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1. Introduction

In this paper we are concerned with nonlinear evolution equations of the
form

(E) (d/dtu(t) € — 0¢*(u(®)),  t>0,

where ¢*, 0=<t=< o0, are proper, l.s.c. (lower semi-continuous), convex functionals
on a Hilbert space H, d¢* is the subdifferential of ¢* for t=0 and u stands for an
H-valued unknown function on [0, o). By a (strong) solution of (E) we mean a
function u in W};1([0, c0); H) such that

¢)(u(-)) e L}, (0, )

and
— (d/dtyu(t) € 0¢*(u(y)) forae. t=0.

So far the existence and uniqueness of solutions to (E) have been discussed under
various smoothness assumptions on the mapping t—¢@*(-). For instance, see
[7]and [11]. Our objective here is to discuss the asymptotic behavior of solutions
to (E). In fact we shall show the strong limit

(1.1) s—lim.,u®) in H

exists for each solution u of (E) under suitable assumptions and investigate
geometric properties of the limits. The assumptions which will be imposed on the
family {¢'} are stated as follows:

(i)  F(¢)(={xeH; ¢'(x)=min ¢*}) is non-empty and independent of
t20.

(ii) For each £¢>0 there exists a number §(¢)>0 such that dtst (x, F)<¢
whenever ¢'(x) < () for t=0, where F = F(¢°); or else :

* (i)’ there exist a number ¢=1 and a proper, ls.c., even, convex functional
¥ on H such that y(x) < ¢*(x) S cy(x) for xe H and t20.

Suppose for the moment that a family {¥*}={¥*; 0<t< o0} of proper l s.c.
convex functionfils on H is given, and that the associated evolution equation -
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(1.2) (d/db(t) e — P (u(f)), t >0,

has at least one solution on [0, c0). Taking any but a fixed solution w of (1.2)
we may define a new family {¢*} of proper ls.c. conves functionals on H by

(L.3)  ¢4(x) = P (x+(t)) + (0'(t), x) — P (w(t)) for xeH and t=0,

where ’(f)=(d/dt)w(t) and (-,-) stands for the inner product of H. Then
00! (x)=0¥*(x+w(t))+w'(t) for t=0 and it is seen that v is a solution of (1.2)
if and only if u=v—ow is a solution of (E). Therefore, if the family {¢*} defined
by (1.3) satisfies our conditions (i), (ii) (or (ii)") then the strong limit (1.1) of
u=v—o exists, and it will be concluded that v is asymptotically equal to w+
const. This situation is particularly interesting in the case where w is a periodic
solution of (1.2), and the present work was motivated by this observation.

Our results are applicable to the investigation of the asymptotic stability
of solutions of nonlinear parabolic partial differential equations, and some of the
applications will be discussed in the forthcoming paper [10].

2. Main results

Let H be a real Hilbert space with inner product (-,-) and norm | -|. For
a point x in H and a set C in H we denote by dist (x, C) the distance between x
and C. ‘

Let {¢*}={p*; 0<t<oo} be a family of proper lLs.c. convex functions
@' on H. We denote by 0¢* the subdifferential of ¢* and refer to the book -of
Brézis [3] for basic properties of proper l.s.c. convex functionals and their sub-
differentials. Also, by F(¢!) is mean the set of all points at which ¢* attains the
minimum, i.e.

F(p") = {xe H; ¢'(x) = min ¢'}.
We now consider the evolution equation
(B) w'(t)e —d'(u(®), t>0,

where u'(f)=(d]/d?)u(t) and the definition of solution of (E) was given in Section 1.
The main results of this paper are then stated as follows:

THEOREM 2.1.  Suppose the following conditions hold:

(Al) F(p")=F=xg (i.e., F(¢*) is a non-empty set F independent of t) and
min ¢*=0 for any t>0.

(A2) There exists a non-negative measurable function a(-) defined every-
where on [0, co) such that '
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@1 (7 atr = oo

and such that for each ¢>0 there is a number §=05(g) >0 satisfying
2.2) dist(x, F)< e for x€\Ugg{xeD(p*); (p?(x) < éa(r)}.
Then, for each solution u of (E), we have
s — lim,, , u(t)eF,
that is, u converges strongly in H to some point of F as t—c0.

