)§. Then the following conditions
are equivalent:

(1) H wascL.

(2) H<~L.

(3) (H, L) is an E-pair.

4 (H, L)is an E-pair.

(5) L=H + Lyh) for all he H.

(6) L,(h) < H forall heH.

PrOOF. In Theorem 2.1 we have already shown that all conditions from
(1) to (5) are equivalent.

(1)=(6): For any he H, there exists a finite-dimensional weak subideal
A(h) of L containing h. Then

H n A(h) wasc A(h)e &
and so
H n A(h) wsi A(h) wsi L.
It follows that
Hn A(h) <" L for some ne N,
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that is,
[L, ,H n A(h)] < H n A(h).
In particular,
[L, ,h] = H.
Therefore we have

L,(h) < Im(ad k)" < H.

(6)==(5): Let heH. For any xelL, there exists an H-invariant finite-
dimensional subalgebra A(x) of L containing x. Since A(x) is stable by ad h, for
allxeL

A(x) = A(x)y(h) + A(x)o(h) = Ly(h) + Lo(h).
Therefore
L < Li(h) + Lo(h) < H + Ly(h).

As a special case of Theorems 2.2 and 2.3, we have

COROLLARY 2.4. Let L be a Lie algebra over a field ¥ belonging to (<),
and let H be a subalgebra of L. Then for any ordinals o;>w (1<i<5) the
following conditions are equivalent:

(1) HwascL.

() H<~L.

(3) (H, L) is an E-pair.

(4) (H, L)is an E_-pair.

(5) L=H + Ly(h) for all he H.

(6) L,(h) < H for all heH.

(7) H <%:2K for any subalgebra K of L containing H.

(8) H <* (H, x) forany xe L.

(9 H <% {H, [x, H]) for any xe L.

(10) For any xeL, there exists an n = n(x) € N such that H<* (H,
[x, ,H1D.

Finally we show the following

PROPOSITION 2.5. Let L be a Lie algebra over a field ¥ and let H be a sub-
algebra of L. Then there exists the largest subalgebra M of L such that
H<* M.

Proor. Let I" be the collection of all subalgebras K of L such that H <*K.
We put

M =(K|KeTl).
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By [5, Lemma 6] we have

In this section we shall investigate the class L(<)(EU N &) of Lie algebras,
which is equal to I=LeEW N L(<)F in [4]. We first show the following theorem,
which sharpens [4, Theorem 1] where only the equivalence of (2), (7) and (8) is
proved.

THEOREM 3.1. Let L be a Lie algebra over a field ¥ belonging to
L(<)EANGF) and let H be a subalgebra of L. Then the following conditions
are equivalent:

(1) HasclL.

(2) H<“L.

(3) HwascL.

(4 H<eL.

(5 (H, L) is an E-pair.

(6) (H, L)isan E_-pair.

(7) L =H + Ly(h) for all he H.

@®) Ly(h) <= H forall heH.

ProoF. In Theorem 2.3 we have already shown that all conditions from
(3) to (8) are equivalent.

(2)=(1)=(3) is evident.

(7)=>(2): This is shown in [4]. For completeness sake, we give an outline
of that proof. By hypothesis we have

L= \Uzea A(}-)

where A(A) is a finite-dimensional ideal of L for each Ae A. For each Ae 4,
there exists an ascending chain

0= A4, 0) <---< A4, n(D) = A(%)

where A(A, i)<L and A(4, i)/A(A, i—1) is an irreducible L-module for 1 <i<n(4).
We first define
Q(0) = 0.

If A(A)EH, then we put ri(A)=min{re N|A(A, r)$H}. If A(A)<H, then we
put r;(A)=n(r). We define

W@, 1) = {ze AA, r{(N) | [z, H] < H},
Q) =<W(, 1)]|Aed).
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Then
H + Q0)< H + Q(1).
Next let k>1 and suppose that we have constructed Q(i) for i <k so that

H=H+QO0)< H + Q)<< H + Q).

If AQ)EH+QK), then we put ry.,(A)=min{reN|A(4, r)¢H+QKk)}.

A(A) = H + Q(k), then we put r,,(D)=n(L). We define
W, k+1) = {ze A(A, r,. ()| [z, H] = H + Q(k)},
Qk+1) =<KW, k+1)|1ed).
Then
H+ Qk)< H + Qk+1).
Since we have
L =< Qi) = Vico (H + Q)
we conclude that

H<® L.

307

If

As a consequence of Corollary 2.4 and Theorem 3.1 we have the following
theorem. This sharpens [4, Theorem 3] which shows only the equivalence of

(1), (3), (5) and (7) in the case that a; =a;=05=0a;=0w.

