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Abstract: We consider initial-boundary value problems for heterogeneous reaction-

diffusion equations %ti:aix dx) —gz—Jre(x)u)—i— ¢ f(x, u), and study transient and

large time behaviors of solutions. Our method is to explicitly construct a two-
timing function u(z, ¢z, x) that converges to the exact solution as ¢ | 0 uniformly in
t€[0, e0). Such an explicit expression of approximate solutions in terms of two-
timing functions can be applied to a fairly general class of equations of the above
form as well as weakly-coupled systems of such equations.

1. Introduction

We consider the initial value problem with a small parameter &,

u, + Au = ¢F(u)
(1.1 in B,
u(0) = u,

where B is a Banach space and A is a sectorial operator in B and u(f) € D(4) n

C1((0, o0); B). We impose the following conditions on 4 and F: for simplicity,

we denote the norm by |- |5 and also the operator norm by the same symbol, if

there is no ambiguity.

1) o(A), the spectral set of A, consists of g,={0}, 6,c{1eC|Rei>a>0 for
some constant o> 0}.

2) There exists M; >0 such that

le=*4lp < My,

where e¢~*4 is a semigroup generated by A.
Let Q, P be projections corresponding to o, 6, respectively.
3) QB=Ker A4 and it is a finite dimensional space.
4) There exist M,>0, A, >0 such that

lem4Pllp < Mye™t  for t20.

5) F(u) is a twice Fréchet differentiable mapping from B into itself and for each
bounded set B, in' B there exists M ;>0 depending on B, such that
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IE@) g, IF' (g, IF"(w)]p < M3 on By,

where ’ represents the Fréchet derivative.

We are concerned with the study of transient and asymptotic behaviors of the
solution u(t; ¢). This study is motivated by ecological problems proposed by
Shigesada [8]. First let us briefly state the ecological background of the problem
(1.1).

Consider a bounded heterogeneous habitat where N-species are interacting
one another and are migrating by both random motion and direct movement to-
ward favoured states. Then the population density of the i-th species u; in a one
dimensional habitat I =(0, L) is described by the heterogeneous reaction-diffusion-
advection system

0

(1.2) 27 Y

+ "ga;Ji(x, u) = ef(x, u), xel,t>0 (i=1,2,..,N),
where u=(u,, u,,..., uy) and the flux J(x, u;) of u; takes the form
(1.3) I w) = — dx) Lo, = e, (i=1,2,..., N),

where the first and second terms represent the diffusion process with d,(x)>0 and
the advection one, respectively. If e, (x) is written as e,(x) =—£C~Ei(x), the function
E(x) is called the environmental potential in the sense that individuals of the i-th
species have the tendency to migrate toward the minimum points of E(x) in 1.
Jf{x, u) is the spatially inhomogeneous growth rate of u; due to ecological inter-
actions among N-species. In many ecological systems, the dispersal processes
take place daily but the growth processes do only once or twice a year; that is,
the processes proceed on totally different time scales. It therefore seems natural
to assume ¢ in (1.2) to be very small.
A simple but motive example of (1.2) for a single species is

ou

(1.4) o

a = —
+ 5% u) = ela(x) = b(x)u}u,
where J(x, u) is the flux of u as in (1.3) with N=1 and the growth rate e{a(x)
—b(x)u} is a heterogeneous version of the Pearl-Verhulst logistic law. It is
assumed here that b(x) is positive, while the sign of a(x) may vary.

The initial and boundary conditions for (1.2) are given. by
(1.5) u(0, x) = ug(x), xel

' ‘ (i=1,2,...,N),

(1.6) Jix,u)=0, xeol, t>0

respectively.  We are interested in the study of the effect of the heterogeneities of
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d(x), e(x), fi(x, u) and uy(x) on the behavior of solutions to the problem (1.2),
(1.5), (1.6). In ecological terms, we are concerned with the existence or extinc-
tion of the species; in other words, which species can survive and which species
become extinct. To our knowledge, it is rather hard to study the transient and
asymptotic behaviors of solutions of heterogeneous reaction-diffusion-advection
systems such as (1.2). Although there is an extensive literature on heterogeneous
reaction-diffusion systems (Fleming [2], Fife and Peletier [1], Kurland [4],
Mimura and Nishiura [6] etc), only a few of those deal with the transient or the
asymptotic behavior of solutions:

Recently, assuming that ¢ is sufficiently small, Shigesada [8] has applied. the
two-timing method (see, for instance, Nayfeh [7]) to the problem (1.4), (1.5), (1.6)
(N=1) and has then constructed a lowest order approximate solution of the form

(L.7) i(t, x; &) = w(t, x)n(et).
Here w(t, x) is a solution of (1.4), (1.5), (1.6) in the limit ¢ | 0; that is, w satisfies

ow
ot

together with (1.6) and

d -
+HJ(X’ w) =0, xel, t>0

w(O, x) = ol
, uo(x)dx

and n(7) is a solution of

%-:_ - S I {a(x) — b(x)nW(x)}nw(x)dx, >0,

(1.8)
n(0) = S, ug(x)dx,

where w(x)=lim,_ , w(t, x). The first equation of (1.8) is reduced to

dn _
71?_(“ bn)n, >0,

where
a= S: a(x)W(x)dx, b= Sl b(x)W(x)dx.

Shigesada [8] numerically showed that the approximate solution #(t, x; €), which
is formally valid for time up to O(1/e), agrees fairly well with the exact solution
even for a longer time range. On these observations, she used the O. D. E. (1.8)
to study whether the species survives or becomes extinct. More precisely, observ-
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ing that lim_, , n(t)=a/b>0 if a>0 and lim,_, , n(r)=0 if a <0, she concluded
from the representation (1.7) that lim,., ,, u(t, x; £)>0 if a>0 and lim,_, , u(t, x;
¢)=0 if a <0, where u(t, x; &) is the solution of (1.4), (1.5), (1.6) with N=1; in
other words, the population survives if a>0 and becomes extinct if a<0. When
e(x) is neglected in (1.4), this conclusion can be justified by the results of Fleming
[2].