It is well-known (cf. [4]) that any solution of (E) converges strongly in H
as t— oo if ¢ is independent of ¢ in the sense that ¢*=¢ for t=0 and if the set
{xe H; ¢(x)< A} is compact in H for some A>min ¢. The above theorem is a
generalization of this useful result. '

REMARK 2.1.  Condition (A2) follows from the following simpler condition:
(A2)’ There are a non-negative measurable function a(-). everywhere
defined on [0, c0) and a continuous function f on [0, c0) such that .

S': a(Hdt = ©

f0O=0, fr)>0 for r>0,
and
a(f)f(dist (x, F)) < ¢'(x)  for xeD(¢?) and t> 0.

THEOREM 2.2. Suppose the following conditions hold:
(B1) D(¢*)>D(¢") for s, t=0 with s<t, and there exists a proper l.s.c.
convex functional ¥ on H such that

F(o")=FW)(=F)+ ¢ and ming'=miny =0 for t>0.

(B2) There exist a number c>1 and a positive and measurable function
b(-) defined everywhere on [0; o) Such that™

S: b(t)dt = w0,

(2.3 —c1D(p") <=-D(¢?) for t>0
and
2.9 b (x) < ¢'(x) < b(Y(—cx) for t>0 and xeD(p").

Then, for each solution u of (E), we have
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s — lim,.,, u(t)eF.

REMARK 2.2. If in Theorem 2.2, ¥ is even (i.e. Y(x)=y(—x) for xe H) and
satisfies

2.5) b(OY(x) < @'(x) < eb(Y(x) for t=0 and xeD(¢pY),

then (2.4) holds. In fact, since min Y =y(0) =0, it follows that
c(x) = ey(c™Tex+c (e —1)0) < Y(ex) = Y(—cx),

so that (2.4) follows from (2.5).

In [4] it was proved that if ¢ is a proer, l.s.c., even, convex functional on H,
then every solution of u'(t) € —dp(u(t)), t>0, converges strongly in H to some
point of F(¢) as t—oo. This result is a special case of the following corollary to
Therem 2.2.

COROLLARY to THEOREM 2.2 (cf. [6], [9]). Let ¢ be a proper l.s.c. convex
functional on H such that there are a number ¢>1 and a proper ls.c. even
convex functional y on H satisfying o e

Flo) =F@y)=F, ming =miny =0, —c'D(p) = D(p)
and
Y(x) < o(x) < cf(x)  for xeD).
Then, for each solution u of u'(t) e —dp(u(t)), t>0, we have
s — lim,,, u(t)eF.

REMARK 2.3. We note that a solution u of u'(t) e —dp(u(t)), t>0, does not
necessarily converges in the strong topology of H as t— oo under the following
assumption which is more general than that imposed in the above corollary:
There are proper l.s.c. convex even functionals ¥/, ¥, on H such that

F(p) = F(y,) = F(¥,)
and
¥i(x) < @(x) < Yy(x)  forany xeH.
In fact we shall give a counterexample in Section 5. Thus the relation V()=

c,(+) with ¢ =1 is essential for solutions of (E) to converge strongly in H as t— o,
and this fact is also seen from the proofs of Theorem 2.2 and its corollary.
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3. Proof of Theorem 2.1

We first prepare two lemmas which will be used both in the proof of Theorem
2.1 and in that of Theorem 2.2.

LeMMA 3.1. Assume min ¢*=0 for each t>0 and N, F(¢*)x@. Let u
be a solution of (E). Then |u(f)—y| is decreasing in ¢t and converges as t— o0
for each y € N> F(¢*), and ¢(u(-)) € L1(0, o).

PROOF. Let y€ N0 F(¢*). Then by the definition of subdifferential
@' (s), u(s)—y) < @*(y) — @*(u(s)) = — @*(u(s))

for a.e.s>0. Hence we see that
T
271 u(T) =312 + | o u(e)ds < 271 Ju() - yI?

holds for each pair ¢, T with 0<¢< T, and this completes the proof.

LEMMA 3.2. Let C be a non-empty closed convex subset of N,sq F(¢?),
and let P; be the projection from H onto C. Let u be a solution of (E). Then
v(f) = Pcu(t) converges strongly in H to some point-of C as t— o0, and moreover,
|lu(®)—ov(t)| is decreasing in ¢>0.

