HIROSHIMA MATH. J.
11 (1981), 247-254

On pseudo-Runge-Kutta methods of the third kind

Hisayoshi SHINTANI
(Received August 19, 1980)

1. Introduction

Consider the initial value problem

(L.1) y =f(x, ), y(xo0) = Yo

where the function f(x, y) is assumed to be sufficiently smooth. Let y(x) be the
solution of this problem, ‘

(1.2) X, = Xo + nh (n=1,2,.,h>0)),

and let y, be an approximation of y(x,) obtained by some appropriate method.
We are concerned with the case where a pseudo-Runge-Kutta method is used for
computing approximations y; of y(x;) (j=2, 3,...).

Byrne and Lambert [1] introduced pseudo-Runge-Kutta methods of order
r+1 (r=2, 3) of the form
(1.3) Va1 = Yu t h X5y (Dikin + qikin-1) n=1,2..),
where

kim=f(Xn + a;h, y, + h T4 byik; ) i=12,..,r;m=0,1,.),

a; = 0’ a; = Z_l;;l] bij (l = 29 3"-" r)a
and p;, q; (i=1,2,...,r) and b;; (i=2, 3,...,r; j=1,2,...,i—1) are constants.
Gruttke [3] has shown that such a method exists also for r=4.

Costabile [2] considered pseudo-Runge-Kutta methods of the second kind
of the form

(14) .Vn+1 = yn + h 25=o piki (n = 1, 2,--')’
where
kO =f(xn—-1’ Yn- 1)’ kl =f(xm yn)a
ki =f(x,, + aih, y,, + h Z;;l bUkJ)’ a,- = Zj_:%) b” (i = 2, 3,..., r),

and p; (i=0,1,...,r) and b;; (i=2,3,.,r;j=0,1,..,i—1) are constants.
Nakashima [4] proposed those of the third kind which are of the form (1.4) with
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ki = f(x, + ah, y, + h Zi2h bk + c(Vy — Yn-1))»
a; = Z_’,;l bij + ¢ (l = 2, 3,..., r),

¢; and b;; (i=2, 3,...,r; j=0, 1,..., i—1) being constants. It is known that a
method of each kind of order r+1 exists for r=2, 3.

The object of this paper is to show that for r=2, 3 there exists a pseudo-
Runge-Kutta method of the third kind of order r+2 which embeds a two-step
method of order r+1, and to show that for r=4 we can construct a pseudo-
Runge-Kutta method of the third kind of order »+2 and also a two-step method
of order r+1 by incorporating the first value of f in the next step of integration.

2. Preliminaries

Let
2.1) X, = Xo + nh (n=1,2,...,h>0),
(2.2) Ynt1 = Yn+ hP(Xp, Vs Va3 ) (n=1,2,...),
(23) DXy, Vs Yn-13 B) = Zlopiki  (r=2,3,4),
(2.4 WXy Vi Yn-15 B) = 215 qiki + (¥ — Yu-1),

where h is a stepsize,

kO =f(xn—1’ yn——l), kl =f(xm Yn),
ki = f(x, + aih, y, + h X2 bijk; + ci(yn — Vu-1)) (=2,3,...,7),
kpi1=f(Xns15 Yus1)>

(2'5) Z;;}) bij + ¢ =q (l = 2’ 3,---3 r),

q,+1=0 if r#4, and the starting value y; is computed by some appropriate

method.
Denote by y(x) the solution of (1.1) and let

(2.6) T(x; h) = y(x) + hd(x, y(x), y(x — h); h) — y(x + h),
2.7) t(x; h) = t(x, y(x), y(x — h); h),
28) 1, = t(Xp Y Yn-15 h),
(29) e=—2bjy—c;+23'Zha;b; (i=234),
gi = 3byo + ¢; + 3 iz adby;,
li= —4byy — ¢; + 4 X5} a3by,

m; = SbiO + C; + 5 Z;_:lz a?bijﬁ
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Ujj = (ej - a%)bij, v =9 — ai’)bij, Wi = (lj - a‘})bij

(i=3,4;,j=2,3,...,i — 1).