Shigesada’s approach motivates us to construct a ‘“two-timing’’ function of
the form (1.7) that approximates the solution of (1.2), (1.5), (1.6) fairly accurately
uniformly in time. The results will be stated in an abstract form in the next sec-
tion (Theorems 1-3). '

In Section 3, we give some examples to illustrate how our abstract results
apply to specific equations. In particular, Shigesada’s approach to the equation
(1.4) will be completely justified in the following sense (see Example 3.1 for detail):
let u(t, x; ¢) and (¢, x; ¢) be a solution of (1.4), (1.5), (1.6) (N=1) and a “‘two-
timing’’ function of the form (1.7) respectively; then, if a>0,

lut, -, &) —da(t, -, =y = Cie¢ (0=1<+00)

for some positive constant C, and

’S u(t, x; e)dx—n(et)| < C,e 0=t<+ o)
I .

for some positive constant C,. On the other hand, if a <0, then
lu(t, -5 e)—da(t, - ; e)llL=r) = Csee™*  (0=t<+00)

for some positive constants C; and . Therefore, it follows from lim,_, ., @#(t, x;
g)=a/b-w(x) for a>0 and lim,_, i(t, x; e)=0 for a<O0, that the sign of a
determines the existence or extinction of the population.

2. Main results

In this section we consider the abstract equation (1.1). The results will then
be applied to specific equations of the form (1.2) in the next section.

Under the conditions 1)-5) stated in Section 1, we consider the following
equations:

& = 0F()
@1 in B,=0QB.
$(0) = Quo

Denoting by y(z; Qu,) the solution of (2.1), we define v(t) by
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u(t; up) = y(1; Qug) + Pu,.
Then we have

THEOREM 1. Suppose that the solution Qu(t; uy) (=y(t; Quy)) converges
as t—>o0 to some & € B, =QB satisfying QF(¢)=0 and that all eigenvalues of the
Jacobian QF'(&)|g, have negative real parts. Let u(t; ug, &) be the solution of
(1.1). Then there exist positive constants C and g, such that

lu(t; ug, &)—e™"4 v(et; ug)llp < Ce
for all £€(0, ¢y] and all te[0, o).

COROLLARY TO THEOREM 1. [In addition to the assumptions of Theorem 1,
suppose that & satisfies F(£)=0. Then there exist positive constants B, C and &,
such that

lu(t; uo, €)—e~*4v(et; ug)llp < Cee e
for all e€(0, &y] and all te [0, o).

THEOREM 2. Suppose that the solution Qu(t; u,) exists for te[0, T] for
some T<oo. Then there exist positive constants Cy and e depending on T such
that

llu(t; uo, &) —e™*4 v(et; ug)lip = Cre -
for all €(0, e] and all te [0, T/e].
We next consider the stationary equation of (1.1)

(2.2) Aw =¢F(w) in B.

THEOREM 3. Suppose that there exists &€ B, satisfying QF(&)=0 and
det (QF'(¢)1p,)#0. Then there exists a positive constant &, such that (2.2) has
a unique solution w(e) satisfying w(e) € C2((—&o, €y); B) and w(0)=¢.

The proof will be given in Section 4.

3. Applications

We apply the results in Section 2 to specific models such as (1.2). We first
consider the case N=1. Define X =L?(I) and the inner products (u, v) in X by

(u, v)= Sr u(x)v(x)k(x)dx, where

k(x) = S‘_ exp (—U(s))ds -exp (U(x)) with U(x) = Sx e(s)/d(s)ds.
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Here we assume that each coefficient in (1.2) is real-valued and in H'(I). Let
the operator 4 in X be Au=—a%J(x, u), the domain of A be D(A)={ue H*(I)|
J(x, u)=0 on x € 0I} respectively. Then

(Au, v) = g d(x) (u + e(x) )(v + ;gx; >k(x)dx

for u, ve D(A) and A is found to be a non-negative and self-adjoint operator in X.
Thus, 0(A4) consists of {0=14y <1, <,...}, where 4; (i=0, 1, 2,...) are the eigenvalues
of A and Ker A={¢y) with ¢o(x)=1/k(x). We now find that the projections Q
and P are given by

Qu = (u, oo = | uCIPLOK(Ix- by = | u(x)dx- g0

and P=1-Q, respectively.

Suppose that f(x, u) takes the form f(x, u)=> " a,(x)u", where m is a
non-negative integer and a,(x)e H!(I). Then F(u)(x)=f(x, u) is a polynomial
mapping on X!/2=D(A'/?) with the graph norm.

THEOREM 4. X1/2=HY(I) with equivalent norms.

The proof will be given in Section 4. Thus, if we set B=H(I) and Au=
—%J(x, u) with D(A)={ue H*(I)|J(x, u)=0 on xedl and Aue B}, then con-

ditions 1)-5) in Section 1 are satisfied. When N =2, we may take B={H(I)}".
Now we consider two typical examples.

ExaMpPLE 1. Consider a single species model described by

gltl = ox {d( ) o T e(x)”} + e{a(x) — b(x)u}u, xel, u>0,

(3.1 d(x) + e(xu=0, xeol, t>0,
u(0, x) =uy(x) 20, uy(x)#£0, xel,

where d(x) is positive on 7.  Since Qu=S u(x)dx - ¢, we obtain the following
I

equation with respect to y(7)=n(7)¢q:

4o = ta-boyyydx-go, >0,
(32)
30 = | uo(x)dx .

The above problem reduces to
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—d‘—i‘[«n =(a—bn)n, >0,
3.3)

n(0) = SI uop(x)dx > 0,

where a=§l a(x)¢o(x)dx and b=g b(x)p3(x)dx. Tt follows from (3.3) that if
1
b>0,

(i) lim,_ , n(t) = a/b for a>0,

(i) lim,., n(t) =0 for a<0
and if b<O,
(iii) lim, n(t) = for a>0,

(iv-1) lim,,, n(r) = 0 (0<n(0)<a/b) for a <0,

(iv-2) lim,. n(tr) = oo (a/b<n(0)),

where 14, 7, are some finite numbers. For the case (i), Theorem 1 shows
flu(t, - ; &)—e 4 (n(et)py+ Pug)|ly1 < Ce, 05t < + ©

for some C. Hence,
’S u(t, x; e)dx—n(et)| £ Cs, VSt < + 0,
I

which indicates that the species will survive. For the cases (ii) and (iv-1), we
note that u =0 is a solution of F(u)=0 and that QF'(0)|3, =a<0. Thus, Corol-
lary to Theorem 1 shows

lu(, - ; &)—e~*“ (n(e)do + Puo)ll 1 < Cee™, 0=t < +

for some C and §, which indicates the extinction of the species as t—o0. Finally,
consider the cases (iii) and (iv-2), where the solution n(t) blows up in a finite time.
We expect that, in these cases, the original solution u(t, x; &) also blows up in a
finite time, yet we have no rigorous results. ]

The above observations illustrate, in a very explicit manner, the effect of the
functions a(x), b(x), e(x) and uy(x) on the transient and large time behaviors of
solutions.