PrOOF. Let t>0 and h>0. Then by the definition of v and Lemma 3.1
we have

(3.1 lu(t+h) — v(t+h)|| < llu(t+h) — o] < [lu(®) — ()]

This implies that |Ju(t)—uv(t)| is decreasing in t and converges as t—00. On the
other hand, the parallelogram law yields

(3.2) lo(t+h) — (D)2 + 412~ (ot + h) + o(t)) — u(t+h)|?
= 2lo(t+h) — u(t+h)[|> + 2[lv(t) — u(t+ h)|.
Since 2~ Y(v(t+ h)+v(t)) € C, we have
(3.3) [o(t+h) — u(t+h)| < 2= 2ot +h) + o(2)) — u(t+h)| .
Combining (3.1), (3.2) and (3.3), we obtain
lo(t+h) = o()]1? < 200(8) — w@D|? = 2lo(t+h) — u(t+ b1

Letting t— o0 in this inecjuality', we can conclude that v(f) converges strongly 1n
H to a point of C as t—.00: . Q.E.D.
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PrOOF OF THEOREM 2.1. Let u be a solution of (E). First Lemma 3.1
implies that ¢@()(u(-))e LY(0, o0). Next, given &¢>0, take a positive number
0=0(¢) satisfying (2.2) in (A2). Then we see from (2.1) in (A2) that the set

{t = 0; '(u(t) < da(}
is non-empty. Hence inf,. dist (u(f), F)<e¢, and so
34 inf,5q dist (u(t), F) = 0.

Also, according to Lemma 3.2, v(f)=Pru(t) converges strongly in H to some
zeF as t—o0 and |u(t)—uv(?)|| is decreasing in t. Therefore, noting (cf. Lemma
3.1) that |ju(t)—z| is decreasing in ¢, we infer from (3.4) that

lim,, o u(?)—z|| < lim,.,, (lu(®) — ()] + [lo(2) — z])
= lim,., o, u(?) — v()]| = infzollu(t) — v(D)]
= inf,5 ¢ dist (u(t), F) = 0.

Thus s—lim,_,, u(t)=z € F.

4. Proof of Theorem 2.2

Throughout this séction suppose all of the assumptions of Theorem 2.2 hold.
Let u be a solution of (E). Then ¢ (u(-))e L0, c0) by Lemma 3.1 and

N b(t)dt= oo by assumption. - Hence, for each integer n=1, 2,..., the inequality
o
¢*(u(t)) <n=1b(t) holds for ¢ in a subset of [0, co) with positive measure. Put
t, = inf {t > 0; ¢'(u(t)) < n~1b(1)} for n=1,2,....
Then

0<t, <o and t,<t,,, for n=1,2,....

With regard to the sequence {t,} there are two cases listed below:
(a) {t,} is bounded, i.e. t, 1t T for some T=0 as n—o0;
(b) {t,} is unbounded, i.e. t, T 00 as n— 0. _

We then show the assertion of Theorem 2.2in each of the above cases.
Case (a). In this case there is a sequence {s(n)} such that

t, < s(n), u(s(n)eD(es™), s(n) 1 T and @*™(u(s(n))) < n=1b(s(n)).
From the lower semi-continuity of { and (2.4) in (B2) it follows that

Y((T)) < lim inf,, 7 Y(u(®) < liminf,. , Y(u(s(n)))
< liminf, ., b(s(n))~1@*™(u(s(n))) < lim,.,n~! = 0.



Asymptotic behaviro of solutions 271
This shows u(T) e F since min =0 by (B1). Hence u(t)=u(T) for all t>T by
Lemma 3.1 and s—lim,_, , u()=u(T)€eF.
Before proceeding to the second case (b) we prove the following lemma.
LemMma 4.1. O€eF.

ProOF. Let ¢ be any non-negative number. Then from (2.3), (2.4) in (B2)
it follows that

0=c(l4+c)"(—c x) + (1+c¢)~xe D(¢*) = DY)
and
Y(—c™'x) < Y(x)
for any x e D(¢*). Therefore, for any x € D(¢*),
¥(0) = Y(c(1+c)~1(—c™'x) + (1+¢)"'x)
< cl+o) " W(—c 1x) + (1+)"W(x) < Y(x),
so that the application of (2.4) again. gives

¢'(0) = b(W(0) < b(W(x) < ¢*(x)  forany xeD(¢").
This means that 0 e F(¢*)=F.