THEOREM 3.2. Let L be a Lie algebra over a field T belonging to L(<)
(BAN F) and let H be a subalgebra of L. Then for any ordinals ;>0 (1<i<

10) the following conditions are equivalent:
(1) H<* L.
(2) H<<e*L.
(3) H<*3K for any subalgebra K of L containing H.
(49 H <%+ K for any subalgebra K of L containing H.
(5) H<*s{H, x) for any xe L.
(6) H <2s{(H, x) for any x € L.
(1) H<*7<{H, [x, H]) for any x€ L.
(8) H <%*:{H, [x, H]) for any x € L.

(9) Forany x € L, there exists an n=n(x) € N such that H<*° (H, [x, ,H]).
(10) Forany x € L, there exists an n=n(x) € N such that H<*w° {(H, [x, ,H]).

As an immediate consequence of Proposition 2.5 and Theorem 3.1 we have

the following proposition ([4, Theorem 2]).

PROPOSITION 3.3. Let L be a Lie algebra over a field ¥ belonging to L(<1)
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(EUAN F) and let H be a subalgebra of L. Then there exists the largest subalge-
bra M of L such that H<® M.

Furthermore we shall show the following propositions.

PrOPOSITION 3.4. Let L be a Lie algebra over a field t belonging to ()
L(<)EANF)) and let H be a solvable subalgebra of L. If H wsi L, then
H<®“ L.

Proor. We shall show the proposition following the proof of [6, Lemma 6].
By hypothesis there exists a solvable ideal K of L such that L/K e (<) (EA N §).
Then

H wsi H+K and (H+K)/K wsi L/K.

Since H, K e 2, we have H+ K eU. By making use of [5, Theorem 1] it fol-
lows that Hsi H+ K. On the other hand, by Theorem 3.1 we have (H+ K)/K
<1? L/K. Thus we have H<® L.

PRrOPOSITION 3.5. Let L be a Lie algebra over a field ¥ belonging to L(si)
(EUNF) and let H be a finitely generated subalgebra of L. Then the following
conditions are equivalent:

(1) HasclL.

(2) HsilL.

(3) HwasclL.

(49 HwsilL.

Proor. It is sufficient to show that (3) implies (2). Since He ®, there
exists a solvable and finite-dimensional subideal K of L containing H. Then we
have H wasc K. Since KeeUAN g, by using [5, Theorem 1] we have Hsi K.
Therefore H si L.

PROPOSITION 3.6. Let L be a Lie algebra over a field T belonging to ()
(L(s)) (BU N §)) and let H be a solvable and finitely generated subalgebra of L.
Then

(1) HwascL if and only if Hasc L,

(2) HwsiL if and only if Hsi L.

Proor. Assume that H wasc L. By hypothesis there exists a solvable ideal
K of L such that L/K e L(si)) (B N §). Hence we have

H wasc H+K and (H+K)/K wasc L/K.

Obviously H+ K e . By using [5, Theorem 1], we have H asc H+ K. Since
(H+K)/K € ®, by Proposition 3.5 (H+ K)/Ksi L/K. It follows that H+ K si L.
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Thus we have H asc L. The converse is evident and (1) is proved. (2) is similarly
proved.

4.

In this section we shall give some characterizations of the class L(<)(EANF)
of locally solvable, ideally finite Lie algebras. We here need the following two
lemmas.

LemMa 4.1. L(<)F < B(<)F.

ProoF. Let LeL(<)§. Define Ly=0 and suppose that (Lg)s<, has been
defined for an ordinal >0. If « is a limit ordinal, define L,=\Ug<, Ls. Assume
that « is not a limit ordinal and L,_;<L. Then we can find an xeL\ L,_;.
Define L,=L,_,+{xt). Since Le (<),

L, <L, <L and L,J/L, €.

Now by set-theoretical considerations we can find an ordinal ¢ such that
L=L,. Therefore we have L € &(<)g.

LeMMA 4.2, L(<)EUN F) <E<Q)(A N F) N E(<)A.

ProoF. Let LerL(<)(EAUNF). By Lemma 4.1 we have an ascending &-
series (L,),<, Of ideals of L. Then for each a<o

L,,:/L,e& n LEA < EA.
Therefore we can find an n(x) € N such that L@+ <[,. Furthermore
L@ <L and L@/LEHPeAnNF for 0 <i< n(a).

Hence we refine each factor L, /L, by (L{))1%) to obtain L e k(<) (AN §).
On the other hand, by putting H=0 in the proof (7)=>(2) of Theorem 3.1,
we have

Q)< L, Qi+1)/Q()eW (i<w) and L = \U;.,R230).
Therefore L e £, (<)2.

Before stating the main theorem of this section, we introduce a new class of
Lie algebras. We denote by
X,

the class of all Lie algebras in which every non-zero finite-dimensional subalgebra
is non-perfect. It is easy to show that
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{S, L, R, é}xo = xo .