Let D be the differential operator defined by

(2.10)

and put

- 0 g -
D_-gx—'l—kWa k_f(xmy(xn))

(2.11)  Dif(x,, y(xn)) =TI, Dif(x,, y(x,)) = §7, DI, (x,, y(x,)) = R/

(.] =1, 2’”-)’ (Df)z(xm y(xn)) =P, (ny)z(xm y(xn)) = Q,
(sz)z(xm y(xn)) = U, fy(xm y(xn)) =fy’ fyy(xm y(xn)) =fyys
fyyy(xm y(xn)) =fyyy'

Then T(x,; h) can be expanded into power series in h as follows:

(2.12)

where

(2.13)

T(xy; h)=Aghk + A;h2T + (h3)2) (A5 T2+ Ao f,T) + (h*/31) (B, T
+3B,TS+ By f, T2+ B, f2T) + (h5/41) (C, T*+6C,TS? + 4C, TS
+3Cof,,P+ Csf,T3+ Cof2T2 + C1f3T+ Cof,TS) + (h5/51) (D, T
+10D,TS3+ 10D, T2S? + 5D, T3S+ 10D £, TT?+ 15D¢PR + 15D, TQ
+ D f,f, P+ Dof,TS2+D1of,TS+Dy f2TS+ Dy, f, T4+ D, f 2T
+Dyof3T2+ Dy s f4T) + (h7/61) (E, T6 + 15E, TS* + 20E, T2S3 +
1SE,T3S2 + 6E; T*S +45E¢PR? + 15E, f,, TP+ 60E; TT?R +
10E, f,,U +15E, o f, TT?+ 24E, , T?Q + E,,TSS? + E, f, PS+
Eyof,f, TT2 + Eysf2f, P+E o f,TQ+Ey~f,PR+E;of,TS*+
Eyof, T2S? + Eyo f, T3S+ Ey f2TS? + E,, f2T2S + E,, f3TS +
Ep T3+ Egsf3T*+Eye f3T3+Eyr f3T?+ Eps f3T) + O(h®),

Ay =23%=0p;— 1, Ay=—po+Zap;,—1/2,

Ay = pot+2Zaipi—1/3, A4=po+Zep;—1/3,

B, = —po+Zaip;—1/4, B, = —po+Zae;p;—1/4,

By = —p,+2g;pi—1/4, B,=B3;+33Y'_; >izi UjDjs

Cy = po+Zatp;—1/5, C,=po+Zatep;—1/5, C3=po+Zaygpi—1/5,
Cy = po+2Zeip;—1/5, Cs = po+2ZLip;—1/5, Co = Cs+4 X" >izs VikPjs
C; = Co+12u3,b43ps, Cg=4C3+3Cs+12 ¥ %3 T iz (a;+aupup;,
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D, = —po+Zaip;—1/6, D, = —po+Zajep;—1/6,

D3 = —po+Zaig;p;—1/6, D, = —po+Za;l;p,—1/6,

Ds = —po+ZXeg;p;—1/6, Dg= —py+Za;e?p,—1/6,

D, =D +43%5.3 3iz} a;a Ui P,

Dg = 10D5+3D;,+15 Y53 Tiz3 (e, +af +2e))up;,

Dy =10D3+6D;,+30 X %_5 S iz (a2 +ad)uip;,

Dy =5D,+4D,+20 Y3 izh (a;+a)viup),

Dyy =Dyo+3Dy4+60(a3+as)uszbs3pa, Dia=—po-+Zm;p;—1/6,

Dy3=Dy3+5% %= iz WiPjy D14 =Dys=D;3+2003,b43p4
and i ranges from 2 to r. Also #(x,; h) can be expanded as follows:
(2.14) t(x,; h) = A¥hk + A¥h?*T + (h3/2)(A3T?+ A% f,T)

+ (h*/3)(B¥T? + 3B3TS + B3 f,T>+ B} f2T) + -,

where
(2.15) AY=37tbq;+s, A3 = —qo + Zagi + G4y — 5/2,

AY =4qo + Zalq; + qy+y +5/3, AL =qo + Zegi + Gruq + /3,

Bf = —qo + Za}qi + q,41 — 5[4, Bf = — qo + Zaeq; + 4,41 — 5/4,
Bf = —qo + 2g:q; + qr+1 — 5/4, BY = BY +3 X053 Tiziuua;
and so on.
Let

(216) d;=aja;+1b; (=3,42=5j=5i—1).