We next consider
Case (b). In this case we choose a sequence {s(n)} so that

t, < s(n), u(s(n) € D(¢*™), @*™(u(s(n)) < n~'b(s(n))
and
llu(t,) — u(s(n))|? < 1/n for n=1,2,3,....
Let n=1. Then assumption (B1) implies that
D(¢*) o D(¢5™) o — ¢~ 1D(ps™) for 0<t<s(n).
Hence it follows from (2.4) in (B2) and the definition of {¢,} that
@'(—c™u(s(n)) < b(OWY(u(s(n)) < b(D)b(s(n))~ ' *™(u(s(n)))
< n~ (1) < @'(u(d) for a.e. te€[0,¢,).
Therefore, by the definition of subdifferential, we have
(—u'(®), —ctu(s(n))—u() < ¢'(—c~'u(s(n)) — ') < 0
for a.e. te[0,1t,),
so that
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4.1) (=u'(t), —u(s(n))) < c(—u'(®), u(t) for a.e.te[0,¢t,).
It follows from (4.1) that

@2 (T - usm)I? = 2" (~u®, u() - u(sm)r
= 2" (—w), u) — wtsmpde + 2§ (~w ), u() - (st

S 201+9) [ (~u(®), u(D)dt + 2Ju(t) - u(sr)I?
< L+ NI = [P + 2

for 0ST<t, Since OeF by Lemma 4.1, we see from Lemma 3.1 that [u(s)| is
decreasing in s and converges as s— 00, and so we can deduce from (4.2) that the
strong limit

zo =8 — limy_ , u(T) existsin H.
Finally we show zo€ F. In fact, we have
¥(zo) < liminfr, o, Y(uw(T)) £ lim inf, ., ., Y(u(s(n)))
< liminf,, ,, b(s(n))~1@s™(u(s(n))) < lim,,,n~! = 0.

which implies zo e F. Thus the proof of Theorem 2.2 is complete.

5. Counterexamples

In this section we give two counterexamples which are related to the as-
sumptions of Theorem 2.2.

The next example says that the restrictions D(¢*)> D(¢%) for 0<s<t can
not be dropped in Theorem 2.2.

ExaMPLE 5.1. Let H be the space 2. Let {e;; i=1} be an orthonormal base
of H. Then we put

e(t) = cos(t—2"nn)e, + sin(t—2"nn) e,
and
L(t) = {re(t); re R}

for te[2-Y(n—1)m, 2-'nm), n=1, 2, 3,.... Now, given ¢>0, we define non-
negative proper l.s.c. convex functionals y and ¢*, 0<t< oo, by putting

Y(x) =2"1 32, ee, x)* for xeH,
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and
Y(x) if xeL(n),

0 otherwise.

@'(x) =

It is not difficult to verify that
(i) Y and ¢*, 0<t< o0, are even on H, and

F(¢*) = F(y) = {0} forany t=>0;

(i) Y(x)=¢*(x) for any x € D(¢*) (=L(t)) and t>0.
Therefore the family {¢*} satisfies all of the assumptions of Theorem 2.2 except
that D(¢*)> D(¢*) for 0<s<t. By virtue of the existence theoréem in [7] (or
[11]), there exists a unique solution u of (E) associated with initial condition
u(0)=e;. Also, it is shown after elementary computations that ||u(t)||>1—2en
for every t>0 if 0<e<4~ !z, which means that u(f) does not converge strongly
in H to 0 as t—o00.

Next we give a counterexample which is related to Remark 2.3.

ExAMPLE 5.2. We take the space H=I? and consider the functionals ¢,
¥, and ¥, on H which are defined respectively by

o(x) = 2521 a4 fxi Xiv1)s
Yi(x) = T2 049:(xi Xiv )
and

Ya(x) = Ty ahi(xi, Xi4 )

for x=(x;);>; €/2. Here a sequence {;},~; in R and functions f;, g;, h; on R?
are defined as follows:

{Tan~* (I€]/m}* (&> +n?)1/2 if >0 and & +9*<1,
J(& ) =( @2*O] + A (x/2*D~Yn|  if n<0 and 2 +92<1,
00 otherwise,
where
(i) = m2b(b—-1)/8, b = (log2)~1;
S A=) if 2 +92<1,