Therefore we also have DX,=2X,. On the other hand, by making use of Engel’s

theorem we obtain
C<X%,.

Hence this class is fairly large. In fact, the classes RLEU, ELE, RE and EE are
contained in X,.
Now we have the characterizations of the class L(<) (EU N §).

THEOREM 4.3. For any class X of Lie algebras such that
E<)(UANP NE(ULX X,

we have
XNnu<@)F=u(<=)EANF).

Proor. Let LeX,NLE and let H be a finitely generated subalgebra of L.
Then He §. So we use induction on n=dim H to show that H e . It is trivial
for n<1. Let n>2 and suppose that every &,_,-subalgebra of L is solvable.
H is a non-zero finite-dimensional subalgebra of L. Since LeX,, we have
HW<H. Hence dim HV<n—1. By inductive hypothesis we have H®) e g,
whence H e . It follows that Le L(EA N &). Therefore we obtain

X NnLF=LEANF).
Now let X be any class of Lie algebras such that
(<) @UNFPNE(QULSXLSEX,.
Then by Lemma 4.2 we have

L<)EAN F <E<)@@ n F) n E,(<)U n L(<)F
SENLQFLENLF=L<)EANF).
Thus
XNL)F=u(<)EANF).

As a special case of Theorem 4.3 we have the following result.
COROLLARY 4.4. If X is one of the classes
B, B(<)YU, EB<)(UA N F), RLEW, ELEA, RECE, EC,
then ¥ N L(<)F=L(<)EAN F).

It is well known that if a Lie algebra L is locally solvable, then every minimal
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ideal of Lis abelian. In an ideally finite Lie algebra the converse is also true under
a certain condition. That is, we show

ProPOsSITION 4.5. If X is a Q-closed class consisting of Lie algebras in which
every minimal ideal is abelian, then

¥nu=)F<S<L(<=)EANF).
ProoF. Let0xLeXnL(<)y. Since L is ideally finite,
L=\ AA)

where each A(1) is a non-zero finite-dimensional ideal of L. Since A(A) is a finite-
dimensional L-module for each A€ A, A(X) has a composition series

0= A(4, 0) £ A%, 1) £+ 5 A(, n(A) = AQR)

where A(2, i)JA(4, i—1) is an irreducible L-module for 1 <i<n(1). Then A(4, i)/
A(A, i—1) is a minimal ideal of L/A(A, i—1). Since L/A(4, i—1)eQX=2X, we
have A(4, i)/A(A, i—1)e U. It follows that A(A) eeA. Therefore

Lerle N L()F=L(<)EAN F).

Thus we have

XNL)F<L=)EANY).

S.

In this section we shall study the relation between locally nilpotent, sub-
ideally finite (resp. ascendantly finite) Lie algebras and Baer algebras (resp.
Gruenberg algebras). We need the following lemma.

LEMMA 5.1. Let L be a Lie algebra over a field t belonging to L(si)§ (resp.
L(asc)F), and let H be an ascendant locally nilpotent subalgebra of L. Then
for any finite subset X of H we have {X) si L (resp. {(X) asc L).

ProoF. Let X be a finite subset of H. Then there exists a finite-dimensional
subideal (resp. ascendant subalgebra) K of L containing X. H ascL implies
HnKascK. Since Ke®, we have HN Ksi K. On the other hand, we have
HnKeMNsince HeLN. Therefore (X)si HN K. Hence

(X>siHNKsiKsiL (resp. KascL).
Thus we have (X) si L (resp. {(X) ascL).

COROLLARY 5.2. OQver a field of characteristic zero,
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(1) if L eL(s)F then B(L) = y(L) = p(L), and
(2) if L e L(asc)F then y(L) = p(L).

Proor. Let LeL(si)§ (resp. Ler(asc)y). Using [1, Theorem 6.2.1 and
Corollary 6.3.5] we obtain

B(L) < y(L) < p(L).

Let xe p(L). Since p(L) is a locally nilpotent ideal of L, by Lemma 5.1 we have
{x)siL (resp. {x)asc L). It follows that x € (L) (resp. x e p(L)). Hence

p(L) < B(L) (resp. p(L) < y(L)).
Thus we have
B(L) = y(L) = p(L) (resp. (L) = p(L)).
We now have the following main result of this section.

THEOREM 5.3. (1) € N LGSHF = L) N §) = B.
(2 € nL@se)F =L@sc)(Nn G < Gr.

Proor. By Engel’s theorem € NLF=LN. Therefore we have
EnLE)F=r6)NNGF and
€ n L@so)F = L(asc)y(N n ).
By using Lemma 5.1 we obtain
L(s)(M N F <B and
Lasc)(MN n §) < Gr.
Finally we shall show that
BLEHMNF).