ExaMpLE 2. Consider a two competing species model described by the equa-
tions
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0
~—§t u; + *3?']‘ = ¢g{r,(x)—u,—cu,}u,
t>0,xel =(0,2),
(3.4) P P o
a7 Y2 + i e{ry(x)—cu,—uylu,

U (0, X) = ugy(x), (0, x) = ugy(x)

where J; takes the form of (1.3), r(x) (> 0) is the intrinsic growth rate of u; (i=1, 2)
and ¢(>0) is the interspecific competition rate between the two species. An
ecological interest in (3.4) is to study whether or not the two species can coexist
under the competitive interaction.

In order to investigate quantitatively the effect of r,(x) and e(x) (i=1, 2) on
the behavior of solutions, let us specify the coefficients as follows:

di(x)=dy(x)=1, ri(x)=1-=0.1x, ry(x)=1+ 0.5x.

For simplicity, let us first consider the special case where ¢;(x)=0 (i=1, 2).
Ecologically, this means that the environmental potentials are spatially homo-
geneous (see Introduction). This special case was first studied by Su Yu [10]
(he also considered non-autonomous equations). In this case, a simple calculation
shows that the corresponding O. D. E. system to (2.1) takes the form

ny = (ry—n;—cny)n,

dt

3.5)

d _
7?"2 = (ry—cn;—ny)n,

2
”1(0)=S0“01(X)dxa ny(0) = Sum(x)d\

where r,= 1/2S r{x)dx (i=1, 2); and it follows from Theorem 1 (and also from

[10]) that the lalrge time behavior of (3.4) is essentially dominated by that of (3.5).
More precisely, if the solution of (3.5) approaches an asymptotically stable equi-
librium point (7, 7i,) as T— + o0, then the original solution (u,(t, x; €), u,(t, x; €))
of (3.4) asymptotically enters the e-neighborhood of the homogeneous state
(A, Ai,). One easily finds that the asymptotically stable equilibrium points of
(3.5) are '

B (129, 22 it 0<e<d)s;

—c?’

i) (0,ry) if 3/5<c<5/3;
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iii) (ry, 0) and (0, r,) if ¢>5/3. Which species can survive depends on initial
data.

We next consider the general case where e(x)#0 (or possibly e(x)=0).
The functions d(x) and ry(x) are the same as before. Put

Y(1) = '(y1(10), y2(1)) = "(ny(1)3, nx(v)93),

2
where Ker A,= (¢4 with AF%L and S didx=1(i=1,2). A simple calcu-
0

lation shows that
#h = exp (= Ufx))/| exp (= Ufx)dx,

where U,-(x)==gx efs)ds (i=1, 2). The corresponding O. D. E. system to (2.1)

now takes the form

d
——n; = (Ry—Byn;—By,cny)n,

dt
>0,

3.6 d
(3.6) = (Ry—Byycny —Bj;ny)n,

m(© = | woudx, 1) = | woa (i,

where R,-=S ri{(x)pd(x)dx, Bijzg di(x)- dé(x)dx (i, j=1, 2). Now, in order to
1 I

give a more explicit quantitative analysis of the effect of e,(x) (and d(x), r(x) as

well) on the behavior of solutions, let us specify e,(x) as

elx) = — Z%r,-(x) (i=1,2).

In terms of ecology, the above equalities mean that the intrinsic growth rates r(x)
(i=1, 2) coincide with the environmental potentials multiplied by (—2) (see
Introduction); in other words, the growth rates are higher wherever the environ-
ment is favorable to the species. In this case, we have

_ 5—=3e04 _ l4e0+
Rl - ’m_—e_:ﬁ)_' ~ 0.907’ Bll - "1—0’("1":5__0'1)— ~ 0.507’
1—el6
By, = By, = 4(I—e 9% (1—¢?) ~ 0.469,

_ 3e2-1 __e*+1
B, = =y 166, Br= 5Tt ~ 065

3(eZ—1)
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Putting
_2(5-3e %% (e*—1) _ _ 2(1—e%8)(3e2—1) _
¢ = 5(3e2—1)(e'-5—1) ~r 0.766, c, = (e T6—1)(5—3e704) ~ 1.973,

we find that
i) Ife<ey,

5 oy (1—e 04)(e2—1)

(i, 7iy) = 4(1—e 08 (e*—1)—5(e'*—1)%¢c X

<4(5_3e—0.4)(e2+1) _ 10(3e? —elz)—(fl.s_l)g,
426 1)(1enny - 20= 200 (e 0= D))

~ 533703302 (0-595—0.777c, 0.839—0.425¢)

. is the only one stable equilibrium point;
3e2—-1

ii) if Cl<C<C2, (ﬁl’ ﬁ2)=<0, —em

) ~ (0,2.527) is the only one stable
equilibrium point;
i) if ey<e, (g, ig)= (0,
stable equilibrium points.
Theorem 1 indicates that, if the solution of (3.6) converges to the asymp-
totically stable equilibrium point (#,, ii,) as t— + o0, then the original solution
(u,(t, x; €), uy(t, x; €)) eventually enters an e-neighborhood of (7, $3(x),
fi,p3(x)). (As a matter of fact, by using the result of Matano [5], it can also be
proved that the solution (u,(t, x; &), u,(t, x; €)) converges to an equilibrium
solution near (7, @3(x), i,¢3(x)) as t— + c0; see the last paragragh in Example 2.)
This, together with the above observation (i), implies that both species can coexist
if c<ec,. It would be of particular interest to consider the case where 3/S<c<c,.
In this case, as just mentioned above, both species can coexist; on the other hand,
if we replace the present values of e(x) (i=1, 2) by 0, the previous observations
show that the only stable equilibrium point of (3.5) is (0, r,), which implies that,
in the equations (3.4), only the second component will survive. An ecological
interpretation of the above observations is that the coexistence of the two species

is possible if the environmental potentials E(x) (i=1, 2) (defined by ef(x)=
a‘—i;Ei(x)) are spatially inhomogeneous, while it is not if E(x) (i=1, 2) are homo-

geneous (Figure 1). Note that, as in Example 1, the quantities n,(et) and n,(et)
approximate the total volumes of u,(t, x; &), u,(t, x; €) respectively by order e.

3e2—1 and <5—3e‘°-4

-1 e 0) & (1789, 0) are both
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20 A ny(et)
10 1
ny(t)
I i ) | i N | !
0 120.0 240.0 360.0
Figure 1-a: Evolution behavior of the solution of (3.6) with ¢=0.1, ¢=0.7 (3/5<
c<.cy).
20 A S’ uy(t, x; e)dx
1.0 7
S' uy (2, x; e)dx
N i ] o ™1 t
0 120.0. 240.0 360.0

Figure 1-b: Evolution behavior of the total volume Sl u(t, x; e)dx (i=1, 2) of (3.4)
with ¢ =0.1, ¢=0.7 3/5<c<c,).