00 otherwise;

g(é, n) = I

(®/2*DUE] + 2D (72Ol if 2+ <,
hi(f, 'I) = [

otherwise;
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and {o;};5, is a sequence of positive numbers satisfying
(ERY) 21 {(@/2*® + A() (/22 D~} < o0.
First we verify the convexity of f; on R2. As was shown in [1], one has

(0/00)fU&, n) = {Tan™* (E/m}*D~1(E2+n?)~2[A()n + {Tan~ ' (/m)}],
(0/om) fu&, m) = {Tan™ 1 (E/m}*DO~1(E2+n?)~2[— 2D+ {Tan~ (¢/n)}n]
and
(0%/0E9)fA&, e + 2(0%[ocom) (&, mts + (B2/on*) (&, m)s* > O

for ¢€>0, n>0 with é2+#2<1,t,se R* and i>1. Hence f; is convex on {¢, 1);
£>0,n>0}. Moreover

grad fi(¢, 0) = ((n/2)*®), — A(i) (n/2)*®Y)
and
grad (0, n) = (0, 0)
for €, ne(0, 1). Thus f; is convex on R2.
Next, by the definitions of f;, g,, h;, we have
gl m) = g(—=& —m) < fil&, m) < h(&, m) = h(—=¢, —n)  for (L, n)eR?
and .
ming; = g;0,7) =0 for 0<9y<1,
min f; = £;(0, 0) =0,
min h; = h (0, 0) = 0.

Hence, noting (5.1), we see that ¢, ¥,, ¥, are proper l.s.c. convex functionals on
12, and that

D(p) = D(¥y) = D(Y3) = {(x)iz1 €125 x} + x},, < 1 for i>1},
F(p) = F(y,) = F(¥,) = {0},
Yi(x) = ¥i(—x) < o(x) < Yp(x) = Y(—=x)  for xel’

However, it is known (cf. [1; Lemma 6]) that there exists a sequence {a;} of
positive numbers satisfying (5.1) such that the solution u of u'(t) e —dp(u(t)),
t>0, with initial condition u(0)=(1, 0, 0,...) does not converge strongly in H
as t—oo.
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6. Further results on the strong convergence

The assumption (A2) of Theorem 2.1 is related to the compactness property
of ¢’, while (B2) of Theorem 2.2 is closely related to the evenness property of
¢*. They are quite different from each other. However the asymptotic strong
convergence of solutions of (E) can also be obtained under combination of these
two types of assumtions.

THEOREM 6.1. Suppose that there are a proper l.s.c. convex functional
Y on H, a closed subspace X of H, a positive measurable function b(-) everywhere
defined on [0, ) and a number c21 satisfying the following conditions:

(Cl1) D(¢p*)oD(¢*)  for s,te[0, ) withs<t, and

F(p')=FWY)(=F)x¢ and ming'=miny =0 for t=0.
(C2) Sm b(t)dt= o0 and for each >0 there is d=05(¢)>0 such that
0

(6.1) dist(x, FNX)<e for xe\U;s{xeD(®*) N X; ¢*(x) < b(2)}.
(C3) For the projection Py from H onto X we have
(6.2) bW (x) £ ¢'(x) < bW (—cx+(1+c)Pxx) for xeH and t>0.
Then, for each solution u of (E), we have
s — lim,_, , u(t)eF.

In the rest of this section suppose that all the assumptions of Theorem 6.1
hold.

LEMMA 6.1. (1) Y(Pxx)<Y(x) for any xe H.

(2) ¢@'(Pxx)<¢*(x) for any xe H and t>0.

(3) FnX=+g and Ppnxx=Ppox(Pxx) for any xe€ H, where Pp,x is the
projection from H onto F n X.

ProOF. By (6.2) in (C3) we have
6.3) V() < ¥(—cy+(1+c)Pyy) for yeH.
Let x be any point of H and put
y =c Y (14+c)Pyx — c~1x.

Then it is easy to see that Pyy=Pyx.
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Hence we infer from (6.3) that
6.4) V(e M1+ c)Pyx — ¢~ 1x) < Y(x).
Moreover, by using (6.4), we have
Y(Pxx) = Y(c(1+¢)"H{c (1 +c)Pxx — c¢™'x} + (1+6)7'x)
< c(l+e) W (1 +c)Pxx — ¢ 'x) + (14+0)~W(x)
< Y(x). |

Thus (1) holds. Next, since ¢*(y)<b(tW(—cy+(1+c)Pyy) for yeH by (6.2)
in (C3), we see by taking Pyx as y in this inequality that

(6.5 @'(Pyx) < b(t)y(Pyx).
Also, by (6.2) in (C3) and (1),
66 b(OW(Pxx) < b(OW(x) < ¢*(x).

