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1. The statement of results

In this note, we study a relation between the pure braid groups P, and the

Milnor ji-invariants of links, and shall prove the mod p residual nilpotence of P,.
Let

Xp={(X1,-.., X)) €C*| x; # x;if i # j}

be the configuration space of C. Then the symmetric group S, of degree n acts
freely on X, by the permutation of the coordinates. Let Y,=X,/S, be the
quotient space by the action of S,. Then we have

(X,) =n(Y) =0 (i=2)
and the exact sequence
11— Tcl(Xn) - Tcl(Yn) I Sn — 1.

DEerFINITION 1. 7,(Y,) (resp. m,(X,)) is said to be the braid group (resp. the
pure braid group) of degree n, and is denoted by B, (resp. P,).

In fact, B, coincides with Artin’s braid group of the equivalence classes of
braids (see [1]).

For any braid b e B,, let b be the closed braid of b (see [1]). If beP,, then
b is a link of n components in S3.

DEFINITION 2. Put
P, ={beP,|ii;i)(B) =0 forany k<g},
PP ={beP,|i(i,i)(b)) =0 modp forany k< q}
where ji is the Milnor ji-invariant of links and p is a prime (see [2]).
Then we can prove the following
THEOREM 1. (i) P,, is a normal subgroup of B, and therefore of P,.
(ii) [Png Pny]<=P, g+, ([, ] denotes the commutator group).

(i) Ny Pp,={1}.
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THEOREM 2. (i) P is a normal subgroup of B, and therefore of P,.

n,q

(i) [PL), PO] < PP,
(i) bePP) =b’ePP).

(iv) N,PP ={1}.

By these theorems, we see immediately the following

COROLLARY. P, is residually nilpotent and moreover, mod p residually
nilpotent, i.e. P, is embeddable into the product of finite p-groups for any
prime p.

2. Some known results

Let F, be the free group of rank n with free generators x,..., x,. Then
Facr 1. We have a monomorphism ¢,: B,— Aut(F,) given by

(0 (x) = X4 1, B0 (X,41) = XTHXiXi 41

bulo) (x) = x; (G& i, i+ 1)),

where 6;,(1<i<n-—1) is the generator of B, defined by the following braid

1 i+2 n-—1 n

DerINITION 3. For a group G, let I',G (resp.I'”’G) be the ordinary
(resp. mod p, or, restricted) lower central series of G (p: a prime). This sequence
is characterized by the property that this is the minimal sequence {G;} of subgroups
of G which satisfies the following conditions (i) and (ii) (resp. (i), (ii) and (iii)):

(i) Gl = G’ (ll) [Gms Gn] < Gm+m
(ili) x€G,=xPeG,),

Facr 2. For any beP, there are words f;=f(xy,..., x,)€F, (i=1,..., n)

such that

Bu(b) (x;) = x[iGrxn) (xS = f~1xf)

and the sum of the exponents of x; in f; is zero. Such an f; is unique.
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The above equality is called the “standard presentation” of b or ¢,(b).
Moreover, for any beP,, :

beP,, <> f(xy,..., x,) €I F, for any i,
be PP & f(x,,..., x,) e [PF, for any i.

This follows from the definition of the f-invariant since the link group
G=n,(S3—b) for b e P, has the presentation

G = {xl""! xnl(xi’f;') = 1 (l = 17"-9 n)}
and x; and f; are the meridean and the longitude of the i-th component of b.
Let Q=U(Z,[[[vy,..., v,]1]) be the unit group of the non-commutative formal

power series ring on variables v,,...,v, over Z,, and ¥: F,—Q, ¥(x;)=1+v;, be
the mod p-Magnus expansion. Then we see the following

Factr 3 (Zassenhaus [3]). For any xeF, xe Fg‘”F,,c Y(x)=1+(terms
of degree>q).

3. The proof of Theorems

We shall only prove Theorem 2 since the proof of Theorem 1 is similar to
and more simpler than the proof of Theorem 2.

PrROOF OF (i) IN THEOREM 2. The normality is clear since the closed braids
of b and b* are equivalent for any a and b € B,

Let b, ce P, ¢,(b)=B, ¢,(c)=C, and B(x;)=x{i, C(x;)=x{ be the stan-
dard presentations of b and c¢. Then BC(x;)=B(x?)=x{i€@), The multi-
plicative closedness of P{) follows from Facts 2 and 3 since I'{"’G is a characteri-
stic subgroup of G. Let B™!(x;)=x!: be also the standard presentation. Then

xi = BB_I(x,-) = x{‘B(hi), hi = B_l(.fl)
and hence b~ € P(P),.

PROOF OF (ii) OF THEOREM 2. Let be P?), ce P(P), and B, C, f;, g; be as

above, and (B, C)(x;)=x!:, where (B, C)=B~!C~!BC, be the standard presenta-
tion. Then we have

x{iB(e)) = B(x?1) = BC(x,) = CB(x"t) = C(x]iBh1)) = x9:CJCBh),
and hence f;B(g;) = 9:C(f)CBhy),

CB(h) = C(fi7 )9 \fiB(g) = C(f)~fi(fi» 99, B(g)) -
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Since (f;, g;) € I'®,F,, we have only to show that C(f)~f;e'®,F,. Let C bea
lifting of the automorphism C of F, to a ring automorphism of the Magnus algebra
Z [[[v,..., v,]1]. In fact, C is a substitution of v;,+(terms of degree>r+1)
for v;. Since ¥(f;) =1+ (terms of degree > q), P(f,) = P(C(f)) = C(¥(f)) mod (deg
>q+r), and therefore C(f;)"'f,e 'R, F,.

PROOF OF (iii) IN THEOREM 2. For be P, let B and f; be as above and let
Br(x;)=x{: be the standard presentation. Then we have the following by
induction on j:

Bi(x;) = x[1BUNB(S ) BI~ (o)

which shows g,=f,B(f):--BP~(f;)). Therefore we have (iii) by the following
implication:
fieTPF,=—>g,eT®F,.

This is proved as follows: If B is a lifting of B to the automorphism of the
Magnus algebra, then we can show that

YBI(fD) = B = 1+er+( ] Jeat ot e (@eg ey 2 qh),

for f;e 'PF,, by induction on j. Therefore the above implication follows from
the following combinatorial lemma.

LEMMA. Let ¢; be a homogeneous element of degree i of a graded algebra
over Z, (not necessarily commutative). Then the homogeneous part of degree

k (0<k<p) of
lp;& (1+Cl +( li >Cz +"'+< ;: >Ci+1>

vanishes.

This lemma is proved by an elementary computation of binomial coeffi-
cients.

PROOF OF (iv) IN THEOREM 2. We shall prove (iv) by induction on n. It
is true for n=1. Assume that it is true for n—1. For any be N, Pf,{’fl, let
by be a restriction of b to P,_;. By the inductive assumption, by=1€P,_, is
clear. Then the n-th component of b represents an element o of 7,(S3—b,)~
F,_,. If a is not straight, then there is some non-zero mod p fi-invariants since

NgTPF,_ ={1}. Therefore a=1, and b is trivial.
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