We continue the analysis of (3.4) for other values of ¢. Fix c¢ arbitrarily in
the interval (c; <c<c,); then

. 3e2—1 7
lim,.. ¥(1) = <o, _m%) =7.

By simple calculations, we see that QF(Y)=0 and det (QF'(Y)|p,)#0. Thus,
Theorem 3 implies the existence of a unique equilibrium solution W(e)=(w,(e),
w,(€)) of (3.4) with W(0)=Y. We claim that w,(g)=0. To see this, let us con-
sider (3.4) with u, =0; namely,

(3.7) 0oy 4 L0, = ) —yhus,

ot ox

This type of equation was already discussed in Example 1. It is not difficult to
see that, for sufficiently small ¢, there exists an equilibrium solution W,(e) of (3.7)
with (0, w,(0))=Y. Thus, (0, W,(¢)) is also an equilibrium solution of (3.4).
From the uniqueness of equilibrium solutions of (3.4) in a neighborhood of Y, it
follows that the solution W(e) coincides with (0, W,(¢)), proving our claim. Theo-
rem 1 asserts that if the solution of (3.6) approaches the equilibrium point
(0, ;) as T— + oo then the original solution (u,(t, x; &), u,(t, x; &)) eventually
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enters an g-neighborhood of Y. As a matter of fact, as mentioned before, we can
also show that (u,(t, x; €), u,(t, x; €)) actually converges to the equilibrium
solution W(e) as t— +oo. This can be shown as follows: The system (3.4) is of
competition type, hence it is strongly order-preserving in the sense of Matano [5].
In such a system, an isolated equilibrium solution has to be either asymptotically
stable or unstable (see [5; Theorem 7]); and an unstable equilibrium solution al-
ways has a non-empty unstable manifold that connects the equilibrium to another
equilibrium (or, possibly, o) (see [5; Theorem 5 and Lemma 5.10]). As regards
our present system (3.4), W(g) is contained in a positively invariant e-neighborhood
of Y, denoted by V,, and is the unique equilibrium solution in this neighborhood.
Combining the observations above, we easily find that W(e) is asymptotically
stable. Moreover, carefully reading the proof of Theorem 7 of [5] (or Hirsch’s
“almost quasi-convergence theorem’’ [3] as well) shows that any solution of (3.4)
that enters the interior of the neighborhood V, converges to the equilibrium
solution W(e) as t— +o0o. This proves our claim. In terms of ecology, this
means that u, becomes extinct while u, will survive (Figure 2).

3.0 o
20 1 na(et)
1.0 4
n(et)
U | T T t
0 _ 120.0 240.0 360.0
Figure 2-a: Evolution behavior of the solution of (3.6) with e=0.1, ¢=0.9 (¢; <
<),
3.0 A
20 4 S’ u,(t, x; e)dx
1.0
S' uy(t, x; e)dx
i T o T T t
0 120.0 240.0 360.0

Figure 2-b: Evolution behavior of the total volume Sl ut, x; e)dx (i=1, 2) of (3.4)
with ¢=0.1, ¢=0.9 (c; <c<c,).

The other case is similarly analyzed, so we omit it.

Finally we give a brief consideration to models in an M-dimensional space,
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where M =2. The main results in Section 2 can directly applied to an M-dimen-
sional version of (1.2), and the habitat I is replaced by a bounded region Q in R™
with the smooth boundary Q2. For example, the equation of a single species
model which we consider is the following:

—aat«u + divJ(x, u) = ¢f(x, u), xe€Q,

(3.8) u(0, x) = ug(x),
Jx,u) = — dx)Fu — u-e(x),
J(x, u), vy =0, xe0Q,

where d(x)>0 in @, {, ) is the Euclidean inner product and v is an outward
normal vector on 0Q, Fu=gradu and e(x)=1(e,(x), e5(x),..., ep(x)). If each
coefficient in (3.8) is sufficiently smooth and there exists a function U(x) such that
e(x)/d(x)=F U(x), then (3.8) can be treated similarly to (1.2) and all the calcula-
tions given at the beginning of this section are valid. We take C(Q) with sup-norm
as the space B and, as the domain of A=divJ(x, -), D(A)={ue W??(Q)|ue
C(Q), Aue C(Q), p>M, {J(x, u), v)=0 on 0Q2}. To see that the conditions
1)-5) in Section 1 are satisfied, use ,for instance, Theorems 1 and 2 of Stewart [9]
and the fact that

S Au-i-exp (U(x))dx = S Fu+ ul Ux),
7] n

Pov + oF U(x))y-d(x)-exp (U(x))dx

for u, ve D(A); we omit the details.

4. Proofs

PROOF OF THEOREM 1.

Throughout this section, we simply write u(t; ug, &) as u(t; &) or u, v(t; ug)
as u(t) or v, and ||z as ||-||. Also, M, M;, C, C; and B, B; (i=1, 2,...) mean
positive constants independent of &. Here M,, M, are numbers given in condi-

tions 2) and 4) in Section 1, respectively. _
Transforming (1.1) by w(t, &) =u(t, &) — e *4v(et), we have

AY | gw = s{F(w+et4 o(et))— QF(Qv)} 1> 0,
(4.1) dt

Uwo) =0,

which is written as
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{ % + {A—ceF'(e *v(et))}w = e{F(e "4v(et)) — QF(Qv) + N(t, w; €)}

w(0) = 0,
where
(4.2) N(t, w, &) = F(w+e "u(et)) — F(e *4v(et)) — F'(et4uv(et))w.

Denote by X(t, t; ¢) the solution of the operator equation

dt
X(t,158) =1,

{ AX | (A—eF'(e (e} X =0, t>1,
(4.3)

where I is the identity on B. Then (4.1) is reduced to

4.4) w(t, &) =& S; X(t, t; &) {F(e *4v(er)) — QF(Qu(et))
| + N(z, w(z, ¢); ¢)}dr.

Let us show that (4.4) has a solution for small &. "To do so, we prepare some
lemmas. First rewrite (4.3) as

dXx
=2 4+ A, X = B(H)X,
(4.5) { dt
X(t,158) =1,
where
A, = A — eF'(¢),
(4.6) [
B(t) = e{F'(e7"v(et)) — F'(£)} .

LemMA 4.1.  There exist My,  and ¢, such that
le7t4e || S M e P, t>0 for ¢€(0, g].
Proor. For >0 and 0 (0<6<m/2), define a sector S, by
4.7) S, = {1eC| |arg(A—Be)| >0, 1+ fe} .