The above inequalities (6.5), (6.6) yield (2). Finally we show (3). For this
purpose, we first note that if xe F(¢*)=F, then Pyxe F by (2). - This shows
FnX=xg. Moreover, from the properties of projections we see that

IPraxX — Prax(Pxx)|? < (PpaxX — Prax(Pxx), x — PxX)
= (Px(PraxX — Ppax(Pxx)), x — Pxx) =0 forany xeH,
which implies Ppny=PgqxPx.
Now, let u be any solution of (E). Also, we put
t, = inf {t > 0; @*(u(?)) < n~1b(1)} for n=1,2,...
Then, just as in the proof of Theorem 2.2, we see that
0<t,<oo and t,<t,.q,

and that {t,} satisfies

(a) {t,} is bounded,
or else

(b) {t,} is unbounded.

In case (a) holds, we can show in a way similar to the proof of Theorem 2.2
that s—lim,_, , u(t)=u(T) € F, where T=1lim,_, , t,.

We then suppose that (b) holds throughout the remainder of this section.
First we need the following lemma.
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LeEMMA 6.2. For n=1, yeH and T<t,,

(6.7) lu(T) = u(t)I* < A+ {lu(T)—yl* — llu(t) - yl?}
+2(1+¢) (u(t,) — u(T), Pxu(t,) — y).
ProOF. By the definition of ¢, we have
@5(u(s)) > n=1b(s) for 0<s<t,
Hence, using (6.2) in (C3), we get
@*(c™ (1 +)Pxu(t,) — c™1u(t,) < b(shy(u(t,))
< b(s) liminf,,, Y(u(?)) < b(s) liminf,,, b(t)~1¢*(u(t))
< b(s)n~' < @5(u(s)) ~ forany sel[0,t,),

that is,
(6.8) @S(c~ (1 +c)Pxu(t,) — ¢~ u(t,)) < @5(u(s)) for any se[O0,¢,).
From the definition of subdifferential and (6.8) it follows that

(—u'(s), c= (1 +c)Pxu(t,) — ¢~ u(t,) — u(s))

< (e~ (1 +c)Pxu(t,) — ctu(t,) — @%(u(s)) <0 forae. sef0,t,),
so that
(—u'(s), ——u(‘t,,)) < c(—u'(s), u(s)) + (c+1)(w'(s), Pxu(t,)) fora.e. se[0,t,).
This implies
69  (—u'(s), uls) — u(t,)
< (140 (—w'(s), u(s) — y) + (1+0) (w'(s), Pxu(t,) — y)
forae. se[0,t) and yeH.

Integrating (6.9) over [T, t,], we obtain (6.7).

LemMMaA 6.3. s—lim,., Pxu(t,)e F n X.

Proor First we show that
(6.10) dist. (Pxu(t,), F n X)— 0 as n—oo.
In fact, on account of the definition of {t,}, we can find a sequence {T(n)} such that

T(n) > t,, "™ W(T(M) < n~'b(T()) and |lu(t,) — w(T(M)| < 1/n.

Given £>0, take a number d=4(¢g) >0 as specified in (6.1). Then, using (2) of
Lemma 6.1, we see that
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@TM(Pyu(T(n))) < o™™W(T(n))) < n~'b(T(n)) for n=1,2,...
so that we infer from (6.1) of (C2) that
dist(Pyu(T(n)), Fn X) < ¢ forany n>d-1.
Therefore, by (3) of Lemma 6.1, we have
dist (Pxu(t,), F n X)
< dist (Pxu(T(n)), F 0 X) + |[Pxu(T(n)) — Pxu(t,)l
+ |Ppax(Pxti(T(n))) — Prax(Pxu(T(n))l
< dist (Pxu(T(n)), F n X) + 2[u(T(n)) — u(t,)|
<e+2n! forany n>6"1,

which shows (6.10). Next, we note that Pp,yu(t,) converges strongly in H to
some z € F N X as n— o0, which follows from Lemma 3.2. Since

[Pxu(ty) — z|| < [|Pxu(t) — Ppaxu(t,)ll + [[Praxu(t,) — z|
= [|Pxu(t) — Peax(Pxu(t, )| + |Ppaxu(t,) — zl
=dist. (Pxu(t,), F N X) + || Pgnxu(t,) — z|,
we obtain s—lim,_, , Pyu(t,)=ze F n X.