Let L €B and let X be a finite subset of L. Put H=<{X). By [1, Theorem 7.1.5]
we have Le B<1LRN, and so HeN N F. We use induction on n=dim H to show
that Hsi L. It is trivial for n<1 by the definition of B. Let n>2 and assume
that the result is true for n—1. Since 0xxH e N, we have H><H. Therefore
we can find an ideal H, of H such that H2<H, and dim H/H,=1. It follows
that dim H,=n—1, and we obtain H, si L by inductive hypothesis. Now we can
find an xeL such that H=H,+{x). Since Le®B, {(x) si L. On the other
hand, H, permutes with (x)>. Therefore by [1, Lemma 2.1.4] we have

H=H, + {x) si L.

Hence HsiL, as was desired. Thus H={X) is a finite-dimensional nilpotent
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subideal of L, which shows that Ler(si)(M N F). Therefore we obtain B <
LM N F). This completes the proof.

REMARK 5.4. Using the results described in [1, p. 258], we obtain
LSRN F =N N NFg=B and
Lasc)(M n ) =LN N XF = Or

over a field of characteristic zero. On the other hand, by [3, Theorem 3.6] we
have

(=) n ) <3, <&t
But in general

()R NP £ 3o-

In fact, let V be a vector space with basis {vy, v;,...} and think of V as an abelian
Lie algebra. Then there is a derivation o of V such that

V0 =0, Uy4,0 = 0y for k > 0.
Form the split extension L=V 4{o¢). Then
L? = Vo = (v, |k > 0).
Hence
L3 = (uy |k = 0)a = 0.
Therefore we have
LeNn, <3,
However
oty =<{o) + [0, L] = (o) + L*&§.
It follows that L & L(<)§.

Next we shall study the relations between Engel conditions and Gruenberg
algebras.

We denote by ¢(L) the set of left Engel elements of a Lie algebra L as usual.
Then we have the following

LEMMA 5.5. Let L be a Lie algebra over a field¥. For any x € L, the follow-
ing conditions are equivalent:

(1) xee(l).

(2) {(x) wascL.

(3 x> <L
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ProoF. (1)<>(3) is evident. (2)<>(3) follows from [5, Theorem 4].

PROPOSITION 5.6. (1) (U,>1 €) n (EW) (L) (EA N ) < B.
(2 € n (&A)(L(asc)i(<)A) < Gr.

Proor. (1) Let Le(\U,», )N EW (L) EANF)) and let xe L. Then
Le@, for some n>1. It follows that [L, ,x]=0. Hence (x)><" L. By Propo-
sition 3.6 we have {x) si L. Therefore L e B.

(2) Let Le€n () (1(asc)é(<)A) and let xe L. Since L=e(L), we have
{x)wasc L by Lemma 5.5. Now there exists a solvable ideal K of L such that
L/K e(asc)é(<a). Then

{x) wasc {(x)+K and ({x)+ K)/K wasc L/K.

Clearly <{x>+KereU. Hence {(x) asc {x)+K by [5, Theorem 1]. On the
other hand, we can find an ascendant subalgebra H/K of L/K which contains
({x)+ K)/K and belongs to E(<)W. Then

(Kx) + K)/K wasc H/K"
By [5, Theorem 1] we have

(x> + K)/K asc H/K.
Hence

(x> + K)/K asc L/K.
It follows that
{x) + K asc L.
Therefore
{x) asc L.

Thus we have L € Gr.

Finally we shall give two examples to show that L(<1) (E2l n &) doesn’t coin-
cide with L(si))(M N F). One of the examples also shows that a subideally finite
Lie algebra is not necessarily ideally finite.

ExamPLE 5.7. Here we show that there are no inclusions between L(<1)
EANF) and L(s)(N N F). That is,

1 L<EANF FLEH@R N F),

@ U=)EANF FLEH@R N F).

Let H be a two-dimensional non-abelian Lie algebra. Then H is a trivial ex-
ample for (1). On the other hand, let H; (i€ Z) be an isomorphic copy of H
and put L=@®;; H;, Then LenL(<)EUNF) but L&LGSH(NNF). Hence L
is an infinite-dimensional example for (1).
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Next let M be the McLain Lie algebra of type Z, i.e., M has a basis {e;;|

i, jeZ, i< j} with multiplication

[e,-j, ek,] = (Sjkeu - 5,~,ekj.

Then for each e;; with i< j

ey =<(eylk<i, 1 2j>eW.

Therefore

M=3,,<{eMeF<B=L6)RNF.

But {(eM> &§. Therefore M&L(<)F. Thus M is an example showing (2).
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