As will be shown in Appendix (Lemma 5.1), there exist g, 6, _éo, C such that for
any g€ (0, &]

S, = p(A,)

and
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IA—A)) < ~S . forall €S,

14— Bel
where p(A4,) is the resolvent set of 4,. Then, taking J,= A, — e, we easily find that
So = p(Jy)
and

C

(4'8) ”(A—Ja)—ln < ';L!

for all ieS,.

Denoting by I' a contour in S, with arg A— 16 as |A|— o0, we see that

- 1 —tg 1 -
e e = "fﬂﬁgre H(A—=J,)"dA,
so that, by (4.8),
sup ef*! =4« | =l | < + oo,
20

as required. n

LEMMA 4.2. There exists M5 such that
[ 1Bl < M
ProoF. It follows that

1
(4.9) I1BOI = & SO [F"(6 e v(et) + (1 —-0)E)|dO - | e~"4 v(et)—E] .
Since {e™"4 v(&t)};>0,.>0 IS @ bounded set in B, (4.9) reduces to

(4.10) B0 = &Cyll e v(et) =&l = eC,{[Qu(er) —&ll; + lle™'# Pug|l}

for some C; and C,, where | - ||, means the norm on B,. By the assumptions of
Theorem 1
(4.11) 1Qu(r)—¢&lly = Cie"r,

where f is the number given in Lemma 4.1, holds for some C;. From (4.10),
(4.11) and condition 4) in Section 1, it follows that

(“4.12) B < eCyfes +e41},

for some C,. The described estimate is obtained by integrating (4.12) over
[0,0). B
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Using Lemmas 4.1 and 4.2, we can show
LeEMMA 4.3. There exists Mg such that
1X(1, 75 )l £ Mg e,
where B is the one in Lemma 4.1.

ProoOF. Since (4.5) is written as
X(t, t;8) = e" (704 ¢ St e~(t=9)4: B (5) X(s, 7; €)ds,
it follows that

t
T

(4.13) Xt 0l = Cs{e"”“"" + g e 7= [ Bs)] - | X (s, 75 G)IIdS}

for some C5. Applying Gronwall’s inequality to (4.13) and then using Lemma
4.2, we obtain

et X (8, 75 e)| = Csexp(Cs St [ B.(s)llds) = Csexp(Cs X: IB(s)llds) = Ce,

as required. ]
Rewrite (4.4) as

(4.14) w(t, £) = H(w) (1),

where H, (w)(t)=¢U(t, s)+agt X(t, 7; &)N(z, w(t, &); g)dt, and
0

(4.15) U(t, s) = S; X(t, t; &) {F(e "4 v(er)) — QF(Qu(er))}dx.

It suffices to show that (4.14) has a unique solution w(t, &) such that
[lw(t, €)|| < O(¢) uniformly for t € [0, o0).
LEMMA 4.4. There exists M, such that
1o, &) = M.
Moreover, if & satisfies F(£)=0, then there exist Mg and 8, such that
1U(, o)l = Mgefret.

Proor. It follows from (4.14) that



Heterogeneous reaction-diffusion equations 665
t
1UG, ol < 11 ] X1, 73 PP oen)de]
)

t
+ SO 1 X(, 7; &)l - |QF(e*4 v(er)) — QF(Qu(en))|| ydt
= Kl + Kz.
First, note that

Ky < M {| et | F(e4 o(om) — F(Quer)] - 1 Ql e

< M || e [ JF/@ e (er)+ (1~ 0)00(eD))] - 10140
x |le~*4 Pu(et)|dt

t
é C7 g e—ﬁc(t—r) e—/l,r dt
0

for some C,. Then we find
K, < CgeFaet

for some Cq and f,. We next estimate K, as follows:

Ky = (1€, w5 OP(FE oo~ FO}de
+ HS; X, < e)PF(é)dt“
=Ky + Ky.
It follows that
K £ S; lX(t, =5 e)P| S; | F'(Be~*4 v(et)+ (1 —0)&)|dO
X || et u(er)— ¢l de

< G, (| et g &4 Pofen)] + | Qoter) — £ de
0
é Clo St e—ﬁe(z—t) (e—).,r +e-ﬁst)d-[
(1]
S Cyyehe
for some C,q, C,y, C;; and 5. Using the estimates on K, and K,, we have

(4.16) 1U@, ol £ CypePe + || S; X(t, ©; )PF(&)dr|
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for some C,, and B,. Thus, if ¢ satisfies PF(£)=0, then we obtain the second
assertion in Lemma 4.4. We next consider the case when PF({)#0. Define

z(t) by
(1) = S; X(t, 1: e)PF(E)dx,

which is a solution of

{ %;— + (A—¢eF’'(e 4 v(et))}z = PF(¢),
2(0) = 0,
i.e.
%‘3 + Az = PF(&) + B(b)yz,
(4.17) { t
z(0) = 0.
(4.17) is equivalent to
(4.18) (1) = S; e~=9)4x {PF(E)+ B,(s)z(s)}ds.

Suppose that

H S; e~ (t=s) ds PF(é)dsI’ < + o0,
which will be proved in Appendix. Then from (4.18) we can have
(4.19) z()] = Cy5(1 +S; IB(s)] - [1z(s)llds)
for some C,;. Applying Gronwall’s inequality to (4.19), we see
(4.20) Izl = Cy3exp(Cy3 S: [B{s)llds) < Cya.

Therefore, it follows from (4.16) that
1u@, o) = M,
for some M,. The proof is complete. [ ]

We consider (4.4). Let C([0, c0); B) be the Banach space of all bounded
continuous functions from [0, c0) into B with the norm ||w|| =sup,s, |w(?)|l, and
for any fixed r, let
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= {wlwe C([0, «0); B), [Iwll =r}.

Suppose we V,. Then it follows from (4.14) that
IHWO] S eMo(1+ (| e NG, weo)s 2)ld)

- 8M9(1+S B0 SIF’(Ow(r)+e"‘ o(et))dOw(z)
— F'(e7*1 v(et))w(7)|d7)

< eM (1 +§' e=04=9 |w(2)||2d7)
< eMlo(1+§ €52 deflwl]?)

for some My and M,,. Thus, we have
IHW)II = M(e+ lIwll?)

for some M. Put go=min {1/(4M?2), r/(2M)}. Then it turns out for any ee
(0, 0], Vome<V, and H, maps V,,,, into V,,,,, because it follows that

NH MWl = M(e+[Ilwll*) < M(e+4M?e?) < 2Me
for all we V,,,. Moreover, there exists M, such that
IH(w)—H W)l = (My,8/B)- llwy —w,ll

for any w,, w, € V,),. Consequently H, is a contraction on V,,,, for any 0<e<
min {gy, B/M,,}. Thus, there exists a unique fixed point w in V,,,,, and |||w||| =<
2Me. The proof of Theorem 1 is complete. [ ]

PROOF OF COROLLARY TO THEOREM 1.

