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1. Introduction

Consider the initial value problem

(1.1) y'=f(x9y),

where the function / (x , y) is assumed to be sufficiently smooth. Let y(x) be the
solution of this problem,

(1.2) xn = x0 + nh (n = 1, 2,..., h > 0 ) ,

and let y1 be an approximation of )>(*i) obtained by some appropriate method.
We are concerned with the case where a pseudo-Runge-Kutta method is used for
computing approximations yj of y(xj) (7 = 2, 3,...).

Byrne and Lambert [1] introduced pseudo-Runge-Kutta methods of order
r + 1 (r = 2, 3) of the form

(1.3) yn+1 = yn + h Zi=i(Pifei,» + (lihn-i) (n = 1, 2,...),

where

Km = / (*» + ath, ym + h £ } - \ 6vfcJtJ (i = 1, 2,..., r; m = 0, 1,...),

« i = 0 , a, = yZifJ1bu (i = 2, 3,. . . ,r),

and Pj, ̂ / (/ = 1, 2,..., r) and fcfy 0 = 2, 3,..., r ; j = l, 2,..., i — 1) are constants.
Gruttke [3] has shown that such a method exists also for r = 4.

Costabile [2] considered pseudo-Runge-Kutta methods of the second kind
of the form

(1.4) yn+i = yn + h YUoPiki (n = 1, 2,...),

where

k0 = f(xn _!, yn _ 0, fcx = /(*„, yn),

fc* =/(^» + *i&, ̂  + * Z J - i 6yfey), «« = Z J - i 6,y 0" = 2, 3,..., r ) ,

and p£ (i = 0, 1,..., r) and b0- (i = 2, 3,..., r; j = 0, 1,..., i — 1) are constants.
Nakashima [4] proposed those of the third kind which are of the form (1.4) with
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h =f(xn + ath, yn + h 2y=o bukj + cfon ~ yn-i))>

fl| = S5=1o6y + ci (i = 2,3, . . . , r ) ,

cf and bfj- (i = 2, 3,..., r ; 7=0 , 1,..., i — 1) being constants. It is known that a
method of each kind of order r + 1 exists for r = 2, 3.

The object of this paper is to show that for r = 2, 3 there exists a pseudo-
Runge-Kutta method of the third kind of order r + 2 which embeds a two-step
method of order r + 1 , and to show that for r = 4 we can construct a pseudo-
Runge-Kutta method of the third kind of order r + 2 and also a two-step method
of order r + 1 by incorporating the first value o f / i n the next step of integration.

2. Preliminaries

Let

(2.1) xn = x0 + nh (n = 1, 2,..., h > 0),

(2.2) y.+i = yn + fc^x,, y«, yn-il h) (n = 1, 2,...),

(2.3) tffo, )>„> )>„-1; h) = EJ=O Pikt (r = 2, 3, 4),

(2.4) t(xn, yn9 yn_ x; h) = ZJiJ ^/^f + s(jn - j M _ 0 ,

where /z is a stepsize,

K = /(x n_! , yn-x\ kx = /(xB, yw),

kt =f(xm + ath, yn + h £J-i0 ftyfc^ + q(yn - y»-i)) (* = 2, 3,..., r ) ,

(2.5) Efcfc 6y + c, = a, (i = 2 ,3 , . . . , r ) ,

g r + 1 = 0 if r ^ 4 , and the starting value yt is computed by some appropriate
method.

Denote by y(x) the solution of (1.1) and let

(2.6) T(x; h) = y(x) + h${x, y{x), y(x - h); h) - y(x + h),

(2.7) t(x;h) = t(x,y(xly(x-h);h),

(2.8) tm = t(.xmyH,yn-1;h),

(2.9) et = - 26iO - c, + 2 £ p 2 fl;frw (i = 2, 3, 4),

g, = 3bi0 + c, + 3 £ j - ! 2 ajfty,

m, =
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(» = 3 , 4 ; j = 2 , 3 , . . . , i - l ) .

Let D be the differential operator defined by

(2.10) D = - ^ L + k JL-, k = f(xn, y(xn))

and put

(2.11) DJf(xn,y(xn)) = TJ, DJfy(xn,y(xn)) = SJ, D%y(xn, y(xn)) = RJ

(j = 1, 2,...), (Z)/)2(xB, J W ) = P, (Dfy)
2(xn, y(xn)) = Q,

(D2mxn, y{xn)) = I/, / /xn , y(xn)) =fy,fyi>(xR, y(xn)) =fyy,

fyyy(Xn, X O ) = fyyy-

Then T(xB; /i) can be expanded into power series in h as follows:

(2.12) T(xH; h) = Athk + A2h
2T+ (h3/2)(A3T

2 + A

WDsfyyTT2 + 15D6PR+15D7TQ

15£4T
3S2 + 6£5 T

4S + 45E6PR2 + l5E7fyyyTP + 60E8 TT2R +

y y PyT) + O(h*),

where

(2.13) A1 = SS=o Pj - 1, A2=-p0 + ZaiPi - 1/2,

e,pt-1/3,

B3 = -Po + ZgtPi-1/4, B4 = B3 + 3 £5.3 Z f c i

C1 = Po + ̂ «?Pi-l/5, C2 = P o + ^ 2 e ^ - l / 5 , C3 = p0+ZaigiPl-ll5,

C4 = po+lefpi-1/5, C5 = po+ZlM-115, C6 = C5+4 £5.3 Efci p j ^

C7 = C6 + I2u32b43p4, C8 = 4C3 + 3C5 +12 £5=3 £ fc l (a,, + ak)uJkpp
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D3 = -po+Za2giPi-1/6, L>4 = -

Ds = -Po + ̂ igiPi-l/6, D6 = -

D7 = £4+4 25-3 Sfci a

Ds =

£5=3 SfcKfly

D13 = D12 + 5 25-3 2 fc

and i ranges from 2 to r. Also t(xn; h) can be expanded as follows:

(2.14) *(*„; h) = Afhlc + A%h2T+ (h3l2)(A$T2+AtfyT)

where

(2.15) A? = Z5±o «j + s, i4J = - q0 + la^i

^^ = 50 + ^«?«i + ?,+ i + s/3, ^J = «0

5? = - q0 + Zahi + qr+i ~ s/4, Bf = - q0 + rajeigj + gr+i - s/4,

B$ = - 4o + ^ft«i + €r+i - s/4, BJ = BJ + 3 25-3 Sfci «j»«;

and so on.

Let

(2.16) dy = ajaj+ i)btJ (i = 3, 4; 2 g j ^ i - 1).

Then from (2.9) it follows that

/,. = - et - 29i + 2 2 J-i (20;+l)dy (i = 2, 3, 4),

m; = 2e,. + 39l + 2 J-i (5a? - 5a; - 4)dy,

(2.17) bro = e, + ff,-25-^/3^+2)^,

(2.18) ct= - 3 6 , - ^ + 6 2 ^ ^ .

3. Construction of the methods

We shall show the following

THEOREM. For r=2, 3, 4 there exist formulas (2.2) and (2.4) such
T(xB; h)=O(hr+3) and t(xB; h) = O(hr+2) respectively.
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3.1. Case r = 2

The choice At = Bt = 0 (i = l, 2, 3, 4) yields

(3.1) a2 = 7/10, b20 = 833/1000, b21 = 2023/1000, c2 = - 539/250,

(3.2) j n + 1 = yn + /*( - 7/c0 + 221/q + 500/c2)/714,

(3.3) 5Q = - 5/24 (i = 1, 2, 3, 4), 5Cj = - 31/6 (j = 5, 6, 7), 5C8 = - 49/3.

This method has been obtained by Nakashima.

Choosing Af = 0 0 = 1, 2, 3, 4) and s = l/2, we have

(3.4) *„ = / * ( - 287/co - 521k, + 100/c2)/1428 + ( ^ - y^Jfa

(3.5) 4fl? = 2/5, 5Cf = - 101/240 (i = 1, 2, 3, 4),

5C^ = - 11/12 (j = 5, 6, 7), 5CJ = - 133/30.

The method (3.2) is of order 4 and the method zn + 1 = yn+1 + tM is of order 3,
so that the difference tn of the two methods is available for stepsize control.

3.2. Caser = 3

The conditions ^ . = jBf = O (i = l, 2, 3, 4) and C/ = 0 ( j = l , 2,..., 8) yield

(3.6) et = al gt = a] (i = 2, 3), 27 - 35(a2 + a3) + 50a2a3 = 0,

12a3(a3 + l)(a3-a2)p3 = 7 - 10a2, 60(2a2 + l)J32^3 = 31,

(3.7) 600Di = 25(a2 + fl3)-31 (i = l ,2 ,3 ,5 ,6 ) , 60DJ. = 62a 3 -49 Q = 4, 7),

60D12 = (ISSal - 5a2 - 49)/(2a2 + l),

60Dk = - (160a2 + 49)/(2a2 + l) (k = 13, 14, 15) D8 = 10Dt + 3D12,

D9 = lODi + 6Z)12, D10 = 5D4 + 4D12, D n = D10 + 3D13.

The conditions Af = B? = 0 (i = l, 2, 3, 4) lead to

(3.8) Z?=o ft + s = 0, - ^o + ^2^2 + a3q3 = s/2,

I2a2(a2 + l)(a2-a3)q2 + (2a3 + l)s = 0,

12a3(a3 + l)(a3~a2)^3 + (2a2 + l)s = 0,

(3.9) 5Cf = 2(5ai - a2 - 2)s/(7 - 10a2) (i = 1, 2, 3, 4),

5 q = - 4 ( 3 a 2 + l)s/(7-10a2) 0 = 5,6,7), CjT = 3Cf + 4CJ. .