Then from (2.9) it follows that
li=—e¢—2g;+ 234 (2a;+1)d;; (i=2,3,4),
m; = 2e; + 3¢g; + 2 '24 (5a% — Sa; — 4)d;;,

2.17) by =€+ g; — iz aj(3a;+2)b;;,

(2.18) ¢;= — 3¢, — 2g; + 6 Xizh d;.

3. Construction of the methods

We shall show the following

THEOREM. For r=2, 3, 4 there exist formulas (2.2)‘and (2.4) such that
T(x,; h)=0(h"*3) and t(x,; h)=O0(h"*?) respectively.
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3.1. Caser=2
The choice 4;=B;=0 (i=1, 2, 3, 4) yields
(3.1) a, =7/10, by = 833/1000, by, = 2023/1000, ¢, = — 539/250,
(32) Y41 = Yo+ h( — Tky + 221k, + 500k,)/714,
(33) 5C;=-524(i=1,2,3,4), 5C;=-31/6 (j=5,6,7), 5Cg= —49/3.
This method has been obtained by Nakashima.
Choosing A¥=0 (i=1, 2, 3, 4) and s=1/2, we have
(34) t,= h( — 287ky — 527k, + 100k,)/1428 + (¥, — Vu-1)/2,
(3.5) 4B¥=2/5, 5C¥=—101/240(i=1,2,3,4),
5C¥ = —11/12 (j =5,6,7), 5C§ = — 133/30.
The method (3.2) is of order 4 and the method z,,;=y,.+1, is of order 3,
so that the difference ¢, of the two methods is available for stepsize control.
3.2. Caser=3
The conditions 4;=B;=0 (i=1, 2, 3,4) and C;=0 (j=1, 2,..., 8) yield
(3.6) e=a? g,=a} (i=2,3), 27 — 35(a, + a;) + 50a,a; =0,
3opi=1, —potayp,+azps;=1/2, 12a,(a,+1)(a,—a;3)p,=7—10a;,
12a3(a3+1)(az—az)ps =7 — 10a,, 60(2a,+1)d3, p3 = 31,
(3.7) 600D;=25(a,+a3)—31 (i=1,2,3,5,6), 60D;=62a;—49 (j=4,7),
60D,, = (155a3 — 5a, — 49)/(2a,+1),
60D, = — (160a,+49)/(2a,+1) (k = 13, 14, 15) Dg = 10D, + 3D,,,
Dy = 10D, + 6Dy,, D,y =5D, + 4D, D;; = Do + 3Dy;.
The conditions A¥=B¥=0 (i=1, 2, 3, 4) lead to

(3.8) Xloqit+s=0, —go+ aq,+ asq; =s/2,
12a,(a, +1)(a,—as)q, + Qa;+1)s =0,
12a3(ay+1)(az—az)g; + (2a,+1)s =0,
(3.9) 5C* = 25a3 — ay — 2s/(7 — 10ay) (i = 1, 2, 3, 4),
5C¥ = —4Q3a,+1)s/(7—10a,) (j=35,6,7), C§ = 3CYf + 4C%.

For a,=1/5 and s= —1/2 we have
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(3.10) a,=1/5, byo=6/125, by, =36/125, c, = — 17/125, a,=4/5,
bso= —2214/4375, by, = — 154444375, by, ="558/175, c,=T208/4375,
(B.11) yyuq = ¥, + hQko — 81k, + 750k, + 625k,)/1296,
(3.12) t, = h(398ky + 2673k, — 1950k, + 175k3)/2592 — (¥, — yu—1)/2,
(3.13) 6D, = —3/50 (i=1,2,3,56), 6D;=3/50 (j=4,7),
6Ds = — 699/70, 6D, = — 678/35, 6D,, = — 2157/70,
6D,, = — 1686/35, 6D,, = — 219/70, 6D, = — 81/14 (k = 13, 14, 15),
(3.14) 5C*=2/5 (i=1,2,3,4), 5C*=16/25 (j=5,6,7), 5C§=94/25.