This can be shown in the same way as Theorem 1, if we replace C([0, o) ; B)
by the space of continuous functions w: [0, c0)— B such that

fiwll = sup, 3o lef+** w(z)|| < oo,
and use the second sasertion of Lemma 4.4. So we omit the details. n

PROOF OF THEOREM 2.

Let T>0 be the number given in the assumption of Theorem 2. Consider
the equation (4.14):

w(t) = H(w)(t) = eU(t, &) + ¢ S; X(t, t; )N(z, w(z, &); e)dt
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on the space C([0, T/e]; B) with the norm

lwlle,r = SUPosr<T/e w(@®)] .

Let VI ={we C([0, T/e]; B)‘ iwll.r=r}. To prove Theorem 2, it suffices to show
the existence of e >0 and M ;>0 depending only on T'such that H, (0<e<eg;)isa

contraction mapping on

Vire = (w|we OO, TIe]; B), lIwll,.r<Mqs}.

Here we fix T>0 arbitrarily and denote various constants depending only on T

by CT, M7, €] (i=1, 2,...).

LEMMA 4.5. Let X(t, t;€) be the solution of the equation (4.3).
there exists CT>0 such that

1X( ;)| =CT  for t,te[0, Tle].

Proor. From (4.3), we have
4.21) X, 1;8) =e 004 4 ¢ St e~ (=94 F'(e~s4 p(es)) X(s, T; €)ds.
0

Since {€7*4 ¥(e1)}1e10,1/e1,e>0 18 @ bounded set in B,
|F'(es4v(es))l| < C§  for se[0, T/e].
So (4.21) gives
I1XG: 5 9l < M, + 5 (' MLCEIXG, 75 2)lds.
Applying Gronwall’s inequality, we get the result. ]
LEMMA 4.6. There exists C}>0 such that
| X(t, 75 &)P|| < M, e ¢~ + CT for t,te[0, Tle]l,
where A, is the number given in 4) of Section 1.

Proor. From (4.21), it follows that
PX(t,1;e)P = e ¢ D4P 4 ¢ S:Pe‘("s“ F'(e=s1 v(es))X(s, t; €)Pds,
so that by Lemma 4.5
(422) ||PX(t, t;e)P| S M,eM0(D 4 ¢ S: M, e 2109 CT| X (s, ©; e)P|ds

Then
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Since Qe "4=0Q, (4.21) gives

0X(t, 1;8)P = SS' QF'(e™s4 1v(es))PX(s, t; €)Pds

+ o QP4 we9)0X(s, 73 P,

Hence, it follows from (4.22) that
10X(t, ; e)P|| < eC% + eCY S: 1QX(s, ; e)Pl|ds,

so that, by Gronwall’s inequality,

1QX(t, ; e)P|| < eCT €5~ < &CE.

Consequently
1X(t, 75 &P < 1QX(t, 5 &)P|| + [|PX(t, 75 )P < My e #1079 + eCY
for some C%>0. ]
LEMMA 4.7. There exists CT >0 such that
1U@ ol €T for te[0, Te],
where U(t, ¢€) is the function given in (4.15);

ProorF. By Lemma 4.5 and Lemma 4.6, we have
1UG, o1l < 1§, X(t, 55 9PFe oes)ds|
+ 1] X0t 53 Y0P o(e9) — F(Qutes))as|
< ¢t} 1x@. 5; 9PYds
+ € [\ 1X0, 53 901 1F(e (e9) — FQu(es)ds
< €T+ C3 (! §] 1F0 4 o)+ (1 = 0)Ques)) 16 - | Pe=s4 v(es) s
< Cl +CT, So Mye=5ds < CT

for te [0, T/e]. This shows the result. [ ]

We now consider the equation (4.4). For any fixed r>0 and for any
we VT, it follows from Lemma 4.7 that
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IHMO1 < o + e CTING, w); e)lds
< ¢CT + ¢CT S; S; IF' (=4 (et) + Ow(z) — F'(e=A v(e0))| dO - [ w()]| d

< oCL 1+ In@IdD

< CL (e+1Iwliz r)

for te[0, T/e]. Hence as is seen in the proof of Theorem 1, we can find constants
e >0and M7 >0 such that for all e € (0, ¢7], H, maps V{yr into itself. Moreover,

there exists M7 >0 such that
“l He(wl)_ Hc(WZ) me,T é EMTZ- "lwl — W3 I“s,T

for any w;, w,€V]yr. Consequently H, is a contraction on V]yr for 0<e<
min {e], 1/7}. The proof is complete. [ ]

PROOF OF THEOREM 3.

Decompose we B into w=w;+w, with w;eQB=B;=KerA4 and w,e
PB=B,. Then the equations Aw —eF(w)=0, w(0)=¢ reduce to
(4.23) QF(w; +w,) =0,
4.24) A,w, — ePF(w,+w,) =0,
where A,=A|g,. Put |

Ga(w2; & wy) = AWy — ePF(wy+wy);

then G,eC¥(DxR'xB,; B,) with D=D(A)n B,. Since G,(0; 0, w,)=0,
—a—GZ(O; 0, w;)=A, and A, is invertible, the standard implicit function theorem

ow
implies that there uniquely exists w,(e, v) € C3(U(w,); B,) such that w,(0, w;)=0

and G,(w,(e, v); & v)=0. Here U(w,)={(e, v)' le| < &g, vE B(w,, §) for some g,
and 6 depending on w;}, and B(w,, ) is the open ball in B, with radius J centered
at w,. Substituting w, =w,(¢, w,) into (4.23), we have

QF(wy+wy(e, wy)) =0

w1(0) = ¢,

where ¢ is the value satisfying QF({)=0 and det (QF'(¢)|5,)*x0. Define G, €
CU(&); B,) by Gy(wy, )=QF(w; +w,(¢, w;)). Then we have

(4.25)

(426 GE 0 =0, 50-Gi(& 0 = 0F @1 +52-wi0. D).
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where I, is the identity on B;.  Here we define G by
G(wy, &) = Gp(wy(e; wy); & wq) = Aywy(s, wi) — ePF(w;+wy(e, wy)).