For a2 = 1/5 and s = - 1 / 2 we have
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(3.10) a2 = 1/5, b20 = 6/125, b21 = 36/125, c2 = - 17/125, a3 = 4/5,

b30 = -2214/4375, &31 = -15444/4375, > 3 2 = 558/175, c3=7208/4375,

(3.11) ym+l = yn + h(2k0 - 81/fcj + 750k2 + 625fc3)/1296,

(3.12) t. = h(39Sk0 + 2673fc, - 1950/c2 + 175fc3)/2592 - (yn - yn_ 0/2,

(3.13) 6Dt = - 3/50 (i = 1, 2, 3, 5, 6), 6D} = 3/50 ( j = 4, 7),

6D8 = - 699/70, 6D9 = - 678/35, 6D10 = - 2157/70,

6 0 u = - 1686/35, 6Z)12 = - 219/70, 6Dk = - 81/14 (k = 13, 14, 15),

(3.14) 5Cf = 2/5 (i = 1, 2, 3, 4), 5C|j= 16/25 (j = 5, 6, 7), 5CJ = 94/25.

3.3. Caser = 4
If we impose the condition a2(a2 +1)#0 and choose

A, = B, = 0 (i = 1, 2, 3, 4), ^ . = 0 0 = 1,2 8), D4 = 0 (fc= 1, 2,..., 15),
then we have

(3.15) b32bA3(a4-a3)p4^0, et = a% gt = a] (i = 2, 3, 4), a4 = 1,

5 -8(a 2 + a3) + 15a2a3 = 0, ZAJ-OPJ = U - Po + Ef=2 Pi = 1/2,

2(a2 + l ) (a 2 - l ) (a 2 -a 3 )p 2 = 15a3 - 8,

3(a3 + l ) (a 3 - l ) (a 3 -a 2 )p 3 = 15a2 - 8,

120(1 - a2)(1 - a3)pA = 27 - 35(a2 + a3) + 50a2a3,

120(l-a3)(2a2 + l)d32p3 = 13,

60(3 + 5a2 + 5a3 + 10a2a3)(a3-a2)d43p4 = 49 + 5a2 - 155a|,

120(1-a3)[(2a2 + i y 4 2 + (2a3 + I)d43]p4 = 49 - 62a3.

The choice Af=Bf = O (i = l, 2, 3, 4) and CJ=O (; = 1, 2,..., 8) yields

(3.16) 2^=o qj + s = 0, -qo+ Ef-2 «««» + «s = s/2,

= (15a3 + 8)s,

= (15a2 + 8)s,

120(1-a2)(l-a3)(g4 + ? 5) = (3 + 5a2+5a3 + 10a2a3)s,

(2a2 + l)d32q3 + [(2a2 + l)d42 + (2a3 + l)d43jq4 + 2q5 + s/60 = 0,

(3.17) Df = 4(a2 + a3)s/15 (i = 1, 2, 3,,.., 6),

DJ = 2(a3-l)(2a2 + l)d32q3 - s/20 (; = 4, 7),

£>f2 = a2(5a2 + 3)d32q3 + [a2(5a2 + 3)rf42 + a3(5a3 + 3)d43]g4 + 4g5 - s/60,
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Dt= - 2a2d32q3 - 2[a2 d42 + a3d43 - S(2a2 + l)d32fc43]44 + 4q5- s/60

(k = 13, 14, 15), D* = 10D* + 3D*2, DJ = 10D? + 6Z>?2,

4D*2, Df! = D*o + 3/>f3.

For a2 = l/6 and 5 = 1/20 we have

(3.18) a2 = l/6, b 2 0 = 7/216, 621 = 49/216, c2 = - 5/54, a3 = 2/3,

fc30 = - 2615/8316, ft31 = - 3065/1188, b32 = 195/77, c3 = 611/594,

a4 = 1, fc40 = 2399/1708, ft41 = 2821/244, fe42 = - 3825/427,

fe43 = 99/61, c4 = - 565/122,

(3.19) yn+1 =yn

(3.20) tn = / i ( -

+ 13fc(fc4-fe5)/220 + to-y.-0/20,

(3.21) 7£f = 19/1080 (i = l, 2, 3, 6, 7, 8, 9), 7£y = - 1/36 (j = 4, 10),

7£fc = 3571/5760 (fc = 5, 11), 7£1 2 = 3371/160, 7£1 3 = 3171/320,

7£1 4 = 13487/108, 7E15 = 261523/1728, 7£1 6 = 27289/120,

7E17 = 6785/36, 7£1 8 = 6766/54, 7Ei9 = 75599/540,

7£2 0 = 17009/720, 7£2 1 = 148093/1440, 7£2 2 = 38301/360,

7£2 3 = 163759/1440, 7£2 4 = 2249/180, 7£2 5 = 1705/192,

lEm = 267/48 (m = 26, 27, 28),

(3.22) 6D? = 1/15 (i = l ,2 ,3 ,5 ,6 ) , 6DJ = 6/55 0 = 4, 7), 6D%= -2173/2640,

6D^ = - 3053/1320, 6D?0 = - 317/220, 6D& = - 493/110,

6D*2 = - 437/880, 6D* = - 223/220 (fc = 13, 14, 15).

If yn+1 is accepted as an approximation to y(xn+1), then k5 can be used as ki

in the next step of integration.

Added in proof: After the submission of this work, we learned that M.
Nakashima has obtained independently an optimal pseudo-Runge-Kutta method
of the third kind of order 5 for r = 3.
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