3.3. Caser=4
If we impose the condition a,(a,+1)#0 and choose

A;=B;=0(=1,23,4), C;=0(=12..,8), D,=0(k=1,2,..,15),

then we have

(3.15)  bazbss(as—az)ps #0, e,=a}, g;=4a}(i=23,4), a,=1,
S—8(ay+asz) +15a,a3 =0, 4 op;=1, —po+ Ttapi=1/2,
60a,(a,+1)(a;—1)(a,—a3)p, = 15a; — 8,
60as(a;+1)(az—1)(as—a,)ps = 15a, — 8,
120(1 —ay)(1 —az)ps = 27 — 35(ay+a3) + 50a,as;,
120(1 —a3) (2a, + 1)d3,ps = 13,
60(3+5a,+5a3+10a,a3) (a3 —ay)d,sps = 49 + Sa, — 15543,
1201 —a3) [(2ay +1)d4, + Qaz+1)dss]ps = 49 — 62as;.

The choice Af=B¥=0(i=1, 2, 3,4) and C¥=0(j=1, 2,..., 8) yields

(B.16) X3-0q;+5=0, —qo+ Xt,aq; + g5 =5/2,
60a,(a,+1)(a,—1)(a;—a3z)q, = (15a3+8)s,
60az(as;+1)(as—1)(as—ajy)q; = (15a,+8)s,

120(1 —a3)(1—a3) (g4 +4gs) = (3+5a,+5a3+10a,a5)s,
(2a,+1)d32q3 + [2az+1)dy, + (2a3+1)das]qa + 295 + s/60 =0,

(3.17) D¥ =4(ay+a3)s/15(i=1,2,3,...,6),

D% = 2(a3;—1)(2a,+1)d3,q9; — 5/20 (j =4, 7),
Dy=a,(5a;+3)d3,q3+[ax(5a;+3)ds; + as(5as + 3)dy31q4 +495— /60,
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Df=—2a,d;3,q93—2[a,d4, +a3ds3—5(2a;+1)d;3,b43194 + 495 —5/60

(k =13, 14, 15), D§ = 10D¥ + 3D%¥,, D¥ = 10D} + 6D},
D¥, = 5D} + 4D%,, D% = D¥, + 3D%,.
For a,=1/6 and s=1/20 we have
(3.18) a, =1/6, by, =7/216, b,, =49/216, c, = —5/54, a;=2/3,
byo = — 2615/8316, by, = — 3065/1188, b;, = 195/77, c¢; = 611/594,
a,=1, by =2399/1708, b,, =2821/244, b,, = — 3825/427,
bys =99/61, ¢, = — 565/122,
(3.19)  Yy+1 = Yu+ h(ko—35k, +1728k, +2079k; +427k,)/4200,
(3.20) t, = h(—1111ky— 15715k, + 15552k, — 3969k + 1043k ,)/84000
+ 13h(ks—ks)/220 + (¥5— Ya-1)/20,
(3.21) 7E;=19/1080 (i=1,2,3,6,7,8,9), 7E; = —1/36 (j = 4, 10),
7E, = 3571/5760 (k = 5, 11), 7E;, = 3371/160, 7E,; = 3171/320,
7E,, = 13487/108, 7E,s = 261523/1728, 7E,, = 27289/120,
7E, = 6785/36, TE,s = 6766/54, TE, = 75599/540,
7E,, = 17009/720, 7E,, = 148093/1440, 7E,, = 38301/360,
7E,5 = 163759/1440, 7E,, = 2249/180, 7E,s = 1705/192,
7E,, = 267/48 (m = 26, 27, 28),
(3.22) 6D¥=1/15 (i=1,2,3,5,6), 6D¥=6/55 (j=4,7), 6D§=—2173/2640,
6D} = — 3053/1320, 6D}, = — 317/220, 6D¥, = — 493/110,
6D¥, = — 437/880, 6D% = — 223/220 (k = 13, 14, 15).

If y,+, is accepted as an approximation to y(x,. ), then ks can be used as k;
in the next step of integration.

Added in proof: After the submission of this work, we learned that M.
Nakashima has obtained independently an optimal pseudo-Runge-Kutta method
of the third kind of order 5 for r=3.
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