Since G(w,, €)=0 on U(¢) and

-0

O—a lG(wl,a)

= G(w(ew)'ew)aw(ew)
aw222alaalaw129l

0
+ a—lez(Wz(Eo wy)s e, wil,

= (A2 =6PF (w36, W)+ w1) 50 -w(e, W) = 8Py 4 w5(e, w1),

w,(0, £)=0, which implies _a%wz(o, &=0
1

0
0w,
because 7‘ZTWZ(O, £) maps B, into B,. Therefore (4.26) becomes 63 G,(&0)=
1 1

0 _
we find that ?W:G(é’ 0)=A4,

QF'(&)| By ‘Hence, by the implicit function theorem it follows from the assumption
det (QF'(¢)|5,) #0, that there exists a constant g, >0 such that (4.25) has a unique
solution w,(e) satisfying

Wi(E_)ECZ((—Eo, €0); Bl) and W1(0)=§-_

We finally show that w(e)=w(e)+w,(e, w,(€)) is a unique solution of (2.2).
Assume that the equilibrium solution of (2.2) is parameterized by s € Hy =(— g, So)
for some s, >0 as follows:

AW(s) = &(s)F(W(s)),
(4.27)

e0) =0, Ww(0) = ¢,
which is equivalent to

A;Wy(s) = e(s)PF(W,(s)+Wy(s),
(4.28) 0 = QF(W,(s)+ Wy(s)),
e0)=0, w,(0)=¢&, w,0)=0,
where W,(s)=QW(s), W,(s)=Pw(s). First defining
oWz, 5) = Agwy — s(8)PF(Wy(s)+ws),
we find that G,(0, 0)=0 and G, e C¥(Dx H,; B,). Since

632 Gi(ws, 5) =‘A.2~. — &(S)PF' (W, (8)+w,),
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we have 53—62(0, 0)=A,. By the implicit function theorem, there exists a
2
unique solution W,(s) on H, such that G,(w,(s), s)=0 and Ww,(0)=0, where
H,=(-s,, s;) is an open interval containing 0. Define W,(s)=w,(&(s), W,(s)).
Then #,(s) satisfies G,(W,(s), s)=0 and w,(0)=w,(0, £)=0. By the uniqueness,
Wy(5)=W,(s)=W,(s) on H,=(—s,, s)=(—&9, &) N Hy N Ho.
Second, define
Gy(wy, $) = QF(wy +w,(e(s), wy)) 3

then G, satisfies

G1(Z, 0) = QF(&+wy(0, &) = QF(§) = 0

and

.a%l_ﬁl(wl, s) = QF'(w,+w,(e(s), w)) (I, + 63}1 w(&(s), wy)).

0 %Gl(f, 0)=QF'(§)<I1 + 83} w,(0, é)):QF'(f)I,,I. By the assumption of
1 1
Theorem 3, it turns out that there exists a unique function w,(s) defined on an
interval Hy=(—s3, s3) such that G,(#w,(s), s)=0 and w,(0)=¢. If we define
,(s)=w,(e(s)), then G,(W,(s), s)=0 and #W,(0)=¢. So by the uniqueness,
W,(s)=w(s)=w,(s) on Hy=(—¢go, &) N H; N H,. Hence
W(s) = Wy(5) + Wa(s) = wy(e(s)) + wa(e(s), wy(e(s)) = w(e(s)).
Thus, the proof is complete. [ |

PROOF OF THEOREM 4.

Since D(A) is dense in X'/2 from the general theory, it suffices to show the
following:
i) two norms ||z and | -||,, are equivalent on D(A), where | - ||z: and
| - 11,2 denote the norm on H(I) with I= (0, L)and the norm on X*/2 respectively,
ii) D(A) is dense in H!(I).
First, we will show i). Here we write the norm on X by | -|. Then
lulide = 147201 + fu)?

= (Au, u) + |luf?

!

= ey, + Y

u, +e(x) | d(x)k(x)dx + |[u])?

(4.29)

[+ww

2 [1dG 2l = | 25w |+ a2
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for all ue D(A). From (Au, u)20, |lull;,,=lull. So we have

Juba = 1wl? 2 [1de0r2ud = | 25|
14G0 u)  (lulyz = 112 + | 2650

Since |u,| £ C,4ld(x)"2u,|| and |e(x)/d(x)!/?| is bounded, it follows that |u || <
Cisllully,, for some constants C,,, C;s. Hence |u|y:<C¢lully, for some
constant C,, because the norm ||| and L2-norm are equivalent. Conversely,
it follows from (4.29) that

e(x)

S Cya(llugl®+ ull®)

< Cyslulldn

2
lulz < | NGt 2u) + | |+ w2

I\

for some constants C,4, C,g.

We next prove ii). Put (Yu)(x)=k(x)-u(x) for ue H'(I). Then it is easy
to see that Y is a homeomorphism on H!(I) and - D(A)={ue H¥(Du,=0
on 0, L}. Therefore it suffices to show that the set D={ue C*(I)ju,=0 on

0, L} is dense in H(I). Since all ueH () is represented as u(x)=gx u.dx + u(0)
0
with u, € L¥(I), we find that

[u(x)—ov(x)| £ (LSI fu,—v,]2dx)/2 + |u(0)—v(0)])
for all u, ve H(I).
Thus, Xz iu(x)—v(x)l’dx_s_2(L2SI |4, —v_|2dx + |u(0)— v(0)|?) and
(430) Ju=ob S ool lux=vil2dx + 1u©) - o0))

for some constant C,o. Since CFP(I)={ue C*(I)|u(0)=u(L)=0} is dense in
L3(I), there exists for e>0 and u e H'(I), we CP(I) such that S lu,— wj2dx <e.

I .
Defining v(x) by

o(x) = So w(x)dx + u(0),

we see by (4.30) that ve D and [lu—v]|}: S C 6. The proof is complete. |
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5. Appendix

LEMMA 5.1.  There exist positive constants B, 6(0<9<rc/2), €9, C such that
(i) for ee(0, gq], the sector S,={AeC||arg (1 — Be)| >0, A+# e} is contained
in p(4,),

.s _ C .
(ii) A=Ay~ = =7 for all ALeS,.

Here A, is the operator defined in (4.6).
PrOOF. From the assumption of Theorem 1, there exists a y>0 such that
Re U(QLlﬂx) g )

where L=F'({). Since QL|p, is a linear mapping on the finite dimensional
space B;, we can take a sector S<p(—QL|g,) so that

S = {leC| |arg(A—-B)|>0, L#B}

fo: some 0<f<y, 0_<0<—Z§—, and a constant C,, such that

|G-+ QLIa) Iy S Cao

I+ QLIs) s < 1,525

for all AeS. We now define S, by .