In order to complete the proof of Theorem 6.1 we use the inequality (6.7) in
Lemma 6.2. In fact, let T=t,, with m<n and y=s—lim,_, , Pyu(t,)=z, in (6.7).
Then Lemma 3.1 implies that

limm,n—»oo "u(tm) - u(tn)" = 0;

and so u(t,) converges strongly in H to some u, as n—>oco. Therefore s—lim,_,
u(T(n))=u, for the same sequence {T(n)} as in the proof of Lemma 6.3. More-
over, by (6.2) in (C3),

Y(uo) < liminf, , ,, Y(u(T(n))) < liminf,, ,, b(T(n))~ T ™(u(T(n)))
<lim,. n-1=0,

that is, uge F. Thus the proof of Theorem 6.1 is complete.

7. On the weak convergence

We here give a result on the weak convergence of the solutions of (E).

THEOREM 7.1. Suppose that there exists a proper l.s.c. convex functional
Y on H satisfying
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(b1) Flo)=FW)(=F)x¢ for t20,

(b2) min@! =miny =0 for t=0
and

(b3) Y(x) < ¢i(x) for xeD(p') and t=0.
Then, for each solution u of (E), there exists a measurable set A in [0, c0) such
that

(7.1) lim,,, meas (A n [t, t+1)) =1,
(7.2) w—lim;_, . 44 w(A) € F

and

(7.3) lim, , o, 14 @*(u(2)) = 0.

PrROOF. Let u be a solution of (E). For each integer n>1, put
(7.9 A(n) = {t > 0; ¢*(u(t)) < n~1}.

Then, since ¢@()(u(-))e L0, o) by Lemma 3.1, A(n) is a measurable set in
[0, o) and meas ([0, co)\A(n))<oo. Also, we have A(n)> A(n+1) forn=1, 2,...
Hence we can easily find a strictly increasing sequence {7} in [0, c0) such that

(7.5) meas (A(n) N [t,t+1))>1— 1/n forall t> T,
Now put ‘
A=\Ug4(n) 0 [T, T,4o).

Then, it follows immediately from (7.4) and (7.5) that the set A satisfies (7.1) and
(7.3). It remains to prove (7.2). Since u is bounded on [0, c0) by Lemma 3.1,
(7.2) is equivalent to the assertion that the set

u(t,)—x weakly in H as n— oo for some
U=4 xeH;
{t,} = A with t,—» 0 as n—o0
is contained in F and is a singleton. In order to prove this, we first note that
(7.6) lim; ., ,2e4 Y(u(2)) = 0,
which follows from the fact (cf. condition (b3)) that
V() < pHu(d) < n-t for ieA(n).

Moreover, by the lower semi-continuity of y and (7.6), we have

Y(x)=0  forany xeU,
that is
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UctF.
At this point we recall the following fact:
Given a weakly convergent sequence {x,} in H
(1.7) with x, =w—1lim, .., x,, it holds that
lim-inf, , ,, [ X, — X, |l = liminf,, o [[x,—yll if y = x,.

We now prove that U is a singleton set. Let y, z be any elements of U, and
let {t,}, {s,} be sequences in A such that

w—lim,_, , u(s,) =y and w—lim,_ . u(t,) = z.
We may assume without loss of generality that

Sp < lp < Sty for n=1,2,....
Then, by Lemma 3.1,
(7.8) lu(s)—yl=lu) -yl and [u(t,)—zl| = [lu(sy+,)—z] for n=1,2,....
Moreover, it follows from (7.7) and (7.8) that
liminf,,  |u(s,+,) — z|| < iim inf,_, l]u(i") - Z|

< liminf,, , u(t,) — yll < liminf,., [lu(s,) — I,
and hence

liminf, ., |lu(s,) — z|| < liminf,, . |lu(s,) — y|-

The last inequality together with (7.7) implies that.z=y. Thus U is a singleton
set, and the proof of Theorem 7.1 is complete.
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