¢.1)

S, =¢eS = {el|Ae S}
and show that there is a number g, >0 such that if ¢ € (0, &4], then
SE < p(As)a

C

[(A—A4)™ ) = Ti=Pel

for all Ae S,. To do so, it suffices to prove that the equation
(5.2) (A—AJu=v

is solvable for all ve B and A€ S,.  Put u,=Qu, u,=Pu, v, =Qv, and v,=Po.
Then (5.2) is rewritten as '
[ Au'l‘ + EQL(ul +uy) ="v,,

(5.3)
1 Auy — Auy + ePL(uy +uy) = v,,
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where A,=A —¢L. The first equation of (5.3) is written as
(A+€QL|g)u; = vy — eQLu,,

Since A€ p(—&QL|g,), this implies that

(5.4) u; = (A+eQLly,) Y (v; —eQLu,).

Substituting (5.4) into the second equation of (5.3), we obtain

(5.5) (A—A)u, = — ePL{L,(v;—eQLu,)+u,} + vy,

where L, =(1+¢eQL|z)"!. Denote PB by B, and A|g, by 4,. We note that if ¢
is small enough, there exsts a constant C,; so that

(A=A, = Cyy for AeS,,
where | - ||, is the norm or the operator norm on B,. Hence (5.5) is written as
u, = (A—A,) [ —ePL{L,(v; —eQLu,)+u,}+v,],
that is,
(5.6) Joauy = {I,—e(A—A,) ' PL(eL,QL+1,)}u,
= (A—A,)"'(—ePLL,v,+v,),

where I, is the identity on B,. Since

(5.7 leLilly = I(A/e+QLig) | £ Cyo
for all i" € S, we find that the inverse J} is well defined so that

1
1—-¢C,,

17501 = < C,, forsmalle

for some C,,, C,5. So (5.6) reduces to
Uy = J7WA—Ay) " (—ePLL;v, +v,)
and therefore

(5.8) luzllz £ Coall(A—Az) 7 a(leLyll - log Iy + 021l 2)

for some C,4. Since A4, is sectorial and Re o(A4,)>« for some a> 0, there exists
some C,5 such that if ¢ is small enough
Css

— -1 —
”(;" AZ) ”2 é I;_'-—al
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for all A€ S,. From this and (5.8), we have

Cie C,,
(5.9 lusll, = M |(||”1“1+”Uz||2) = W_&T”v”
for some C,4, C,7. (5.9) and (5.4) imply that
(5.10) luglly < NLa - Toglly + lleLylly - I; | vl
for some C,g. Since
1 C C,
L = 1 20 20
” ).”l € i_ﬁ M—-sﬂl
€

by (5.1), it follows that
(5.11) llu‘IhSC”(M—lﬂeI + Mial )“UH

for some C,4. Thus, (5.9) and (5.11) yield

14l S Co(rtgar + rar) 1!

C
< __>31
< ey 10!

for small &. This proves Lemma 5.1. [ ]

LEMMA 5.2. There exists some gg>0 and M, >0 such that

\|§' =4 PR(E)s| < M,
(V]

for any e€(0, eo]. Here C is one in assumptions of Theorem 1 in Section 2.

Proor. The function w(t)=S‘ e~ t=94: PF(E)ds satisfies
(1]

{ %‘ﬁ + A,w = PF(%),
(5.12)
w(0) = 0

Put Z(t)=w(t)— A7 PF(&), then we have

dt
Z(0) = Z, = —A-1PF(é).

4z | 47—y,
(5.13)
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Therefore it follows from Lemma 4.1 that
1Z(D] = M et || Zo]
so that
(5.14) [w(Oll = Me~Pet | Zo|| + | A7 PF(E)| < Cj,ll47* PF(O)] .

We now show that ||A;! PF(¢)| is bounded uniformly for small ¢&. Put w=
A7l PF(&); then

Aw = PF(S),
that is,
(5.15) (A—eF'(E))w = PF().
Define w, =Qw and w,=Pw. Then (5.15) is written as
—eQF'(Q)(wy+w;) =0,
A,w, — ePF'(&)(wy+w,) = PF(&).

(5.16)

From the first equation of (5.16), we obtain

(517 wi= —Jwy = —(QF(Ols) HQF @)ls ¥
Substituting (5.17) into the second equation of (5.16), we have
{4, —ePF'()(—J +1,)}w; = PF(S)
and so
{I,—eA3'PF'(EXI, —J)}w, = A3'PF({).

For small ¢, the inverse {I,—eA3'PF'({)(I,—J)}! exists and is expressed as a
Neumann series, so we have

1451 PR
19 vale £ T e PR @) (=l =

for small &. Therefore (5.17) implies
(5.19) Iwilly S 112,10+ Iwallz < Caas

where ||J||,,; denotes the operator norm of Je #(B,, B;). Using (5.18) and
(5.19), we have

Iwlh = lwilly + lwall2 = Css,

as required. n



678

Shin-Ichiro Er and Masayasu MIMURA

Acknowledgement. The authors would like to thank Professor T. Miyakawa

and Professor H. Matano for suggesting a number of improvement in this paper.

(vl

[51]
(61
(7]
(81
(91

[10]

References

P. C. Fife and L. A. Peletier, - Clines induced by variable migration, Proc. of *Biological
growth and spread”, Lecture Notes in Biomathematics 38, (eds. W. Jager, H. Rost,
P. Tautu), Springer-Verlag (1981), 276-278.

W. H. Fleming, A selection-migration model in population genetics, J. Math. Biology
2 (1975), 219-233.

M. W. Hirsch, Equations that are competitive or cooperative 11 — Convergence almost
everywhere, to appear in SIAM J. Math. Anal.

H. L. Kurland, Monotone and oscillatory equilibrium solutions of a problem arising in
population genetics, Contemporary Mathematics 17 (1983), 323-342.

H. Matano, Existence of nontrivial unstable sets for equilibriums of strongly order-
preserving systems, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 30 (1984), 645-673.

M. Mimura and Y. Nishiura, Spatial patterns for an interaction-diffusion equation in
morphogenesis, J. Math. Biology 7 (1979), 243-263.

A. H. Nayfeh, Perturbation methods, Wiley, New York (1973).

N. Shigesada, Spatial distribution of rapidly dispersing animals in heterogeneous en-
vironments, Proc. of ‘“Mathematical Ecology”, Lecture Notes in Biomathematics 54,
(eds. S. A. Levin, T. G. Hallam), Springer-Verlag (1984), 478-491.

H. B. Stewart, Generation of analytic semigroups by strongly elliptic operators under
general boundary conditions, - Trans. Amer. Soc. 259 (1980), 299-310.

Su Yu, Asymptotic behavior of solutions of heterogeneous nonlinear reacting and
diffusing systems, Preprint.

Department of Mathematics,
Faculty of Science,
Hiroshima University





